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Introduction 


This is the second part of our book on Differential Geometry and Mathematical 
Physics. It is based on our teaching of these subjects at the University of Leipzig to 
students of physics and of mathematics and on our research in gauge field theory 
over many years. 

As in Part I, let us start with some historical remarks. The concept of gauge 
invariance first appeared in the famous papers [660] and [661] of Hermann Weyl] 
from the year 1918.' In this work, Weyl extended Einstein’s principle of general 
relativity by postulating that, additionally, the scale of length can vary smoothly 
from point to point in spacetime. In more detail, Weyl’s basic idea was to develop a 
purely infinitesimal geometry. Behind that concept was his belief that ‘a true 
infinitesimal geometry should, however, recognize only a principle for transferring 
the magnitude of a vector to an infinitesimally close point ...’, see page 25 in [660]. 
In this context, the notion of connection appeared for the first time in the mathe- 
matical literature.* In a modern geometric language, he was led to a generalization 
of Riemannian geometry characterized by a pair consisting of a conformal 
Riemannian structure and a connection in a line bundle over spacetime. Weyl] 
proposed to identify the connection form with the electromagnetic gauge potential 
and, consequently, its curvature with the electromagnetic field tensor. Thus, he 
obtained a unification of general relativity with electromagnetism. However, it 
quickly became clear that this model was not compatible with basic physical 
principles. It was Einstein who observed that if this theory was correct, then the 
behaviour of clocks would depend on their history. This is in contradiction with 
empirical evidence.’ Although this model did not survive, the gauge principle did 
though. In 1929 Weyl proposed to apply it to quantum mechanics. He recognized 


'In these papers, the term ‘gauge invariance’ appears in German as ‘Mafstab-Invarianz’. 


-0f course, there were predecessors, notably Christoffel, Ricci and Levi-Civita. The latter had a 
clear mathematical understanding of parallel transport and of the covariant derivative operator, but 
up to our knowledge, he did not invent the term ‘connection’. 

3See the postscript by Einstein in [660] and the author’s reply. This started a long discussion 
between Weyl and Einstein. For further reference, see also [604] and [496]. 


xi 


xii Introduction 


that it is the phase of the Schrédinger wave function which should be gauged, see 
[663]. In more detail, the idea of Wey] was as follows: since only the absolute value 
of the wave function has a physical interpretation, the wave function itself may be 
multiplied by an arbitrary point-dependent phase factor.* However, the transformed 
wave function obviously does not satisfy the Schrédinger equation any more. In 
order to restore invariance, Weyl proposed to replace the partial derivatives with 
respect to space and time coordinates occurring in the Schrédinger equation by the 
covariant derivatives obtained by adding to the partial derivatives the components 
of the electromagnetic potential. This modified Schrédinger equation is invariant 
under simultaneous gauge transformations of the wave function and of the 
electromagnetic potential. This way, the first quantum mechanical model of a 
U(1)-gauge theory was born. 

The combination of this U(1)-gauge principle with the quantum theory of fields 
led to Quantum Electrodynamics (QED). For an exhaustive historical introduction 
to that theory we refer to Volume I of [654], see Sect. 1.2. The early contributions 
to the development of QED date back to the late 1920s and are due to Dirac [152], 
Weisskopf and Wigner [658], Jordan and Pauli [350], Jordan and Wigner [351] and 
Heisenberg and Pauli [292]. In the 1930s, QED was studied intensively leading to a 
further development of the formalism as well as to successful applications. This 
period culminated in the famous Solvay report by Pauli in 1939, see [505]. Clearly, 
the biggest puzzle was the emergence of infinities in various kinds of calculations. 
Amongst a number of approaches to tackle this problem, in the end, the concept of 
renormalization of the parameters of the theory became the widely accepted strat- 
egy. In this spirit, in the late 1940s, Schwinger [579], Tomonaga [629] and 
Feynman [194] brought QED to its final manifestly relativistic form.° 

The first non-Abelian gauge theory was proposed by Yang and Mills in 1954, 
see [685].° Their work was based on the idea that the forces between the nucleons 
were mediated by the exchange of pions and that the interaction was invariant under 
the isospin group SU(2). In this model, the proton and the neutron form an isospin 
doublet and the three charged states of the pion form a triplet in the adjoint rep- 
resentation. Yang and Mills postulated the principle of local isotopic gauge 
invariance. As a consequence, they were led to introduce an SU(2)-gauge potential. 
They found the field equations of this system, proposed a generalization of the 
Lorenz gauge fixing condition and made preliminary remarks on the quantum 
theory of their model. The paper by Yang and Mills dealt with the special gauge 
group SU(2) only, but from their presentation it was clear how to generalize the 


‘In the group theoretical language, such a transformation is given by a function on spacetime with 
values in the Abelian group U(1). 

>For this work, Feynman, Schwinger and Tomonaga received the Nobel Prize in Physics in 1965. 
Initially, Feynman’s diagrammatic technique seemed quite different from the operator-based 
approach of Schwinger and Tomonaga, but Dyson [171] showed that the two approaches were 
equivalent. 

°There was an earlier paper by Klein [378] written in the spirit of Kaluza-Klein theory which 
already contained a non-Abelian gauge potential. 
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model to an arbitrary non-Abelian gauge group, see [639] and [236]. It took over 
ten more years before this seminal paper came into prominence. In 1964 Gell-Mann 
and Ne’eman [235], [237] proposed SU(3) as the gauge group of strong interactions 
and in the years 1964-1967 Brout and Englert [106], Higgs [298-300] and Kibble 
[364] discovered a symmetry-breaking mechanism which gave a mass to some 
components of the Yang—Mills field. Based on this work and on earlier work by 
Glashow [247] and others, in the years 1967-1968 Weinberg [654] and Salam 
[552] unified the electromagnetic and the weak interactions.’ At the beginning 
of the 1970s, Gross and Wilczek [264], Politzer [513] and Weinberg [656] created 
the theory of strong interactions called Quantum Chromodynamics. These theories 
became the two basic building blocks of the standard model of elementary particle 
physics.* 

In the period just described, Weyl’s original ingenious understanding that the 
gauge principle is closely related to the notion of connection did not play any role.” 
The development of the theory of connections evolved in a completely separate way 
as part of modern geometry and was generally unknown to the physics community. 
In the beginning of the 1920s, on the basis of his deep expertise in Lie theory and 
under the influence of Einstein’s theory of general relativity and of Klein’s Erlangen 
programme, Elie Cartan started building a general theory of connections with 
respect to various groups. In contrast to Weyl, who used the absolute differential 
calculus of Levi-Civita and Ricci, Cartan relied on the calculus of differential forms. 
In the context of what he called ‘generalized spaces’,'” Cartan developed the theory 
of connections (including torsion) for various types of geometries (Riemannian, 
Lorentzian, Weylian, affine, conformal, projective and others), see [115-120] and 
further references in [130] and [568].'' The next step forward was taken at the 
beginning of the 1940s by Ehresmann, a student of Cartan, who proposed to use 
fibre bundles as the natural geometric structure allowing for a global description of 
a connection, see [174—176] and [410] for further references.'” As a matter of fact, 
the very notion of a fibre bundle existed already at that time. It was invented by 
Seifert [584] as early as in 1932. In the 1930s and 1940s, the study of fibre bundles 


"For this work, Glashow, Weinberg and Salam received the Nobel prize in 1979. 

*For an exhaustive presentation of the history of the standard model see [657]. 

°However, inspired by the work of Einstein, Weyl, Yang, Mills and Utiyama, as early as in 1963, 
Lubkin [411] made a first step towards the analysis of the geometric content of the gauge concept 
in terms of connection theory in fibre bundles. 

‘0 generalized space in the sense of Cartan is a space of tangent spaces such that two infinitely 
near tangent spaces are related by an infinitesimal transformation of a given Lie group. Such a 
structure clearly defines a connection. We note that the tangent space is an abstract notion here, it 
may not coincide with the space of tangent vectors. 

‘The paper [130] by Chern and Chevalley contains a description of the work of Cartan as a whole. 
The paper [568] by Scholz gives some interesting insight into the scientific interrelation between 
Weyl and Cartan. 

The paper [410] by Libermann describes the influence of Ehresmann on the development of 
modern differential geometry in detail. 
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became a quickly developing field of topology.'* The main steps were taken by 
Whitney [665, 666], Hopf and Stiefel [602], Hurewicz and Steenrod [330, 331], 
Ehresmann and Feldbau (already cited above), Chern'* [126-129] and Pontryagin 
[516]. This period culminated in the textbooks on the topology of fibre bundles by 
Steenrod [599] and on the geometry of connections in fibre bundles by Nomizu 
[491]. By that time, the theory of fibre bundles was settled as a classical field of 
geometry and topology. It is beyond the scope of this introduction to describe the 
further development of this field up until the present time. 

The first full description of gauge theory in the language of fibre bundles and 
connections was presented by Trautman in 1970 [630]. Thereafter, the study of the 
geometric structure of gauge theories quickly became part of mathematical physics 
and, within the next decade, quite a number of papers propagating this geometric 
point of view have been written, see e.g. [161], [173] and [147]. This was related to 
the fact that, at that time, mathematicians became excited about questions posed by 
physicists, notably by the question of how to find all self-dual solutions of the 
Yang—Mills equations. This problem was solved by Atiyah, Drinfeld, Hitchin and 
Manin [36] using methods of algebraic geometry. In our eyes, this is one of the 
most fascinating interactions of geometry and physics in the second half of the 
twentieth century. Via the study of the moduli space of the solutions, it led to deep 
new insight into the topology of differentiable four-manifolds, see [159]. In the 
middle of the 1990s, guided by the study of the vacuum structure of N = 2 
supersymmetric Yang-Mills theory, Seiberg and Witten [582, 583] arrived at a 
U(1)-gauge model coupled to a spinor field. The investigation of this model gave a 
new impetus to the study of the topology of differentiable four-manifolds. Within a 
few months, many of the results obtained via instanton theory were reproved within 
this new theory and new results, notably in the theory of symplectic manifolds, 
were obtained. Yet another fruitful interaction of physics and geometry happened in 
the theory of magnetic monopoles. The three fields of research just mentioned will 
be discussed in some detail in Chaps. 6 and 7. By the end of the 1970s and the 
beginning of the 1980s, geometrical and topological methods also started playing a 
role in quantum gauge theory. This applies, in particular to the study of the Gribov 
problem and to anomalies. Both of these aspects will be discussed in Chap. 9. 
Moreover, starting from the beginning of the 1990s, a number of observations, 
conjectures and results concerning the relevance of the stratified structure of the 
gauge orbit space for quantum gauge theory appeared. This is one of our fields of 
research, so we will discuss the structure of the gauge orbit stratification, together 
with a concept how to implement it on quantum level, in detail in Chaps. 8 and 9. 

We continue with a few remarks on the structure and the content of this volume. 
This volume consists of three building blocks: in the first four chapters we present 
the geometry and topology of fibre bundles, in Chap. 5 we study the theory of Dirac 
operators and the remaining four chapters are devoted to gauge theory. In more 


'3See [434] for a history of the theory of fibre bundles. 
'4See [309] for a detailed description of his mathematical work. 
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detail, in Chap. 1, we study principal and associated bundles and develop the theory 
of connections. This includes elementary bundle reduction theory, the theory of 
holonomy and the theory of invariant connections. In Chap. 2, we study linear 
connections in the frame bundle of a manifold and their reductions. This leads us to 
H-structures'> allowing for a unified view on possible geometric structures mani- 
folds may be endowed with. From this perspective, Riemannian geometry occurs as 
an important special example. In this context, we study compatible connections, the 
relation of curvature and holonomy and we give an introduction to the theory of 
symmetric spaces. Moreover, we present elementary Hodge theory and discuss 
some aspects of 4-dimensional Riemannian manifolds. In Chap. 3, we study the 
homotopy theory of fibre bundles. We prove the Covering Homotopy Theorem and 
develop the concept of universal bundles. Using this tool, we prove the fundamental 
classification theorem for principal bundles in terms of homotopy classes of map- 
pings. We also include a discussion of universal connections. In Chap. 4, we 
present the basics of the cohomology theory of fibre bundles. We study the 
cohomology rings of characteristic classes for the classical groups, derive the 
Whitney Sum Formula and the Splitting Principle and discuss the effect of field 
restrictions and field extensions. Next, we present the characteristic classes in terms 
of de Rham cohomology via the Weil homomorphism and discuss the related 
genera. Finally, we discuss the concept of Postnikov tower and show how it may be 
used to classify bundles over low-dimensional manifolds. Chap. 5 is devoted to the 
study of Dirac operators. Given their great importance in gauge theory, we provide 
the reader with a systematic and quite exhaustive presentation. We start with 
Clifford algebras, spinor groups and their representations. Next, we discuss spin 
structures, Dirac bundles and Dirac operators. Since we are going to use the 
Atiyah—Singer Index Theorem in gauge theory a number of times, we give a full 
proof of this theorem via the heat kernel method. In the remaining four chapters, we 
present topics in gauge theory. Clearly, we had to make a choice here, that is, we 
had to omit a number of interesting topics like, say, topological field theory. In 
Chap. 6, we study pure gauge theories. We start by deriving the Yang—Mills 
equations from the variational principle for the Yang—Mills action and show that 
(anti-)self-dual solutions correspond to absolute minima of the action. We then 
present a systematic study of instantons: we discuss the BPST-instanton family in 
detail, present the ADHM-construction and give a partial proof that via that con- 
struction one obtains all solutions. In our presentation, we limit our attention to the 
base space S* and to the gauge group G = SU(2). Next, we study the moduli space 
and outline how it is used for the study of the topology of differentiable 
4-manifolds. Finally, we present the classical stability analysis of the Yang—Mills 
Equation and include a short discussion of non-minimal solutions. In Chap. 7, we 
include matter fields. We start with the theory of Yang—Mills—Higgs models: we 
discuss the Higgs mechanism, present a topological classification of static 
finite-energy configurations and address the problem of constructing asymptotic as 


5In the literature, the term G-structure is common as well. 
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well as exact solutions to the Yang—Mills—Higgs equations. In particular, we focus 
on magnetic monopole solutions including the Bogomolnyi—Prasad—Sommerfield 
model. Next, we pass to the Seiberg—Witten model. We discuss the basic properties 
of this model in detail and outline some of the topological consequences. Next, we 
present the (classical) standard model of elementary particle physics in the geo- 
metric language. In the remaining two sections, we give an introduction to the 
method of dimensional reduction in the context of gauge theories including some of 
our own results. Chap. 8 is devoted to the study of the gauge orbit stratification. In 
the first part, we provide the reader with the classical geometrical and topological 
results on that structure. In the second part, we present our own results on the 
classification of gauge orbit types in some detail. For clearness of presentation, we 
limit our attention to the case G = SU(n). The classification is in terms of char- 
acteristic classes (fulfilling a number of algebraic relations) of certain reductions 
of the principal bundle under consideration. We also show how to derive the natural 
partial ordering of strata. Finally, in Chap. 9, we come to some elements of 
quantum gauge theory with the main emphasis on those aspects which are related to 
the structure of the classical gauge orbit space in one or the other way. In the first 
part, we present the classical Faddeev—Popov path integral quantization procedure, 
address the Gribov problem in the language of differential geometry and discuss the 
classical results of Singer concerning the obstruction against the existence of a 
global gauge fixing. Next, we discuss anomalies within the geometric setting. In the 
second part, we present some of our results on non-perturbative quantum gauge 
theory for (finite) lattice models in the Hamiltonian framework. We construct the 
quantum model via canonical quantization, derive the field algebra and the 
observable algebra of the system and discuss the Gaul} law. Next, we explain how 
to include the non-generic gauge orbit strata on the quantum level and discuss their 
possible physical relevance for a toy model. 

We assume that the reader is familiar with the calculus on manifolds as presented 
in Chaps. 1-4 of Part I and with the theory of Lie groups and Lie group actions as 
presented in Chaps. 5 and 6 of Part I. For the understanding of Chaps. 3 and 4, basic 
knowledge in homotopy theory and some elements of algebraic topology are 
needed. In Chap. 9, we use elements of the theory of C*-algebras. For the con- 
venience of the reader we have added a number of appendices. 


Chapter 1 
Fibre Bundles and Connections 


In this chapter, we present the basics of the theory of fibre bundles and connections. 
In the first part, we discuss principal and asssociated bundles and the theory of 
connections including the Koszul calculus. The text is illustrated by many examples 
which will be taken up later on. In the second part, we focus on topics which are 
particularly important in this book. We study bundle reductions, discuss the theory 
of holonomy in some detail and analyze the transformation laws of connection and 
curvature under bundle automorphisms. Finally, we present the theory of invariant 
connections for the case of group actions which are not necessarily transitive on the 
base manifold, that is, we go beyond the classical Wang Theorem. 


1.1 Principal Bundles 


In a gauge theory describing the fundamental interaction of elementary particles, the 
interaction is assumed to be mediated by a gauge potential. In geometric terms, a 
gauge potential is the local (spacetime) representative of a connection form, which 
naturally lives on a principal fibre bundle over spacetime. 

Let us recall the following definition from Sect. 6.5 of Part I. 


Definition 1.1.1 (Principal bundle) Let (P, G, W) be a free Lie group action, let M 
be a manifold and let z : P — M be asmooth mapping. The tuple (P, G, M, WY, z) 
is called a principal bundle if for every m € M there exists an open neighbourhood 
U of mand a diffeomorphism y : 1~'(U) — U x G such that 


1. x intertwines Y with the G-action on U x G by translations! on the factor G, 
2. pry ox(p) = 2(p) for all p € 27!(U). 


Left (right) translations if W is a left (right) action. 


© Springer Science+Business Media Dordrecht 2017 1 
G. Rudolph and M. Schmidt, Differential Geometry and Mathematical Physics, 
Theoretical and Mathematical Physics, DOI 10.1007/978-94-024-0959-8_1 


2 1 Fibre Bundles and Connections 


For simplicity, we will sometimes use the short-hand notation P(M, G) or just P. If 
not otherwise stated, we will consider right principal bundles. If there is no danger of 
confusion, sometimes we will simply write W,(p) = p - g. For aright action, denoting 


k := ptgox :a '(U) > G, (1.1.1) 
condition 1 can be rewritten as 
K(W(p)) = K(p)a, penx \(U), aeG. (1.1.2) 


The group G is called the structure group of P. If G is fixed, P is referred to as a 
principal G-bundle. The pair (U, x) is called a local trivialization. A local trivial- 
ization (U, x) with U = M is called a global trivialization. If there exists a global 
trivialization, then P is called trivial. The existence of local trivializations implies 
that z is a surjective submersion. Hence, by Proposition I/1.7.6, the subsets 2 ~'(m), 
m € M, are embedded submanifolds, called the fibres of P. They are diffeomorphic 
to the group manifold G. 


Remark 1.1.2. Let (P, G, W) be a free proper Lie group action. Let M be the orbit 
space, equipped with the smooth structure provided by Corollary I/6.5.1, and let z : 
P — M be the natural projection to orbits. Every tubular neighbourhood of an orbit 
defines a local trivialization over a neighbourhood of the corresponding point of M. 
Hence, the Tubular Neighbourhood Theorem I/6.4.3 implies that (P, G, M, W, 1) isa 
principal bundle. Conversely, if (P, G, M, W, zr) is a principal bundle, then (P, G, Y) 
is a free proper Lie group action, M is diffeomorphic to the orbit space P/G and z 
corresponds, via this diffeomorphism, to the natural projection to orbits. 4 


We will also need the general notion of fibre bundle. 


Definition 1.1.3. (General fibre bundle) Let E and M be manifolds and let m : E > 
M be a smooth surjection. The triple (E, M, 7) is called a fibre bundle if there 
exists a manifold F’ such that the following holds. Every m € M admits an open 
neighbourhood U and a diffeomorphism x : 7~'(U) > U x F fulfilling pry ox = 
zt. The manifold F is called the typical fibre of z. 


The details of the following example are left to the reader (Exercise 1.1.1). 
Example 1.1.4 


1. Let M bea manifold, let G be a Lie group and let pry : M x G + M be the natural 
projection. Then, (M x G, G, M, YW, pry,), with W given by right translation of G 
on the second factor of M x G, is a principal bundle, called the product principal 
bundle. It is obviously trivial. 

2. Let (P, G, M, W, 1) bea principal bundle and let U C M be open. Define Py := 
x —'(U) and take the restrictions my : Py > U of m and Wy : Py x G—> Py of 
W. By intersection, any local trivialization of P induces a local trivialization of 
Py. Thus, (Py, G, U, Wy, my) is a principal G-bundle over U. 
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3. Let P}(M,, G,) and P2(M>2, G2) be principal bundles. Then, the direct product 
P, x P carries the structure of a principal (G; x G2)-bundle over M; x Mp. 

4. Let G be a Lie group and let H C G be a closed subgroup. Consider the free 
action of H on G by right translation. By Example I/6.3.8/3, this action is proper. 
Thus, Remark 1.1.2 implies that G carries the structure of a principal H-bundle 
over the homogeneous space G/H.” 4 


Definition 1.1.5 Let (P,G,M,W, 7) be a principal bundle. A section of P is a 
smooth mapping s: M — P such that mz os = idy. A local section of P over an 
open subset U C M is a section of the principal bundle Py. 


Proposition 1.1.6 Local trivializations of P are in one-to-one correspondence with 
local sections. In particular, a principal bundle is trivial iff it admits a global section. 


Proof If x: P > M x Gis a global trivialization, then we set s(m) := x~!(m, 1), 
where Il is the unit element in G. This is a smooth global section of P. Conversely, 
given a global section s: M — P, for every point p € P there exists a unique group 
element « (p) such that p = W,(p)(s(z(p))). This defines a smooth mapping « : P > 
G, which fulfils «(W(p)) = «(p) a. Thus, (M, 7 x x) is a global trivialization. 


Next, we introduce the notion of morphism of principal bundles. 


Definition 1.1.7 (Morphism) Let (P}, Gi, M), W', 71) and (P2, G2, M2, W*, 12) be 

principal fibre bundles. 

1. A morphism from P, to P2 is a pair of mappings (3,1), where 0: P; > Po 
is smooth and 4: G; — Gy, is a homomorphism of Lie groups such that for all 
geG 

FoW) =Wiy od. (1,13) 


2. A morphism (7, 2) is called an isomorphism if % is a diffeomorphism and A is an 
isomorphism of Lie groups. In particular, an isomorphism of a principal bundle 
onto itself is called an automorphism. 


We note that, by Definition I/6.6.1, a morphism of principal bundles P; and P2 is a 
morphism of the Lie group actions (P;, Gj, W!) and (Px, Go, W”). 


Remark 1.1.8 (Special morphisms) 


1. By condition (1.1.3), # maps fibres to fibres. Thus, it induces a mapping 0 : 
M, — My such that the following diagram commutes. 


Pp, — =p, 


M, —> M, 


2This statement also follows from Theorem I/5.7.2 and Remark I/5.7.3. 
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By local triviality, 3 is smooth. We say that # projects to ®, or that 3 covers 2. 
If (3, 4) is an isomorphism, then v is a diffeomorphism. Given isomorphisms 
0, : Py > P> and J» : P, > P3, we have (Exercise 1.1.3) 


(20%) =o, (37) =d7'. (1.1.4) 


2. Ifthe principal bundles P and Q have the same base manifold M and if b =idy, 
then (v, A) is said to be vertical. If P and Q have the same structure group G 
and if 4 = idg, then ? is called a G-morphism. By local triviality, every vertical 
G-morphism is a diffeomorphism and hence an isomorphism. 

3. If 3 and J are injective immersions, then ? is an injective immersion, too. In this 
case, P, is called a subbundle of P>. 


(a) If, additionally, ® and AX are embeddings, then P is called an embedded 
subbundle. In this case, P; may be identified with the image of the morphism 
0 in P. On 

(b) If, additionally, M, = Mz = M and v= idy, then P is referred to as a A- 
reduction or, simply, a reduction of P2. In this case, one says that G, is a 
reduction of the structure group G2. Two reductions are said to be equivalent 
if they differ by a vertical automorphism of P. > 


Remark 1.1.9 (Pullback of principal bundles) 


1. In complete analogy to vector bundles, see Sect. 2.6 of Part I, given a principal 
G-bundle P over M with canonical projection 7, we define its pullback by a 
smooth mapping g: N > M: 


gy P:={0,p) €NxP: gy) =2(p)}. 


This is a principal G-bundle over N and the canonical projection N x P + P 
restricts to a morphism g* P — P covering yg. One can show the following (Exer- 
cise 1.1.4). 


(a) If P is vertically isomorphic to some principal G-bundle Q over M, then f*P 
is vertically isomorphic to f*Q. 

(b) If ¥ : K > Nisa further smooth mapping, then w*(g*P) is vertically iso- 
morphic to (g o y)*P. 

(c) Let ® : P—> Q be a principal G-bundle morphism covering 3 : M > N. 
The induced mapping 


P> "0, pr (x(p), O(p)), 
is a vertical isomorphism and ¥ decomposes into the composition of this 
isomorphism with the natural principal G-bundle morphism 3*Q —> Q. 


2. The following is an important special class of pullback bundles. Let P;(M, G;) 
and P,(M, G2) be principal bundles. By Example 1.1.4/3, P; x P» carries the 
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structure of a principal (G; x Gz)-bundle over M x M.Let A: M > M x M be 
the diagonal embedding. Then, A*(P; x P2) is a principal bundle with structure 
group G; x G2 over M. It will be denoted by P; xy P2 and will be called the 
fibre product of P; and P22 4 


In complete analogy with vector bundles, principal fibre bundles can be character- 
ized and studied in terms of transition mappings associated with a chosen covering of 
the base manifold. Let there be given a principal bundle P(M, G). By definition, one 
can choose a countable open covering {U;}icz of M such that there exists a system of 
local trivializations 

Xi: x '(U;) > U; x G. 


The collection {(U;, x;)}icy will sometimes also be called a bundle atlas of P. Let 
«; : 2 ~'(U;) > Gbe the corresponding system of mappings defined by (1.1.1). Then, 


Ki(Wa(p)) «kj Walp) | = Ki(p)-a- au! + K(p)! = K(p) Kj (p) > 


that is, the mappings 2~'(U; Uj) 3 p > Ki(p) - «j(p)~| € Gare constant on fibres. 
Thus, they induce smooth mappings 


U;QU; > m+> py(m) := Ki(p)-K(p)| EG, pen '(m), (1.1.5) 
which are called the transition mappings of P. They fulfil 
py(™) = pix(m) + py (mm), =m € UZ; U;O Ug. (1.1.6) 
This condition implies, in particular, 


pi(m) =1, me Uj, 

pi(m) = (p"(m))!, m € U; OU). 
Proposition 1.1.10 Let M be a manifold and let G be a Lie group. Then, for every 
countable open covering {Uj}icx of M and every system of smooth mappings pj : 


U; OU; > G fulfilling condition (1.1.6) there exists a principal G-bundle over M 
admitting a system of local trivializations with transition mappings {(;;}. 


Proof Take the topological direct sum 


X= || Ux G. 


ie] 


3Some authors call it the spliced product [83]. 
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We define 
(i,m, g) ~ i,m’, g') iff m' =m, g' = piv(m)-g, 


which, by condition (1.1.6), yields an equivalence relation on X. We denote by 
P =X/~ the topological quotient and by pr: X — P the canonical projection. 
Since X admits a countable basis, P admits a countable basis, too. Moreover, it is 
easy to show that P is Hausdorff, see Exercise 1.1.2. We endow P with the structure 
of a principal G-bundle. For that purpose, we define 


W:PxG>P, W([(i,m,a)],b) :=[@,m,a-b)]. 


Clearly, this definition does not depend on the choice of the representative (i, m, a). 
Thus, W defines a topological right group action, which is obviously free. By con- 
struction, [(i, m, a)] = [(i', m’, a’)]impliesm' = m. Thus, we can define a continuous 
mapping 

mz: P—>M, z({(i,m,a)]):=m. 


Since the U; cover M, zr is surjective. Let pr; be the restriction of pr to U; x G. By 
construction, for every i € J, it defines a bijection 


pr;: Ui x G> ma !(U;). 


We endow P with the structure of a differentiable manifold by observing that 2 ~! (U;) 
is an open subset and by postulating that pr; be a diffeomorphism for every i € J. 
With respect to this differentiable structure, the action W is smooth. Finally, putting 


X= pry :a7'(U;) > U;x G 


we get a system of local trivializations whose transition mappings coincide with 
the mappings p;. Moreover, by the definition of Y, the induced mappings 4; : 
a !(U;) — G fulfil condition (1.1.2). o 


Our next aim is to show that vertical isomorphism classes of principal G-bundles 
over M can be labelled in terms of the first Cech cohomology of M. Thus, let P; and P2 
be isomorphic principal G-bundles over M via a morphism (0, A). Let {(U;, x;)} and 
{(U;, x?>)} be local trivializations and let { pi} and { p;) be the corresponding transition 
mappings of P; and P2, respectively. Here, again without loss of generality, we have 
assumed that both trivializations are associated with one and the same covering of 
M. Let m € U;N Uj. Since p € 7, '(m) implies #(p) € it; (i); using (1.1.5), we 
obtain 


p3(m) = «?(0(p)) 78 (p))! 
= (KO) (Ki) (FO) (KO) (KOO) (KO) ') 


Since, for every a € G, we have 


1.1 Principal Bundles 7 


K2(9(Wa(p))) («1 Ya(p))) = «29 (p)) (KY), 


we can define a smooth mapping 
2 1 —1 -1 
pi: Uj; > G, pi(m) =; (O(p)) (Ke; (P)). pea '(m). 
Thus, for every m € U; M Uj, we obtain 
pis(m) = pi(m) pj(m) pj(m)'. (1.1.7) 


To summarize, if the principal G-bundles P,; and P, are vertically isomorphic, then 
there exists a family of smooth mappings p; : U; — G such that their transition 
mappings are related by (1.1.7). 

It turns out that the converse is also true. 


Theorem 1.1.11 Two principal G-bundles over M are vertically isomorphic iff there 
exists a family of smooth mappings p; : U; — G such that the corresponding transi- 
tion mappings fulfil (1.1.7). 


Proof Itremains to show that condition (1.1.7) implies that P; and Pz are isomorphic. 
Thus, let there be given a family of mappings {¢;};-7 fulfilling (1.1.7). In the above 
notation, we define 


= = -1 3 
0,:7,'(U;) > 1y'(U,), 0 := (x7) © (idy xp; 0 x; 


for every i € I. Obviously, this is a family of diffeomorphisms fulfilling 2 (0;(p)) = 
1\(p), p € 1, (Uj). By (1.1.5), we have 


xo (x2) =idu xpt, a = 1,2. 


Using this and condition (1.1.7), we obtain 3; = 0; on 4 1¢ U; M Uj) for every pair 
(i, j) such that U; 0 U; # @. Thus, the family {%;};<7 defines a diffeomorphism ? : 
P, —> P» fulfilling 72 0} = my. By (1.1.2), it also fulfils the equivariance property 
(1.1.3). We conclude that ? is a vertical isomorphism of principal G-bundles. i 


Remark 1.1.12 (Cech cohomology) The systems of mappings {p;} and {pj} are, 
respectively, referred to as a0-cocyle and a 1-cocyle on M with values in G, relative to 
a chosen covering Lt = {U;}j<7. Formula (1.1.7) defines an equivalence relation in the 
set of 1-cocycles. The corresponding set of equivalence classes H} (LU, G) is referred 
to as the first cohomology set He (4, G) in the sense of Cech, relative to a chosen 
covering. The set of open coverings of M forms a directed system with respect to 
refinement, that is, 6 < Wifeach V, € Wis contained in some U; € LU. By restriction, 
we get a mapping H!(U, G) > H}(%G, G). The cohomology set H}(M, G) is the 
direct limit of the sets Hi ({, G) with respect to the restriction mappings, as Lt runs 
through all open coverings of M, cf. [304] for further details. 
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Note that there is a distinguished element 1 ¢ H(M, G), given by the constant 
1-cocycle. More precisely, for any open covering, we put pj(m) = 1 for every pair 
(i,j). Note, however, that H}(M, G) is in general not a group. 4 


Using this terminology, Theorem 1.1.11 can be reformulated as follows. 


Corollary 1.1.13 The vertical isomorphism classes of principal G-bundles over M 
are in one-one correspondence with the elements of the cohomology set H}(M, G). 
Thereby, the product bundle M x G corresponds to the distinguished element. Ul 


We close this section with a number of examples. All of them will be taken up again 
later on. 


Example 1.1.14 (Frame bundle of a manifold) Let M be an n-dimensional mani- 
fold. A linear n-frame at m € M is an ordered basis u = (uj,..., Uy) of the tan- 
gent space T,,M. Let L(M) be the set of all linear n-frames on M. For an n-frame 
u = (U,...,U,) at m € M and an element a = (a';) € GL(n, R), the ordered set 
ua := Uj a’; is again an n-frame. Thus, we get a right action of GL(n, R) on L(Y), 


W:L(M) x Gl(n, R), Wu, a) := ua, 


which is obviously free. Clearly, the orbit space of this action is M and the corre- 
sponding canonical projection 2: L(M) — M coincides with the mapping which 
assigns to an n-frame u at m € M the point m. 

Let (U, g) be a local chart of M. Then, on U, every basis vector u; belonging to 
u = (uj,..., Un) € a~!(U) can be represented by u; = (uj)?! 0", that is, locally u 
is given by the matrix u? = ((u;)%) € Gl(n, R). Thus, 


x: x '(U) > UxGL(n,R), xW := (2(p), u?) (1.1.8) 


is a bijection fulfilling pr;, ox = z. By the definition of Y, it also fulfils the equivari- 
ance property (1.1.2). We equip L(M) with a differentiable structure by postulating 
that all the mappings (1.1.8) be diffeomorphisms. Then, (L(M), GL(n, R), M, WY, 1) 
is a principal fibre bundle and the family of mappings (1.1.8) forms a system of local 
trivializations. 4 


Example 1.1.15 (Frame bundle of a vector bundle) Let E be a K-vector bundle of 
rank k over M, where K = R, C or H. Let L,, be the set of bases in the fibre EZ,,. 
Then, 

L(é) := U Lin 


meM 


carries the structure of a principal fibre bundle over M with structure group GL(k, K). 
The details are analogous to the previous example and are, therefore, left to the reader 
(Exercise 1.1.5). + 
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Definition 1.1.16 Let E be a K-vector bundle of rank k over M, where K = R, C or 
HH. We say that E is endowed with a fibre metric h, if there exists a non-degenerate 
inner product* on each fibre 2 ~!(m) of E depending smoothly on m. The pair (E, h) 
will be called (pseudo-)Riemannian for K = R and Hermitean for K = C or H. 


Remark 1.1.17 Every vector bundle over a manifold admits a fibre metric. This can 
be easily shown using a partition of unity of the base manifold (Exercise 1.1.6). 
Moreover, note that a fibre metric in the tangent bundle of a manifold M is the same 
as a (pseudo-)Riemannian metric on M. 4 


Example 1.1.18 For K = R,C or H, let E be a K-vector bundle of rank k over M 
endowed with a fibre metric h. Let O,, be the set of h-orthonormal bases in the fibre 
En. Then, 

OE) := J On 


meM 


carries the structure of a principal fibre bundle over M with structure group being 
the isometry group of the metric. Details are left to the reader (Exercise 1.1.5). 

In the special case where K = R and E is the tangent bundle of an n-dimensional 
Riemannian manifold M, this construction yields the orthonormal frame bundle 
O(M) of M with the structure group O(7). If M is in addition oriented, the sub- 
set O,(M) C O(M) of ordered orthonormal frames is a reduction to the subgroup 
SO(n) C O(n). 

As an example, consider M = S”, realized as the unit sphere in R"*!. Since for 
x € §”, the tangent space T,S” may be identified with the subspace of vectors in R’*! 
orthogonal to x, every orthonormal frame in T,S” complements x to an orthonormal 
basis in R"*!. Since every such basis corresponds to an orthogonal transformation, 
we obtain a mapping O(S”) + O(n + 1). We leave it to the reader to check that this 
mapping is an isomorphism of principal O()-bundles, where O(n) acts on O(n + 1) 
by right translation via the blockwise embedding O(n) > O(n + 1) defined by the 
decomposition R’*! = R @ R" (Exercise 1.1.8). Clearly, this isomorphism restricts 
to an isomorphism of principal SO(m)-bundles between O,(S”) with respect to the 
standard orientation (pointing outwards) and SO(n + 1). + 


Definition 1.1.19 The principal bundle L(£) constructed in Example 1.1.15 is called 
the frame bundle of E. The principal bundle O(E) constructed in Example 1.1.18 is 
called the orthonormal frame bundle of FE. More precisely, it is called the bundle of 
orthogonal, unitary and symplectic frames for, respectively, K = R, C and H. 


For the following two examples, the reader should recall the notion of projective 
space, cf. Example I/1.1.15. 


‘Tn our convention, for K = C or H, the inner product is assumed to be anti-linear in the first and 
linear in the second component. 
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Example 1.1.20 (Complex Hopf bundle) Consider the natural free action of U(1) on 
C? given by 


Ww: CxUdoC?, W((z, 2), e”) = (ez, ez). 
Since the embedded submanifold 
S? = {(21, 2) € C*: zi? + lel? = 1} 


is invariant under W, we have an induced free action of U(1) on S?. Since the Lie 
group U(1) is compact, this action is proper. Thus, by Corollary 1/6.5.1, the orbit 
space S*/U(1) admits a unique differentiable structure such that the canonical pro- 
jection 2 : S? — $3/U(1) is a submersion. According to Example I/6.5.4, the orbit 
space endowed with this smooth structure coincides with the 1-dimensional complex 
projective space CP!. Finally, the Tubular Neighbourhood Theorem 1/6.4.3 implies 
the existence of local trivializations. Thus, the above action Y defines on S* the 
structure of a principal U(1)-bundle over CP!. This bundle is called the complex 
Hopf bundle. For later purposes, we construct a system of local trivializations. 


(a) Let U; := CP! \ {x(0, 1)}. Then, 7~!(U,) = {(z1, 22) € S* : z 4 0}. Thus, we 
can define 


xia (UW) > Ux U0), x1, 2) = (aa. =) 3 


\z1| 
Then, «1 (Z1, Z2) = a: Obviously, «; is smooth and U(1)-equivariant, that is, 
: : Zi: 
Ky (ze, z2e"")) = i 
1 


Thus, x; is a local trivialization. 
(b) Analogously, we put Uz := CP! \ {(1, 0)}. Then, w~!(U,) = {(z1, 2) € S?: 
Z2 % O} and we define 


; x 
x2: 0 1(U2) > Ur x UD), 21.22) = Gomes i 


Thus, «2(Z1, Z2) = ey and x2 is also a local trivialization. 


22 


Since U,; U Uz = CP!, the collection {(U;, x;)}i=1.2 defines a system of local 
trivializations. Its transition mapping p12 : U; NM U2 — U(1) is given by 


“4 
= Z1 22 

pra (Z1, Z2)) = K1(Z1, 22)K2(Z1, 22) | = — (=) , 
lil \ [zal 
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Remark 1.1.21 


1. We show that CP! is diffeomorphic to the 2-sphere. For that purpose, consider 
the smooth mapping 


S? > (41,22) & 2zz0, lal? — lal?) eC x R. 


Since 
(zal — |zo|?)* + [2z1z2/? = (zal? + lzal?)? = 1, 


its image is contained in S* C C x R. Thus, it induces a smooth mapping f : 
S* — S?. Since f is U(1)-invariant, it induces a mapping i : CP! — S?. The 
local triviality of the Hopf bundle implies that , is smooth. It remains to show 
that a is invertible and that the inverse mapping is smooth. For that purpose, we 
put V, := S? \ {(0, 1} and define 


Z 1-t 
LY:z Cc. Os= : ; : 
§+ +7 g+(z, 0) ( 1-1 ) ) 


Since the image of g; is contained in S°, it induces a smooth mapping g, : Vi; > 
S?. Composition with z then yields a smooth mapping 2, := 2 0g: V, — CP!. 
We continue 2, to a mapping g : S* — CP! by setting 2(0, 1) := [(1, 0)]. Then, 
g of = idcpi and f o g = idg2, see Exercise 1.1.7. Thus, g is inverse to f: It 
remains to show smoothness of g at the point (0, 1). This is left to the reader, see 
Exercise 1.1.7. 

2. The Hopf bundle is clearly nontrivial, because otherwise S* would have to be 
diffeomorphic to S? x U(1). This fact can be also read off from the transition 
mappings as follows: it is enough to prove that p 2 is not homotopic to the 
constant mapping U; N U2 3 m(z1, Z2) + 1 € UC). To show this, it is enough 
to find a continuous path tf y(t) in U; N U2 such that the path p;2 o y in U(1) 
is not contractible to a point. We put 


1a. 1 ic 
y(t) = {| —-e2", —e72"]}, te [0,27], 
ee Ge /2 ) sa 


and y(t) := m(y(t)). Clearly, y is continuous and its image is contained in 
U, 1 Up. We have py2(y(t)) = e”, with t running from 0 to 27. Obviously, this 
path is not contractible in U(1) showing that the Hopf bundle is nontrivial, indeed. 
By construction, Uj; M U2 is homeomorphic to S! x (0, 1) and the path y runs 
through the S!'-factor exactly once. Since p17 0 y also runs through U(1) = S! 
exactly once, the mapping degree of 12 is 1. Later on, we will see that the 
mapping degree of the transition mapping yields a useful tool for the study of 
isomorphism classes of principal bundles over spheres. 
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3. In complete analogy to the Hopf bundle, the natural action of U(1) on C” yields 
principal U(1)-bundles over the complex projective spaces CP”~!.° 4 


Example 1.1.22. (Quaternionic Hopf bundle) Recall the skew field H of quaternions, 
cf. Remark I/1.1.13. Consider the natural right action of the classical Lie group® Sp(1) 
of quaternions of norm | on HH, 


Ww: H? x Spl) > H’, (qi, q2), uw) = (quu, qou). 
Clearly, W is free and leaves the embedded submanifold 


S’ = {(qi,q2) €H*: qi i? +i a ?= 13 


invariant. Thus, it induces a right free action on S’. Since Sp(1) is compact, this action 
is proper. By the same arguments as in Example 1.1.20, the sphere S’ endowed with 
the above action carries the structure of a principal Sp(1)-bundle over the quater- 
nionic projective space HP!. This bundle is called the quaternionic Hopf bundle. By 
Example I/5.1.10, the Lie group Sp(1) is isomorphic to the special unitary group 
SU(2) and, by completely analogous arguments as in Remark 1.1.21/1, the base 
manifold HIP! is diffeomorphic to S* via the mapping (B.1). Thus, the quaternionic 
Hopf bundle may be viewed as a principal SU(2)-bundle over S*. Let 2 : S’ > S* 
be the canonical projection. Again, in complete analogy to the complex Hopf bun- 
dle, one constructs a system of local trivializations {(Uj;, x;)}i=1,2 aS follows: take 
= HP! \ {x(0, 1)} and U2 = HP! \ {xr(1, 0)} and define 


x(q, q2) = (=a. q2), l qa 1) a x2(q1, q2) = (a:.40. 24 | q2 ). 


(1.1.9) 
+ 


Remark 1.1.23 


1. Using the criterion given in Remark 1.1.21/2, one can prove that the quaternionic 
Hopf bundle is nontrivial (Exercise 1.1.9/c). 

2. The construction of the quaternionic Hopf bundle obviously generalizes to the 
case of the natural action of Sp(1) on HI”. This way one obtains a family of 
principal Sp(1)-bundles with bundle space S*”—! and base space HP”~!. 4 


Example 1.1.24 (Stiefel bundles) Recall from Example I/5.7.5 that the Stiefel mani- 
fold Sx(k, n), with K = R, C or H, is the set of k-frames in IK” which are orthonormal 
with respect to the standard scalar product 


n 
)= D Evi. 
i=1 


> Sometimes, they are also called Hopf bundles. 
®For the terminology, see Example I/1.2.6. 
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As shown there, Sx(k, m) aquires its manifold structure by identifying it with the 
homogeneous space obtained by taking the quotient of the isometry group Ug (n) of 
the scalar product with respect to the stabilizer Ux(n — k) of a chosen frame, that is, 


Sx(k, n) = Ux(n)/Ux(n — k). (1.1.10) 
Here, 
On) if K=R, 
Ux(n)=4UM) ff K=C, 
Sp(z) if K=H. 


Correspondingly, consider the GraBmann manifold Gx(k,), which is the set of 
k-dimensional subspaces of IK”, cf. Example I/5.7.6. One has 


Gx(k, n) = Ux(n)/(Ux(n — k) x Ux(k)). (1.1.11) 


Clearly, Ux (xk) acts smoothly on Sx(k, n). By Corollary I/6.5.3, this action is free and 
proper. Thus, by the arguments given in Remark 1.1.2, Sx(k, n) carries the structure 
of a principal fibre bundle over Gx(k, n) with structure group Ug(k). The principal 
bundles so obtained are called, respectively, the real, complex and quaternionic Stiefel 
bundles. 4 


Remark 1.1.25 Consider the special case Sx (1, 1). Then, one has the following dif- 
feomorphisms (Exercise 1.1.10): 


Scns", Gel.w = ke", (1.1.12) 


with d = dime K. Thus, S”~!, S?"-! and S*"~! carry the structure of principal fibre 
bundles with structure groups O(1), U(1) and Sp(1) and base spaces RP”~!, cp"! 
and HP”—', respectively. They are isomorphic to the real, complex and quaternionic 
Stiefel bundles with k = 1, respectively. In particular, the Hopf bundles of Examples 
1.1.20 and 1.1.22 coincide with the Stiefel bundles Sx (1, 2) with K = C and K = Hi, 
respectively. > 


Example 1.1.26 (Universal Covering) Consider the universal covering space M of 
a manifold M. Then, M is a principal fibre bundle over M whose (discrete) structure 
group is the first homotopy group 7; (M) (Exercise 1.1.12). + 


Exercises 
1.1.1 Prove the statements of Example 1.1.4. 


1.1.2 Complete the proof of Proposition 1.1.10 by showing that P is Hausdorff. 
Hint. By elementary set topology, it is enough to prove that pr is open and that the 
graph of the equivalence relation is closed in X x X. 
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1.1.3. Prove Eq. (1.1.4). 

1.1.4 Prove the assertion of point 1 of Remark 1.1.8. 

1.1.5 Construct the principal bundle structures for Examples 1.1.15 and 1.1.18. 
1.1.6 Prove the statement of Remark 1.1.17. 


1.1.7 Complete the arguments in Remark 1.1.21/1. 
Hint. Consider V_ := S? \ {(0, —1)} and define a second mapping 


; 9 = 1+t Zz 
g-:V_-C corey 5 gn) 


Show that g_ induces a smooth mapping g_ : V_ > CP! and prove that g;, = _. 


1.1.8 Prove that the mapping O(S”) — O(n + 1) constructed in Example 1.1.18 is 
an isomorphism of principal O(n)-bundles. 


1.1.9 Consider the quaternionic Hopf bundle defined in Example 1.1.22. 


(a) By analogous arguments as in Remark 1.1.21/1, show that the base manifold 
HP! is diffeomorphic to S*. 

(b) Show that the mappings defined in (1.1.9) yield a system of local trivializations. 

(c) Using the criterion given in Remark 1|.1.21/2, prove that the quaternionic Hopf 
bundle is nontrivial. 
Hint. The group manifold of SU(2) is diffeomorphic to $+. 


1.1.10 Prove the statements made in Remark 1.1.25. 
1.1.11 Construct systems of local trivializations for the Stiefel bundles. 


1.1.12 Prove the statement of Example 1.1.26. 


1.2 Associated Bundles 


First, we recall the notion of associated bundle from Sect.6.5 in Part I. Let 
(P, G, M, W, 1) be a principal bundle and let (F', G, v7) be a left Lie group action. 
Let c be the right action associated with o, 


o:FxGoF, (f,a) Gg(f) := o¢-(f). 


Since the G-action W on P is free, the direct product action WY x o is free, too. 
According to Remark 1/6.3.9/2, it is proper. Thus, by Corollary 1/6.5.1, the orbit 
space 
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PxGgF:=(P x F)/G 


inherits a unique smooth structure. Since the natural projection P x F — P is 
equivariant, it induces a smooth surjective mapping 


Te: PxXxgGF > P/G=M, rm lo.f\)=z(—). 


This endows P xq F with a natural bundle structure. Finally, the local triviality of P 
induces the local triviality of this bundle. To see this, recall from Proposition 1.1.6 
that (local) trivializations of P are in one-to-one correspondence with (local) sections. 
Thus, let s: U — P bea local section corresponding to a local trivialization (U, x) 
of P. Then, the mapping 


UxF—>12,'(U), (mf) [(s(m),f)] 


is a diffeomorphism projecting to the identical mapping on U. The inverse map- 
ping &: mw, '(U) > U x F yields a local trivialization of P xg F. Thus, we have 
constructed a fibre bundle over M with typical fibre F’. 


Definition 1.2.1 The fibre bundle (P xg F,, M, Ff) is said to be associated with the 
principal bundle (P, G, M, W, 7) and the G-manifold (F, o). 


The proof of the following observation is left to the reader (Exercise 1.2.1). 


Proposition 1.2.2 For given principal bundles P,(M,, G,) and P2(M2, G2) and rep- 
resentations (F,, Gj, 0) and (F2, G2, 02), let (3, 4) be amorphism from P, to Pz and 
let T : Fj — Fy be ahomomorphism of the representations o, and 02. Then, 3 x T : 
P, X F\ — P2 X F2 induces a vector bundle morphism P, XG, F; — P2 XG, Fr 
projecting to b. Oo 


This proposition applies, in particular, to the case where F; = F2 and T = id. 
Remark 1.2.3 


1. Letus express the local trivialization (U, €) constructed above explicitly in terms 
of the local trivialization (U, x). As usual, denote « = prg ox and let s be the 
associated local section of P. Recall that, for any p € z~'(U), we have p = 
W.(p) S(t (p)). Using this, we calculate 


ELPA) = ECM msm, AI) = ELS), cmAD = (mM, Cen), 
with m = z(p). Since z(p) = mr ([(p,f)]), we obtain 


ELPA) = ar (IoD), Km): (1.2.1) 


2. The natural projection: : P x F — P xg F induces for every p € P a mapping 
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pi: F>PxeF, »f) =[@.f)] (1.2.2) 


whose image is contained in the fibre over 2 (p). Moreover, since 


twp) f) = (%aP),P] = (Ya(P), Fa! 0 af) = [M, oa), 


tp is equivariant, 
lw,(p) = lp 0 Oa. (1.2.3) 


From these properties it is clear that, viewed as a mapping from F to the fibre 
over 7(p), tp is bijective. Finally, from (1.2.1) we read off 


Pry 0 Oly = On, (1.2.4) 


for any local trivialization (U, &) such that z(p) € U. Since this is a diffeomor- 

phism of F’, we conclude that 1, is a diffeomorphism identifying F with the fibre 
-1 

Tp (I (p)). 

3. Let {(U;, x;)} be a system of local trivializations of P and let {;} be the corre- 
sponding system of transition mappings. Let {(U;, &;)} be the induced system of 
local trivializations of P xg F. Let us find the corresponding system of transition 
mappings. For m € U; U;,f € F and p € x~!(m), we calculate 


§j 0 E-l(m, f) _ Ei(L(p, Ox;(p)-! (f))) = (m, Oxi(p) © Fx;(p) (f)). 
Since p;(m) = x; (p)kj(p)~', we obtain 
§j ° E'(m,f) = (m, Op;im)(f)), (1.2.5) 


that is, the transition mappings of P xq F are given by op, : U; 1 U; > Diff(F). 
Then, in complete analogy to Proposition 1.1.10, one can reconstruct P xg F 
from the transition mappings o>,,. 4 


Example 1.2.4 


1. Let P(M, G) be a principal fibre bundle and let H C G be a closed subgroup. 
Then, by Theorem I/5.6.8, H is an embedded Lie subgroup of G. Consider the 
action of G on the homogeneous space G/H by left translation. Then, P xg G/H 
is an associated bundle over M with typical fibre being a transitive G-manifold. 
One can show the following, see Exercise 1.2.2: 


(a) Asa fibre bundle over M, the associated bundle P x g G/H is isomorphic to 
the quotient P/H, endowed with the natural fibre bundle structure induced 
from P. 

(b) P may be viewed as a principal H-bundle over P xg G/H. 


2. Let P(M, G) bea principal bundle, let E = P xg F be an associated bundle and 
let g : N — M be asmooth mapping of manifolds. Consider the pullback bundle 
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gE, 
g*E ——"—_> E 
"| |» 
N us M 


In this notation, p*E = {(y,e) € N x E: g(y) = mr (e)}. It is easy to show that 
the mapping 


gE>@PxcGF, (Ve) (O,pP).S)I (1.2.6) 


is well defined and an isomorphism of fibre bundles (Exercise 1.2.3). Thus, g*E 
is naturally associated with y*P. 

3. Consider the fibre product P; xy P2 of two principal bundles P,(M, G,) and 
P2(M, G2), cf. Remark 1.1.9/2. Let (F;, Gj, o;), i = 1, 2, be Lie group represen- 
tations and let E; = P; XG, F; be associated vector bundles. Taking the tensor 
product representation 0; © 02 : Gi x Gz > Aut(F; ® F2) of G; x Go, defined 
by 

(01 B 92)(g,,00) fi @f2) = (G1) g: fi) @ (02), (f2), (1.2.7) 


we can build the associated bundle (P; x P2) x(G,xqG,) (Fi ® Fz) over M x M. 
We take the pullback of this bundle under the diagonal mapping 


A:M—>M x M. 
Using point 2, we obtain 
A* ((P1 x Pz) X(G,xG,) (Fi ® F2)) = (Pi Xm P2) X(G,xG,) (Fi ® F2). 


It is easy to show that this bundle is isomorphic to the tensor product E; ® E> 
(Exercise 1.2.4), that is, E; ® Ez is naturally associated with the fibre product 
P, Xm P2. Moreover, one can prove [472] that every finite-dimensional irre- 
ducible representation of G; x G2 is equivalent to the tensor product of irre- 
ducible representations of G; and Gy, that is, by the above construction we exhaust 
all finite-dimensional irreducible representations of G; x Go. > 


Let P be a principal G-bundle over M and let 1 : G > H be a Lie group homo- 
morphism. Consider the associated bundle 


PU = Px H, (1.2.8) 


where G acts on H by left translations via 4. Since left and right translations on 
H commute, the action of H on P x H by right translation on the second factor 
descends to a free right action of H on P"!, Clearly, this action turns P!! into a 
principal H-bundle over M, called the principal H-bundle associated with P via A. 
The proof of the following proposition is left to the reader (Exercise 1.2.5). 
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Proposition 1.2.5 (Associated principal bundles) Let 4: G— H be a Lie group 
homomorphism and let P,P, P2 be principal G-bundles over, respectively, M, 
Mi, Md. 


1. If : Py — P2 is a morphism of principal G-bundles, then the mapping 


PM PH, [pal [(0).4)] 


is a morphism of principal H-bundles having the same projection as ¥. 
2. Iff :N — M is a smooth mapping, then the induced mapping 


FP) > FP), (m, [@, a)]) + [((m, p), a] 
is a vertical isomorphism. 
3. For i= 1,2, let G; and H; be Lie groups and let i; : G; > H; be Lie group 
homomorphisms. By restriction, the rearrangement 
(P| x Po) x (Hy x Hz) > (P; x Ay) x (P2 x Ad) 
induces a vertical isomorphism (P, x Py Ural = pal x py Peal, Oo 


Next, we study the structure of the set of smooth sections '°(P x ie F). For that 
purpose, let Homg(P, F) be the set of smooth equivariant mappings ®: P > F, 


PoW,=0,108. (1.2.9) 


Proposition 1.2.6 For every ® € Homg(P, F), there exists a unique element ® € 
I'™(P xg F) such that the following diagram commutes. 


cade OR (1.2.10) 


P 
| | 
M ————__+P xoF 


The assignment POO defines a bijection from Homg(P, F) onto ['°(P XG F). 
Proof For Pe Hom<,(P, F), we define 
&(m) := [(p, ®(p))], (1.2.11) 


where p € x '(m). This is a well-defined section of P xg F, because the equivari- 
ance property (1.2.9) implies 


[(Wa(p), ®(Wa(p)))] = [(alP), Ca F(p))] = [(P, BP) 
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for all a € G. By definition of ®, the above diagram commutes. Conversely, since 
&(m) = [(p, O(p))] = PO), 


® can be uniquely reconstructed from @. Oo 


Proposition 1.2.6 applies, in particular, to the case where F = Q is a principal G- 
bundle’ and thus yields a bijective correspondence between morphisms P > Q of 
principal G-bundles and sections of P xg Q. In the special case where P and Q have 
the same base manifold M, this correspondence can be refined to describe vertical 
morphisms as follows. The direct product mapping mp x 79:P x O> MxM 
defined by the projections zp : P + M and zg: Q > M descends to a surjective 
submersion 

Ip Xgtg:PxgGQ>MxM. (1.2.12) 


This is a fibre bundle with typical fibre G: given local trivializations (Up, xp) of P 
and (Ug, xg) of Q, one can check that the mapping xp XG Xq defined by 


XPXXQ 


mp (Up) x 1' (Ug) Up x Ug x Gx G 


| sn x idug x LL 


(ie Reno Ue Ug) —— Up X Ug x G 


with j1(a, b) = ab! is adiffeomorphism. Let P x Gy Q denote the restriction® of the 
fibre bundle (1.2.12) to the diagonal M C M x M. Then, P xg,y Q is an embedded 
submanifold of P xg Q and the induced projection P xg.y Q— M coincides with 
the restriction of the associated bundle projection P xg Q — M to this submanifold. 
Thus, P xg_y Q is an embedded vertical subbundle of the associated bundle P xg Q. 


Corollary 1.2.7 By restriction, the bijection between G-morphisms P —+ Q and 
sections of the associated bundle P xg Q induces a bijection between vertical G- 
morphisms P — Q and sections of the vertical subbundle P xg. Q. 


Proof Let 0 : P + Q bea G-morphism. Proposition 1.2.6 assigns to 3 a section s 
of P xg Q via s(m) = [(p. d(p))I, where p € mp (m). We compute 


(mp XG Ig) os(m) = (m, d(m)) : 


Thus, o= idy iff s takes values in the submanifold P xgy Q C P xq Q, and hence 
is a section in the vertical subbundle P xg y Q. Oo 


7Clearly, the definition of associated bundle carries over to right G-manifolds F. 
8Defined by the pullback via the diagonal mapping M > M x M. 
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For the remainder of this section, we assume that F is a finite-dimensional vector 
space carrying a representation of the structure group G. 


Proposition 1.2.8 Let P(M, G) be a principal G-bundle and let (F, G, 0) be a Lie 
group representation. Then, 


1. the associated bundle P xg F is a vector bundle, 
2. the bijection between Homg(P, F) and '™(P xg F) given by Proposition 1.2.6 
is an isomorphism of vector spaces. 
3. If : Py — P2 isa morphism of principal G-bundles with projection B, then the 
mapping 
PixgF > P2xc¢F, [@f)le [().f)] 


is a morphism of vector bundles with projection #. 
4. Iff :N — M is asmooth mapping, then the induced mapping 


f(P xP) > (FP) xeF, (m [ef > [(p).f)] 
is a vertical vector bundle isomorphism. 


Proof 1. We endow the fibres of P xg F with a vector space structure by requiring 
that the diffeomorphisms 1, be linear (and thus vector space isomorphisms) for all p € 
P. Since the mappings o, are vector space automorphisms, formula (1.2.3) implies 
that for every pair of points p, p’ belonging to the same fibre, 1, is linear iff 1, is 
linear. Thus, this vector space structure is well defined. Now, let (U, x) be a local 
trivialization of P, let s be the corresponding local section of P and let (U, &) be the 
corresponding local trivialization of P xg F. We have to show that, with respect to 
the above defined linear structure, the induced mappings 


pry o§} a, '(m)—> F, meu, 
azlon 
are linear. Using (1.2.4) and «(s(m)) = 1, we obtain 


prs 0& © ls(m) (f) = Ox(s(m)) ff) =f. 


_ ,-l 
— lst 


Thus, pry o&; ) and the assertion follows. 


pli) 
2. This is an immediate consequence of the linearity of 1). 
3 and 4. This is analogous to points | and 2 of Proposition 1.2.5. B 
Remark 1.2.9 


1. By definition of ¢,, the linear structure on the fibre through [(p, f)] € P xg F is 
given as follows: 


AML, fid] + AL, fa] = [, Arfi + Af], A1,42 € R. 
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Thus, to calculate the sum of two elements one has to choose representatives with 
the same p. 

2. Let E be a K-vector bundle of rank k over M, where K = R, C or H, and let 
L(E) be its principal GL(k, K)-bundle of linear frames, cf. Example 1.1.15. Let 
Ly be the set of bases 5, = (51, ..., 5x) in the fibre E,,,. Clearly, the vector bundle 
E is associated with L(E), that is, there exists a vector bundle isomorphism 
L(E) XGLik.K) K‘ = E, given by 


k 
[((s1,-- 5 5k), De xis:. 
i=l 


This shows that any vector bundle may be viewed as a bundle associated with a 
principal bundle. If F carries a fibre metric, we have an analogous isomorphism 
between E and the bundle O(E) xu, K* associated with the orthonormal frame 
bundle O(£), cf. Definition 1.1.19, via the standard representation of Ux(k) on 
K*. + 


In the sequel, we denote E = P xq F. Since E is a vector bundle, we can form the 
tensor product A*‘(T*M ) @ E and we may consider sections of this bundle. 


Definition 1.2.10 A section in A‘(T*M ) ®@ E is called a differential k-form on M 
with values in E. The vector space of these sections will be denoted by 2*(M, E). 


Since A°(T*M) = M x Rand (M x R) @ E = E, we may identify 2°(M, E) with 
I’™(E). In analogy to the case of sections, elements of Q*(M, E) may be viewed as 
differential forms on P. 


Definition 1.2.11 Let P(M, G) be a principal bundle and let (F', G, o) be a finite- 
dimensional representation of G. A differential k-form @ on P with values in F is 
called horizontal of type o if it is annihilated by any vector tangent to the fibres and 
if it fulfils 

Wr = 04-1008 


for every a € G. The vector space of horizontal k-forms of type o will be denoted 
by Q*, (P, F). 


o,hor 
Correspondingly, the space of ordinary horizontal differential k-forms on P will be 
denoted by Qk, (P). 


Proposition 1.2.12 To every element a € Lo ae 


element a € 2*(M, E) such that the following diagram commutes. 


(P, F) there corresponds a unique 


pr x@ 


A*(TP) PXxF 


A\‘(tm) —— E 
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Here, pr: A‘(TP) — P denotes the natural projection. The assignment & > a 
defines a vector space isomorphism from Q*,,,.(P, F) onto Q*(M, E). 


o, hor 


Proof Let m € M and X; € T,,M,i=1,...,k. Choose p € P fulfilling 7(p) = m 
and Y; € T,P such that z’(Y;) = X;. We define 


Om (X1, ...,Xp) = ty 0 Gp(V1, -.-» Ye). (1.2.13) 


We must show that this definition does neither depend on the choice of p nor on the 
choice of the Y;. Thus, take p’ = W, (p) and tangent vectors Y/ at p’ which also project 
onto the X;. Then, there exist vertical vectors Z; € T,P such that Y/ = W/(Y;) + Z; 
and we obtain 


ly! ° Cree ere Y,) = lw, (p) ° dy, (p) (W(Y1) + Z\; Sei W'(Y,) + Zk) 
= Igo 0g 0 (Wie), (Y1,.-., Ye) 
= lho ap (V1, eer Y;). 
Here, we have used (1.2.3) together with the horizontality and equivariance of @. 


Bijectivity and linearity of the assignment @ +» a@ follow from the bijectivity and 
linearity of t,. Oo 


Note that, conversely, we have 
p=, Ola ae), (1.2.14) 


The following is left to the reader (Exercise 1.2.6). 


Remark 1.2.13 Let a € 2*(M, E), let B € Q'(M) and let & and B be the corre- 
sponding horizontal forms on P with values in F and in R, respectively. Clearly, 
B = 1". Then, 


BAa=BaAaq. 


Thus, the direct sums 


Q*(M, E) = B 2M, E) and Q* (P,F)=@Qah (P, F) 
k=0 


o, hor o, hor 
k=0 


carry the structure of modules over the Cartan algebra {2*(M). 4 


We close this section by giving the local description of the above notions. Let 
(U, x) be a local trivialization of P, let k : P — Gbe the corresponding equivariant 
mapping and let s: U — P be the associated local section. We define the local 
representative of & € 2*,.(P, F) by 


o, hor 


aX = sta. (1.2.15) 
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This is a k-form on U with values in F. The following proposition shows that a 
horizontal form of type o may be reconstructed from its local representatives. 


Proposition 1.2.14 Leta € Dis 


trivialization (U, x) given by (1.2.15). Then, for every p € 1~'(U), we have 


(P, F) and let a* be its representative in a local 


Ap = Sep)! 0 (*A*)y. (1.2.16) 


Proof By the equivariance of @, for every p € 2~'(U) und Y; € T,P, we obtain 


Cui) © Gp (Lis ++ Ye) = (Pgs) Mis +s Fed 
Pp 
= dy, 1p) Yewy- (Y1),.--; Pee! (¥;.)). 
Since Y.(p)-1(p) = s(r(p)), we have W/,)_ (Vi) € Tsrip)P and 
x (Moy G=a's '(¥)) =, 


Thus, using the horizontality of @, in the above formula we may replace the tangent 
vectors Ls (Y;) by s’ 0 2'(Y¥;). This yields 


Seip) Op (Vis 5 «<4 Le) = Ose (8 OF WV )yis. 5-8 OFF Op) 
(r*(s"@)) (71; Ceo Yx), 


and, thus, the assertion. | 
Remark 1.2.15 


1. Let {(U;, Xi) }ier be a system of local trivializations of P and let (Uj, x;) and 
(Ux, xx) be elements of this system fulfilling U; NU, A @. Then, (1.2.16) and 
(1.1.5) imply 


~ Xj yh, 
on = Op (my OX* , me UO UK. 


It is easy to show that a system of k-forms {@*‘}(<; fulfilling these relations defines 

a unique element of Lf ee (P, F) with local representatives @*' (Exercise 1.2.7). 

2. Let a be the k-form on M with values in E corresponding to @ and let (U, €) be 
the local trivialization of E induced by (U, x) via (1.2.1). We define the local 
representative of a by 


a® = pr, of oay,. (12.17) 
Using (1.2.13), (1.2.16) and (1.2.1), we calculate 
Om(X1,- ++, Xe) = [ (sn), GX (Mi, ..., X))] = Em, AX OG,..., Xe) 


(1.2.18) 
form € U and X; € T,,M. Thus, a> = &* as expected. 
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3. In particular, for a section  € [™(E) we denote g := @§ = @*. This is a 
function on U with values in F’. Here, the reconstruction formulae read 


P(m) = [(s(m), p(m))],_ F(D) = Oe) 9(A(D)), 


for any m € U andp € 27 !(U). r) 


Exercises 
1.2.1 Prove Proposition 1.2.2. 


1.2.2 Prove the assertions of Example 1.2.4/1. 
Hint. To prove point (a), show that the mapping 


i: PxGG/H > P/H, i([(p, gH)]) = [%,()] 


is bijective. To prove point (b), construct local trivializations of P xg G/H from 
local trivializations of the principal G-bundle P — M and of the principal H-bundle 
G— G/H. 


1.2.3 Prove that formula (1.2.6) defines a vector bundle isomorphism. 
1.2.4 Prove the statements of Example 1.2.4/3. 

1.2.5 Prove Proposition 1.2.5. 

1.2.6 Prove the statements of Remark 1.2.13. 


1.2.7 Prove the statement of Remark 1.2.15/1. 


1.3. Connections 


The notion of connection will play a fundamental role throughout this book, because 
it yields the mathematical model for a gauge potential. 

To start with, we recall the notion of Killing vector field, cf. Sect.6.2 of Part I. 
Given a Lie group action (P, G, YW), every element A of the Lie algebra g of G defines 
a vector field A, via the flow Wxp,), that is, 


(Ax)p = 


d 
— We = W'(A). 
i, Meson (P) = 4A) 


A,, is called the Killing vector field generated by A. 
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Now, consider a principal fibre bundle (P, G, M, W, 1). We denote the vertical 
distribution spanned by the Killing vector fields of the G-action by V and call V, C 
T,P the vertical subspace of T,,P at p € P. 


Lemma 1.3.1 The vertical distribution V has the following properties. 


1. It is equivariant, that is, Vu,(p) = ¥j(Vp). 
2. The mapping 
. / 
yw:iPxg>V, @,A)PR WA) 


is an isomorphism of vector bundles. In particular, the mappings ie g- V, 
are isomorphisms of vector spaces. 

3. For every p € P, the vertical subspace V, coincides with the tangent space of the 
fibre at p and, thus, with ker(z,,). 


Proof 1. This follows from Proposition I/6.2.2/1. 

2. By construction, y is a surjective vertical morphism of vector bundles. Since 
W is a free action, Proposition I/6.2.2/3 implies that y is injective. Thus, the tangent 
mapping 7’ is bijective at any point and, consequently, the Inverse Mapping Theorem 
1/1.5.7 implies that the inverse mapping is smooth. 

3. This is an immediate consequence of the Orbit Theorem I/6.2.8. 0 


Since, by definition, V is spanned by the Killing vector fields, to prove Vy,(p) = 
W'(V,) itis enough to study the transport of a Killing vector field under Y. One finds 


WIA, (p) = (Ad (a7!) A), (Wa(p)) - (1.3.1) 


Also note that, by point 2 of Lemma 1.3.1, as a vector bundle, V is trivial. 
Now, we can define the notion of connection. 


Definition 1.3.2 (Connection on a principal fibre bundle) Let (P, G, M, W, 1) bea 
principal fibre bundle. A connection on P is a distribution? I” on P such that 


1. I, 8V,=T,P forallp € P, 
2. Iw ip) = ¥j{U)) forall p € Panda eG. 


I;, is called the horizontal subspace at p. 
A connection on a principal bundle will be often referred to as a principal connection. 
Remark 1.3.3 


1. By point 1, every tangent vector X, ¢ T,P admits a unique decomposition into a 
horizontal component hor X, € I), and a vertical component ver X, € V,, 


X, = hor X, + ver Xp. (1.3.2) 


9 As in Part I, distributions are assumed to be smooth without notice. 
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Since both I” and V are smooth, the mappings hor : TP — I and ver : TP > V 
are smooth. Thus, if X is a smooth vector field on P, then both hor X and ver X 
are smooth vector fields, too. 

For a given connection I”, the restriction of z’ to the horizontal subspace I, 
yields an isomorphism of I, and T-,(,)M. Thus, every vector field X on M admits 
a unique horizontal lift, that is, a vector field X * on P with values in the horizontal 
distribution which is zr-related to X. It is obtained by applying the inverse of the 
above isomorphism pointwise to X. By construction, X” is W -invariant. The proof 
of smoothness of X” is left to the reader (Exercise 1.3.1). Conversely, every W- 
invariant horizontal vector field on P is the horizontal lift of a vector field on 
M. 

Every connection on a principal bundle P induces a connection on any bundle 
associated with P. Indeed, let J” be a connection on the principal bundle P(M, G) 
and let E = P xq F be an associated bundle. For f € F’,, we define 


yi: PE, y(p) = [@.f)l. 
This mapping has the following properties: 
lpOW, =o f), Mrolp =. (1.3.3) 
The horizontal subspace at e = [(p, f)] € E is defined by 
Te (Ip). (1.3.4) 


By the first relation in (1.3.3), the right hand side of this equation does not depend 
on the choice of the representative (p, f) of e. Since p +> Ij, is a smooth distribu- 
tion, e +> IF is smooth, too. We show that this distribution is complementary to 
the canonical vertical distribution e +> V“, where V¥ denotes the tangent space 
to the fibre at e € E. By the second equation in (1.3.3), u-(Vp) is contained in ve 
and m,.(I%) = m'(I,) = T,,M, where m = r-(e). Thus, we have a direct sum 
decomposition, 
TE=VF ert. 


The horizontal distribution e +> I? will be referred to as the connection on E 
induced by I. In particular, the restriction of the tangent mapping 7; to ? 
defines an isomorphism from If onto T,,M and, thus, every tangent vector X € 
TM admits a unique horizontal lift X" ¢ FF. By (1.3.4), it is given by 

XP 1), (1.3.5) 


where xh is the unique horizontal lift of X to the point p of P. 4 
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Since, by point 2 of Lemma 1.3.1, ie g — VJ, is a vector space isomorphism, with 
every connection we may associate a g-valued 1-form on P. 


Definition 1.3.4 (Connection form) Let (P, G, M, W, 7c) be a principal bundle and 
let I” be a connection on P. The 1-form w on P with values in g defined by 


(p(X) = (Wi) l(verX), pe P,X €T>P, (1.3.6) 
is called the connection form of I". 


As an immediate consequence of this definition, we obtain the following formula of 
the horizontal component of a tangent vector X ¢ T,P: 


hor X = X — W/(w(X)). (1.3.7) 


Proposition 1.3.5 Let (P,G,M,W, 2) be a principal bundle and let I" be a con- 
nection on P. Then, the connection form w of I” is smooth and has the following 
properties. 


1. ker(w,) = I, forall p € P, 
2. w(Ax) =A forallA € g, 
3. W*w = Ad (a!) ow forallaeéG. 


Proof By Lemma 1.3.1, we may decompose the mapping TP 5 X > @(X) € gas 
follows: 


ver 


-1 7 
res vo Pg gy. 


This shows that w is smooth. Assertions | and 2 are immediate consequences of the 
definition of w. It remains to prove assertion 3. By point 1, it is enough to apply both 
sides of the equation to a Killing vector field. Using (1.3.1), we obtain 


(Wo, Ax) = (w, VarAs) = (0, (ad (a"') A) +} = Ad (<"') A= Ad ("') (w, Ax). 
a 


Proposition 1.3.6 Every g-valued 1-form w on P fulfilling the conditions 2 and 3 of 
Proposition 1.3.5 uniquely defines a connection I’. 


Proof We put I, := ker(@,). Now, the defining properties of the horizontal distrib- 
ution p +> I, follow directy from the properties of w (Exercise 1.3.2). BD 


Proposition 1.3.7 Every principal fibre bundle admits a connection. 


Proof Let (P,G,M,W, 2) be a principal fibre bundle, let {U;};-7 be a countable, 
locally finite covering of M and let {f;};<7 be a subordinate partition of unity. Choose 
a system of local trivializations {(U;, x;)}icr of P, associated with this covering. At 
every point x, (m, 1), m € M, we define a subspace I), -1(m,1) Of Ty-\(m,1yP by 
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Paapi=O) Tea eeeay. (1.3.8) 


Clearly, P’,-1(,,,3) 1s complementary to V,-1(,, 3). If we transport this subspace with 
Ww’, a € G, to the remaining points of the fibre over m, for every m € U;, then we 
obtain a connection on the trivial principal G-bundle 2~!(U;). Let us denote the 
corresponding connection form by @;. We define the following family of g-valued 
1-forms on P: 

0 p¢x (Uj) 

(@i)p = ee -1 
(x*fi)@; pen (Uj). 


Since {supp(f;)} is locally finite, @ := >°; @; is a well-defined smooth 1-form on P 
with values in g. It remains to show that w fulfils conditions 2 and 3 of Proposition 
13. 

Condition 2. For p € P andA € g, we have 


@p(Ax(D)) = >“ (@i)p(Ax)) = D2 (@i)p(Ax@)) . 


iel iel* 


where /* C J contains exactly those indices for which z(p) € U;. Since every @; is 
a connection form, for i € J*, we obtain 


(@)p(As(P)) = fi (P)) (@i)p (Ae (P)) = fit (PA. 
Now, Vien fi(2(P)) = Dic fila (p)) = 1 implies w,(A.(p)) =A. 


Condition 3. It is enough to verify this condition for every @; restricted to z~'(U;). 
Since W* ((2*fi) @:) = (1*fi) (Wai) and since all @; share property 3, the assertion 
follows. oO 


Remark 1.3.8 By the defining properties 2 and 3 of aconnection form, cf. Proposition 
1.3.5, the difference of two connection forms is a horizontal 1-form of type Ad. Thus, 
the set of connections of a principal fibre bundle carries the structure of an infinite- 
dimensional affine space with the translation vector space given by £2 Rees g). 
This space will play a crucial role in gauge theory. 4 


Remark 1.3.9 By Remark 1.3.3/3, a principal connection I" induces aconnection I“ 
on every associated bundle E = P xq F. If (F, G, o) is a Lie group representation 
and, thus, E is a vector bundle, then the canonical vertical subspace Ve may be 
naturally identified with the fibre through e € E. In more detail, since in this case the 
mapping /,, given by (1.2.2), is a vector space isomorphism between F and the fibre 
E;,,(p), the tangent mapping bs is a vector space isomorphism between TF = F and 
ee , where e = [(p, f)]. Thus, for any Z € ee , there exists an element v € F such 
that Z = by (v). Via t,, the vector v may be identified with the element [(p, v)] in the 
fibre E,,,(p). Thus, the above mentioned identification is given by 


V; +E, Zt>i,0@) @). 
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We conclude that in the case of an associated vector bundle £, endowed with an 
induced connection I“, we have an analogue of the connection form w: 


ao :TE> E, wo" (X):= to (tf) |X"), (1.3.9) 


where X = X” + X" is the decomposition of X € T.E with respect to I”. Clearly, 
w* is a vector bundle morphism. It is called the connection mapping induced from 
w. Using ty 0 W, = ty 0 of, one easily finds the following relation between and w” 
(Exercise 1.3.3): 


oF 0t:(X) = too’ (w(X))f, X €T,P. (1.3.10) 


Here, 0’ = do: g > End(F) is the representation of the Lie algebra g of G induced 
from o. The assignment X — o’(w(X)) defines a 1-form on P with values in End(F) 
which will be denoted by o’(w). > 

It turns out that a connection on P(M, G) is uniquely characterized in terms of its 
local representatives on the base space M. Let s: U > 2~!(U) be a local section. 
The local representative of a connection form w on P is defined by 


A= sw. (1.3.11) 


Remark 1.3.10 Let (U, g) be a local chart on M and let {t,} be a basis in g. Then, 
the collection 
{do"! A--- Ado @ ta} (1.3.12) 


yields a local frame in the bundle of g-valued k-forms on M. With respect to this 
frame, the local representative </ takes the form 


A = A Ap" ® ta. 


4 


We show that w may be reconstructed from © locally. For that purpose, recall 
from the proof of Proposition 1.1.6 that a section s defines an equivariant mapping 
k:P—> Gby 

Vem (som(p))=p, pe P. (1.3.13) 


Proposition 1.3.11 Let (P,G,M, W, 2) be a principal bundle and let w be a con- 
nection form on P. Let U C M be open and lets: U > a~!(U) be a local section. 
Let & be the local representative defined by (1.3.11). Then, for every p € 1~'(U), 

@p = Ad («(p)~') (1". A), + (K*O)y, (1.3.14) 


with @ denoting the Maurer—Cartan form'® on G. 


10See Definition I/5.5.11. 
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Proof LetX € T,P and lett +> y(t) be acurve representing X. Then, using (1.3.13), 
we calculate 


>< 
ll 


(t) 
dt to . 


d 
aoe om(y(t)), K(y (1) 


/ / 
= (Yew) sexcp) o(so 1), (X) + (Yor) ep) - kK, (X). 


Denoting the first and the second summand by X* and X’, respectively, we get a 
decomposition X = X* + X”, where X* is tangent to the submanifold W,(,)(s(U)) 
and where X” is vertical. We calculate 


p(X) = (Yi) ®) rq (8 2 p(X) 
= Ad («(p)~') (s*@) xp) (1 (X)) 
= Ad («(p)~') (1*. L)p(X). 


This yields the first summand in (1.3.14). On the other hand, by the definition of w, 
v nal ’ ! 
p(X") = (Wi) 0 (Wri), p) °KpX). 
Using the obvious identity =. Lo VWeor(py) 0 Le(p) = dg, together with 


(«*)p(X) = Lips 0K, 0), 


/ 
K(p 
we obtain w,(X") = («*@),(X). This proves (1.3.14). o 


The following corollary is immediate (Exercise 1.3.4). 


Corollary 1.3.12 Let P be a principal G-bundle and let w be a connection form 
on P. Let {(U;, xi)} be a system of local trivializations of P with corresponding 
equivariant mappings {k;}, local sections {s;} and transition mappings {pj}. Let 


Dy = SW. 


Then, for any pair (i, j) such that U; N U; 4 @, the local representatives o and 
are related as follows: 


(SH) = Ad (04(m)~") 0 (Am + (050), m € UU). (1.3.15) 
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Conversely, any system of Lie algebra-valued 1-forms {%} fulfilling (1.3.15) defines 
a unique connection form w with local representatives {%}. i 


Next, let us discuss the transformation properties of connections under principal 
bundle morphisms. 


Proposition 1.3.13 Let (0, A) be a morphism of the principal bundles P\(M,, G1) 
and P3(M2, G2) such that the induced mapping 0 : M, — Mz is a diffeomorphism. 
Let I"! be aconnection on P, and let @ be its connection form. 


1. There exists a unique connection ? on P2 such that 3! maps horizontal subspaces 
of I’! to horizontal subspaces of T°. 

2. The connection form @ of I’? fulfils 9*a@2 = dd o w, where dd : 9; > go is the 
induced homomorphism of Lie algebras. Moreover, 0* 22 = dh o {2). 


We call I”? the image of I”! under the morphism (i, d).!! 


Proof Denote the right group actions and the canonical projections in P;, i = 1, 2, 
by W and z,, respectively. : 

1. We define a distribution 7 on P> as follows. Since # is surjective, for a 
given po € Py, we can choose a pair (p;, a) € P; x Go such that po = W2(9(p1)) 
and define 

/ 
T= (Ya) 08 (Fy) 

where re is the horizontal subspace of I"! at p;. By (1.1.3), this definition does not 
depend on the choice of the pair (p;, a). We prove that I”? is a connection on P). 
First, we calculate 
2)! (p2 2)! 2)! 1 2)! 2 
(%) Up.) = Ye) © (Ha) 0 (F,) = (Yao) 0 8 (T,) = Tag 
because W? (po) a wo (p;)). Thus, I”? is Gp-equivariant. To prove that I”? is com- 
plementary to the vertical distribution V* on P2, by local triviality of the bundles, 
it is enough to show that the restriction of 2, : TP: > TM) to I”? yields pointwise 
isomorphisms of vector spaces. Thus, consider the mapping z5 : iT > Tryp») M2. 
By G-equivariance of T?,we may assume p2 = 1 (p;). Then, from Bo WT, =m00, 

we have 7 

On) 2 (1), = (702), ad Oy: 


Since, by assumption, Disa diffeomorphism and I~ ' is a connection, 0 and Ty are 
both isomorphisms of vector spaces. Thus, 75 : I" — T5(p,)M2 is an isomorphism, 
too. We conclude that I”? is a connection. By construction, it is unique. 

2. The first assertion is equivalent to 


(02) 9, (0 (X)) = dA ((@1)p, (&)) 


'lTt is also common to speak of the push forward or the transport of I”! by the morphism (1, A). 
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for any p; € P; and X € T,, P;. Since 0’ maps horizontal vectors to horizontal vec- 
tors, it is enough to prove this equality for vertical vectors, that is, for values of 
Killing vector fields. Thus, let A, be the Killing vector field generated by A € g). 
Since, for any a € Gj, 


FoW, (a) =V00W) (1) = Yu PP) = Wy, oA, 
we obtain 
(or) 9) (8 Aw.) = roe (Yin ‘0 da(A)) = di(A). 


Now, the assertion follows from the fact that A = w,(A,,). It remains to prove the 
second statement: for X, Y € T,P, we calculate 


0* Q(X, Y) = dé (hors, 08’ (X), hors o¥'(Y)) 
= do (9 o hor,,(X), # 0 hor,,(Y)) 
= d(}*o@) (hor,,(X), hor,,(Y)) 
= d(dd ow) (hor, (X), hor, (Y)) 
= dd o dw (hor,,(X), hor,,(Y)) 
= dro Q(X, Y). 


Proposition 1.3.13 immediately implies the following. 


Corollary 1.3.14 For a Lie group homomorphism  : H — G and a principal H- 
bundle Q, let P := Q"!. Then, any connection I’? on Q induces a unique connection 
I’? on P. The corresponding connection forms are related via 


va? = driow?, 
where 3 : Q — P is the corresponding bundle morphism. im 


The induced connection I”? is often referred to as the A-extension of I. 
Since the proof of the following proposition is by arguments similar to those in 
the proof of Proposition 1.3.13, we leave it to the reader, see Exercise 1.3.5. 


Proposition 1.3.15 Let (3, 4) be a morphism of the principal bundles P\(M,, G) 
and P3(M>, G2) such that X : G; — Gy» is an isomorphism. Let I’? be a connection 
on P and let w be its connection form. 


1. There exists a unique connection I"! on P, such that 0! maps horizontal subspaces 
of I’! to horizontal subspaces of I>. 
2. The connection form a of U' fulfils B* a = dr 0 a and 3* 22, =drio 2). Hf 
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We call I”! the connection induced by I”? via the morphism (1, 4). 


Corollary 1.3.16 Under the assumptions of Proposition 1.3.15, additionally, assume 
G, = G2 =G and let id be the identical automorphism. Then, @, = 3*w . This 
means, in particular: 


1. The pullback of a connection form under an automorphism of a principal bundle 
is a connection form. 

2. Fora principal bundle P(M, G) and a mapping f : N — M, every connction in 
P induces a connection on the pullback bundle f*P. im 


Remark 1.3.17 


1. Proposition 1.3.13 remains true under the weaker assumptions that 3 be a sur- 
jective submersion and that M; and Mp) have the same dimension. Similarly, in 
Proposition 1.3.15, it suffices to assume that dA be an isomorphism of Lie alge- 
bras. 

2. From the proof of Proposition 1.3.13 we read off the following. Let (0, A) be a 
morphism of the principal bundles P;(M,, G,) and P:(M>, G2). For i = 1, 2, let 
q@; be aconnection form on P; and let §2; be its curvature form. If 0*w2 = dio a), 
then 3* 2) = ddo 22). 

3. Consider the special case of the fibre product bundle P; xy P2 = A*(P x P2), 
cf. Remark 1.1.9/2. Let (77, 4;) : Pi Xu P2 —> P;, i= 1,2, be the natural prin- 
cipal bundle homomorphisms defined by restriction of the canonical projections 
pr; : Pi) x Py > P; to P, xy P2. The corresponding Lie group homomorphisms 
A; : Gi X G2 — G; are given by the canonical projections onto the first and the 
second component, respectively. Let 1 and I> be connections on P; and Po, 
respectively, and let w; and w2 be the corresponding connection forms. Then, 


@ = pr} @ + prs w. 


is obviously a connection form on P; x P.!* Now, by Corollary 1.3.16, 0*a 
is the unique connection on A*(P; x P2) = P; xy P2 induced from w, where 
0: Pi Xu P2 — P, x P2 is the induced morphism. It is given by 


Oo = Tho, + Wor. (1.3.16) 


4 


We close this section with a number of examples. All of them are related to the 
Maurer-Cartan form 6 of a Lie group G. By Remark I/5.5.12/2, we have 6,, = a~'da, 
a € G. Thus, 6 is left invariant and right equivariant under the action of G by left and 
right translations, respectively. Clearly, the right equivariance property reads 


R*9 = Ad(a“!) 08. 


!2-The first summand takes values in the Lie algebra gi of G; and the second takes values in the Lie 
algebra go of G2. The embedding mappings g; > gi © go are omitted. 
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Example 1.3.18 (Canonical connection of the product bundle) Consider the product 
bundle P = M x G, cf. Example 1.1.4/1. Take the connection I” defined by (1.3.8) 
with x being the identical mapping. The connection form corresponding to I” is 
given by 

@ = pred, 


where prc : M x G— G denotes the canonical projection. Details are left to the 
reader (Exercise 1.3.7). ¢ 


Example 1.3.19 (Reductive homogeneous space) Let G bea Lie group and let H C G 
be aclosed subgroup. Then, by Example 1.1.4/3, G carries the structure of a principal 
H-bundle over the homogeneous space G/H. Assume, additionally, that G/H is 
reductive, that is, the Lie algebra g of G admits a vector space decomposition 


g=h5bom 


such that Ad(H)m C m. Here, § denotes the Lie algebra of H. If G is semisimple, 
then m can be chosen to be the orthogonal complement to in the sense of the Killing 
form (Exercise 1.3.6). 

Clearly, the vertical subspace at a € G is given by L/(h). Since for any a € G, 
we have T,G = L’,(h) © L’(m), the left invariant distribution a> I, := Li (m) on 
G is complementary to the canonical vertical distribution. Using the reductivity, it is 
easy to show that I” is right H-equivariant. Thus, J” defines a connection on G. The 
corresponding connection form is given by 


ow” = pry 08, (1.3.17) 


where pr, is the canonical projection onto the first summand of the above reductive 
decomposition. Details are left to the reader (Exercise 1.3.7). + 


Example 1.3.20 (Canonical connection on the Stiefel bundle) Recall the Stiefel bun- 
dles 


Sx(k, n) = Ux(n)/Ux(n — k) > Gx k, n) = Ux(n)/(Ux(n — k) x Ux(k)) 
discussed in Example 1.1.24. Denote the Lie algebra of the isometry group Ux(i) by 
uk(i), i= k,n —k,n. Since Ug(n — k) and Ux(k) act in complementary orthogonal 
subspaces of KK”, the direct sum of their Lie algebras is a Lie subalgebra of ux (7) 
and we have a direct sum decomposition 

Ux(n) = uK(k) ® m. 


Here, m = ug(n — k) ® nand n is the orthogonal complement of 


ux(k) @ ux(n — k) C ux(n) 
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with respect to the Killing form. The restriction of the adjoint representation 
Ad(Ux(k)) acts on ugx(n — k) trivially and leaves the subspace n invariant. Thus, 
the above decomposition is reductive. As in Example 1.3.19, we put 


wo := Ply Gy 08. (1.3.18) 


Clearly, w° is a ux(k)-valued 1-form on Ux(n). Since w* is invariant under the 
Uxg(n — k)-action on Ug (n), it descends to a ug (k)-valued 1-form on Sg (k, 2) which 
we denote by the same symbol. We claim that w° is a connection form. To prove 
this, we have to check the defining conditions 2 and 3 of Proposition 1.3.5. To check 
condition 2, note that the Killing vector field of the right Ux(k)-action on Ux(n) 
generated by A € ux(k) coincides with A viewed as a left invariant vector field, 


(Aya = < (aexp(tA)) = aA, ae€ Ux(n). 
lo 


Since the right actions of Ux (k) and Ug (n — k) on Ux (1) commute, the Killing vector 
field of the right Ux (k)-action on Sx (k, m) generated by A € ux(k) may be identified 
with A,.. Now, condition 2 follows from the defining equation of the Maurer-Cartan 
form, 0(A) = A. Condition 3 follows immediately from the right Ux (7)-equivariance 
of 6. The connection defined by @° is called the canonical or universal!* connection 
of the Stiefel bundle. By left invariance of the Maurer-Cartan form, the canonical 
connection is invariant under left translations of Ux(n). 

We give an explicit description of w* in terms of matrix-valued functions: let 
{e,,..., €,} be the standard basis in K”. If we choose the k-frame up = (€),..., €x), 
then the subgroups Ux (k) and Ux(n — k) are given in block matrix form by an upper 
diagonal (k x k)-block and by a lower diagonal ((n — k) x (n — k))-block in Ux(n), 
respectively. Let a € Ux(n) and let a‘; be the corresponding (n x n)-matrix with 
respect to the standard basis. Since a’a = 1, w° is represented by a (k x k)-valued 
1-form on Sx(k, n), 

(w°)“5 = (a")*; das, 


where a, 8 = 1,...k andj = 1,...,n. Denoting by u the matrix-valued function 
which assigns to the k-frame uy = d ae; the (n x k)-matrix dy, we obtain 


wo = u'du. (1.3.19) 
Since a'a = 1, we have u'u = Ig. 4 


Remark 1.3.21 In the above realization, the horizontal vectors of w° at the point 
; 


Po= | € Sx(k, n) are given by matrices of the form i “7 , where T is an 
arbitrary ((n — k) x n)-matrix (Exercise 1.3.8). + 


'5This name will be explained in Sect. 3.8. 
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For later purposes, let us consider the following special case. 


Example 1.3.22 (Canonical connection on the Hopf bundle) As noted in Remark 
1.1.25, the Hopf bundles of Examples 1.1.20 and 1.1.22 coincide with the Stiefel 
bundles Sx(1, 2) > Gx(1, 2) with K = C and K = H, respectively. First, consider 
the complex Hopf bundle. In the notation of the above example, we have 


ZI 
u= eC’, lal? +lal* =1, 
22 
and thus the canonical connection is given by 


w =7 dz +7 dz. (1.3.20) 


It takes values in the Lie algebra u(1) = iR of U(1). In complete analogy, for the 
quaternionic Hopf bundle, we have 


u= Bl eH’, Iq +a =1, 
2 
and the canonical connection is given by 
o = i dq; + Gp dq. (1.3.21) 


It takes values in the Lie algebra sp(1) of Sp(1). 4 


Example 1.3.23 Incontrast to the complex Hopf bundle, consider the product bundle 
P =S? x U(J) endowed with the canonical connection of Example 1.3.18. In the 
parameterization z = e of U(1), the canonical connection form is wm = da. ¢ 


Exercises 


1.3.1 Prove that the horizontal lift of a vector field, defined in Remark 1.3.3/2, is 
smooth. Moreover, show the following: if X" and Y" are horizontal lifts of X and Y, 
respectively, then 


(a) X" + Y" is the horizontal lift of X + Y, 
(b) for any f €¢ C*(M), the vector field (7*f )X" is the horizontal lift of Xx. 
(c) the horizontal component of [X h Y"] is the horizontal lift of [X, Y]. 


1.3.2 Complete the proof of Proposition 1.3.6. 
1.3.3. Prove formula (1.3.9). 


1.3.4 Prove Corollary 1.3.12. 
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1.3.5 Prove Proposition 1.3.15. 
Hint. Since A is an isomorphism, da is an isomorphism of Lie algebras. Use this fact 
to define the connection I"! via its connection form putting @; := (dA)~! 0 B*ap. 


1.3.6 Show the following. If G is a semisimple Lie group and if H is a closed sub- 
group, then g = h ® h+ defines areductive decomposition. Here, + is the orthogonal 
complement of h in g with respect to the Killing form. 


1.3.7 Complete the proof of the statements made in Examples 1.3.18 and 1.3.19. 


1.3.8 Prove the statement of Remark 1.3.21. 


1.4 Covariant Exterior Derivative and Curvature 


The following notion plays a basic role in the theory of connections. 


Definition 1.4.1 (Covariant exterior derivative) Let P be a principal bundle and 
let F be a finite-dimensional vector space. The covariant exterior derivative'* of an 
F-valued differential k-form a on P with respect to a connection J” is the differential 
(k + 1)-form with values in F defined by 


Dy a(Xo, suidld , Xx) = da (hor Xo, Seertet s hor X;), Xo,.-+, XK € X(P). 


By definition, D,, fulfils the same product rule as the ordinary exterior derivative and 
Da is horizontal. Moreover, as will be shown, D,, preserves the symmetry type of 
any horizontal form. 

We wish to derive an explicit formula for the covariant exterior derivative. For 
that purpose, we need the following. 


Lemma 1.4.2. Let P(M, G) be a principal bundle with a connection I’, let A, be a 
Killing vector field on P, letX € X(P) be horizontal and let Y € X(M). Then, [A,, X] 
is horizontal and [A,, Y"] = 0. 


Proof For any p € P, we have 


d 
[A., X]p = (La, X)p = dt} ((Wexp(—1y)«X)., . 


Since X is horizontal, (Wexp(—1a))X is horizontal for all t. Thus, [A,, X] is horizontal, 
too. To prove the second statement, recall that the horizontal lift Y" is G-invariant, 
that is, the curve tf b> ((Wexp—1a) a ¥’ is) is constant and equal to yy . This yields the 


f P 
assertion. BS 


Recall from Remark 1.3.9 that o’(@) is a 1-form on P with values in End(F). 


14Or covariant exterior differential. 
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Proposition 1.4.3. Let P(M, G) be a principal bundle, let (F,G,o) be a finite- 
dimensional representation and let w be a connection form on P. 


1. The covariant exterior derivative D,, of a horizontal F-valued k-form on P. of 
type o is a horizontal (k + 1)-form of type o. 
2. Let & € Qk \,,(P, F). Then, 


o, hor 
D,& = d& +0'(w) A &, (1.4.1) 


where 


k 


(0! (0) A @)p(Xo. «++ Xv) = DK Vo! (p(X) (HpX. 5 Xe)s 
i=0 


with p € P and Xo,..., Xx € TyP. 


Proof 1. Letaé eau (P, F). By definition of the covariant exterior derivative, 


Da is an F-valued horizontal (k + 1)-form. For Xo, ..., X; € X(P), we calculate 


(WS Ded) (Xo, ..., Xe) = Dot (Wa Xo, .-., Yan Xk) 
= da (hor W,,.Xo,..., hor Y%,,.X;) 
= da (W,, hor Xo, ..., YW hor X;) 
= d(W*a) (hor Xo, ..., hor X;) 
= d(o,-1 0 @) (hor Xo, ... , hor X;) 
Sor 6 D0 Xs, 5c 


This shows that D,.@ is of type o. 

2. Since each of the vectors Xo, ... , X; € T,P may be decomposed into a vertical 
and a horizontal part, it is enough to consider the following cases: 
(a) Let all vectors X; be horizontal. Then, w(X;) = 0 and formula (1.4.1) follows 
from Definition 1.4.1. 
(b) Let one of the vectors X;, say Xo, be vertical and let the remaining vectors be 
horizontal. Then, there exists anelement A € g such that Xp = ee (A) and a family of 
vector fields Y,,...Y; € X%(M) such that their horizontal lifts Ae at p coincide with 
the vectors X,,..., X;. Then, 


Do Gt(Xo,..-, Xe) =0, (o'(@) A a) (Xo, ..., Xe) = o (AMG(X, ..., Xe)). 


Using Proposition I/4.1.6, Lemma 1.4.2, the horizontality of @ and the G-invariance 
of the horizontal lifts nee we calculate 
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(d&) (Xp, ..«, X%) = Ad) p@W@?,..., ¥2) 


~ t Wexp(ta) (P) Por ek 
0 


ra , ’ 
= ae AWexp ay (P) (WP eotiay (x1), rie Wrox (tA) (Xx)) 
0 


a oe 
=i, (YSn@), ee <8 


=e Sexp(—1A)%p(X1, heey Xx) 
dt fo 


= —0"(A)(@,(X%1, ..., Xz). 


Thus, in this case, the right hand side of (1.4.1) also vanishes. 
(c) Let at least two of the vectors X; be vertical and let the remaining vectors be 
horizontal. Then, 


D, (Xo, ..., Xk) = 0, (o'(w) A &)(Xp,..., Xe) = 0, 


and it remains to show that da(Xo,..., X,) = 0. Since the commutator of verti- 
cal vector fields is vertical, the assertion follows from Proposition I/4.1.6 and the 
horizontality of a. oO 


Remark 1.4.4 In particular, the covariant exterior derivative of an equivariant map- 
ping ® € Hom<(P, F) is given by 


D,® =d@ +0'(w) o®. (1.4.2) 


Clearly, this is an immediate consequence of formula (1.4.1). The following inde- 
pendent proof gives some additional insight. 


(D.)p(X) = (db), (hor X) 
= (db), (X — Y(w(X))) 
= (d),(X) — (Y}((X)))p(F) 


d ao 
= (48)00 — 5 (8 0 Yepuwor()) 


2 d a 
= (d®),(X) _ dt j, (Cexp-twox ° 6) (p) 
= (d®),(X) + o/(w(X)) o B(p). 


4 


Definition 1.4.5 Let P be a principal G-bundle, let E = P xg F be associated with 


P and let w be aconnection on P. An element & € 2s (P, F) will be called parallel 


with respect to w if 
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D,a = 0. (1.4.3) 


Next, recall that the ordinary exterior derivative d fulfils d o d = 0. In sharp contrast, 
Dj © Dw does not vanish in general. This non-vanishing property is closely related 
to the notion of curvature. 


Definition 1.4.6 (Curvature form) Let P be a principal bundle and let w be a con- 
nection form on P. The curvature form of w is defined by 


2 := Dow. 
By definition, {2 is horizontal. Moreover, by point 3 of Proposition 1.3.5, 
W*Q=Ad(a')o2, aeG. (1.4.4) 
Thus, the curvature form is a g-valued horizontal 2-form on P of type Ad. 


Remark 1.4.7 


1. By definition, we have 2(X, Y) = dw(X, Y) for any pair of horizontal vector 
fields X and Y. Using Proposition I/4.1.6 and the defining equation (1.3.6), we 
obtain 

ver([X, Y])p = —Wi(Q(X, Y)). (1.4.5) 


By the Frobenius Theorem, we conclude that the horizontal distribution I” defin- 
ing the connection form w is integrable iff the curvature form {2 vanishes. A 
connection with vanishing curvature is said to be flat. 

2. Since 2 is a horizontal 2-form of type Ad, by Proposition 1.2.12, it may be 
viewed as a 2-form on M with values in the associated bundle 


Ad(P) := P Xgqg, (1.4.6) 


which will be referred to as the adjoint bundle of P. 4 
Remark 1.4.8 


1. Below, we will often deal with the exterior product of Lie algebra-valued forms. 
According to Remark I/4.1.10/2, the exterior product of a k-form @ with an /-form 
8 ona manifold M, both with values in a Lie algebra g, is defined as follows: 


lo, B\(X1,..., X47) 


1 
— avi > sign(o)[@(Xo1), Serer Xo(k))s B(Xok41), sessilis Xun) | 


oESk+1 


(1.4.7) 
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for X1,..., Xx41 € X(M). If the Lie algebra g is a subalgebra of the associative 
algebra gl(n, KK), then one can work with the associative wedge product a A 6 as 
well. The latter is defined by (1.4.7) with the Lie product on the right hand side 
replaced by the associative product inherited from gl(n, K). Clearly, then [a, 6] 
may be expressed in terms of the associative wedge product (Exercise 1.4.1), 


[a, BJ =aABt+(-)D"*'B ara. (1.4.8) 


2. Clearly, point 1 applies, in particular, to horizontal forms on a principal bundle 
P(M, G) with values in g. On the other hand, note that the vector space isomor- 
phisms (1.2.2) identifying g with the fibres of the adjoint bundle Ad(P) transport 
the Lie algebra structure from g to the fibres of Ad(P). Thus, for elements of 
92*(M, Ad(P)) we have a natural commutator denoted in the same way. This 
remark applies, of course, to any vector bundle whose fibres carry the structure 
of a Lie algebra. 4 


Proposition 1.4.9 (Structure Equation) Let P be a principal bundle, let w be a 
connection form on P and let 2 be its curvature form. Then, 


1 
do = —F[w, 0] + 2. (1.4.9) 


Proof We evaluate both sides of (1.4.9) on vector fields X, Y € X(P). By (1.4.7), we 
have S[o, w|(X, Y) = [w(X), w(Y)]. Clearly, it is enough to consider the following 
three cases: 

1. X and ¥ are horizontal. Then, w(X) = w(Y) = 0 and 


92(X, Y) = dw(hor X, hor Y) = dw(X, Y). 

2. X is vertical and Y is horizontal. Then, w(Y) = 0 and 92(X, -) = 0. Thus, the 
right hand side of (1.4.9) vanishes. To calculate the left hand side, without loss of 
generality, we may assume X = A, for some A ¢€ g. Then, w(A,.) = A and we obtain 

daw (Ax, Y) = Y(w(Ax)) — Ax(@(Y)) — @([As, Y]) = —@ (IAs, Y]) = 0, 
because, according to Lemma 1.4.2, [A,, Y] is horizontal. 

3.X and Y are vertical. Then, 22(X, Y) = 0. Taking X = A, and Y = B,.,, for some 
A, B € g, and using!» [A,., B,.] = [A, B],, we calculate 


dw(A,, Bx) = —w({As, B.]) = —a(IA, B].) = —[A, B] = —[o(As), o(B,)]. 


'5See Proposition I/6.2.2/2. 
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Remark 1.4.10 


1. By (1.4.8), if g is a subalgebra of gl(n, IK), then we can rewrite the Structure 
Equation in terms of the associative wedge product, 


dwa=-wAoa+f. 


2. Recall the transformation properties 3*w 2 = dd o wm, and 3* 22 = dd o 2; under 
some special principal bundle morphisms (¥,4) as proved in Propositions 
1.3.13/2 and 1.3.15/2. Note that, by the Structure Equation, the transformation 
law for the curvature is an immediate consequence of the transformation law for 
the connection. 4 


As an immediate consequence of the Structure Equation, we obtain the following. 


Proposition 1.4.11 (Bianchi Identity) Let P be a principal bundle and let 2 be the 
curvature form of a connection form @ on P. Then, {2 is parallel with respect to o, 


Dp P= 0. (1.4.10) 


Proof Clearly, it is enough to show that d{2(X, Y, Z) = 0 for arbitrary horizontal 
vector fields X, Y and Z on P. Using the Structure Equation, we calculate 


d2Q(X,Y,Z) = Allo. w])(X, Y,Z) 
= X([w(Y), o(Z)]) — Y(lo(X), o(Z))) + Z(lo(X), o(Y)]) 
— [w([X, Y]), o(Z)] + lo([X, Z]), o(Y)] — [@([Y, Z]), o(®)] 
— 0, 


because w vanishes on horizontal vector fields. oO 


Remark 1.4.12 Leta € ged, g). Since ad(w) A @ = [w, a], Proposition 1.4.3 
implies 
Dod = da + [w, a]. 


Thus, in particular, D,02 = d&2 + [w, 92], and the Bianchi Identity (1.4.10) takes 
the form 
d2Q+4+ [o,2)]=0. (1.4.11) 


4 
Applying D,, to equation (1.4.1), one finds the following (Exercise 1.4.3). 
Proposition 1.4.13 Let @ € Q*, (P, F). Then, 


o, hor 


Dy 0 Dud = 0'(2) AG. (1.4.12) 
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This yields another geometric interpretation of the curvature form s2. It measures 
to which extent D,, o D, is non-vanishing when acting on a horizontal form. If the 
connection is flat, then D,, o D,, = 0. 


We close this section by giving the local description of the above defined geometric 
objects. First, let us find the local representative of the covariant exterior derivative 


ofa e€ Gy hor (P; ¥’). For simplicity, we will omit the index @ in the covariant exterior 


derivative. By Proposition 1.4.3, Da is an element of co eae (P, F). Thus, we read 
off its local representative from (1.2.15): 


(Da)* = s*Da. (1.4.13) 
Let us calculate the right hand side of (1.4.13) for a 0-form @ explicitly. Formula 
(1.4.2) implies 7 : 7 
s*(D®) = d(s*®) + s*(a'(w) 0 ®). 


For the second term, we calculate 


(5°!) B)n(X) = (0"(@)B) | (s'X) 
= 0" (Wsim(s'X)) B(s(m)) 
= o'((s*@)m(X)) (sb) om 
= 0! (cm) gm), 


where & = s*@ is the local representative of w and X € T,,M. Thus, denoting 
(D@)* = Dg, we have 
Do = dg +o'(P#)o. (1.4.14) 


Here, o'(./) is a 1-form on U with values in End(F). In the following remark, we 
analyze formula (1.4.14) further. 


Remark 1.4.14 If (U, «) is a local chart, {t,} a basis in g and {e,,} is a basis in F’, we 
can decompose 


QH=P" He, S=A' dk" @tyz, Dy =D,g" de“ @ eg. 
To determine the coefficient funtions D,,g*, we compute 


a! (A)p = 0! (Ahi dk" @ ta) Yea 
(4 g de") ® (o'(ta)ea) 
=a) P" Cag? dk" @ ep, 
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with o,," representing the endomorphism o/(t,) in the basis {e,}. Using this and 
denoting yi p= ie we obtain 


Dig" = 9.9% + Lt pg? . (1.4.15) 


4 


Next, let us discuss the local description of the curvature form. If s: U > 2~'(U), 
with U C M open, is a local section, then we define the local representative of {2 by 


F = SQ. (1.4.16) 


Let & be the local representative of w with respect to the section s. Then, the Structure 
Equation for w implies 


1 
F=dAawd + al, #1. (1.4.17) 
Remark 1.4.15 


1. Incomplete analogy to Proposition 1.3.11 and Corollary 1.3.12, we have the local 
reconstruction formula 


Q, = Ad (k(p)~') (1*(F))p, (1.4.18) 
and the transformation law 
(Fj) » = Ad (oy (m)~") 0 (Fim, me UVNU;, (1.4.19) 


(Exercise 1.4.4). 
2. With respect to the local frame in the bundle of g-valued k-forms on P given by 
(1.3.12), F reads 
1 
F= 5 Fw dg" A dg’ @ ta, 


and the Structure Equation takes the form 


Fi, = ye — By + Cpe hy De. 


hv 
Here, c“,, are the structure constants of g with respect to the basis {t,}. 4 


Exercises 


1.4.1 Prove formula (1.4.8). 
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1.4.2 Calculate the curvature of the canonical connections of the complex and 
quaternionic Hopf bundles. 


1.4.3. Prove Proposition 1.4.13. 
1.4.4 Prove the statements of Remark 1.4.15/2. 


1.5 The Koszul Calculus 


In this section, we show that the notion of covariant exterior derivative with respect to 
a connection on a principal bundle implies a calculus for covariant derivatives acting 
as differential operators in the space of sections of any associated vector bundle.!® 
This is often referred to as the Koszul calculus.'” 

As above, let P(M, G) be a principal bundle, let (F, G, 7) be a Lie group represen- 
tation and let E = P xq F be the associated vector bundle. Recall that, by Remark 
1.3.3/3, aconnection I” on P induces a connection I“ on E and the connection form 
w of I induces a connection mapping w” : TE —> E, given by (1.3.9). Using the 
isomorphism between OF os (P, F) and 2*(M, E) provided by Proposition 1.2.12, 
we can carry over the notion of covariant exterior derivative to Q*(M, E). 


Definition 1.5.1 Leta € 2*(M, E). The covariant exterior derivative d,, is defined 


to be the image of D,,@ under the isomorphism lepaten (P, F) > 2**'(M, E), that 
is, 


——_ 


doa := Dad. (1.5.1) 
By definition, for p € m~!(m) and X; € T,,M, Y; € T,P fulfilling 2’(Y;) = Xi, we 
have 


(d,0)m(X1, seed X41) = lp? (D.@))(N1, sees Vert). (1.5.2) 


Since 92°(M, E) = ['°(E) and 2'(M, E) = '™(T*M @ E), d, restricted to 0- 
forms yields a linear operator from "*(E) to 7° (T*M @ E). 


Definition 1.5.2 The linear operator 
V® := (do) 200.2): P(E) > DP (T*M @ E) 


is called the covariant derivative on E induced from w. 


By (1.5.2) and the definition of D,,, for any m € M and any ® € I'™(E), we have 


(V°D)m(X) = ty 0 (DoP))(Y) = yo (KH), pea '(m), (1.5.3) 


'6By Remark 1.2.9/2, in doing so we exhaust all finite-rank vector bundles. 
See [390]. 
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where Y € T,P fulfilling z'(Y) = X and X" is the horizontal lift of X to P. 

In the sequel, we assume that a connection has been chosen and, for simplicity, 
we write V instead of V®. 

Formula (1.5.3) implies a useful expression for the action of V on local frames 
of E. To derive it, recall that a local trivialization of a principal G-bundle P over M 
induces a local trivialization of any associated bundle FE = P xg F. Correspondingly, 
for a chosen basis {e,} of the typical fibre F, a local section s of P induces a local 
frame {e,},@ =1,...,p, of E via 


Ca (m) = ls(m) (€q). ad 5.4) 
Let é@, : P > F be the equivariant mapping corresponding to é,. Then, 
€q(s(m)) = Cy. (1.5.5) 


Proposition 1.5.3 Let P be a principal G-bundle over M endowed with a connection 
form a, let E = P xq F be an associated vector bundle and let V be the covariant 
derivative induced from w. Let s be a local section of P and let {€y} be a local frame 
of E induced from s. Then, 

Veg = Da eg, (1.5.6) 


where & = s*w is the local representative of w and °°, denotes its matrix with 
respect to the basis {e,} of F, cf. Remark 1.4.14. 


Proof Consider (1.5.3) for a point m € M belonging to the domain of s. Since we 
can take its right hand side at any point in the fibre over m, we calculate it at s(m) 
and for Y we take the vector s’(X) which is tangent to the section s at s(m). Using 
(1.4.2), (1.5.4) and (1.5.5), for any X € T,,M, we calculate 


(Veaw)m(X) = tsimy ((D ex) scm (s’ (X))) 
= ts(m) ((déa)(s'(X)) + 0’ (w(s'(X))) Ea(s(m))) 
= tym) (d(s*ey)(X) + o'(.(X))ey) 
= tsem) ((X)? ap) 
= (&(X)>geg) (m). 


Proposition 1.5.4 For any f € C°(M) and @ € I'™(E), 
Vf) =df @G+fVE. (1.5.7) 


Proof Using Remark 1.2.13, form € M, X € T,,M and p € z~!(m), we calculate 
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(V(F®))m(X) = od FH), (X") 
= ty 0 d(f®),(X") 
= 1 0 ((df) ® +f (db)),(X") 
= (df )m(X)P(m) + fm) (VP) n(X). 


Equation (1.5.7) is called the Leibniz rule for V. 
Remark 1.5.5 


1. Combining Propositions 1.5.3 and 1.5.4 with Remark 1.4.14, for a local section 
y = ge, of E, decomposed with respect to a local frame e,, we obtain 


Vo = dy" ® eg + Lopez. (1.5.8) 


2. We have the following obvious generalization of Proposition 1.5.4 (Exercise 
1.5.1). For a € Q*(M, E) and B € @'(M), 


d,,(B A a) = dB Awt (-1)'B A dye. (1.5.9) 


3. Let E be a K-vector bundle of rank k over M. By point 2 of Remark 1.2.9, E is 
naturally associated with the bundle L(£) of linear frames, that is, there exists a 
vector bundle isomorphism FE = L(E) xGi.x) Ke. By definition, a connection 
on E is a C-linear mapping V : P(E) > '™(T*M ®@ E) fulfilling the Leibniz 
rule (1.5.7). Then, by the above correspondence, connections on E are in one- 
to-one correspondence with connections on L(E). Thereby, the connection V 
corresponding to the connection form w coincides with the covariant derivative 
defined by w. Thus, the theory of connections on arbitrary vector bundles boils 
down to the theory of covariant derivatives in associated vector bundles. 

4. By point 3, Proposition 1.5.3 immediately extends to any vector bundle EF 
endowed with a connection. Then, P coincides with the L(E) and o is the basic 
representation of GL(n, K). 4 


The following proposition clarifies the relation of the covariant derivative with the 
connection mapping, cf. Remark 1.3.9. 


Proposition 1.5.6 For X € X(M), 
V@(X) = w" ('(X)). 


Proof By the definition of w”, we must decompose ®’(X) into its vertical and hori- 
zontal parts. For that purpose, let tf +> y(t) be an integral curve of X through m e€ M. 
Then, 


d 
®'X,, = din o y(t). 
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Choose a point p € 2~!(m) and take the integral curve t > y"(t) through p of the 
horizontal lift X” of X to P. Then, (1.2.11) implies 


boy =t(y, bo") 


and, thus, 
© voy =< (yo, d"o)) 
dt fo dt fo , 


d d : 
= 5,100 (0) + 5,” (Bo"@)). 


For the first term, using (1.3.5), we have 


d h ! h h 
Hj (¥"O) = "5)Xp = Xoom- 


This is the horizontal component of &’(X) at ®(m). The second term reads 


d zh ae. dos 4 = hye 
Fin (FO) = 4 (5,20 o) = ty (x"(6)). 
This is the vertical component of &’(X) at ®(m). Thus, by (1.3.9) and (1.5.3), 
co” ('(X)) = tp o X"(H) = VH(X). 


Next, recall the notion of parallelity, cf. Definition 1.4.5. By (1.5.3), a section 
® € I'™(E) is parallel iff Vy = 0 for all X € X(M). Proposition 1.5.6 implies the 
following. 


Corollary 1.5.7 A section ® € I'™(E) is parallel with respect to a connection I’ 
iffim(®},) C PS (m for all m € M. 2 


In the sequel, it will be often useful to view the covariant derivative as a differential 
operator acting on sections: for every X € X(M), the covariant derivative induces a 
mapping 

Vy: [T° (E) > V°(E), Vy® := V@(X). (1.5.10) 


Proposition 1.5.8 For X, X,,X2. € X(M), ®, ®, Bp € I (E) andf € C*(M), 


Vxi4x,P = Vx, P + Vx, ®, 

Vx(®1 + Bz) = Vx(P1) + Vx (2), 
Vx =f Vy®, 

Vy (f®) =f Vx + X(f) ®. 


ae ae ae 
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Proof Points 1 and 2 are immediate consequences of the definition of Vy. Using 
Remark 1.2.13, together with (fx)" = fX", we get 


(V®)n(fX) = ty 0 ((fX)"(B)) = ty 0 (FX"(@)) = f(m)(VG)m(X), 


for any p € 2~!(m). This proves point 3. Point 4 is an immediate consequence of 
Proposition 1.5.4. oO 


Remark 1.5.9 


1. By the locality property 3 of Proposition 1.5.8, for any point m € M, the value of 
(Vx®)(m) depends only on the value of X at m and on the values of the section 
@® : M — Ealong any smooth curve representing X,,,. Thus, we obtain a mapping 
V:TM x I'™(E) — E defined by 


Vy, 2 = (Vx®)(m), 
where X is an arbitrary extension of the tangent vector Y,,, € T,,M to a smooth 
vector field on M. Sometimes, it is useful to view a covariant derivative in this 
way. 

2. The covariant derivative on a vector bundle E over M naturally induces covariant 
derivatives on all tensor bundles over E: for the dual bundle E* we define 


(VE &*)(®) := X((®*, B)) — (®*, VE), (1.5.11) 


where X € X(M), ® € I'™(E) and }* € '™(E*). Next, we extend Vy to any 
tensor product built from E and E* by requiring that it be a derivation with respect 
to the tensor product of sections. 

3. Let E, and E> be vector bundles over M endowed with connections V! and V?. 
Then, 


V(s1 ® 82) := (V!s51) @ 52 +5; @(V7s2), 5, € F°(E),i=1,2, (1.5.12) 


defines a connection on FE; ® E) called the tensor product connection. 
In particular, let E; and E> be associated with the principal bundles P;(M, G,) 
and P,(M, G2). Then, by Example 1.2.4/3, FE; ® E> is naturally associated with 
the fibre product P; xy P2, cf. Remark 1.1.9/2. If @; and w2 are connection forms 
on P, and P2, respectively, then the latter is endowed with the natural connection 
form 3*w given by (1.3.16). If V! and V? are the covariant derivatives in E, and 
E, induced from @ , and w, respectively, then the covariant derivative induced 
from 3*q@ coincides with the tensor product connection V! @ V? (Exercise 1.5.2). 
¢ 


Next, recall that, as a consequence of Proposition 1.4.13, the square of the covari- 
ant exterior derivative in general does not vanish and that this non-vanishing is 
measured by the curvature of the connection under consideration. Let us find the 
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counterpart of this fact within the Koszul calculus. For that purpose, recall that (2 is 
a horizontal 2-form on P with values in g. Since o’ is a homomorphism from g to 
End(F), o'(@) is a horizontal 2-form on P with values in End(F’). Thus, by Proposi- 
tion 1.2.12, to 2 there corresponds a 2-form on M with values in the endomorphism 
bundle End(£): 

Ry (X, ¥) = ty 0 o(2,(X", Y")) 051, (1.5.13) 


where m € M,p € 27 !(m), X, Y € T,,M and X" and Y" are the horizontal lifts of X 
and Y to p, respectively. 


Definition 1.5.10 The 2-form RY is called the curvature endomorphism form asso- 
ciated with 2. 


Proposition 1.5.11 For any pair of vector fields X, Y € X(M), 


RY (X, Y) = Vx Vy — Vy Vx — Vix.y1- (1.5.14) 


Proof LetX, ¥Y € ¥(M) and let X", Y" be their horizontal lifts to P. Let p € P. Using 
(1.4.5), (1.5.3) and hor([X", Y"]) = [X, Y]", we calculate 


W)(2(X", ¥"))B(p) = — ver([X", Y"])p(#) 
= —[X", Y"],(®) + hor([X", ¥"}),(#) 
= —[X", ¥"],(6) + LX, YING) 
= —Xi(Y"(B)) + Yi (x"(B)) + [X, YR) 
= 15! 0 (VxVy® — VyVx® — Vix,v®) (m). 


Now, the assertion follows from Da (A)(®) = —o'(A)®(p) for all A € g. Oo 
Remark 1.5.12 


1. Viewing the covariant derivative as a linear mapping 
V:X(M) > End(I'™(E)), Xb Vy, 


we conclude that this mapping is a Lie algebra homomorphism iff the curvature 
endomorphism form vanishes. 

2. Formula (1.5.14) extends to sections in arbitrary tensor bundles Ti (E) over E, 
where RY (X, Y) acts on Ti (E) in the representation induced by o’ (Exercise 
LS.3): 4 


In Sect. 1.3, we have discussed in detail the transport of connections on prin- 
cipal bundles under morphisms fulfilling some additional conditions, cf. Proposi- 
tions 1.3.13 and 1.3.15 and the associated corollaries. Clearly, the transported con- 
nections induce covariant derivatives in the corresponding associated bundles. For 
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later purposes, the pullback connection will be especially important. Thus, we discuss 
it in some detail. 

Let P(M, G) beaprincipal bundle, let VN be a manifold, let : N — M beasmooth 
mapping and let g*P be the pullback bundle induced by g. Let (F’, G, 0) be a Lie 
group representation and let E = P xq F be the corresponding bundle associated 
with P. By Example 1.2.4/2, the pullback bundle g*E is naturally associated with 
y* P via the vector bundle isomorphism 


GE>¢'PxeF, VV. [OAD (O,7).A, 


cf. (1.2.6). By point 2 of Corollary 1.3.16, every connection w on P induces a con- 
nection #*q@ on the pullback bundle g*P. Here, 3 : g*P — P is the induced bundle 
morphism. If '* denotes the connection on E induced from a, then the connection 
I’? on g*E induced from the pullback connection 9*a is given by 


pee =i 
Using the obvious identification 
To, GE = 1 (Ty,09°E) ® 73 (Ty,2)9"E), 
we obtain 
Ty, E = {W,Z) € TN OTE : 9 (Y) = Gr), @}. 
Thus, the decomposition of (Y, Z) € Ty,,-)g*E with respect to I” #"F is given by 
(Y,Z) = (0,Z") + (Y,Z"), (5.15) 


with Z = Z” + Z" being the decomposition with respect to I”. 
Let us analyze the induced covariant derivative V” ®. For that purpose, it is con- 
venient to view the space of sections of y*E as follows. 


Definition 1.5.13 In the above notation, a section of E along gy is a mapping ¢ : 
N — E fulfilling 


Trop=Q. 
The vector space of sections of E along ¢ is denoted by I> (E). 


Clearly, ¢@ is a section of E along ¢ iff yt (y, 6(y)) is a section of y*E, that is, 
I’(g*E) is canonically isomorphic to La (E). 

Now, let  € '™(g*E) and let Y € X(N). Representing ® by a section ¢ € 
i. (E) and using Proposition 1.5.6, together with (1.2.6), (1.5.15) and (1.3.9), we 
calculate 
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*o “E ! 
(V""°)yy,0)(Y) = 0,6 (')) 
= of, (YY) 
= ly,p) 0 (yp) | (0, @'())") 
= (y, 0 W,)'@'))’) 
= (y, oF @'(Y))). 
We see that, associated with vee, there is an operator 
Vy TQ) TP ®), Vyo= ow" (¢'(Y)). (1.5.16) 
Definition 1.5.14 The operator V® is called the covariant derivative along the map- 
ping 9. 
We have 
Vi °(idy x) = idy x VEO, 


and, by construction, Vj inherits the properties listed in Proposition 1.5.8. Moreover, 
it fulfils an obvious chain rule: for another mapping x : L — N, the composition 
do x is asection along g o x and for X € TL we have (Exercise 1.5.3) 


Vy (0X) = Very: (1.5.17) 


Exercises 

1.5.1 Prove the statement of point | of Remark 1.5.5. 

1.5.2 Prove the statements of Remarks 1.5.9/2 and 1.5.9/3. 

1.5.3. Prove formula (1.5.17). 

1.5.4 Using (1.4.12), calculate d? in terms of the curvature endomorphism form. 


1.5.5 Prove point 2 of Remark 1.5.12. 


1.6 Bundle Reduction 


Recall from Sect. 1.1 that a morphism (0, 4) of principal bundles Q(M, H) and 
P(M, G) is called a A-reduction or, simply, a reduction of P to H if Q is a subbundle 
of P fulfilling i= idy. In that case, P is called A-reducible to H and Q is called a 
A-reduction of P. 

We start with giving two criteria for the reducibility of principal bundles. For the 
following, recall the description of principal bundles in terms of transition mappings. 
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Proposition 1.6.1 Let P(M, G) be a principal bundle and let }: H > G be an 
injective Lie group homomorphism. Then, P is h-reducible iff there exists a covering 
{U;} of M and an associated 1-cocyle {p;} of P with values in im(A). 


Proof Let Q(M, H) be a A-reduction of P and let (0, 4) be the corresponding mor- 
phism. Let {(Uj, x) be a bundle atlas of Q and let {tj} be the corresponding 1- 
coycle. Since every local section s in Q defines a local section in P by 3 os, each xe 
defines a local trivialization x’ of P over Uj. Let “2 and «? be the equivariant map- 
pings corresponding to xe and x/’, respectively. One can check that 0 «2 =" of. 
Hence, the transition mappings of the family {x/} are given by 


py (m) = KP (8 (q))K? (3g) | = MKPCQ))A(KPQ) | = A(KP Qe? (q)) 


and, thus, 
pi =Aot,; forall i,j. (1.6.1) 


Conversely, let {p;;} be the 1-cocyle associated with a bundle atlas {(U;, a y}. 
Assume that it takes values in im(A). Since A is injective, the oj define mappings 
tj : Uj; U; — H via (1.6.1). Since injective Lie group homomorphisms are immer- 
sions, cf. Corollary I/5.3.7, (H, 4) is a Lie subgroup. Since Lie subgroups are initial 
submanifolds, cf. Proposition I/5.6.4, the t;; are smooth. Moreover, the cocycle prop- 
erty of {o;} implies that of {t,;}. According to Proposition 1.1.10, the 1-cocycle {t;} 
defines a principal H-bundle Q over M. Let zg : Q — M be the canonical projection 
and let {(U;, x ay be the bundle atlas of Q constructed in the proof of this proposition. 
For every i, we define a mapping 


= = -1 . 
0: :15'(U;) > mp), 01::= (x7) 0 (idy, xa) 0 xP, 


where zp : P — M is the canonical projection of P. By (1.6.1), we have 3; = 0; for 
any pair (i,j) such that U; 0 U; 4 @. Thus, the family of mappings {%;} defines an 
equivariant mapping 3 : Q — P. By construction, (0, 4) is a A-reduction. Oo 


The next proposition provides a criterion for reducibility in terms of equivariant 
mappings. 


Proposition 1.6.2 Let (P, G,M, W, 1) be a principal bundle and let (F, G,a) bea 
transitive Lie group action. Let f € F and let Gf C G be the stabilizer of f under the 
action o. Then, every equivariant mapping g € HomG(P, F) defines a reduction of 
P to an embedded principal Gy-subbundle 


Oy = {p € P:: v(p) =f}. (1.6.2) 


Conversely, every such reduction defines an element p € Homg(P, F). 


Proof Let gy € Homg(P, F) and let Q; be given by (1.6.2). Since o is transitive and 
g is equivariant, y is a submersion. Hence, by the Level Set Theorem, Q7 = go '(f) 
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is an embedded submanifold of P for all f ¢ F. Since for every g € Qy and every 
ae G, 
p(%(q)) = Oq-1 (g(q)) = Oo-1f =f, 


QO; is Gy-invariant. Thus, W induces a free right action of Gr on Q;, denoted by 
the same symbol. Since Gy is closed, cf. Proposition I/6.1.5, the induced action is 
proper, cf. Proposition I/6.3.4. Hence, Qy is a principal Gr-bundle over the manifold 
Q;/G,. The natural inclusion mappings Q; — P and Gy — G define a principal 
bundle morphism. Let 3: QO; /G¢ — M be the corresponding projection. It remains 
to show that # is a diffeomorphism. By local triviality, it suffices to show that 3 
is bijective. For that purpose, we show that Qy intersects every fibre of P and that 
the intersections coincide with the Gr-orbits. For the first statement, let m € M and 
let p € 1 |(m). Since o acts transitively, there exists an a € G such that y(p) = 
oa(f). Then, (Wa(p)) = o,-1(Y(p)) =f, that is, Y%(p) € Oy. To prove the second 
statement, let g;, q2 € Qf and a € G such that gz = W,(q)). Then, 


f= 9642) = G(Ya(G1)) = Fa (G1) = Ga Ff); 


that is, a € Gy. Thus, Qy is a reduction of P to the subgroup Gy. 

Conversely, let there be given a reduction of P to Q C P with structure group 
Gy C Gand with the morphism given by the natural inclusion mapping. Then, we take 
the constant mapping g : Q > F, ¢(q) :=/f, and extend it toa mapping g : P > F 
by 

p(%(q)) = Og"! f), aeéG, qéE Q. 


This mapping is well defined: if W, (qi) = W%, (gz) for qi, g2 € Q, then aya; © Gf 
and thus 
o;1(f) = Og" ° Oa,a;'P) = Ou (f). 


By construction, g is smooth and equivariant. Oo 


Remark 1.6.3 The bundle reduction Q- depends on the choice of f € F as follows: 
for every f’ € F, there exists an a € G such that f’ = o,(f). Then, for every g € Oy, 
we have 


p(%-1 (q)) = Ja(9(q)) = of) =f". 
Thus, Or = W,-1(Q). Moreover, the corresponding structure group is 
Gy = Go, = aGpa 


4 


The following proposition characterizes the isomorphism classes of bundle reduc- 
tions to a given structure group Gy. 
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Proposition 1.6.4 Let y ¢ Homg(P, F) and let 3 be a vertical automorphism of 
P. If p defines the bundle reduction Q;, then yo defines the bundle reduction 
d-!(Or). In particular, two reductions to the structure group Gy are equivalent iff 
the defining equivariant mappings are related by a vertical automorphism. 


Proof The reduced bundle defined by ¢ o 7 is 


{peP:pod(p) =f} =9' (pe P: o(p) =f}) = 97 '(Q). 
| 


Proposition 1.6.2 implies a useful characterization of reductions of a principal bun- 
dle P(M, G) to a given closed subgroup H of G. To formulate it, we consider the 
natural action of G on the homogeneous space G/H by left translation and build the 
associated bundle P xg G/H, cf. Example 1.2.4. 


Corollary 1.6.5. The reductions of a principal G-bundle P to a closed subgroup H 
of G are in one-to-one correspondence with the smooth sections of the associated 
bundle P xg G/H. 


Proof By Proposition 1.2.6, the sections of P xg G/H are in one-to-one correspon- 
dence with the elements of Homg(P, F’). Since G/H is a transitive G-manifold, we 
can apply Proposition 1.6.2 with f = [1]. oD 


The proofs of the following example are left to the reader (Exercise 1.6.1). 
Example 1.6.6 


1. Let E be a K-vector bundle of rank k, where K = R, C, and let L(E) be its 
frame bundle. Recall from Remark I/2.2.2/3 that E is called orientable iff it 
admits a family of local trivializations whose transition mappings have positive 
determinant. Equivalently, E is orientable iff it admits a nowhere vanishing section 
of ME (the determinant line bundle of E). Thus, an orientation of E may be 
viewed as a section of the associated bundle 


L(E) Xcié.k) GL(k, IK)/GL+(k, IK), 
where GL, (k, K) C GL(k, K) is the subgroup of elements with positive deter- 
minant. Now, Corollary 1.6.5 implies that £ is orientable iff L(E) is reducible to 
GL (k, K). 
2. We take up Examples 1.1.15 and 1.1.18. Let E be a K-vector bundle of rank n, 


where K = R, C, endowed with a fibre metric. 


(a) Let K = R. A fibre metric may be viewed as a section of the associated bundle 


L(E) Xcia,R (R")* ® (R")*, 
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AY 
where ® denotes the symmetric tensor product. By the Sylvester Theorem, 


GL(n, R) acts transitively on the subspace Na jR" Cc (R")* @ (R")* consisting 
of elements of rank n = k + / and signature (k, /) and the stabilizer of the element 
n = 1, @ (-1)) is OCK, J). Thus, 


GL(n, R)/O, D) = S¢.)R’, 


and E admits a fibre metric with signature (k, /) iff L(E) is reducible to a principal 
Ok, 1)-bundle. Clearly, the latter is the bundle of orthonormal frames O(E). 
(b) Let K = C. A fibre metric may be viewed as a section of the associated bundle 


L(E) Xcua,c (C”)* Q (C")*. 


By the Sylvester Theorem, GL(n, C) acts transitively on the subset of non- 


degenerate elements in (C”)* @ (C”)* with stabilizer U(n). Thus, E admits a 
Hermitean fibre metric iff L(Z) is reducible to a principal U(n)-bundle, which 
then coincides with the bundle of unitary frames U(E). 4 


The following proposition shows that principal bundle reductions do not change the 
isomorphism class of associated vector bundles. 


Proposition 1.6.7 Let (P, G, M, W, 1) be a principal bundle and let (F, G,a) bea 
Lie group representation. Let Q be a reduction of P to the structure group H defined 
by the morphism (8, 2). Let (F, H, o 0 i) be the associated Lie group representation 
of H. Then, the associated vector bundles P xg F and Q Xx F are isomorphic. 


Proof Denote the H-action on Q by W2. The canonical projection of Q is given by 
gq = m o ¥. Consider the mapping 


W:QOxHF>PxeF, WI@G/D) =([0@,/I- 


Since, for every h € H, 


VP @), oxa-nf))) = (am O@), Oxay-f)] = LO@). AI. 


the mapping w is well defined. By construction, w is fibre-preserving and the induced 
mappings yf, of the fibres are linear. Finally, since yy projects to the identical mapping 
of M and since yf 0 ie =¢ (q)> the mapping yy is bijective. As a consequence of the 


Inverse Mapping Theorem, the inverse mapping w~! is smooth. Oo 


Given an injective Lie group homomorphism A : H — Gandaprincipal H-bundle Q, 
we can form the associated principal G-bundle P = Q"!. Then, Q is a A-reduction 
of P and P is called a A-extension of Q. By Corollary 1.3.14, the A-extension of 
a connection always exists. The case of a A-reduction is slightly more involved. 
Let us assume that G/H is a reductive homogeneous space. Then, in general, a 
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principal bundle reduction induces a decomposition of a connection form into a pair 
of geometrical objects. 


Proposition 1.6.8 Let P(M, G) be a principal bundle, let H C G be a closed sub- 
group and let Q(M, HA) be a reduction of P given by the morphism (%, iq) with 
ig : H — G being the natural inclusion mapping. Assume that the Lie algebra g of 
G admits a reductive decomposition 


g9=5Om, 


with § denoting the Lie algebra of H. Let w be a connection form on P and let wy 
and Wm be its h- and m-components, respectively. Then, 


1. 0*@p is a connection form on Q, 
2. B*@m is an m-valued horizontal 1-form on Q of type Ad(H)m. 


Proof Let © and W be the G- and the H-actions on P and Q, respectively. Then, 


do W,(q) = YW, 0 9(q) (1.6.3) 


for any g € Qandae H. 
1. We must check that )* a, has the properties of a connection form. Decomposing 
@ = @) + Om On P and using that w is a connection form, for any A € h, we have 


A= w(A,) = 0 (Ay) + Om(Ay), 


where A, denotes the Killing vector field on P generated by A. Thus, @m (Ax) = 0, 
that is, w,(A,) = A. Let A,. denote the Killing vector field on Q generated by A. 
Then, by (1.6.3), ® 0 Ay = A, o B and thus }* wy, (A,) = A. It remains to show H- 
equivariance. For a € H, we have 


W*w = Ad(a_') ow = Ad(a“') 0 wy + Ad(a') 0 @m 


and, on the other hand, 
Vio = Voy + Vio. 


By reductivity, Ad(a~!) o @m takes values in m. Hence, Von = Ad(a7!) 0 p- 
Then, taking the pullback of this equation under v and using (1.6.3), we obtain the 
assertion. Moreover, for later use, we note 


WV* Om = Ad(a_!) 0 Om. (1.6.4) 


2. By (1.6.4), }*@m is an m-valued 1-form of type Ad(H)m. It remains to show 
that it is horizontal: for any A € 6, using (1.6.3), we calculate 


(9*@m)q(As) = (0*@)g(Ax) — (0* Wy) q(Ax)- 
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The second term yields —A. For the first term, we compute 
(D0) q(Ax) = @9 (8 0 Ag(Q)) = Wo) (Ax 0 OQ) =A. 
| 


We conclude that only in the case when 1?" takes values in , its restriction to Q is 
a connection form on Q. This result suggests the following definition. 


Definition 1.6.9 (Reducible connection) Let P be a principal G-bundle over a con- 
nected manifold M. Let I” be a connection on P and let w be its connection form. 
Let Q(M, H) be a reduction of P given by the morphism (0, i). Then, I” is called 
reducible to H if *w takes values in h. I” is called irreducible if P is not reducible 
to any genuine Lie subgroup of G. 


Recall that reductions of a principal G-bundle P to a closed subgroup H of G are in 
bijective correspondence with smooth sections of the associated bundle P xg G/H, 
cf. Corollary 1.6.5. Since orbits of Lie group actions are initial submanifolds, we can 
carry over Proposition 1.6.2 to the case of a general Lie group action (F’, G, 0) by 
applying it to elements of Homg(P, F) with values in a single orbit of o. 


Proposition 1.6.10 Let P(M, G) be a principal bundle and let (F, G,o) be a rep- 
resentation. Let ® € Homa(P, F) and assume that it takes values in a single orbit 
O of o. Let Q(M, FA) be the reduction of P defined by ® and some element f € O. 
Then, a connection I’ on P is reducible to a connection I' on Q iff © is parallel 
with respect to I. 


Proof Let w be the connection form of I” and let (7%, iz) be the morphism corre- 
sponding to the reduction Q. Since Q = {p € P: &(p) =f}, we have 3*@ =f on 
Q. Thus, 


o* (D..6) = d(o*d) +.0'(0*w) (0S) = 0'(9*w)(0*S). 


Now, I" is reducible iff #*@ takes values in the Lie algebra of H, that is, iff 
o'(8*w)(0*&) = 0, that is, iff o* (D. 6) = 0. By the G-equivariance of I the 


latter is equivalent to D,.® = 0 on the whole of P. o 


Definition 1.6.11 (Compatible connection) Let Q(M, H) C P(M, G) be a principal 
bundle reduction defined by an element 6 € Hom<(P, F) taking values in a single 
orbit O and by a point f €¢ O. A connection I” on P will be referred to as compatible 
with @ if it is reducible to Q. 


By Proposition 1.6.10, a connection I is compatible with @ iff 


D,® = 0. (1.6.5) 
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Here, w is the connection form of J”. Note that @ takes values in a single orbit O 
iff the corresponding section ® of P xq F takes values in P xg O. In terms of @, 
(1.6.5) takes the form 

V°d =0. (1.6.6) 


In the sequel, we will frequently meet compatible connections, in particular in the 
context of H-structures to be discussed in Chap. 2. Here, we discuss one important 
class of examples. 


Example 1.6.12 (Connection compatible with a fibre metric) We take up point 2 
of Example 1.6.6. For K = R or C, let E be a K-vector bundle of rank n over M 
endowed with a fibre metric h. Recall that h may be viewed as a section of the 
associated bundle L(E) xGiim,K) #, where ¥ denotes the space of inner products 
in R” and C", respectively. In the case K = C, GL(n, C) acts transitively on ¥, 
whereas in the case K = R it does not. If, in the latter case, we assume that M is 
connected, then h takes values in a single GL(n, R)-orbit on ¥. Now, by (1.6.6), a 
connection form w on L(E) is compatible with h iff 


V°n=0. 
Since Vx is a derivation of the tensor algebra, this condition takes the following form: 
X(h(P;, B2)) = h(VxP1, Bo) + h(Pi, Vx), (1.6.7) 


for any ®;, 2 € P(E) and X € X(M). If w is compatible, then it is reducible to 
the bundle of h-orthonormal or h-unitary frames of FE, respectively. 4 


In the next section, we will show that there exists a smallest reduction of a principal 
G-bundle P with connection I”, namely the reduction to the holonomy bundle. We 
will see that a connection is irreducible iff P coincides with its holonomy bundle. 


Exercises 


1.6.1 Prove the statements of Example 1.6.6. 


1.7 Parallel Transport and Holonomy 


From elementary geometry, the reader knows the notion of parallel transport of a 
vector in an affine space, say, in the 2-plane. Here, we show that this notion generalizes 
to the abstract theory of connections on fibre bundles. 
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Definition 1.7.1 Let P be a principal G-bundle over M with canonical projection z, 
let be aconnection on P and let y and y be smooth curves in M and P, respectively. 
The curve y is called 


1. aliftofy iftoy=y, ; 
2. horizontal relative to I”, if all tangent vectors y are horizontal relative to I’. 


Proposition 1.7.2 Let (P,G,M,W, 2) be a principal bundle and let I" be a con- 
nection on P. Let I be an open interval containing 0 and let y : I — M be asmooth 
curve. Then, for every point po € m~'(y(0)), there exists a unique horizontal lift y" 


of y fulfilling po = y"(0). 
The proposition generalizes to piecewise smooth curves. 


Proof We choose an arbitrary lift y of y starting at po and seek the horizontal lift of 
y in the following form: 
they") = nV, 


see Fig. 1.1. We will prove that there exists a unique curve f +> g(t) in G such that 
y" is horizontal. Since Wig) = Wp) 0 Ley, we have 

oh ! ES ! ‘ 

IG) = (Yen) se) (FO) + (Heo) gy €O) 


= (Yen) ge) (FO) + Mre) yay ? LeO- Veen BOD - 


Let w be the connection form of I”. The curve y” is horizontal iff w(y"(t)) = 0 for 
all t € J. Inserting the formula for y", we obtain 


se (Yen) rey (70) +o (Yo) yn © (Lew) ov ()) =0. 
Now, point 3 of Proposition 1.3.5 implies 
Fig. 1.1 Construction of the P 


horizontal lift y” in the proof 
of Proposition 1.7.2 
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Ad (g(t)"') 0 OY) = — (Lew!) yy @O)- 


This is an ordinary first order differential equation for ¢ +> g(t) with the initial condi- 
tion g(0) = 1. Using the standard existence and uniqueness theorem for differential 
equations of this type, we obtain the assertion.!* Oo 


Now, let J = [0, 1]. Recall that the concatenation of curves y, t : 1 > M satisfy- 
ing y(1) = t(0) is defined by 


(1.7.1) 


and that the inverse curve is defined by y~!(t) = y (1 — £). The proof of the following 
lemma is left to the reader (Exercise 1.7.2). 


Lemma 1.7.3 Let y : 1 — M be a piecewise smooth curve, let p € a~'(y(0)) and 
let y" be the horizontal lift of y through p. 


1. The horizontal lift of y through W,(p) is given by Wo y". 

2. Ift : I — M is another piecewise smooth curve fulfilling t(0) = y (1), then the 
horizontal lift of t - y through p is given by t" - y", where t" is the horizontal 
lift of t through the point y" (1). 

3. The horizontal lift of y~! to the point y"(A) is given by (y")“!. 


Via the horizontal lift, every piecewise smooth curve y : ] — M defines a mapping 
Prim '(yO)) > x"), 


which assigns to p € 2~!(y(0)) the point y"(1), where y” is the horizontal lift of y 
through p. 


Definition 1.7.4 The mapping yr is called the operator of parallel transport along 
y with respect to the connection I”. 


By point 1 of Lemma 1.7.3, ~r is equivariant and, thus, an isomorphism of G- 
manifolds. By point 3, we have 


Remark 1.7.5 


1. By construction, the parallel transport operator does not depend on the choice of 
the parameterization of the curve y. If y is asmooth curve from mp to m, and T is 


'8For a detailed discussion of this theorem for differential equations on Lie groups we refer to [383], 
see Sect. II/3. 
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a smooth curve from m to m, by point 2 of Lemma 1.7.3, 7p can be composed 
with t, and we have 


—_————~_. 


(t-y¥)p =Tropr. (1.7.2) 


2. Fora given horizontal lift y” of y, we obtain 


is -1 
Vr= Wi) fe) (Yaw) . (1.7.3) 
or, more generally, 
x -1 _ = 
Prt) = Yr o (Wig) 2271 0m) > a7 '(v(O). (1.7.4) 
4 


Now, let us consider the important special case of parallel transport along closed 
curves in M. Let C(m) be the set of piecewise smooth closed curves starting and 
ending at m € M. The parallel transport along y € C(m) yields an automorphism 
of the fibre 2 ~'(m). For the trivial curve it coincides with the identity. Thus, the 
set of parallel transports along elements of C(m) form a subgroup of the group of 
automorphisms of the fibre 2 ~!(m). 


Definition 1.7.6 The group of parallel transports along elements of C(m) is called 
the holonomy group of I” with base point m. It will be denoted by #%,(I°). 


Let us denote by C°(m) C C(m) the subset of closed curves which are homotopic 
to the trivial curve. The corresponding subgroup 4°(I") C %, (I) is called the 
restricted holonomy group of I” with base point m. 

We note that the holonomy groups can be naturally viewed as subgroups of the 
structure group G: for every p € 2~'(m) and y € C(m), there exists a unique a € G 
such that 


Yr (p) = Y%a(p). (1.7.5) 


For another closed curve t € C(m), let b € G be the corresponding group element. 
Then, 


tr 0 ¥r(p) = tr(Wa(p)) = Ya o tr(p) = Ya 0 Wp) = Wrap), 


that is, to Zp o Yr there corresponds the product ba of elements of G. The subgroup 
of G defined in this way is called the holonomy group of J” with base point p. It is 
denoted by #%,(I’). Correspondingly, the restricted holonomy group with base point 
Pp is denoted by HOT ). Obviously, .#(I") and .#%;,(") are isomorphic as abstract 
groups. 


Remark 1.7.7 Let us define the following equivalence relation on P: two points p; 
and p2 of P are equivalent iff they can be joined by a horizontal curve of J”. Then, 
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4H, (I) coincides with the subset of elements a € G such that p € P is equivalent to 
W,(p). + 


The following proposition is a simple exercise which we leave to the reader (Exercise 
L721). 


Proposition 1.7.8 Let P be a principal G-bundle over M and let I’ be a connection 
on P. 


1. The holonomy groups of I’ with base points p and W,(p), a € G, are conjugate 
in G, 
Hy, pV) = a' HP )a. 


The same is true for the restricted holonomy groups. 
2. Iftwo points in P can be joined by a horizontal curve, then their holonomy groups 
coincide. ] 


Clearly, if M is connected, then for each pair p; and p2 of points in P, there exists a 
group element a € G, such that p; and W,(p2) can be joined by a horizontal curve. 
In this case, Proposition 1.7.8 implies that all holonomy groups .#%,(I"), p € P, are 
conjugate in G. Consequently, they are all isomorphic to each other. 


Theorem 1.7.9 Let P be a principal G-bundle over M, let M be connected and let 
I" be aconnection on P. Then, for every p € P, 


1. F(T) is a connected Lie subgroup of G, 
2. we) is anormal subgroup of 7,(I°) and HT )/ HY (LP) is countable. 


Our proof is along the lines of Sect. 19.7 of [447]. First, we need the following lemma. 
Recall that a manifold is said to be C°°-pathwise connected if any two of its points 
can be joined by a smooth curve. 


Lemma 1.7.10 Let H be a C™-pathwise connected subgroup of a Lie group G. 
Then, H is a connected Lie group and a Lie subgroup of G. 


Proof Consider the following subset of the Lie algebra of G: 
b := {'0) €T1G: he C*(R,G), A(R) CH, h) = 1}. (1.7.6) 


One can check that is a Lie subalgebra of g (Exercise 1.7.3). Let H be the corre- 
sponding connected Lie subgroup of G provided by Proposition I/5.6.5. As shown 
in the proof of this proposition, H is the maximal integral submanifold through 1 of 
the distribution D® generated by h. Now, let t +> A(t) be a smooth curve in G such 
that }(R) C H and h(0) = 1. Clearly, 


d 7 
Ly KO = Fh "h(t +5) € b. 
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Thus, by left invariance of D®, t +> h(t) lies in H. Since, by assumption, every point 
in H is connected with 1 via such a curve, we conclude H C H. 

To prove H CH, choose a basis (e;,...,@,) inh and a family of smooth curves 
t +> h(t) in Gsuch that hj(R) C H,h;(0) = 1 and h‘(0) = e;. Consider the mapping 


F:R'° >A, F(t) :=Ay(t)..- An (tn). 


Clearly, F’(0) maps R” bijectively onto h. Thus, by the Inverse Mapping Theorem, F 
is a local diffeomorphism mapping an open neighbourhood of the origin in R” onto an 
open neighbourhood of 1 in H. We conclude that H contains an open neighbourhood 
of 1 in H and, thus, H CH. o 


Proof of the theorem. We prove that the restricted holonomy group is C*-pathwise 
connected and apply the lemma. 

Let m = (p), let [0, 1] 3 st y(s) € M be an element of C°(m) and let y” be 
its horizontal lift starting at p. Choose a smooth homotopy ¢ : R* — M such that 


gUd,s)=y(s), gO, s) = v(t, 0) = v(t, lI) =m, 


for all (¢, s) € [0, 1] x [0, 1]. By Corollary 1.3.16, the connection I” induces a con- 
nection J”? on the pullback principal bundle g*P. Let 0: g*P — P be the induced 
morphism projecting to g. Clearly, for every t € [0, 1], the preimage under ¢ of the 
closed curve s +> g(t, s) is the line segment s +> (f, 5) in IR?. Let ® be the flow of 
the [’?-horizontal lift of d,. Then, 


tr vo P(t, 1) 


is a smooth curve in P starting at po and ending at y"(1). Via (1.7.5), it defines 
a smooth curve in G starting at the unit element 1 and ending at the element of 
wnt ) defined by y, that is, Pa 6 ) is a C*-pathwise connected subgroup of G. 
Now, Lemma 1.7.10 implies the first assertion. 

Let us prove the second assertion. Clearly, for smooth closed curves t and y start- 
ing at mo € M, with y being null-homotopic, the curve t - y - t~! is null-homotopic, 
too. Thus, by (1.7.3), AT) is anormal subgroup of .%, (I). To prove that the quo- 
tient group 7% (I")/ we ) is countable, we define a homomorphism F from the 
fundamental group 7 (M, m) of M based at m onto %,(I")/ we ) as follows: fora 
given a € 7(M,m), lett +> y(t) be a piecewise smooth closed curve representing 
a. We put F(a) := [Yr]. This mapping is well defined: if y, and y2 are two represen- 
tatives of a, then 7; 0 v5 is null-homotopic and thus defines an element of HOE ). 
Clearly, it is surjective. Thus, F is a homomorphism onto 7% (I")/ aa ), indeed. 
Now, countability of this quotient follows from the countability of 2,;(M, m). Oo 


Remark 1.7.11 By Theorem 1.7.9, .#,(1) is a Lie subgroup of G whose connected 
component of the identity coincides with ANT ). In particular, if M is simply 
connected, then .#(J") is connected. 4 
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Proposition 1.7.12 Let (P, G, M, W, 1) be a principal bundle with connected base 
manifold M and let I’ be a connection on P. Let po € P and let P,,(I”) be the subset 
of points in P which can be joined to po by a horizontal curve of I’. Then, 


1. P,, (I) is a reduction of P with structure group A, (I). 
2. The connection I is reducible to a connection on P,,(I"). 


Proof 1. Since M is connected, the restriction of wz to P,,(J”) is surjective. By 
Proposition 1.7.8 and Remark 1.7.7, P,, J”) is invariant under the right action of the 
Lie subgroup .#%,,(J") C G and P,, (J) intersects the fibres of P in #4, (”)-orbits. 

Next, we show that P,, J”) is a subbundle of P. For that purpose, let p € P,,(I”) 
and let (U, «) be a local chart at m = 2 (p) such that «(U) is an open ball in Rim! 
and x(m) = 0. For any m € U, let ft y(t) be the unique curve from m to m such 
that f > xk o y(t) is the line segment from 0 to x (m). Define 


s:U>P, s(m):=/pr(p). 


Clearly, s is a smooth local section fulfilling s(U) C P,,(U"). Now, for every p € 
x~'(U), there exists a unique element a € G such that p = W, s(t (p)). Then, 


X:m'U)>UXxG, X(p):= (Ap), a 
is a bijective mapping which induces a bijective mapping 
X: Po) A 27!(U) > U x %,(P). 


Constructing, this way, a system of bijective mappings {(U;, «;)} such that {U;} is a 
covering of M and requiring that the mappings x; be diffeomorphisms, we endow 
P,,(1’) with a manifold structure and with a system of local trivializations. To see 
that P,, (I) is a submanifold of P, note that {n-'(U)} isa covering of P,, J”) with 
open subsets of P such that every subset P,,(J7) N x~!(U) is a submanifold of P. 
This follows from the fact that .#%,(/") is a submanifold of G and that the x; are 
diffeomorphisms. 

We conclude that P,,(J") is a reduction of P with structure group 7%, J”) with 
the corresponding morphism (¥, A) given by the natural inclusion mappings 0 : 
P,,() > Pandir: 4,(0) > G. 

2. Let p € P,,(I’) and let X € Ij. Then, there exists a curve y starting at 2(p) 
such that its horizontal lift y” starting at p fulfils X = d. to y(t). Since p can be joined 
to po by a horizontal curve, we conclude that the image of yt is contained in P,, (I) 
and that X € T, (Pair yi Thus, for every p € P,,(J"), the horizontal subspace I, 
is tangent to P,,(J”). This means that the connection I” is reducible to P,, J”): the 
horizontal subspace at p € P,, (I) of the reduced connection is given by I;,. Oo 


Definition 1.7.13 The subbundle P,,, (J) is called the holonomy bundle of J” with 
base point po. 
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Note that P,, (1”) = P,, I”) iff po and p; may be joined by a horizontal curve. Thus, 
for any pair (po, p1) of points in P, we have either P,,(J”) = Pp, I") or Pp, 7) 
Py, I") = ©, that is, P decomposes into the union of disjoint holonomy bundles. One 
can check that all holonomy bundles of a given connection are isomorphic (Exercise 
1.7.4). 


Remark 1.7.14 Let P(M, G) be a principal bundle, let H C G be a Lie subgroup 
and let Q(M, H) be a reduction of P given by a morphism (0, i7) with ig : H > G 
being the natural inclusion mapping. Let J” be a connection on P which is reducible 
to aconnection I" in Q. Then, by Proposition 1.3.13, I defines a connection I on P 
(the image of I under 3). Now, P is either irreducible or not. In the first case, (Q) 
coincides with the holonomy bundle P,(J~), p € #(Q), and I coincides with the 
reduction of I” to P,(J"). In the second case, by Proposition 1.7.12, LP is reducible 
to the holonomy bundle. Thus, in this case, for all p € #(Q), we have 


PL) C9(Q), Pier) = Typ,r)- 


Thus, the holonomy bundle is the smallest possible reduction of a principal bundle 
with connection. In particular, a connection I" on P is irreducible iff P = P,(I”) and 
G= A, (LF) forall p € P. 4 


The following classical theorem characterizes the Lie algebra of the holonomy 
group of a connection in terms of its curvature [18]. 


Theorem 1.7.15 (Ambrose—Singer) Let (P, G, M, W, 2.) be a principal bundle with 
connected base manifold M and let I’ be a connection on P with connection form 
@ and curvature form Q. Let g be the Lie algebra of G. Then, for any po € P, the 
Lie algebra by, (I’) of the holonomy group H,, (I) coincides with the subspace of g 
generated by elements of the form 2,(X, Y), where p € P,,(I”) and X,Y € Ty. 


Proof By Proposition 1.7.12, without loss of generality we may assume %,, (I") = G 
and P,, (I~) = P. Let 


bh = span {2,(X, Y) €g:peP,(I), X,YeI,}. 


We must show that h = g. First, since £2 is a horizontal form of type Ad, the subspace 
h is invariant under the adjoint action of G. Thus, § is an ideal in g. Next, consider 
the distribution 

pt> Dy := I, ®Y(). 


We show that D is involutive. Since Ij, is spanned by horizontal vector fields and 
w(5) is spanned by Killing vector fields generated by elements of h, we must con- 
sider the following three cases: 


(a) Let A, B € § and let A,, and B,. be the corresponding Killing vector fields. Then, 
[A, B] € § and since [A,, B,] = [A, B],, we have [A,, By], € w(5). 
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(b) Let X be a horizontal vector field and let A € h. Then, by Lemma 1.4.2, [X, Ax] 
is a horizontal vector field. 
(c) Let X and Y be horizontal vector fields. Then, by (1.4.5), 


ver ([X, Y]p) = —W} ($2)(X, Y)). 


Now, the Frobenius Theorem I/3.5.12 and Theorem I/3.5.17 yield the existence of a 
maximal connected integral manifold N through po € P. A point p € P belongs to N 
iff there exists a curve y joining p to po such that y(t) € D, for every t. Since I” C 
TN, we conclude P,, (1°) = P C N. Thus, N = P and D = TP and, consequently, 


dim g = dim P — dim M = dim N — dimM = dim), 
that is, g = bh. Oo 
The proofs of the following statements are left to the reader (Exercise 1.7.5). 


Remark 1.7.16 


1. As already stated after Definition 1.7.13, P is a disjoint union of holonomy bun- 
dles. By the proof of the Ambrose—Singer Theorem, this disjoint union coincides 
with the foliation defined by the distribution D. 

2. Ifthe curvature 2 of I” vanishes, then HT ) = {1} and each holonomy bundle 
P,(I’) is a covering of M. These bundles are all isomorphic and are associated 
with the universal covering of M, which is a principal bundle with structure group 
m\(M), cf. Example 1.1.26. 

3. Ifthe curvature 22 of I” vanishes and if, additionally, M is simply connected, then 
P is isomorphic to the trivial bundle M x G and the isomorphism maps I" to the 
canonical connection on M x G, cf. Example 1.3.18. 

4. If Gis connected, then I” is irreducible iff h,,(") = g. 

5. Using the Ambrose—Singer Theorem, one can show the following. For every 
principal fibre bundle P(M, G), with M connected and dim M > 2, there exists 
a connection J” on P such that P,(J") = P for all p € P. For the rather technical 
proof we refer to [490]. A direct, yet also technical proof can be found in [383], 
see Chapter II/Theorem 8.2 of Part I. 4 


In the remainder of this section, we show that the concept of parallel transport 
on a principal G-bundle P carries over to any associated vector bundle E = P xg F 
with (F, G, o) being a representation of G. 

As in the case of principal bundles, the horizontal lift of vectors implies the lift of 
curves in M to horizontal curves in E. By (1.3.5), the unique lift of a curve y in M 
to the horizontal curve yp in E starting at the point [(p, f)] € m=, '(y(0)) is given by 


vet) = y(y2@), (1.7.7) 
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where yp is the horizontal lift of y to P starting at p. The corresponding parallel 
transport operators along y will be denoted by 


Pre(t): mp (v(0)) > az '(v@). 


As in the case of the principal bundle, for t = 1, we simply write 7c. For a given 
horizontal lift yh to P, formula (1.7.4) implies 


-1 
Pre =tyo (typo) - (1.7.8) 

In particular, for closed curves in M, we can define the holonomy group 
Hin(U*) = {Pres y € C(m)} C GL(azz '(y(0))) (1.7.9) 


and, correspondingly, the restricted holonomy group #°(I"“). Using (1.7.7), it is 
easy to show (Exercise 1.7.7) that for any p € 2~!(m), 


GAT") = yoo (240) oy. (1.7.10) 


In particular, if o is injective, then #4,("") and H, (I) are isomorphic. 

Finally, we relate the concept of parallel transport to the notion of parallelity of 
sections, cf. Definition 1.4.5 and Corollary 1.5.7. For that purpose, let us denote the 
subspace of sections of E which are parallel with respect to 1’ by A(E, I“). The 
following proposition provides a geometric interpretation of the covariant derivative 
in terms of parallel transport. 


Proposition 1.7.17 Let I” be a connection on E, let V be its covariant derivative 
and let ® € '‘™(E). Then, for any m € M and any X € X(M), 


dd. 4s = 
Vx@(m) = ze (Pre(t)) 0 O(y(d), (1.7.11) 


where y : I — M is an integral curve of X through m = y(O) andI C Ris an open 
interval containing 0. 


Proof Let ve be the horizontal lift of y to P starting at p € 2~!(m). Let X" be the 
horizontal lift of X to P. Then, 


Xb) =< Soyf=— (up) PO) 
# ~ dt ty ee dt tp vag) ¥ 


and, thus, (1.5.3) and (1.7.8) imply (1.7.11). o 


Rewriting formula (1.7.11) as 
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(Pre()) | 0 S(y(t) — (v0) 


Vx @(m) = lim (1.7.12) 
we obtain a geometric interpretation of the covariant derivative. In particular, we 
note that a section @ is parallel iff the curve @ o y in E is horizontal for any integral 
curve y of X. 

Now, let us consider an arbitrary smooth curve y : ] > M. By Definition 1.5.13,a 
section of E along y : 1 > Misamapping ¢:/ — E fulfilling 7p o fd = y. Recall 
that ¢ is a section of E along y iff tt > (t, #(t)) is a section of y*E, that is, there is a 
canonical isomorphism between [°° (y*E) and the vector space I- fa (E) of sections 
of E along y. Also recall that there is an associated covariant derivative along the 
mapping y. According to (1.5.16), it is given by 


d 
Vi: P(E) > Pee), Vig=a (¢'(—)), (1.7.13) 
ae } a dt 
where < is the standard unit vector field on J C R and o* is the connection mapping 


in E. Now, clearly, for any  € '*(E), 
g=Poy 


is a section of F along y and, for this choice of ¢, formula (1.7.13) takes the form 


Vil oy) =a" (6 (7)) =a" (<¢ © 2) , (1.7.14) 


dt 
‘ (4d 
y (t) = Vt dt} 


is the tangent vector field of y, cf. Example I/1.5.5. Thus, a section @ o y of E along 
y is parallel iff 


where 


Vi (Poy) =0. (1.7.15) 


To summarize, we obtain the following. 


Proposition 1.7.18 The parallel transport operator Ye : Ey) > E,qy along a 
curve y is given by the set of solutions of the differential equation (1.7.15) with the 
initial condition ®(y (Q)) running through the fibre Ey). o 


Remark 1.7.19 (Synchronous framing) For a vector bundle E — M with connection 
V, let w be the connection form of V in the frame bundle L(E£) and let 92 be its 
curvature. Denote dim M = n and consider an open ball B C R” centered at 0. Let 


x!,...,x” be the standard coordinates on B and let 
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be the corresponding radial vector field on B. Let (U, x) be a local chart sending U to 
B. Via x, parallel transport along rays t +> tx, x € B, provides a local trivialization 
of E over B by identifying the fibres E, with Ey. The corresponding local frame is 
said to be synchronous. 

Let A = x*&@ be the local representative of @ on B with respect to a synchronous 
frame {e,}, viewed as a local section of the frame bundle L(£), and let F = x*.¥ be 
the corresponding representative of (2. Then, (1.5.6) implies 


Virr€y = AP (X') eg = 0, (1.7.16) 


that is, (X’ A) = 0. This implies 


Ly A=X' dA =X' iF. 


We decompose A = A; dx', F = sFj dx! A dx’. Then, 


Lyr A= F jx'dx’. 


On the other hand, by the derivation property of the Lie derivative, 
Ly A = X"(Aj)dx! + Ajdx'. 
Comparing these two formulae, we read off 
X'(A,;) + A; = —Fyx' . 


This implies 


A;(x) ~ -5 Fi (O)x! + O(||x|*). (1.7.17) 


In particular, we have A(O) = 0. 4 


Finally, we show that the holonomy group of I“ can be used to characterize the set 
P(E, I) of sections of E which are parallel with respect to /”. Given p € P, an 
element of F is called holonomy-invariant if it is invariant under the restriction of 
the representation o to the holonomy group #(I°). 


Proposition 1.7.20 (Holonomy principle) /fM is connected, then there is a bijective 
correspondence between P(E, ®) and the space of holonomy-invariant vectors 
in F, 


Proof Letmp € M and po € 2~'(mo). By Proposition 1.7.12, P reduces together with 
I’ to the holonomy bundle P,,, (J”) and, by Proposition 1.6.7, we have the following 
isomorphism of associated vector bundles: 
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E=P XG F = Py (I) X Hy) (L) F. 
Thus, it is enough to consider sections of the associated bundle on the right hand 


side which are parallel in the sense of the reduced connection. 


1. Letf € F be holonomy invariant, that is, o,f =f for allh € #,,("). Define 
@:P,(() > F, O(p):=f. (1.7.18) 
Since, for all h € #%,(I"), we have 


b(W;,(p)) =f = on-if = on 8 (p), 


@ is H,, I )-equivariant. Thus, by Proposition 1.2.6, it induces a smooth section ® 
of E. Since & is constant on P,, I"), we have X"(@) — X"(f) = Oforany X € X(M). 
Then, (1.5.3) implies that @ is parallel. 


2. Conversely, let ® be a parallel section and let @ be the corresponding equivariant 
mapping. By (1.5.3), we have X’ h (PD) = 0 for every horizontal vector field on P,, I’). 
Thus, @ is constant along any horizontal curve in P,, (J"), that is, @ is constant on 
Py, ("). Let f = ®(p) € F be this constant vector. The equivariance of implies 
the holonomy invariance of f. Oo 


Exercises 

1.7.1 Prove Proposition 1.7.1. 

1.7.2 Prove Lemma 1.7.3. 

1.7.3 Show that § defined by (1.7.6) is a Lie subalgebra of g. 

1.7.4 Prove that all holonomy bundles of a given connection are isomorphic. 
1.7.5 Prove the statements of Remark 1.7.16. 


1.7.6 Within the class of principal bundles defined in Example 1.1.4/3, take 


(a) G=GL(n, C) and H = SL(n, C). Then, G/H = C,, and the canonical projec- 
tion is given by the determinant. 
(b) G=SO(3) and H = SO(2). Then, G/H = S?. 


Let g and b be the Lie algebras of G and H, respectively. In both cases, decompose 
g = 6 @ m reductively and define a connection on each of these bundles by putting 
Ty = mand I, = L/ Ty, cf. Example 1.3.19. Calculate the holonomy groups of these 
connections. 

Hint. For case (b), use the Ambrose—Singer Theorem. 
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1.7.7. Prove formula (1.7.10). 


1.7.8 Confirm formula (1.7.17). 


1.8 Automorphisms 


By Definition 1.1.7, if (3, 4) is an automorphism of a principal G-bundle P, then 
A is an automorphism of G. In the sequel, we limit our attention to the restricted 
class of automorphisms fulfilling A = idg. This class corresponds to the equivariant 
automorphisms of the G-manifold (P, G, W), cf. Definition I/6.1.1. We denote the 
group of equivariant automorphisms by Aut(P). Recall from Remark 1.1.8/2 that an 
automorphism v of P is called vertical if b = idy. 


Remark 1.8.1 The vertical automorphisms of P constitute a group which will be 
denoted by Auty(P). By (1.1.4), the mapping Aut(P) 3 0 Be Diff(M) is a 
homomorphism of groups and, by definition, Auty(P) coincides with the kernel 
of this homomorphism. Thus, Auty(P) is a normal subgroup of Aut(P) and the 
following sequence is exact, 


0 — Auty(P) > Aut(P) > Diff(/). 


In gauge theory, Aut, (P) plays the role of the group of local gauge transformations. 
It can be turned into an infinite-dimensional Hilbert-Lie group, see Chaps. 6 and 8. 
4 


We start by giving a characterization of Auty(P) in terms of equivariant map- 
pings which is useful in gauge theory. For a given principal bundle (P, G, M, W, zr), 
consider the set Homg(P, G) of equivariant smooth mappings u : P — G, where G 
is viewed as a right G-manifold endowed with the G-action by conjugation, that is, 
(a, b) + b7ab. Then, equivariance means 


u(W%(p)) =a 'u—p)a, aeG,peP. (1.8.1) 


We endow Homg(P, G) with a group structure by putting (uv)(p) := u(p) v(p) for 
any u, v € Homg(P, G). Then, 


(uv)(Wa(p)) = u(Ya(p)) v(Ya(p)) = (a! u(p) a)(a! v(p) a) = a (wv)(p) a, 


showing that uv € Homc(P, G). The unit element is given by the constant mapping 
p> land the inverse of u is given by the mapping p + u(p)"!. 


Remark 1.8.2. By Proposition 1.2.6, Homg(P, G) may be identified with the space 
of sections of the associated bundle P xg G, with G acting on the typical fibre G by 
inner automorphisms. 4 
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For u € Homg(P, G), we define 

0,:P > P, Vy (Pp) = Yup (P)- (1.8.2) 
Proposition 1.8.3 For every u € Homg(P, G), the mapping v., defined by (1.8.2) is 


a vertical automorphism of P. The assignment u++> 0, defines an isomorphism of 
groups. 


Proof Since © and u are smooth, v,, : P — P is smooth as a composition of smooth 
mappings. Then, #,-: is also smooth and we have 


Dy-1 0 Di (P) = YY (PY ° Vp) (p) = Yup)! u(p)-! u(p) 2 Yup) (p) =P, 


that is, 3-1 o J, = idp and, analogously, 3, o J,-1 = idp. Thus, %, is a diffeomor- 
phism. Moreover, by equivariance of u, 


vy ° W,(p) = Www, (p)) ° W,(p)) = Wo u(p)a © W,(p)) = WY, ° Vi (P), 
showing that %,, is an automorphism of P. By definition, it is vertical. 


To prove the second assertion, we first note that the mapping u +> ¥,, is a homo- 
morphism of groups: 


D0 v, (Pp) = Vu (Yuyy(P)) ° Yup) (p) = Yup) v(p) (p) = Duy (P)- 


Since the G-action W is free, the mapping ut» W,, is injective. It is also surjective. 
Indeed, let 0 € Auty(P). Since 3 (p) and p belong to the same fibre, there exists a 
unique element u(p) € G such that ?(p) = Wp) (p). This yields a smooth mapping 


u:P>G, u(p) =! od(p). 
Finally, we must show the equivariance of u. On the one hand, we have 
D(Wa(P)) = Yup) 0 YalP) = Pauw) P) 
and, on the other hand, by (1.1.3), 
B(Wa(p)) = Va (:—p)) = Ya 0 Yup) (P) = Yup ap). 


This yields au(W,(p)) = u(p) a, that is, u(%,(p)) = a7! u(p) a. oO 


Next, we show that a vertical automorphism of P induces a vertical automorphism 
in every associated bundle (P xg F, M, mf). 


Proposition 1.8.4 Let 3 be a vertical automorphism of P. Then, the mapping 


0:PxgF>Px¢F, 8Up.f)) :=l0).f, 
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is a vertical automorphism of P xg F. If 0 is given by u € Homg(P, G), then 


d(LD./D = [(P. cup (f))]- (1.8.3) 


Proof The first assertion follows from Proposition 1.2.8/3. To prove (1.8.3), we 
calculate 


dL@.AD = [O@)./] = [Yan ).F)] = [@. eum (f))]- 


Corollary 1.8.5 [f (F,G,o) is a Lie group representation, then 3 is a vertical 
automorphism of vector bundles. 


Proof Let m € M and let p € 2~'(m). Formula (1.8.3) implies 


A 


wt ty) = 9 ° Fup © ie (1.8.4) 
According to Proposition 1.2.8, the diffeomorphism 1, is a linear mapping. Thus, 


(1.8.4) defines an endomorphism of the fibre 7, , (m). oO 


Remark 1.8.6 From the proof of Proposition 1.8.4 we read off the following formula 
for the local representative of ?: 


Eobo&|(m,f) — (m, Opamf)- (1.8.5) 


Here, p = uo s denotes the local representative of u € Hom,(P, G). 4 


We know from Corollary 1.3.16 that the image %’(J”) and the preimage (9~!)’(I”) 
of a connection J” under an automorphism ? of P are both connections. In particular, 
the image of a horizontal curve under ? is horizontal with respect to 0’(I”) and 
formula (1.7.4) immediately implies the following transformation law for the parallel 
transport operator: 

Pour) =Vopros!, (1.8.6) 


Proposition 1.8.7 Let P(M, G) be a principal bundle and let I" be a connection on 
P. Then, for 0 € Auty(P) corresponding tou € Homg(P, G), one has the following 
transformation laws: 


1. If w is the connection form of I, then %*w is the connection form of (9~')' (I) 
and 


(F*@)p = Ad(u(p)~!) 0 Wp + (U*O)p, (1.8.7) 


with @ denoting the Maurer-Cartan form on G. 
2. If Q is the curvature form of w, then 0* Q is the curvature form of 3*@ and 


(0*Q2), = Ad(u(p)!) 0 Q). (1.8.8) 
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3. For the operator of covariant exterior derivative, one has 
Doty = 3* 0D, 0 (0*)7!. (1.8.9) 


Proof 1. To prove (1.8.7), we must calculate 7’(X) for X € T,P. Let y be a curve 
representing X. Then, using (1.8.2), we have 


d 
9400 = FPO) 


= : Ww t t 
= 5, 0. aro») 


: Wiy(t Ww t 
di (vO, uP) + F, (p. u(y (1))) 


W(X) + Wy ou, (X). 


The second term describes a vertical vector in }(p). Thus, we may write it in the 
form W;,,)(A) with A € g. Explicitly, since w,(X) € Tip)G, we can write 


vy, fe} u,,(X) = vy, (e} Lip) O° Li)! ° u,,(X). 


Using 
Lit 0 Uy (Y) = Ou, (X)) = (u*O) p(X) 


and WY, o Lip) = Yop), we obtain 
w(x) = Dip) (Xx) + Ys) (u*0(X)). (1.8.10) 


Using this equation, together with the equivariance of w, we obtain (1.8.7). 
2. Using the Structure Equation, we obtain 


1 1 
ov Q = 3* (dat ze, o]) = d(@*o) + 5 lh"o, dal, 


that is, 3*§2 is the curvature form of 3*q, indeed. To prove (1.8.8), we must calculate 
0* Q(X, Y) for any X, Y € T,P. For that purpose, we use the decomposition (1.8.10) 
for both tangent vectors. Since {2 is horizontal, only the first terms of this decom- 
position contribute. Then, using the equivariance of 2, one immediately obtains 
(1.8.8). 

3. Using the horizontality of the covariant exterior derivative and the fact that }*@ 
is the connection form of (~'!)’(I”), we obtain 


* 
0 ohor® ® = hor® o1’ 
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and thus 

(Dy+a(0"@)) (Xo, ..., Xk) = (H* DG) (Xo, ..., Xk); 
for any @ € ed (P, F) and X; € T,P. This yields the assertion. i) 
Remark 1.8.8 


1. Sometimes, we will use the following short-hand notation for the above transfor- 
mation laws: 


ow = Ad(u!)ow+u'd, 82 = Ad(u!)o®. 
In matrix notation, we have u*@ = u~'du, cf. Remark I/5.5.12/2. Then, 
Mo=utoutu'du, 02 =u 'Qu. 


2. Using the local representative p = uo s, introduced in Remark 1.8.6, from (1.8.7) 
and (1.8.8) we read off the following transformation laws for the local represen- 
tatives of w and 92, cf. formulae (1.3.11) and (1.4.16): 


B' =Ad(p')oW+p*6, F' =Ad(p')oF. (1.8.11) 


4 


1.9 Invariant Connections 


In this section, we consider the following geometrical setting. Let there be given a 
principal bundle (P, G, M, W, 7) and let the base manifold M be endowed with a 
left Lie group action (M, K, 5). Assume that both K and G are compact!? connected 
Lie groups. By a lift of the K-action to P we mean a homomorphism A: K > 
Aut(P) projecting to 6, that is, 7 o Ay = 6, om foranyk € K. The following natural 
problems arise: 


(a) Classify the lifts of the K-actions. 
(b) Classify the connections on P which are invariant under a lifted K-action. 


In pure mathematics, these problems are a natural part of fibre bundle theory. We 
will cite a number of relevant contributions later on. In physics, these questions are 
closely related to model building in the spirit of Kaluza—Klein theories, see Sects. 7.8 
and 7.9. We also refer to Chap. 6 for various applications. Here, we address the above 
problems under the following additional assumptions. 


(a) We assume that the K-action 6 have only one orbit type. In the sequel, such an 
action will be referred to as a simple K-action. 


!9Tt will become clear below for which statements the compactness assumption is necessary. In 
particular, under this assumption the K-action 6 is proper. 
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(b) Since A; is an automorphism of P forevery k € K, the actions YW and A commute 
and thus they induce a left action, 


p:(KxG)xP>P,  prx,g)(p) = Apo Wi (p). (1.9.1) 


We assume that this action be simple, too. 


Let us denote the orbit type of 5 by [H] and let us consider a representative H 
of the conjugacy class [H]. In the notation of Sect.6.6. of Part I, let Nx(H) be the 
normalizer of H in K and let Iz; = Nx(H)/H. Recall that I, acts on K/H naturally 
from the left, 

Ty x K/H > K/H, (aH, kH) + ka“'!H. (1.9.2) 


By Proposition 1/6.6.1, the subset My, C M of isotropy type H is a principal Iy,- 
bundle over the orbit space M = M/K with right Iy-action (a, m) > 6,-1(m) and 
6 induces a K-equivariant diffeomorphism 


My Xr, K/H > M, [(m, [k])] +> dem), (1.9.3) 


with the K-action on My x1, K/H given by left translation on K/H. 

Now, let (P, G, M, W, 7) be a principal bundle, with G compact connected, and 
let A: K — Aut(P) be a lift of 6. Then, for every isotropy group H, the submanifold 
a~'(My) C Pisaprincipal G-bundle over My and the restriction of A to H defines a 
homomorphism from H to Auty,, (1 ~'(Mj,)). By Proposition 1.8.3, the latter induces 
a mapping A: H x 2~!(My) —> G, given by 


An(P) = Yaucn.p) (P), 1(p) © Mu, he H. (1.9.4) 
For every h € H, the induced mapping A, : 7~'(My) > G is G-equivariant, 


An(We(p)) = g'An(P)E, (1.9.5) 


and, for every p € 2~'(My), the induced mapping A, : H > G is ahomomorphism 
of Lie groups. By (1.9.5), a change of the point in a given fibre of z~! (Mj) results 
in a conjugate homomorphism, that is, 


Au,(p) = 8 Aps: (1.9.6) 


By assumption, the left action p of K x G on P given by (1.9.1) is simple. Let 
us calculate the isotropy group (K x G), for a chosen point p € a '(My). From 
A; o W,-1(p) = p we read off 5, (a (p)) = 1 (p), that is, k € H. Thus, using (1.9.4), 
we obtain 

(K x G)p = {(h,Ap()) CK x G:heH}. (1.9.7) 
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Now, let us choose an isotropy subgroup J and let us consider the subset 
P; Cm7'(My) CP 


of isotropy type J. By definition of P;, the restriction of the mapping p +> A(A, p) to 
P, is constant. In the sequel, it will be denoted by Ao. Denoting 


Ty =NxxgWD/l 


and, again using Proposition I/6.6.1, we conclude that P; is a principal [7-bundle 
over the orbit space P/(K x G) = M with right [7-action 


W's Tx Pr Pr, (ap) > YG, p) == Pa), (1.9.8) 
and that p induces a (K x G)-equivariant diffeomorphism 


P, xr, (Kx G)/T > P, [MLK DI Pe.) (P)- (1.9.9) 


Thus, a principal G-bundle P admitting a simple lift of a simple K-action has the 
form 
P=P; Xp (K x G)/I, (1.9.10) 


where J is a chosen isotropy group of the induced action p. 


Remark 1.9.1 Tf we take another representative J’ = ala~',a € K x G, of the orbit 
type [/], then the isotropy submanifold P; gets translated by a, that is, Pry = pg(P7). 
Thus, P is uniquely characterized by an equivalence class [(/, P;)]. + 


The following remark shows that, depending on the context, formula (1.9.10) may 
be interpreted in various ways. 


Remark 1.9.2 


1. By (1.9.7), the action of J on K x G may be identified with the action of H given 
by 
Hx(KxG)—>KxG, (h, (k,g)) + (kh, gao(h)). (1.9.11) 


Thus, we can write 
(K x G)/T=K xuG, (1.9.12) 


where K is viewed as a principal H-bundle over K/H. 

2. Consider K x G as a principal Nx,g(J)-bundle over (K x G)/NxxG(UJ). Since 
I C Nxxg() is a normal subgroup, by Corollary 1/6.5.3/1, the right action of 
NxxGU) on K x G descends to a free proper action of [7 = NxxG(U)// on 
(K x G)/T and idx, induces a diffeomorphism between (K x G)/Nx xg) and 
((K x G) /1) /T;. Thus, (K x G)/I may be viewed as a principal/7-bundle over 
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(K x G)/Nxxg() and the isomorphism (1.9.9) may be rewritten as follows: 
P=(K x G)/I Xp, Pr. (1.9.13) 


4 


Next, we will show that from the above data, we can construct a principal G- 
bundle admitting the lift of a simple K-action. For that purpose, we must gain some 
insight into the structure of 17 = Nxxg(J)/I and of P;, respectively. First, note that 
(k, 8) € NxxGW) iff 

kENx(H), gao(h)g | = Ag(khk~!) for all h € H. (1.9.14) 
Next, consider the centralizer Cg(Ao(H)). By (1.9.14), we have 
NxxGW)O 1x} x G) = {1k} x CeQo(A)) = Z. (1.9.15) 
Since ZI = {lx x lg}, we may view Z as a (normal) subgroup of 7. Thus, Z 
acts freely on P; and, by (1.9.15), transitively on each intersection of P; with a fibre 
of P. We conclude that P; carries the structure of a principal Z-bundle over 
M, := n(Py) = P;/Z, 
with the right action of Z given by restriction of W to Z x P; C Gx P. Clearly, 
M, C My and thus 
y/Z Cy. (1.9.16) 


To summarize, we have a sequence of principal bundles 
P,; —> M, —> M, (1.9.17) 


with structure groups Z and I7/Z, respectively. Let us denote the Lie algebras of, 
respectively, 


K, H, Nx(A), Tx, G, 1, Nexo), Tr, Z by &€ 6, ny, fa, g, i, ny, ty, 3. 


Lemma 1.9.3 The Lie algebra ti; of I is the direct sum of two ideals, 
fy = fy @3. (1.9.18) 
Proof Let [(A, B)] € fy. Then, by (1.9.14), A € ny. Since K is compact, we can 


decompose 
ny =H OH (1.9.19) 
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with respect to some Ad-invariant scalar product in €. By invariance and since h is 
an ideal, ht is an ideal and thus (1.9.19) is a decomposition into a direct sum of Lie 
algebras. Clearly, we may choose A € +. Then, [A, X] = 0 for any X € §. Now, for 
any B ¢ 3, the second equation of (1.9.14) implies 


[B, 4o(X)] = AQ(IA, X]) = 0. 
o 


From (1.9.18) we read off that the connected components of the identity of I7,/Z and 
I coincide, 
(1/Z)o = To, (1.9.20) 


and, using (1.9.16), we conclude that [7 /Z is the union of a number of connected 
components of J},. In particular, [4,;/(/7/Z) is a discrete group. 


Lemma 1.9.4 The manifold M_ is a reduction of the principal 'y-bundle My > M 
to the closed subgroup I /Z and we have the following isomorphism of associated 
bundles: 

Mn X Ty K/H =M, xnjz K/H. (1.9.21) 


Proof Note that My/(I7/Z) may be viewed as a section of the associated bundle 
My X1njz lu /U1/Z). By Corollary 1.6.5, this section defines a reduction of My to 
the closed subgroup J7/Z. Thus, M, is a reduction of My to I7/Z. The isomorphism 
(1.9.21) follows from Proposition 1.6.7. o 


We conclude from (1.9.21) that, via the K-equivariant diffeomorphism (1.9.3), we 
may identify M with M, x p);z K/H. Now, we can prove the announced converse 
statement. 


Proposition 1.9.5 Let K and G be compact connected Lie groups and let (M, K, 5) 
be a simple Lie group action. Let H C K be an isotropy subgroup of 6 and let 
Ao: H > G be a Lie group homomorphism. Let (P, ,M,, i) be a principal 
bundle, where I = {(h, Ao(h)) € K x G:h € H} and Ty = NxxgU)/I. Then, the 
bundle 

P=Pxr (KxG)/I (1.9.22) 


associated with P carries the structure of a principal G-bundle over M, where G acts 
by inverse left translation on the factor G. The natural K-action A on P given by 
left translation on (K x G)/I yields a group homomorphism A: K — Aut(P) and 
projects onto 6. 


Proof First, we show that P carries the structure of a principal G-bundle over M. 
The right G-action is defined by 


GxP>P, W(a,[@,[(k, gD) = 16, [&, a7") 1. 


This action is obviously free. The canonical bundle projection is defined as the 
projection onto the orbit space of this action, z : P — P/G. We must show that the 


1.9 Invariant Connections 81 


orbit space is diffeomorphic to M. Since G is compact, the action W is proper and 
thus, as explained in Sect. 6.5 of Part I, the Tubular Neighbourhood Theorem I/6.4.3 
implies that (P, G, P/G, W, 7) is a principal bundle. Next, we have the sequence 
(1.9.17) with P; replaced by P and, thus, P/Z = M_. Using this and the fact that Z 
is normal in 7, we obtain 


P/G=P xp, K/H = P/Z xpjz K/H = M, Xz K/H. 


Thus, using (1.9.21) and (1.9.3), we obtain P/G = M. Finally, P can be endowed 
with the natural left K-action 


A:KxP>P, A(,[@,[(k, gD) = (@, (Uk, g)DI, 
which obviously commutes with the G-action and which projects onto 6. Oo 


Remark 1.9.6 As in Remark 1.9.1, we may pass to another subgroup I’ = ala™!, 
a € K x G.Correspondingly, I is isomorphic to [7. Choosing a principal J7-bundle 

P' which is vertically isomorphic to P, the construction yields a principal bundle P’ 
ae to P. 4 


Next, we discuss two important special cases. First, we consider the classical case 
of a transitive K-action, see [383, 647]. 


Remark 1.9.7 


1. If 6 is transitive, then p is also transitive. Thus, in this case, M and, therefore, 
also P;/TIy is the one-point space and, by (1.9.12), formula (1.9.22) reduces to 


Pak xe. (1.9.23) 


where K is viewed as a principal H-bundle over K /H. Thus, in the transitive case, 
principal G-bundles admitting a lift of a K-action are completely characterized 
by Lie group homomorphisms Ay : H > G. 

2. The bundle P given by (1.9.23) is trivial iff A9 extends to a smooth mapping 
ho : K > G fulfilling Ag (kh) = Ao(k)Ag(h) fork € K andh € H (Exercise 1.9.2). 

3. If the action of K is free, then Ao is the trivial homomorphism and thus P is a 
trivial bundle. This means that a principal bundle over a Lie group K admits a lift 
of the natural action of K on itself by left translation iff it is trivial. 

4. The triples (K, P(M, G), A), where K is a Lie group, P(M, G) is a principal 
G-bundle over a homogeneous K-space M and A is an action of K on P by 
automorphisms which projects to the transitive K-action on M, form a category, 
called the category of homogeneous principal bundles. Correspondingly, one may 
consider the category of homogeneous principal bundles with base point p € P. 
As a consequence of Proposition 1.9.5, in the latter category, every object is 
isomorphic to (K, P(K/H, G), A) with base point (1x, 1g), see [634] for details. 

4 
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Before we proceed to a more general case, we give an example illustrating that a 
lift does not always exist, see [632]. For a discussion of the lifting problem we refer 
to [89, 256, 266, 486, 502]. 


Example 1.9.8 Put K = SO(3), G= U(1) and M = S?, endowed with the natural 
action of K. Then, H = SO(2) = U(1) and we must consider homomorphisms 
4: UC) — UCI). It is well known that such homomorphisms are labelled by the 
integers, that is, they are of the form 4,,(z) = z", with z € U(1) andn € Z. Thus, for 
n > O, we obtain 


Py = SO(3) XU(1) Ud) = SO(3)/Zp = SU(2)/Zan. 


These are the even 3-dimensional lens spaces. In particular, for n = 1, the bundle 
manifold is SO(3). For n = 0 the bundle manifold is S? x U(1). We conclude that the 
complex Hopf bundle $3(S?, U(1)) does not admit a lift of the natural SO(3)-action 
on S?. ¢ 


The following case was considered in various versions in [284, 285, 539, 546]. 


Remark 1.9.9 Assume that the principal I7/Z- -bundle”” M,; > M is trivial. Then, 
we may choose a global section s : M —> M,. Let us denote M := s(M ) and 


P:=7'!(M)NP; = (tm,)'(M). 
By construction, P is a subbundle of Pr (M, T7) carrying the structure of a principal 
Z-bundle. In particular, since M and M may be identified via the section s, this yields 
a reduction of P; to the structure group Z. Thus, by Proposition 1.6.7, 


P, xp, (K x G)/I = P xz (K x G)/I. 


Since Z = {lx} x Cg(Ao(A)) C I, the action of J on K x G commutes with the 
action of Z on this product. Thus, 


P xz (K x G)/I = K xy (? X Cg (Ao (H)) G) ; 


where H acts on P x Co(ao(H)) G by right translation on the factor G via Ag. Viewing the 
twisted product Px Cg(ao(H)) G as a bundle associated with the principal Cg(Ao(A))- 
bundle G(Cg(Ag(H)), G/Cg(Ao(A))), we finally obtain 


PER xq ( Race do ) (1.9.24) 


with the right H-action on K x (G X Cg(io(H)) ) induced by (1.9.11), 


20 And thus also the principal y;-bundle My > M. 
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(h, (k, U(g, P)]) > (kh, [(gho(h), p)), he H, 


cf. [539]. The diffeomorphism (1.9.24) is induced from (1.9.9) in an obvious way: 


[(k, [(g, PI > Ax o Me). 


By Remark 1.9.6, passing from Ao to a conjugate homomorphism yields an isomor- 
phic principal G-bundle P. 4 


Next, we will use the above results to classify G-invariant connections in the present 
context. 


Definition 1.9.10 Let P(M, G) be a principal bundle and let A: K — Aut(P) be 
a group homomorphism. A connection form w on P is called K-invariant if for all 
kek 

Ajo =o. 


The following result yields the classification of invariant connections for the case of 
simple group actions. It belongs to Jadezyk and Pilch [345]. To formulate it, we need 
a reductive decomposition 

&€=ng Op, (1.9.25) 


whose existence is guaranteed by the compactness of K. Let L(p, g) be the space of 
linear mappings from p to g. Note that L(p, g) is endowed with a natural Nx ,g(/)- 
action given by 


Naxa() x L(p, g) > L(p,g), (Uk, g)], F) > Ad(g) o Fo Ad(k'), 


and that this action descends to a Jy-action on the subspace L(p, g)” C L(p, g) of 
H-invariant elements, that is, linear mappings fulfilling 


F = Ad(Ao(h)) 0 Fo Ad(h"!), hed. (1.9.26) 
Theorem 1.9.11 Let (M, K, 5) be a simple Lie group action, let (P, G,M, VY, 1) be 
a principal bundle admitting a lift A : K — Aut(P) of the K-action. Then, there is a 


one-to-one correspondence between K-invariant connection forms w on P and pairs 
(@, &), where & is a 3-valued 1-form of type Ad on PM, I) fulfilling 


@)(A,) =A, A€3, pe Pr, (1.9.27) 


and ® : P; > L(p, g)"” is a Iy-equivariant mapping. 


Proof 1. Let w be K-invariant. According to Remark 1.9.2/2, we may view P as a 
bundle associated with the principal /7-bundle 


(K x G)/I > (K x G)/NxxgW)- (1.9.28) 
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Since G is compact, we may decompose g into 3 and its orthogonal complement 
_ L 
G=303-. (1.9.29) 


Clearly, this decomposition is reductive. Using the decompositions (1.9.25) and 
(1.9.29), together with ny = 6 ® fy, we obtain 


Ti((K x G)/T) = (fin ® 3) ® (Pp O3-). (1.9.30) 


Since the decompositions (1.9.25) and (1.9.29) are reductive, this decomposition is 
reductive, too. Using (1.9.18), we obtain 


Ti1((K x G)/NxxgW)) =p ®3". (1.9.31) 


By Example 1.3.19, p @ 3+ defines a connection on the principal bundle (1.9.28), 
which in turn induces a connection on the associated bundle (K x G)/I xp, Pr. By 
(1.9.9), the corresponding splitting of the tangent bundle TP is pointwise given by 


Trane? = Pte) {TpPr ® o,(b O35}, (1.9.32) 


where (k, g) € Nxxg() and p € P; (Exercise 1.9.1). The first summand in (1.9.32) 
is vertical and the second one is the horizontal subspace of the induced connection. 
With respect to this splitting, every 1-form a on P may be decomposed into its vertical 
and horizontal parts, 

a=a’+a", 
and the horizontal part may be further decomposed as 

I 


ul 
a'=aPta). 


We define 
@ := (@") 1p, - (1.9.33) 


Using the K-invariance of w and (1.9.4), on P; we obtain 
Wp = (Aj@)p = (Yen ®)p _ Ad(do(h) Jap, 


for every p € P; andevery h € H. Thus, @ takes values in 3. By point 3 of Proposition 
1.3.5 and, again, by K-invariance of w, 


Pug ® = Ad(g)o@, (k, g) € Nrxa(l). 


Since @ is 3-valued and 3 C fy = fiy @ 3, we may rewrite this relation as follows: 
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(W)*@ = Ad(a!)od, ae Ty, (1.9.34) 


showing that @ is of type Ad. Finally, formula (1.9.27) is an immediate consequence 
of point 2 of Proposition 1.3.5. Next, we define 


®:P; > (p@3-)*@g, P(p):=p3((")ip,), PE Pr, 
where p, : NxxgU) — P, is defined by restriction. Since 
P(p ® 3) = Ab(p) ® (37), 
the two horizontal components are 
®:P; > p* ®g=Lip,g), O(—p) = A;((w?)jp,), (1.9.35) 


and 
® : P; > 31) @g=LG.g), Bp) = YF ((w* )pp)). 


Here, as above, A, and W, stand for the appropriate restrictions. We show that & 
is /7-equivariant and that @ is constant and equal to the identical mapping on 3+. 
Using the G-equivariance and the K-invariance of w, together with 


Prrae(p) As B) = Dix.g © M(Ad(k "YA, Ad(g™')B), 
where (k, g) € Nxxg(1) and (A, B) € p 3", we calculate 


P (1¢4,¢)(D))(A, B) = Oh, py (Ph op) (A> BY) 
= Op. ip) (Ay 0 Wi © pi (Ad(k')A, Ad(g!)B)) 
= Ad(g) 0 @p(o,(Ad(k')A, Ad(g” ')B) 
= Ad(g) o &(p)(Ad(k~')A, Ad(g7')B). 


Thus, 7 ; 
P (pxK,9)(p)) = Ad(g) 0 ®(p) o Ad(k~'), (1.9.36) 


showing the Nx,.¢(/)-equivariance of 8, and 
B (1(k,g)(P))(B) = Ad(g) 0 w5 (Wi(Ad(g!)B)) = B. 


Finally, the H-invariance of B(p) follows immediately: for (h, Ao()) € I we have 
P(n,r(n)) (P) = p for all h € H, and thus (1.9.36) implies 


B&(p) = Ad(Ao(h)) 0 (p) 0 Ad(h7!). 
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Thus, @ is Ty-equivariant. 

2. Conversely, let (@, é) be a pair of objects defined on the principal bundle 
P; (M , [7) with the desired properties. Using the (K x G)-equivariant diffeomor- 
phism 

P=P,xr(KxG)/I 


given by (1.9.9), we extend & by the constant mapping & : P; — id, toa mapping 
:P)> (p@z')"@g, G:=b+4, 
and use (1.9.32) to define 
@p(Z) = Wp (X) + O(p)(A, B), 


withp € PrandZ = X + Rs (A, B) € T,P. Finally, we extend @ to P via p. The proof 
that this yields a well-defined K-invariant connection form on P is left to the reader 
(Exercise 1.9.3). isl 


Remark 1.9.12 


1. Combining Theorem 1.9.11 with Proposition 1.9.5, one finds that pairs (P, @), 
where P is a principal bundle over M admitting a lift of the K-action and @ is 
a K-invariant connection, are in bijective correspondence with triples (P, &, B), 
where Pisa principal J7-bundle, @ is a3-valued 1-form of type Ad on P fulfilling 
(1.9.27) and @:P > L(p, g)” is a I7- -equivariant mapping. 

2. Note that @ is is not a connection form on P; (M, I), because point 2 of Proposi- 
tion 1.3.5 need not be fulfilled for elements A € fi. On the other hand, owing to 
the fact that Z C I7, formula (1.9.34) holds for any a € Z. Together with (1.9.27), 
this implies that @ is a connection form on P; viewed as a principal Z-bundle 
over M7. 

3. Let jz be aconnection form on the principal I7/Z-bundle my, : M; > M. Define 


A 


t= @-Oonmy w+my be, (1.9.37) 


where 
OO he: TpPi > ty, omy, W(X) = O((u(ty, (X))«)- 


Here, (Ty, (X)) is viewed as an element of fi; via (1.9.18). It is easy to see 
that t is a connection form on P; (M , I7) (Exercise 1.9.4). This shows that any 
connection form on M;(M, Ty /Z) completes the connection form @ on P;(M_, Z) 
to a connection form on P;(M, I7). . 

4. The H-invariance condition (1.9.26) for ®(p), p € P;, may be rewritten as 


Bp) o Ad(h) = Ad(Ao(h)) 0 B(p), he H. (1.9.38) 
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In this form, it means that the linear mapping d (p) is an operator intertwining the 
restrictions of the adjoint representations of K and Gto H acting on mand to Ag(H) 
acting on g, respectively. Under the canonical identification L(p, g) = p* ® g, 
condition (1.9.26) takes the form 


(Ad*(h) @ Ad(Ao(h))) B(p) = F(p). 


4 


Let us apply Theorem 1.9.11 to the two special cases treated before. First, let us 
consider the case of a transitive K-action addressed in Remark 1.9.7. By this remark, 
principal G-bundles admitting a lift of the K-action are completely characterized by 
Lie group homomorphisms Ag : H — G and have the following structure: 


P=K xqG. 


In this case, M is the one-point space and thus the principal J7-bundle P; coincides 
with the principal Z-bundle y > I /Z. Consequently, by (1.9.34) and (1.9.27), @ is 
a Iy-invariant connection form on this bundle and, therefore, by (1.9.18), it is given 
by a linear mapping d : fly — 3. Since Ad(A) acts trivially on fiz, this mapping is 
H-invariant. To summarize, if we denote 


m= fin Op, (1.9.39) 


then € = © mand we may merge b and @ toanH -equivariant mapping @:m—> g, 
that is, a mapping fulfilling 


® o Ad(h) = Ad(Ao(h))o ®, he H. (1.9.40) 


This way, we get the following classical result of Wang [647]. 


Corollary 1.9.13 (Wang) If the K-action is transitive, then K -invariant connections 
on P are in one-to-one correspondence with H-equivariant linear mappings ©® : 
m— g. a 


Some details of the proofs of the statements contained in the following remark are 
left to the reader (Exercise 1.9.5). 


Remark 1.9.14 


1. For later purposes, we give an explicit reconstruction formula for the K-invariant 
connections described by Corollary 1.9.13. Choose pp = [(1x, 1g)] € K xy G. 
Then, any tangent vector Z,, € T,,(K x G) may be written as 


Zp =((A,B)], Aet, Beg, 


and, for any p € K xy G, there exist elements k € K and g € G such that 
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Po = Ax 0 We(p). 


We define - 
«)(Z) = Ad(g) (26(As) pOU ays B) (1.9.41) 


where A, € h and A, € m are the components of A with respect to the decom- 
position § = h @ m. It is easy to show that w is a (correctly defined) K-invariant 
connection form on K x, G, indeed. 
2. Clearly, among the invariant connections labeled by @ there is a distinguished 
element, defined by 
&=0. (1.9.42) 


By (1.9.41), it is given by 
@,(Z) = Ad(g) (Ap(Ay) +.B), (1.9.43) 


that is, itis uniquely determined by the homomorphism Ao. Therefore, it is called 
the canonical invariant connection on P. 

3. In the transitive case, the compactness assumptions on K and G may be dropped. 
Then, in general, there is no reductive decomposition (1.9.25) and the (slightly 
more general) classification reads as follows: K-invariant connection forms are in 
one-to-one correspondence with H-invariant linear mappings A : § > g fulfilling 
A(A) = Ao(A) for any A € b. 

4. Using the Structure Equation, it is easy to calculate the curvature 2 of a K- 
invariant connection form. Clearly, it suffices to calculate 2 on Killing vector 
fields of K. This yields 


(Ax, Al) = [A(A), A(A)] — A((A, A’]), A,A’ € €. 


Thus, a K-invariant connection is flat iff A is a Lie algebra homomorphism. @ 


Application of Theorem 1.9.11 to the case addressed in Remark 1.9.9 yields the 
following, see [546]. 


Corollary 1.9.15 [fthe principal I, /Z-bundle M; > M is trivial, then K-invariant 
connections on P are in one-to-one correspondence with pairs (@, ®), where 


1. 2) isa connection form on the principal Cg(Ao(A))-bundle P over M, 
2. ©: P > L(m, g)” is a Cg(Ag(A))-equivariant mapping. 


Proof Since I; acts freely on P; and Z is a normal subgroup of 7 we have the 
following diffeomorphism: 


g:PxzI;> P; 9((@,a)]) = bal). (1.9.44) 


Using this identification and (1.9.18), we get a splitting of the tangent bundle, 
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Tp.@yPr = Pa [1)P ® A; (fu) (1.9.45) 


Decomposing @ with respect to this splitting yields a pair (@, d), where is a 
connection form on P and ¢ is a mapping given by 


b:P > (An)* @3, G(p)(A) = O(AS(A)), A € fiy. (1.9.46) 
Finally, as above, merging b with & we get a mapping 
@ :P > (m)* @ g, 


fulfilling 7 7 
®(p) o Ad(h) = Ad(Ao(h)) o @(p), AEH. (1.9.47) 


Conversely, given a pair (@, ®), one first reconstructs the pair (@, ®) and then, using 
Theorem 1.9.11, the invariant connection w. Oo 


Remark 1.9.16 


1. By construction, see (1.9.35) and (1.9.46), @ is given by 
(p)(A) = wp(A;(A)) = A;(@)(A), Aem. (1.9.48) 


2. Comparing with point 3 of Remark 1.9.12, in this case, the connection form 1 is 
simply given by the section s: M — M,, cf. Example 1.3.18. 4 


To conclude this section, we discuss two simple examples of the above type which 
are relevant in physics. 


Example 1.9.17 (Rotational invariance) Consider the defining representation of 
SO(3) on R? or, equivalently, the adjoint representation of SU(2) under the identifi- 
cation R? = su(2).! If we remove the origin, we have R? \ {0} = R, x S? and thus 
we deal with the situation described by Remark 1.9.9 and Corollary 1.9.15, with 


G=SU(2), K=SU(2), H=U(), M=R,. 


Let us classify the K-invariant SU(2)-connections over R? \ {0}. 

(a) Principal SU(2)-bundles over M admitting a lift of the adjoint representation 
of SU(2) are labeled by conjugacy classes of homomorphisms 4 : U(1) > SU(2). 
Clearly, with U(1) = {z € C: |z| = 1}, for every integer n, the mapping 


An(z) = diag(z", 2") 


21 See Examples 5.2.8 and 5.4.7 of Part I. 
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is ahomomorphism. Since any unitary matrix is diagonalizable via conjugation by 
unitary matrices, all other homomorphisms are conjugate to some A,. Thus, the 
conjugacy classes of homomorphisms classifying the admissible principal SU(2)- 
bundles are labeled by n € Z. The principal SU(2)-bundles admitting a lift of 5 are 
given by (1.9.24), 


P=Kxy# (G X CG (An(H)) a) , 


where P is necessarily trivial, that is, P= R, x Cg(A,(A)). Thus, P can be naturally 
identified as follows 
P=>R, x (K xq G). (1.9.49) 


(b) Let us apply Corollary 1.9.15. By direct inspection, we see that the central- 
izer Cgu(2)(A,(U(1))) is UCL) for n 4 0 and SU(2) for n = 0. Consequently, @ is 
u(1)-valued for n 4 0 and su(2)-valued for n = 0. By (1.9.49), @ may be globally 
represented by a 3-valued 1-form A onR,. Let us analyze the mapping ®. Again by 
(1.9.49), itis a function on R with values in the K-invariant connections on K xy G, 
cf. point 1 of Remark 1.9.14. The latter are given by (1.9.41). Since @ takes values 
in L(m, su(2))¥, where m is defined by the orthogonal reductive decomposition 
g = u(1) @ m, we must analyze the U(1)-invariance condition 


® o Ad(h) = Ad(A,(h)) 0 ®, he UCI). 


Here we interpret ® as an intertwiner of the representations Ad(U(1));m and 
Ad(A,(U(1))). For that purpose, it is convenient to pass to the complexification 
of the Lie algebras under consideration and to use the standard representation theory 
of complex simple Lie algebras.”* Correspondingly, we extend @ by linearity to the 
complexified spaces. Let h be a Cartan element and let e_,e, be root vectors for 
the complexification of § = su(2). Clearly, u(1) is spanned by h and m is spanned 
by the root vectors. By direct inspection, we see that m decomposes into irreducible 
components of Ad(U(1))m as 


m=Ce, @Ce_, ad(h)},,, = £2. 
In physics notation, this is summarized in the formula 
= (2) + (-2). (1.9.50) 


If we denote the Cartan element and the root vectors for g = su(2) by H, E_, E,, 
respectively, then we have A’ (h) = nH. Consequently, the decomposition of g into 
irreducible components reads, in physics notation, 


= (0) + (2n) + (—2n). (1.9.51) 


22 See [329, 344]. 
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Comparing (1.9.50) with (1.9.51) we see that for n A +1, the decompositions do 
not contain equivalent representations, that is, the intertwining operator @ vanishes. 
In that case, the corresponding invariant connection on K xj, G is the canonical one 
given by (1.9.43). Since 4) (h) = nH, for n = 0, this connection degenerates to a 
‘pure gauge’. Forn = +1, we get a nontrivial solution. For every r € R,, it is given 
by 


P(e_)=c_E_, @(e,)=cyE, ci eC. (1.9.52) 


Finally, returning to the original mapping & by restricting the above intertwiner to the 
real vector space m implies cz = c_. Thus, @ is labeled by two R-valued functions 
on R,. The corresponding invariant connections are given by (1.9.41). 4 


Example 1.9.18 (Translational invariance) Consider the orthogonal decomposition 
of the Euclidean space 
R* = Rey @ R? 


and write pr;, 7 = 1,2, for the canonical projections onto the first and the second 
component. For x € IR*, denote pr, (x) = x° and pr,(x) = x. In this notation, the 
action of the Abelian group R by translations” on the first factor is given by 


6:RxR*> R*, 8(s, @°, %) =  +5,%). 


For a given Lie group G, let us classify the R-invariant connections over R’. 

(a) Principal G-bundles 2 : P > R* admitting a lift of 6 are given by (1.9.24). 
Here, K = R and H = {0}. Thus, Ao must be the trivial homomorphism sending 0 to 
1g. Consequently, Cg(Ao(H)) = G and we obtain 


P=RxP, P=n7'(R), 


with 7: P > R? being a (trivial) principal G-bundle. Under this isomorphism, 
the lift A of 5 to automorphisms of P is given by translations on the first factor, 
A(s, (x°, p)) = (x9 + s, p). 

(b) According to Corollary 1.9.15, R-invariant connections @ on P are given by 
pairs (a, &), where @ is a connection form on P and @ is an equivariant mapping 
from P to L(Reo, g) = (Reo)* ® g. Thus, 


D(p) = OH) @e, peP, 


where ej is the basis in (Reo)* dual to eg and @ € Homg(P, g). Given (a, ®), let 
us reconstruct w: pulling back @ and ej with the natural projections P > P and 


23 Although the group R is not compact, the action under consideration is proper and, since R is 
Abelian, the standard scalar product is trivially Ad-invariant. As a consequence, the above theory 
applies. 
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P — Rep, respectively, we obtain from @ a horizontal 1-form 7 of type Ad on P. 
Extending @ via the R-action to P, we obtain 


wO=O@+T. (1.9.53) 
Exercises 4 
1.9.1 Prove formula (1.9.32). 
1.9.2 Prove the statements of Remark 1.9.7/2 and 1.9.7/3. 
1.9.3, Complete point 2 of the proof of Theorem 1.9.11. 
1.9.4 Prove the statement of Remark 1.9.12/3. 


1.9.5 Work out the details in Remark 1.9.14. 


Chapter 2 
Linear Connections and Riemannian 
Geometry 


In Sects.2.1 and 2.2, we present the general theory of linear connections together 
with the reduction theory of the underlying frame bundle to some Lie subgroup of the 
general linear group. These reductions are usually referred to as H-structures.'! They 
lead to a unified view on possible geometric structures manifolds may be endowed 
with. Using this framework, we discuss almost complex, pseudo-Riemannian, con- 
formal, almost Hermitean and almost symplectic structures including a discussion 
of the corresponding compatible connections. Thus, from the perspective of H- 
structures, Riemannian geometry is an important special example. In Sects. 2.3 and 
2.5, we continue to study H-structures by investigating torsion-free compatible con- 
nections. We ask which holonomy groups may occur for such connections. This 
fundamental question has been first systematically studied by Berger. In this delicate 
analysis, the central object to be studied is the curvature mapping of the connection 
under consideration. In Sect.2.3, we study the class of connections which are not 
locally symmetric with emphasis on the metric case, where the H-structure defines 
a pseudo-Riemannian manifold. For that case, we formulate the classification result 
of Berger without giving a proof. We also comment on the classification in the non- 
metric case. In Sect.2.5, we study the case of locally symmetric connections. This 
leads us to the theory of symmetric spaces. We present the basics of this theory in a 
fairly consistent manner including a number of important classes of examples. Next, 
in Sect.2.6, we extend our discussion of compatible connections to vector bundles 
with emphasis on Hermitean bundles and holomorphic structures. In Sect.2.7, we 
present the basics of Hodge Theory” including a detailed study of Weitzenboeck- 
type formulae. Finally, in Sect. 2.8, we discuss properties of Riemannian manifolds 
which are special in dimension four. 


‘Also called G-structures in the older literature. 
But, the proof of the Hodge Decomposition Theorem is postponed to Chap. 5. 
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2.1 Linear Connections 


Let M be an n-dimensional differentiable manifold and let L(M) be its bundle of 
linear frames, cf. Example 1.1.14. Recall that a linear frame at m € M is an ordered 
basis u = (uj,..., Un) in T,M and that 7 : L(M) — M, x(u) =m, isa principal 
GL(n, R)-bundle. The free right action of GL(n, R) on L(M) is given by 


EON < GLA. RS LO, Gwaiseue. (2.1.1) 
Here, ua = (uja'|,...,uja‘n). 


In the sequel, the basic representation of GL(n, R) given by matrix multiplication 
of elements of R” from the left will be denoted by o°. Thus, o°(a)x = ax. 


Definition 2.1.1 A principal connection I” on the frame bundle L(M) will be 
referred to as a linear connection on M.° 


Given a linear connection on M, it induces connections on all tensor bundles over 
M. To see this, it is enough to show that all tensor bundles over M are vector bundles 
associated with L(M). For the proof, take the basic representation a? of GL(n, R) 
and the corresponding associated bundle EF := L(M) XGLim,R) R". Define 

g: E>TM, ({(u,x)]) = x'u;, (2.1.2) 


where x! are the components of x € R” in the standard basis {e;} of R”. It is easy to 
show that g is an isomorphism of vector bundles (Exercise 2.1.1). Thus, 


™T™ = L(M) XGL(n,R) R’. (2.1.3) 
Via the dual of the basic representation, this induces an isomorphism 
T'M = L(M) xcia@.R) (R")* (2.1.4) 


and, thus, 
T/M = L(M) xcia@R TR". (2.1.5) 


Remark 2.1.2 Often, a frame u € L(M) will be viewed as an isomorphism 
u:R" > TawM, u(x) := x'u;. 


By (2.1.2), we have 
Qo =u. (2.1.6) 


4 


3s in the general theory, I” is a horizontal distribution on L(M). Below, it will become clear why 
it is reasonable to speak of a connection on the base manifold M. 
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Now we can start discussing the theory of linear connections. First, we exhibit a 
structure which distinguishes frame bundles from general principal fibre bundles. 


Definition 2.1.3. The differential form 9 € @'(L(M), R”) defined by 
O(X) :=ul(n'(X)), XET,L(M), (2.1.7) 
is called the canonical R”-valued 1-form on L(M), or, the soldering form. 


Proposition 2.1.4 The soldering form 6 is a horizontal 1-form of type 0°, 


W*0=a!06, aeéGLin,R). 


a 


Proof By definition, 0 is horizontal. Let u € L(M) anda € GL(n, R). If we view u 
as a mapping R” > T,(,)M, then to Y,(u) there corresponds the mapping 


uoa: R" = R” oe TrwM. 
Thus, for any X € T,L(M), 


(WFO) y(X) = Oy, (u)(YX) 
= (W,(u)) | (2' 0 Wi(X)) 
= (uoa)'(n'(X)) 
=a'6,(X). | 


Remark 2.1.5 By Proposition 1.2.12, via the isomorphism (2.1.2), to @ there corre- 
sponds a unique 1-form 6 € 2!(M, TM) given by 


6n(X) =u00(X*)=u0ou!on (X*) =X, 


where z(u) = m, X € TM and X* € T, L(M) fulfilling 2’(X*) = X. Thus, 0(X) = 
X. That is why 6@ is usually called the tautological 1-form. + 


Now, let I” be a linear connection on M and let w be its connection form on L(M). 
Then, any x € R” defines a I’-horizontal vector field B(x) on L(M) by assigning to 
u € L(M) the unique I’-horizontal lift of u(x) € Tx(u)M to the point uv. 


Definition 2.1.6 The vector field B(x) is called the horizontal standard vector field 
defined by x € R”. 


Proposition 2.1.7 For any x € R", the horizontal standard vector field fulfils 
1. 0(B(x)) =x, 


2. W,,,.B(x) = B(a7'x), a € GL(n, R), 
3. ifx £0, then B(x) vanishes nowhere. 
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Proof 1. We calculate 
0,(B(x)) = uw! (t'(B(x),)) = uo (u(x) = x. 
2. By Proposition 2.1.4 and point 1, we have 
0 (Wax B(X)) = VFO(B(x)) = a '0(B(x)) =a 'x, 


and, thus, z’(W,,.B(x)) = u(a~!x). Since W,,.B(x) is horizontal, the assertion fol- 
lows from the uniqueness of the horizontal lift. 

3. Clearly, B(x), =0 iff u(x) =0 and, thus, iff x = 0, because u: R’ > 
Tw)M is a vector space isomorphism. | 


Remark 2.1.8 Let {e;} be the standard basis in R”. Then, the horizontal standard 
vector fields B; = B(e;) span the horizontal distribution defined by I”. Moreover, 
B(x) is uniquely determined by the conditions 


6(B(x)) =x, (B(x)) =0. (2.1.8) 


4 


Lemma 2.1.9 Let A, be the Killing vector field on L(M) generated by A € gl(n, R) 
and let x € R". Then, 
[A,, B(x)] = B(Ax). (2.1.9) 


Proof Let a; = exp(tA). Using point 2 of Proposition 2.1.7, we obtain 


d d 
[As, BO) = (La, BOO)u = Ge ((¥,-:), B00) = dt pp Bee = BAR 


u 


Definition 2.1.10 Let I be a linear connection on M and let w be its connection 
form. The 2-form © € 27(L(M), R") defined by 


O := D0 (2.1.10) 
is called the torsion form of I’. 


Clearly, © is a horizontal 2-form of type o.°. The Structure Equation (1.4.9) for the 
curvature of a linear connection is supplemented by a structure equation involving 
the torsion form. 


Proposition 2.1.11 (Structure Equations) Let w, 2 and © be, respectively, the 
connection, curvature and torsion forms of a linear connection I’ on M. Then, for 
any X,Y € T,L(M), 
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dw(X, Y) = —[w(X), o(Y)] + Q(X, Y), Clin 


dO(X, Y) = —(w(X)0(Y) — o(¥)O(X)) + O(X, Y). (2.1.12) 


Proof Equation (2.1.11) coincides with the Structure Equation (1.4.9) of the general 
theory. Since @ is a horizontal form, (2.1.12) follows immediately from formula 
(1.4.1), with o being the basic representation. | 


Remark 2.1.12 Using 
ON O(X, VY) = ao(X)O(Y) — a(Y)A(X), 
the Structure Equations may be rewritten as follows: 
do=-wAwo+2, dd=—-wAI+4+0O. (2.1.13) 


If we decompose the above forms with respect to the standard bases {e;} in R” and 
{E' ;} in gl(n, R), 


6=0'e, O=O'e;, w=a';E!;, Q=2';E!;, (2.1.14) 

then we obtain the Structure Equations in the form 
do’; = -o, A ok; +2';, do’ =—-a'; A 0/+0'. (2.1.15) 
4 


The Bianchi identity for the curvature has a counterpart for the torsion. 


Proposition 2.1.13 (Bianchi Identities) Let w, 2 and © be, respectively, the con- 
nection, curvature and torsion forms of a linear connection I’ on M. Then, 


D,2 =0, (2.1.16) 
D,@=2A06. ii) 


Proof Equation (2.1.16) coincides with the Bianchi Identity (1.4.10) of the general 
theory. Equation (2.1.17) is an immediate consequence of Proposition 1.4.12, with 
san", a 


Alternatively, (2.1.17) may be checked by direct inspection. It is obtained by differ- 
entiating the first of the two equations in (2.1.15) and by using both of these equations 
thereafter (Exercise 2.1.5). 


Remark 2.1.14 


1. The 1-forms w and 6 may be combined to the joint object 


o+6€2'(L(M), gl(n, R) @R"). 
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Clearly, gl(n, R) @ R” is the Lie algebra of the affine group on R”. Its com- 
mutation relations are obtained by supplementing the commutation relations of 
gl(n, R) by 


[A, x] = —[x, A] = Ax, [x,y]=0, Aegl™m,R),x,yeER’. 


Accordingly, we may pass from the bundle L(M) of linear frames to the bun- 
dle A(M) of affine frames. Clearly, w + 6 defines a connection form on A(M) 
which is called the affine connection form induced by w. This explains why lin- 
ear connection and affine connection are often used as synonyms in the literature. 
Obviously, 


1 
a i a a ee 


that is, curvature and torsion constitute a joint object on A(M), namely the cur- 
vature of w + @. 


. Let {e;} and {E/;} be the standard bases of R” and gl(n, R), respectively. Let 


B; be the horizontal standard vector field with respect to a chosen connection I” 
generated by e; and let E/;,, be the Killing vector field generated by E/;. Since the 
E/;, span the vertical subspace V,, C T, L(M), for every u € L(M), and since 
the {B;} span the (complementary) ”-horizontal subspace I,, these n? + n vector 
fields provide a global frame in the tangent bundle TL(M) which is, therefore, 
trivial. One says that the manifold L(M) admits a global parallelism given by 
the vector fields B;, E/;,,. Moreover, the vector fields B;, E/;, are dual to the 
1-forms 6', w! ;, 


OB) =5,, O*(E/:,) =0, 

. P ; faces (2.1.18) 
@'}(B))=0, ow") (E7;,) = 8")67;. 

Thus, T*L(M) is trivial, too, and the 1-forms 6’, w! j provide a global frame 

of T*L(M), or, in more abstract terms, the affine connection w+ 06 induces an 

absolute parallelism on A(M). As a consequence, every horizontal k-form a on 

L(M) may be expanded with respect to the 1-forms 6’, 


1 : . 
a= mini A: AGE, (2.1.19) 
In particular, a 
D = 5Qy, AG, O = 501,0/ AO. (2.1.20) 
+ 


Since both 2 and © are horizontal 2-forms on L(M) of type Ad, respectively, they 
uniquely correspond to 2-forms on M with values in certain associated vector bun- 
dles. By Proposition 1.2.12 and by the isomorphism (2.1.3), to @ € 27(L(M), R") 
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there corresponds an element T € 27(M, TM) defined by 
Tin (X, Y) = u(O,(X", Y*)), (2.1.21) 


where X,Y € T,,M,2(u) =m and X*, Y* € T, L(M) fulfilling 2’/(X*) = X and 
m'(Y*) = Y.4 By Remark 1.4.7, to 2 there corresponds a 2-form on M with values 
in the adjoint bundle Ad(L(M)). Since the differential of the basic representation 
a? identifies gl(n, IR) naturally with End(R”), this 2-form may be identified with the 
curvature endomorphism form R € 927(M, End(TM)), 


Rin(X, Y) = u0 Q,(X*, Y*)ou!, (2.1.22) 


cf. (1.5.13). Since R takes values in End(TM), we may apply it to any tangent vector 
ZETmM: 
Reh ¥)2Z = u(Q,0C, Yaw" Z)). (2.1.23) 


Definition 2.1.15 Let I be a linear connection on L(M) and let © and @ be its 
curvature and torsion forms. The 2-forms T and R defined by (2.1.21) and (2.1.22) 
are called the torsion tensor field associated with © and the curvature tensor field 
associated with 2, respectively. 


Remark 2.1.16 Since, for any u € L(M), the assignment R” > I, x B(x), is 
an isomorphism of vector spaces, we have an induced isomorphism 


btu): \?R" > A7*Ty, DW) AY) = Bu A BYY)u- 


Using this, we get yet another presentation of curvature and torsion, which will turn 
out to be useful. We define mappings 


R:L(M) > (?(R")* @gln,R), F:L(M) > /A?R")* @R" 


by 
Bu) :=2,0blu), TFu):=O0,0bu). (2.1.24) 


In the sequel, # and 7 will be referred to as the curvature and the torsion mappings, 
respectively. Using that 2 and @ are horizontal forms of type Ad and o°, respectively, 
together with (1.2.3), one finds: 


RB(Y,(u))(x, y) = Ad(a~!) 0 (B(u)(ax, ay) , (2.1.25) 
TF (W(u))(x, y) = a7! 0 (TF w)(ax, ay). (2.1.26) 


By Proposition 1.2.6, to # and 7, there correspond unique sections of the associated 
bundles 


4Clearly, for X* and ¥* we may take the horizontal lifts of X and Y with respect to I’. 
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L(M) Xci,e (A7*(R")* ® gin, R)), LOM) xu (A?(R")* @ RB’), 
respectively. By (2.1.24), they are given by 
meuckujou!=R,oA\’u, meucT(u=Tyo Aru, (2.1.27) 


where Au >R" AR" > TrwM A TawM andm = 2(u). + 


Next, we discuss the covariant derivative of tensor fields and apply the Koszul 
calculus developed in Sect. 1.5 to the case under consideration. By Definition 1.5.2, 
the covariant derivative 


Ve= (da) ;20cm,e) * T° (E) > P™(T'M @ E) 
on an associated bundle E = P xq F, induced from a connection form a, is given 
by 
(V°D)m(X) = tp 0 (Daf) p(X"), (2.1.28) 


with z(p) =m and X* € T,P fulfilling 2’(X*) = X. Applying this to a section Y 
of TM = L(M) Xcia,R) R", that is, to a vector field on M, we read off 


(V°Y)m(X) = 0 (Dy¥)y(X*), mu) =m, (2.1.29) 


where Y € Homein,R) (L(Y), R") is given by Y(m) = uo Yu). According to 
(1.5.10), we have an associated operator 


V2: P°(TM) > P°(TM), Vey = (V°Y)(X). (2.1.30) 


In the sequel, we assume that a connection has been chosen and, for simplicity, we 
write V instead of V°. 


Remark 2.1.17 
1. By (1.5.3), formula (2.1.29) may be rewritten as (Vx Y)(m) = u(X*(Y)), where 
X* is the horizontal lift of X. Thus, using 


AY") = — ° m'(Y*) = ay, = i, ’ 


we obtain 
(VxY)(m) = u(X7(0(Y"*))). (2.1.31) 


2. Clearly, the covariant derivative Vx given by (2.1.30) has all the properties listed in 
Proposition 1.5.8. Moreover, it induces covariant derivatives in all tensor bundles 
over M.A general formula is easily derived from (1.4.2) by taking for o the tensor 
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product representation of p copies of o° and q copies of its dual, cf. Exercise 
2.1.2. If not otherwise stated, by V we mean the covariant derivativeinTM. @ 


The proof of the following proposition is left to the reader (Exercise 2.1.3). It provides 
an axiomatic characterization of the covariant derivative of a tensor field. 


Proposition 2.1.18 Let I" be a linear connection on a manifold M and let V be its 
covariant derivative in TM. Then, the covariant derivative 


Vx: P°(T"M) > P°(TrM), 


acting on tensor fields of type (r, 5) is uniquely determined by the following proper- 
ties. 


1. Vx f =X(f), for fe C°(M). 
2. Vx is a derivation of the tensor algebra. 
3. Vx commutes with any contraction. 


We express the curvature and torsion tensor fields in terms of the covariant derivative. 


Proposition 2.1.19 Let V be the covariant derivative of a linear connection I" on 
M. Then, the curvature and the torsion tensor fields of I" are given by 


R(X, Y) =[Vx, Vy] — Vixv1, (2.1.32) 
T(X, ¥) =Vy¥ —VyX —[X,Y]. (2.1.33) 


Proof Formula (2.1.32) follows from Proposition 1.5.11 as a special case. To prove 
formula (2.1.33), let X*, Y* be the horizontal lifts of X and Y. Then, O(X*, Y*) = 
d6é(Xx*, Y*). Using this, together with (2.1.31) and x'([X*, Y*]) = [X, Y], we obtain 


T(X, Y)(m) = u(O, (X*, Y*)) 
= u(Xi(0(¥"*)) — Yi (O(X*)) — 6.(LX*, Y*])) 
= (VyY — VyX —[X, Y)(n). 


Finally, we carry over the concept of parallel transport and holonomy as devel- 
oped in Sect. 1.7 to the case of linear connections on M. In this way, for a given 
connection, we obtain the operation of parallel transport along curves in M both for 
the frame bundle L(M) and for any associated tensor bundle T; M. Correspondingly, 
we obtain holonomy groups in all associated tensor bundles. As in the general theory, 
there is a deep relation between holonomy and curvature, provided by the Ambrose- 
Singer Theorem 1.7.15. This has tremendous consequences for the structure theory 
of (pseudo-)Riemannian manifolds, see Sect.2.3. 

Clearly, comparing with the general theory, the situation here is special in so 
far as the parallel transport operators apply to geometric objects living on the base 
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manifold M. Related to this fact, there is a special class of curves which we discuss 
next. Applying the theory to the tangent bundle, for any curve y : 1 > M, we obtain 
a unique parallel transport of tangent vectors along y. In the sequel, let 7 C R denote 
an open interval containing 0. Let y be the tangent vector field of y. By Example 


1/1.5.5, it is given by 
, (4 
th= — }, 
eas © ) 
d 


where ;, denotes the unit vector field on J. Applying the notions developed in 
Sect. 1.7, a vector field X on M is parallel (with respect to a connection J”) along a 
curve y if 


Vv. X=0. (2.1.34) 


dt 


Here, V” is the covariant derivative along the mapping y and X must be viewed as 
a section of TM along y.° In particular, since y is certainly a section of TM along 
y, we may consider the equation 


Viy=0 (2.1.35) 
dt 


and we may ask whether it admits solutions. 


Definition 2.1.20 Let I be a linear connection. Acurvey : 1 > M, tb y(t), is 
called a geodesic with respect to I” if it fulfils equation (2.1.35). 


The following proposition is left as an exercise to the reader (Exercise 2.1.4). 


Proposition 2.1.21 [facurve y : I > M is a geodesic, then for any a, B € R the 
curve t +> y(a-t+ B) is a geodesic, too. | 


Proposition 2.1.22 Let I” be a linear connection on M. Then, the projection under 
mz: L(M) > M of any integral curve of a horizontal standard vector field is a 
geodesic. Conversely, every geodesic is obtained in this way. 


Proof Let x € R". By definition, B(x), is the unique I’-horizontal lift of u(x) € 
Tx) M tou € L(M). Lett + y(t) be an integral curve of B(x). Define y := 2 o y. 
Then, using the natural identification (2.1.2) and omitting 9, 


VN =T' opt) =n (BMWs) =7OM =u(VO), 
where y(t) : R" — T,@M as usual. Thus, by (1.7.13) and (1.3.4), we have 
Vi y =o (VQ) =0. 


Conversely, let y : 1 — M bea geodesic. Let uy € L(M) be such that 2 (uo) = y (0) 
and let x := up (vy (0)) € R”. Let tf y(t) be the horizontal lift of y through uo. 


5That is, more precisely, we should write X o y instead of X. 
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If x = 0, we are done. Thus, let x 4 0. Then, there exists a curve t > o(t) in L(M) 
such that y(t) = o(t)(x) . Hence, 


Gest ceusde 
ql =l,0(t). 


Since y is a geodesic, that is, £y(t) ¢ F™ C T(TM), this formula implies that 
t +» o(t) is horizontal in L(M). Since 0 (0) = up and z o o = y, uniqueness of the 
horizontal lift implies o = y. Thus, y(t) = y(t)(x) and, since y is horizontal, 


AVM) =F) YO) =7O'YO) =x. 


Thus, f +» y(t) is an integral curve of B(x). a 


Corollary 2.1.23 Let I be a connection on M. For every m € M and every X € 
Tin M, there exists a unique geodesic y : I — M with initial conditions (m, X), that 
is, y(O) = m and y(0) = X. a 


We say that a linear connection I” on M is complete if every geodesic of ” may 
be extended to J = R. Then, we have another corollary following immediately from 
Proposition 2.1.22. 


Corollary 2.1.24 A linear connection on M is complete iff every horizontal standard 
vector field on L(M) is complete. | 


If M is endowed with a complete linear connection J”, we may define the following 
mapping. For every m € M and every X € T,,M, we take the unique geodesic y 
with initial conditions (y(0) = m, y(0) = X) and put 


exp: TM—>M, exp(X):=y(1). (2.1.36) 


This mapping is called the exponential mapping of I’. 


Remark 2.1.25 If I” is not complete, then exp may still be defined. In this case, one 
defines exp on a neighbourhood of the zero section in TM. This way, one obtains 
a smooth mapping which, for every m € M, yields a local diffeomorphism from 
a neighbourhood of the origin in T,,M onto a neighbourhood U,, of m in M, see 
Fig. 2.1. For details, we refer to Propositions 8.1 and 8.2 in Chap. IT of [381]. 


In the remainder of this section, we describe the above structures locally. Thus, 
let 
mt> em) = (e1(m),..., en(m)) 
be a local section of L(M), that is, a local frame of TM, and let 


mt> B(m) = (9! (m),...0"(m)) 


be its dual coframe. Recall that e(m)(e;) = e;(m) for the standard basis {e;} of R”. 
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T,M 


Fig. 2.1 Exponential mapping 


Lemma 2.1.26 For any local frame e, 
vO=0' We. (2.1.37) 
Proof For any X € T,,M, we calculate 
(€*O)m(X) = Bec) (e'(X)) = (e(m)) “| ("0 e'(X)) = (em) 1(X). 
Thus, decomposing X = X‘e;(m) and using e(m)(e;) = e;(m), we obtain 
(e*O)m(X) = X'(m)e; = 9), (Xe: . : 
Thus, for the components of @ with respect to the decomposition (2.1.14), 
va e. (2.1.38) 


Next, the local representative </ = e*w of a linear connection J” with connection 
form w is a 1-form on M with values in gl(n, R). Thus, it may be written as 


A= Bb' BX, = T' jp 0! @ E*;. (2.1.39) 
The coefficient functions I” ;, are called the Christoffel symbols of I" in the local 


frame e. 


Remark 2.1.27 Consider a change e —> e’ of the local frame.° Using (1.3.15), we 
obtain the following induced transformation formula for the Christoffel symbols 
(Exercise 2.1.6) 


1 


aon = a Pe (mae + 0! m (0; p'n) (p')'; (2.1.40) 


4 


©We emphasize the passive interpretation here, but formula (2.1.40) may also be interpreted actively. 
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Let us calculate the local representatives of curvature and torsion. For that purpose, 
we take the pullback of (2.1.20) under e, 


2! =F (Qi) OAD, e&O! = 5(e*O',) ADK, (2.1.41) 
and denote the local coefficient functions as follows: 
Rij => ei, 5 Tk = “0%, E 


To calculate them, we use the Structure Equations in the form given by (2.1.15). 
Taking the pullback of the first equation yields 


sR AW = da, +L, NA ;. 
Inserting (2.1.39) into this equation, we obtain (Exercise 2.1.7) 
R ja = ef Tt) — ee) FOL im — Tm — C™ jie Dimi, — (2.1.42) 
where the C! jk are the structure functions of the local frame e defined by 
[ej, ex] = C' jee; . (2.1.43) 
In the same way, taking the pullback of the second equation in (2.1.15), we read off 
T je = I je — Pg — Ci je (2.1.44) 


Next, by Proposition 1.5.3, the local version of the Koszul calculus is based upon 
the following formula. For a local frame e, we have 


Ve; =I* i; 9' Be. (2.1.45) 


Correspondingly, 
Vee; =I"; ex. (2.1.46) 


Next, acting with V,, on the pairing 0/ (e,) = 6/4; and using that the covariant deriv- 
ative is a derivation of the tensor algebra, we obtain 


Ve 07 = Figo. (2.1.47) 


Thus, 
Voi = Find @0*. (2.1.48) 


Now, decomposing an arbitrary tensor field with respect to a local frame e and its 
dual coframe ? and using (2.1.46) and (2.1.47), together with the properties of the 
covariant derivative, one can derive a local formula for the covariant derivative of 
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any tensor field, see Exercise 2.1.7. In particular, for a vector field X and a 1-form a 
we obtain 


Ve, X = (e:(X*) + Fj X/ Jeg, (2.1.49) 
Ve. = (e;(aj) — P*ijax) 0. (2.1.50) 


Using (1.5.8), we get VX = 0! @ V,,X and Va = 3 @ V,,a. Clearly, the covariant 
derivative of any tensor field t may also be decomposed in this way, 


Vi=0' @V,,t, (2.1.51) 


in accordance with the fact that Vt € 2'(M, TY (M)). 


Remark 2.1.28 By point 2 of Remark 1.2.15, it is clear that the local representatives 
of §2 and R, as well as the local representatives of © and T, coincide. Thus, 


R (ej, ex) er = Ri jeer, T (ej, ex) = T jes - (2.1.52) 


This can also be checked by direct inspection, inserting (2.1.46) into (2.1.32) and 
(2.1.33) and comparing with (2.1.42) and (2.1.44) (Exercise 2.1.8). + 


Remark 2.1.29 (Holonomic frame) Let (U, «) be a local chart of M and let x! be 
the corresponding local coordinates. Then, {0;} is a local frame of TM, called the 
induced holonomic frame of TM and {dx/} is the dual coframe of T*M. The name 
holonomic refers to the fact that [0;, 0;] = 0, that is, the structure functions of a 
holonomic frame vanish. In such a frame, the formulae (2.1.39), (2.1.42), (2.1.44) 
and (2.1.45) take the following form: 


A=T' dx! @ E*,, (2.1.53) 
Rig = 8) a — Ep ti al jm — "Ten » (2.1.54) 
Teal" pol ys (2.1.55) 
V9; = I* jj dx! @ a. (2.1.56) 


The change from one holonomic frame to another one is described by the Jacobi 
matrix of the coordinate transformation. Thus, here, the transition function is 


ax! 
xR p(x) = (35) 


and the transformation formula (2.1.40) reads 


a dx axk ax" a7x! Ax"! 
mn — j 


ik ox’ axin : oxi ax™ ax!” axi” 


(2.1.57) 


4 
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It remains to analyze Eqs. (2.1.34) and (2.1.35) in local coordinates. Then, y is given 
by t > x'(t) and, correspondingly, X = X'd; and y = x'd;. Using points 3 and 4 
of Proposition 1.5.8 we calculate: 


Vy X = Vira, (Xj) = (XI; +8; (XX) I, 


that is, Eq. (2.1.34) reads 
dX* k siyi 
— + 1", ;x'X/ =0. (2.1.58) 
dt 
This is a system of first order ordinary differential equations, which according to 
standard theorems admits unique local solutions depending smoothly on the initial 
values (to, X (to)). The solution t +> X(t) provides the parallel transport 


Prim(t): Ty@)M > T,@M. (2.1.59) 


Inserting X' = x! into (2.1.58), we obtain the local form of the geodesic equation: 
Si ya’ S0, (2.1.60) 


This is a system of second order ordinary differential equations, which admits unique 
local solutions depending smoothly on the initial conditions (fo, x! (to), x! (to)). 


Remark 2.1.30 


1. Consider the exponential mapping of a linear connection J” on M, cf. equation 
(2.1.36) and Remark 2.1.25. Via the exponential mapping, any frame u : R” > 
TinM atm € M provides a local chart on T,, M: 


gy := expou: R" > Uy. 


This is a local diffeomorphism from a neighborhood of 0 in R” onto a neighbour- 
hood U,, C M of m. Taking « := g~! we obtain a local chart (U, «) centered at 
m which will be referred to as a local geodesic chart. The local coordinates x! 
of that chart mapping will be called normal coordinates at m. In normal coordi- 
nates, any geodesic takes the form x!(t) = a’ - t. Thus, at m, we obviously have 
re; jt@r k ji = 0. That is, for vanishing torsion, the Christoffel symbols vanish 
at m (Exercise 2.1.9). 

2. The parallel transport of a tangent vector along a closed curve yields a geometric 
interpretation of curvature. Note that this is in accordance with the Ambrose- 
Singer Theorem 1.7.15. We have (Exercise 2.1.9) 


i = 1 pik 
AX! = —SRjuX'. fl, (2.1.61) 


where f/* is a bivector field characterizing the plane enclosed by y. 
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3. The quantity 


is the natural generalization of the notion of acceleration of a point particle to 
curved space. For a! = 0, the particle moves on a geodesic. This occurs if the 
particle is not acted upon by additional (non-gravitational) external forces. 4 


Exercises 


2.1.1 Prove that the mapping ¢ defined by (2.1.2) is an isomorphism of vector 
bundles. 


2.1.2 Derive from (1.4.2) a formula for the covariant derivative of a tensor field t 
of type (7, s) by taking for o the tensor product representation of s copies of a! and 
r copies of its dual. 


2.1.3 Prove Proposition 2.1.18. 

2.1.4 Prove Proposition 2.1.21. 

2.1.5 Prove equation (2.1.17) by a direct calculation using the Structure Equations. 
2.1.6 Prove formula (2.1.40). 


2.1.7 Prove the local formulae (2.1.42), (2.1.44), (2.1.49) and (2.1.50). Derive a 
local formula for the covariant derivative of an arbitrary tensor field t, cf. Exercise 
2.1.2. Conclude that, in particular, in local coordinates the covariant derivative of t 
is given by 


Trade ~ tac tia: a Wii shiek 
Vag tig = et HD Tint pa eee 
1 1 


2.1.8 Prove the statement of Remark 2.1.28. 


2.1.9 Prove the statements of points 1 and 2 of Remark 2.1.30. 


2.2. H-Structures and Compatible Connections 


In the sequel, we will meet reductions of the frame bundle L(M) to various Lie 
subgroups of GL(n, R). The following concept allows for a unified treatment of all 
of them. 
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Definition 2.2.1 (H-structure) Let M be a smooth manifold. 


1. A reduction P of the frame bundle L(M) to a Lie subgroup H C GL(n, R) is 
called an H-structure on M. 

2. An H-structure P is called integrable if for every point m € M there exists a local 
chart (U, «) with local coordinates x/ such that the induced holonomic frame {8 id 
is a local section of P. Such local coordinates are called admissible. 

3. Let gy: M > M be a diffeomorphism. If gy’ : TM — TM leaves P invariant, 
then ¢ is called an automorphism of the H-structure. 


Clearly, the automorphisms of an H-structure form a group. By Corollary 1.6.5, 
reductions of L(M) to a Lie subgroup H Cc GL(n, R) are in one-to-one correspon- 
dence with smooth sections of the associated bundle 


L(M) Xcia,R) (GL(@, R)/#), (2.2.1) 


or, equivalently, with elements of Homg,(n,R) (L(M), GL(n, R)/H). Thus, the exis- 
tence of an H-structure on a manifold M is a topological problem which can be 
dealt with by applying methods of obstruction theory. In particular, if GL(n, R)/H 
is contractible, then an H-structure certainly exists. Note that, geometrically, an 
H-structure should be viewed as a bundle of distinguished frames on M. 

Recall from Definition 1.6.11 the general notion of compatible connection. 


Definition 2.2.2 A linear connection on M is called compatible with the H-structure 
P if it is reducible to P. 


Next, recall Proposition 1.6.10 characterizing the reducibility of connections on 
principal bundles in terms of G-homomorphisms. 


Proposition 2.2.3. Let P be an H-structure on M and let 
® : L(M) > GL(n, R)/H 


be the GL(n, R)-equivariant mapping defining P. Assume that GL(n, R)/H embeds 
intoaGL(n, R)-module F.. Then, a linear connection w on L(M) is compatible with 
the H-structure P iff ® is parallel with respect to a, that is, iff 


D,® =0. 


Proof By the proof of Proposition 1.6.2, P = {u € L(M): é(u) = (af. Thus, the 
restriction of D,® = 0 to P reads 


o'(w)[1] = 0, 


which holds iff @ restricted to P takes values in the Lie algebra of H. This is 
equivalent to being reducible to P. a 
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Clearly, for a given H-structure P we may restrict the soldering form 6 of L(M) 
to P and, thus, for any connection w on P we have a torsion 2-form © on P defined 
by (2.1.10). One says that w is torsion-free if © vanishes. 


Proposition 2.2.4 If P is an integrable H-structure on M, then it admits a torsion- 
free connection. 


Proof Let 1 : P — M be the canonical projection. Let s be an integrable local 
section of P over U C M. Taking the tangent bundle of the graph of s and extending 
itusing the right H-action to a distribution on P, we obtain aconnectiononz~!(U) C 
P. Then, integrability implies s*d@ = 0 (Exercise 2.2.1) and, thus, vanishing of the 
torsion. Next, we patch together these local connections to a connection on P using 
a partition of unity. Since torsion is additive this yields the assertion. a 


Since any other connection w’ on P differs from @ by a horizontal 1-form a on P 
with values in the Lie algebra h of H, 


OC’ =O+aN86. 
By Remark 2.1.16, © and a may be identified with H-equivariant functions 
T:P—> \?(R"* @R", &:P—> (R")* Bh, 
respectively. Since H C GL(n, R), we have a natural inclusion 
ty : 6 > End(R”) = (R")* OR". 


Thus, under the above identification, a A @ is a function on P with values in 
A?(R")* @ R". We claim that it coincides with the image of @ under the mapping 


5: (R")* @h > A7R")* OR", 5:= (@@ idgr) 0 (idan @ty), (2.2.2) 


where a : (IR")* @ (R")* > A? (R")* is the anti-symmetrization mapping. Indeed, 
using a@(u)(x) = a(B(x)) , we calculate 


(a A O)u(B(x), By) = (@(W)(%))y — (4) (Y))x = (8 0 &W)) (x, y). 


As a result, 


TJ’ =F +8(&). (223) 


Let 
pr: A?(R")* ® R” > coker(é) = (A7R"y" ® R") /im(6) 
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be the natural projection.’ Then, the mapping 
t: P + coker(6), tu) :=pr(Z(u)), (2.2.4) 


does not depend on the choice of the connection. This motivates the following defi- 
nition. 


Definition 2.2.5 The mapping T is called the intrinsic torsion of the H-structure P. 
Moreover, P is called torsion-free if t vanishes. 


Clearly, t yields the obstruction to the existence of a torsion-free connection on P. 
Proposition 2.2.6 Let P be an H-structure. Then, the following hold. 


1. [fw and o' are torsion-free connections on P anda! = w +a, then a(u) € ker 5 
for every u € P. In particular, if ker(5) = 0, then P admits at most one torsion- 
free connection. 

2. P has a torsion-free connection iff it is torsion-free. 


Proof The first assertion follows immediately from (2.2.3). For the second one, if P 
has a torsion-free connection, then it is clearly torsion-free. We prove the converse: 
let w be a connection with (non-vanishing) torsion ©. By assumption, t = 0. Thus, 
ZF (u) € im(5) for every u € P. That is, there exists an equivariant mapping @ : 
P — (R")* ® 6 such that Y = 5(a@). Let w be the unique horizontal 1-form on P 
corresponding to @. Then, w’ = w — a is a torsion-free connection. a 


In particular, as an immediate consequence, we obtain 
Corollary 2.2.7 [f 6 is bijective, then P admits a unique torsion-free connection. @ 


Next, let us discuss a number of relevant examples. 


Example 2.2.8 (Orientation) We take H = GL,(n, R). Then, GL(n, R)/H = Zo. 
According to Example 1.6.6, a section of the associated bundle (2.2.1) exists iff the 
manifold is orientable, that is, iff the first Stiefel- Whitney class® of M vanishes. 
In this case, the H-structure consists of those frames which are compatible with a 
chosen orientation. Note that this H-structure is integrable. Also note that automor- 
phisms of this H-structure are exactly the orientation-preserving diffeomorphisms 
of M. 4 


Example 2.2.9 (Volume form) We consider H = SL(n, R). The basic representation 
of GL(m, R) on R” induces the following GL(n, R)-action on /\"(R")*: 


GLin, R) x A\"(R"* > A" (R")*, (av) det(a)-v. 


7The mapping 6 and its cokernel have an interpretation in terms of Spencer cohomology of § which 
we suppress here. For details, see e.g. [569]. 


8See Sect. 4.2. 
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Restricted to /\"(R”)* \ {0}, this action is transitive and has the common stabilizer 
SL(m, R). Thus, 
GL(n, R)/SL(@, R) = A"(R")* \ {0}. 


Via the natural isomorphism /\"T*M = L(M) xcim.e /\"(R")*, the sections of 
the associated bundle (2.2.1) are in one-to-one correspondence with volume forms 
on M. The SL(n, R)-structure corresponding to a given volume form v consists of 
those frames u fulfilling 

v=wof/\"u, 


where Vo is the canonical volume form on R”. Since GL(n, R)/SL(, R) is homo- 
topy equivalent to GL(n, R)/GL4(n, R), M admits an SL(n, R)-structure iff M is 
orientable. Moreover, it is easy to show that any SL(n, R)-structure is integrable 
(Exercise 2.2.2). Finally, note that the automorphisms of this H-structure are the 
volume-preserving diffeomorphisms of M. ) 


Example 2.2.10 (Almost complex structure) Take H = GL(n,C) canonically 
embedded in GL(2n, R) via 


atibwhe E P 


. 7 , a,beGL(n,R), (225) 


and consider the canonical complex structure on R*” given by 


Jo = bi fa ; (2.2.6) 


Since End(R2”) = (R?”)* @ R?”, the basic representation of GL(2n, R) induces a 
GL(2n, R)-module structure on End(R2”) given by 


GL(2n, R) x End(R?”) > End(R"), (g, A) gl Ag. 


Since End(R2") is the Lie algebra of GL(2n, R), this is merely the adjoint represen- 
tation. Now, by Proposition I/7.1.2, the induced action of GL(2n, R) on the subset 


of endomorphisms fulfilling A* = — id is transitive and the stabilizer of Jo is 
a b 
Ay, = NS | :a,b e€ GLa, R} = GL(n, C). (2.2.7) 
Thus, 


GL(2n, R)/GL(n, C) = {A € End(R™) : A* = — id} . 


Thus, by (2.2.1), GL(n, C)-structures are in one-to-one correspondence with sections 
J of End(TM) fulfilling Al = —id for every m € M. A GL(n, C)-structure will be 
referred to as an almost complex structure on M and (M, J) will be called an almost 
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complex manifold. Since End(R?”) = (R*")* @ R®”, J may be viewed as a tensor 
field on M of type (1, 1). The GL(n, C)-structure defined by J will be denoted by 
C(M, J) and will be referred to as the bundle of complex linear frames. Note that it 
consists of frames fulfilling 

uodg =JUn ou, (2.2.8) 


where u : R>" —> T,,M as usual. It is easy to show that every almost complex mani- 
fold is orientable (Exercise 2.2.4). For a discussion of the obstructions to the existence 
of almost complex structures we refer to [431]. 

Next, let us discuss integrability. By (2.2.8), an almost complex structure (M, J) 
is integrable if M has the structure of a complex manifold such that for any system 
of admissible local coordinates (x',...,x”, y!,..., y”) we have 


0 0 0 0 
J a , J = : 
axk ay* ayk axk 
Then, z* := x* + iy* provide M with a local chart of complex coordinates. Con- 
versely, we have 


Proposition 2.2.11 Viewed as a real C®-manifold, every complex manifold M car- 
ries a natural induced integrable almost complex structure. 


Proof Let {(U;, «;)} be aholomorphic atlas of M consisting of charts k; : U; > C”. 
For every i, we define an associated mapping &; : U; > R?”" given by 


Kj(m) == (Re(Ki(m)), ..., Re(kn(m)), Im(«i(m)), ..., Im(kn(m))) , 


which clearly provides a C®-chart on U;. Thus, {(U;, «;)} endows M with the 
structure of a real C®-manifold. Next, consider R2” with the global coordinates 


x!,...,x",y!,...y”. Then, 


0 7] 0 C) 
J = , J =) = , 
ax* ayk ayk ax 


clearly defines a complex structure on R?”. We transport this complex structure to 
M, viewed as a real manifold, via the local charts «;. The almost complex structure 
defined in this way is independent of the choice of the atlas, because the transition 
mappings are holomorphic and a mapping of an open subset of C” to C” leaves an 
almost complex structure on C” invariant iff it is holomorphic (Exercise 2.2.3). By 
construction, the above almost complex structure is integrable. Indeed, 


oy ( i baths @ F e jee eg d ) 
ax! ax" dy! dy” 


provides a local section of the GL(n, C)-structure defined by J. a 
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To summarize, an almost complex structure is integrable iff it is induced from a 
complex structure. The following notion provides a criterion for integrability. 


Definition 2.2.12 Let (M, J) be an almost complex manifold. The Nijenhuis tensor 
of (M, J) is the tensor field N « (rs (M)) defined by 


N(X, Y) := [JX, JY] — [X, Y] — J(LX, JY]) — J([UX, YJ), X,Y e X(M). 


The following deep theorem holds, see [485]. 


Theorem 2.2.13 (Newlander—Nirenberg) An almost complex structure J is inte- 
grable iff the Nijenhuis tensor of J vanishes. a 


Next, we show that J implies a natural splitting of tensor bundles over M. In par- 
ticular, this will imply a variety of equivalent criteria for integrability. From now on, 
let T = R*” denote the basic GL(2n, R)-module, let T* be the dual (contragredient) 
module and let Tc and Tg be the complexifications of T and T*, respectively. We 
extend Jo to a C-linear mapping of Tc and decompose Tc into eigenspaces T!° and 
T°! corresponding to the eigenvalues i and —i of Jo: 


Tc =T!°@T!. (2.2.9) 
Then, 
T!° = {X —idgX:X ET}, Tol ={X+idgX:X ET}. (2.2.10) 


On the other hand, recall from Sect.7.5 of Part I that Jp endows T with the structure 
of a complex vector space, denoted by V, via 


(a+ib)X :=aX+bJoX, a,bER, X ET. (2.2.11) 

Clearly, V = C” carries the basic GL(n, C)-module structure. Let ¢ be the natural 

embedding of V into Tc. Via this mapping, a chosen basis (€;, ..., €,,) in V induces 
a basis (e€;, Joei,---, €n, doen) in Tc. By (2.2.11), for Z = (X* +i¥")e, we have 

u(Z) = X*e, + Y* Joes. (2.2.12) 


Note that ¢ is not complex linear. Next, let pr'° : Te > T!° and pr°! : Te > T®! 
be the canonical projections. Then, 


pe” o:V—> Tho. pr! o:V—> TY ; (2.2.13) 
are C-linear and C-anti-linear vector space isomorphisms, respectively (Exercise 


2.2.6). Next, recall the embedding GL(n, C) ~ GL(2n, R) given by (2.2.5). It 
extends to Tc by 
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p:GL(,C)xTe> Tc, p(g) 7 | = E | H = bee 


One easily checks (Exercise 2.2.6) that for any Z € V, 
pr? op(g) o(Z) = (a +ib)Z, pr! op(g)ou(Z) =(a—ib)Z. (2.2.14) 


On the other hand, the subspaces T!° and T°! are invariant under the GL(n, C)-action 
and, by (2.2.5), they carry the basic representation of GL(n, C) and its conjugate, 
respectively. It follows that V and T!\° are isomorphic as GL(n, C)-modules. 

Next, note that, by duality, the decomposition (2.2.9) implies a decomposition 


Peat ar. (2.2.15) 


where T*!'° and T**! are the annihilators of T°! and T!°, respectively. Thus, they 
carry the dual of the basic and the basic representation of GL(n, C), respectively. 
This decomposition induces the following decompositions: 


Fal lure = PB Art : Pq A? Teh @ Ne Tro ; (2.2.16) 


pt+q=k 
Clearly, in analogy to (2.2.9) and (2.2.15), J induces decompositions 
TcM =T'" uM @eT!M, ToM=T’u @T*lm. (22:17) 


Note that, as a complex vector bundle, TM is C-linearly isomorphic to T':°M via 
(2.2.13). Corresponding to (2.2.16), we have 


A‘T*cM = @ APM, APM = APT M@ATTO'M. (2.2.18) 
ptq=k 


The spaces of sections of \“T*cM and [\?1M will be denoted by 92% (M) and by 
2?:4(M), respectively. Elements of 22”4(M) are called differential forms of type 
(p,q). Let us denote the projection to 22?°4(M) by IT?’4, Extending the exterior 
differential C-linearly, we may define mappings 2 : 2?4(M) > @?*!4(M) and 
0: 2?-4(M) > 2?-4t!(M) via 


O:=77"*!40d, O:= "41 od. (2.2.19) 
Proposition 2.2.14 For an almost complex manifold, the following conditions are 
equivalent: 


1. N(X,Y) =0 forall X,Y € X(M). 
2. T!.°M is involutive. 
3. d(Q"°(M)) C 2?°(M) @ 2"""(M). 
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4. Foranya € 2%(M), we have da = da + da. 


Proof Recall that, as a real vector space, Tc decomposes as Tc = T + iT. Cor- 
respondingly, we have real linear projections Re, Im: Tc — T defined by W = 
Re(W) + ilm(W) for all W € Tc. Now, for any X, Y € X(M), we calculate 


N(X, Y) = [JUX, JY] — [X, Y] —J((X, J¥]) — J(u, YD) 
= —Re([X — idX, Y —idY] + iJd[X — idX, Y — iJY]) 
= —8Re([X"°, ¥?°]"?). 


Since for elements W € T®! we have Im(W) = J(Re(W)), points 1 and 2 are equiv- 
alent. For a € Q!°(M) and X, Y « r™(T!°M), 


da(X, Y) = X(@(Y)) — Y(@(X)) — a([X, Y]) = —a([X, Y]), 
where @ € 2°!(M) defined by a(W) = a(W) with W denoting the conjugation in 
Tc. This implies the equivalence of points 2 and 3. Clearly, point 4 implies point 


3. Thus, it remains to prove the converse. We note that d = 0+ 4 holds iff da € 
Q?+14(M) ® 2?-4+!(M) for any a € 2?-4(M). Locally, 


a=forrn..raveagia...ag#, ov €2' (mM), g € 2°'(M). 


Wehaved f € 2!°(M) @ 2°!(M),d0* € 22°(M) ® 2'!(M). Since Q™(M) = 
2°:!(M), point 3 implies dg’ € 2'!(M) @ 2° (M) and the assertion follows. Ml 


Corollary 2.2.15 [fan almost complex structure J is integrable, then 
a=0, 0 =0, 000+d000=0. (2.2.20) 


Conversely, if a = 0, then J is integrable.? 


Proof The first assertion is an immediate consequence of d* = 0. The second asser- 
tion is left to the reader, see Exercise 2.2.7. |_| 


Let z* be local coordinates on a complex manifold M. Then, any a € 26(M) locally 


reads!° a = a,,dz! A dz’ and 
0 = 0 
Bo = dk Adz! Adz, Ba = az Adz! A az’. 
azk az* 


°Using the operator 3, one can build a cohomology theory for complex manifolds, called the 
Dolbeault cohomology, see [336]. 
!0We use the notation of Sect. 4.1 of Part I. 
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Finally, we note that a diffeomorphism g : M — M is an automorphism of an 
almost complex structure J iff gy’ o J = Jo g’. If J is integrable, then this means that 
g is holomorphic. ¢ 
The following example is closely related to Example 1.6.6. 


Example 2.2.16 (Pseudo-Riemannian metric) Denote the vector space of symmetric 
covariant tensors of second rank on R” by S?IR”. Endow R” with a pseudo-Euclidean 
metric 1 € S?IR” with signature (k, 1) where n = k + 1. The basic representation of 
GL(n, R) induces a GL(n, R)-module structure on S7IR” given by 


o : GL(n, R) > Aut(S?R"), o(a):=(a!)? @(a!)". (2.2.21) 


As already noted under point 2 of Example 1.6.6, by the Sylvester Theorem, GL(n, R) 
acts transitively on the subspace SiR" C S?R" consisting of elements with fixed 
signature, and the stabilizer of 7 is O(k, /), that is, 


GL(n, R)/O(k, 1) = $2, yR". 


Thus, by (2.2.1), O(k, /)-structures are in one-to-one correspondence with pseudo- 
Riemannian metrics g on M and the O(k, /)-structure corresponding to g coincides 
with the bundle O(M) of frames which are orthonormal with respect to g. If (M, g) 
is oriented, then O(M) further reduces to a principal SO(k, /)-bundle, denoted by 
O,(M). Note that GL(n, R)/O(n) is contractible. Thus, an O(7)-structure, that is, 
a Riemannian metric, always exists. On the contrary, for an arbitrary signature, 
Ock, 1)-structures may not exist. E.g. the obstruction to the existence of a Lorentz- 
structure'! on a 4-dimensional oriented manifold is given by the Euler class of the 
tangent bundle. Thus, for a non-compact M, there is no obstruction. Below, we will 
see that associated with a pseudo-Riemannian structure, there is a unique torsion- 
free connection. Then, point 1 of Remark 1.4.7 implies that an O(k, /)-structure 
is integrable iff the curvature of this connection vanishes. Equivalently, a pseudo- 
Riemannian structure is integrable iff it is locally flat, that is, if for every point of M 
there exists a neighbourhood on which g is given by the Euclidean metric. 

Clearly, adiffeomorphism g : M — M isanautomorphism of an O(K, /)-structure 
iff g is an isometry of the corresponding pseudo-Riemannian metric g, that is, 
y*g = g. It can be shown, see Theorem 3.4 in Chap. VI of [381], that the group 
of isometries carries a Lie group structure with respect to the compact-open topol- 
ogy. This Lie group will be denoted by /(M). 4 


Example 2.2.17 (Conformal structure) For n > 3, consider the Lie subgroup 
CO(n) := {a € GL(@,R): a’a=cl,ceR,c>0}. 


Clearly, CO(n) = R, x O(n). By the previous example, GL(n, R) acts transi- 
tively on the space Sh. ; RX". Thus, it also acts transitively on the set of conformal 


1A pseudo-Riemannian structure with signature (+, —, —, —). 
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equivalence classes of elements of Sy pR" defined by the relation 7 ~ 7 iff n’ = cn 
for some positive real number c. Clearly, the stabilizer of an element [7] is CO(”). 
Thus, CO(n)-structures are in one-to-one correspondence with conformal equiva- 
lence classes [g] of metrics on M, with the equivalence defined as follows: two 
metrics g, and g, are conformally equivalent iff they differ by a positive function. 
The CO(7)-structure corresponding to class [g] is denoted by COW) and is referred 
to as the bundle of conformal frames. 

Since CO(n) = R, x O(n), the representation theory of CO(n) is essentially 
obtained as an extension of the representation theory of the orthogonal group O(). 
The irreducible representations of R; on R are labeled by real numbers r € R and 
are given by 

R,xR-R, (t,x) Prx. 


The number r is called the conformal weight of the representation under considera- 
tion. Let us denote the corresponding representation space by L” (acopy of R). Then, 
a typical CO-module is a tensor product of an O(n)-module with L”. Note that, with 
respect to the conformal structure [g], the tangent and the cotangent bundles can 
no longer be identified, because they correspond to representations containing the 
factors L’ and L~’, respectively. Clearly, on the level of vector bundles over M, the 
additional factors L” corresponds to building the tensor product with an associated 
line bundle characterized by r. 

In close relation to the previous example, one can show that a conformal structure 
is integrable iff itis locally conformally flat, that is, iff for every point of M there exists 
a neighbourhood on which the metric is given by g = f7go, where gp is the (flat) 
Euclidean metric and f is a nowhere vanishing function on that neighbourhood. 
If this condition holds globally, then one says that (M, g) is conformally flat or, 
equivalently, that (M, [g]) is flat. 

A diffeomorphism g : M — M is an automorphism of a CO(7)-structure iff there 
exists a nowhere vanishing function f € C®(M) such that y*g = f*g, where g 
is some representative of this structure. The automorphism group of a conformal 
structure (M, [g]) is called the conformal group of (M, [g]). It will be denoted by 
C(M, [g]). The following classical theorem may be found in [381].!? 


Theorem 2.2.18 Let (M,g) be a connected n-dimensional Riemannian manifold 
with n > 3. Then, its conformal group C(M, [g]) is a Lie group of dimension at most 


zn + In + 2). a 
For a systematic study of conformal geometry, we refer to [61, 119, 382, 492, 686, 
608]. ¢ 


Example 2.2.19 (Almost Hermitean structure) Recall from Example I/7.5.5 that, in 
the standard embedding (2.2.6) of GL(n, C) ~ GL(2n, R), we have 


U(n) = SOQ@n)N GLa, C). (2.2.22) 


!2The authors of [381] outline a proof based upon results of Eisenhardt [183] and Palais [499]. 
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Explicitly, 


Un) = 1E 7 :aa™ + bb’ =1, ab’ — ba’ =0, a,b © GL(n, R) 


b 
(2.2.23) 
This shows that we may combine an almost complex structure C(M) with the 
SO(2n)-structure O;(M) of a 2n-dimensional (oriented) Riemannian manifold by 
intersecting them. On the algebraic level, Jono = n. Thus, if we assume that J is an 
isometry, that is, 
gJUxX, JY) =g(X,Y), X,Y eX(M), (2.2.24) 


then the intersection 
U(M) := C(M) 1 O4(M) (2.2.25) 


is a U(n)-structure.!? It is called the bundle of unitary frames. If (2.2.24) is fulfilled, 
we Say that g is a Hermitean metric with respect to J. The triple (M, g, J) is called an 
almost Hermitean manifold. If, additionally, J is integrable, then (M, g, J) is called 
a Hermitean manifold. Note that 


B(X, Y) := g(X, JY) (2.2.26) 


is a non-degenerate 2-form on M. Thus, 6” is a nowhere vanishing 2n-form, 
that is, an orientation of M. This shows that every almost Hermitean manifold is 
endowed with a canonical volume form. Existence and integrability criteria of almost 
Hermitean structures are obtained from Examples 2.2.10 and 2.2.16 above. Clearly, 
a diffeomorphism g : M — M is an automorphism of a U(n)-structure iff it is an 
automorphism of the GL(n, C)- and of the SO(2n)-structure. 

We give an equivalent description of an almost Hermitean manifold (M, g, J). 
Viewing its tangent bundle TM as a complex vector bundle, each of its fibres carries 
a Hermitean scalar product, given by!* 


h(X, Y) := g(X, Y) + ig(X, JY). (2.2.27) 

Equivalently, by (2.2.26), 
h(X, Y) = g(X, Y) + iB(X, Y) = BWSX, Y) + iB(X, Y). (2.2.28) 
Note that h is linear in the first and anti-linear in the second entry (Exercise 2.2.8). 


as (TM, h) is a Hermitean vector bundle, cf. Definition 1.1.16. As usual, let 
h, g and J be the equivariant mappings corresponding to h, g and J, respectively. 


'3Tt suffices to assume that C(M) and 0+ (M) have a nonempty intersection over every point of M. 


'4See Sect. 7.5 of Part I. Note that we have changed conventions in order to be compatible with the 
standard literature. 
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Restricted to U(M), g and J coincide with the Euclidean metric n and the standard 
complex structure Jo, respectively. Let ho be the Hermitean form defined by 7 and 
Jo via (2.2.27). Since n is SO(2n)-invariant and since J9 commutes with the U(n)- 
action, hg is U(m)-invariant. This yields the following. 


Proposition 2.2.20 Relative to a given almost complex structure J on M, U(n)- 
structures on M are in one-to-one correspondence with Hermitean fibre metrics on 
TM.’ a 


Finally, we give a characterization of the above objects in terms of the decompositions 
(2.2.9), (2.2.15) and (2.2.16). Here, T may be viewed as the basic SO(2n)-module 
and, by (2.2.22), the subspaces T!-° and T°! carry the basic representation of U(n) 
and its conjugate, respectively. Thus, V and T!\° are isomorphic as U(n)-modules. 
For k = 2, the decomposition (2.2.16) takes the form 


A’T'e = N° @ AM Q , (2.2.29) 


By standard representation theory, the adjoint representation of U(n) is given by the 
tensor product of the basic representation and its dual. Thus, after intersecting with 
the real exterior product A’T*, formula (2.2.29) corresponds to the decomposition 
o(2n) = u(n) @ u(n)+ , where 


un)=A'in ACT, unt = (A>° ® A°”) nN ACT*. (2.2.30) 


For a given basis (e;, Je;,..., €n, Je,) of T, let (9', g!,..., 9", gy”) be the dual 
basis in T*. Clearly, the latter yields the bases 


(Avy, Wag}, (er aA@}, k<l, kl=1,...n, 


in, respectively, er. \ ‘sl and uae In particular, for (e;,..., €,) we may choose 
the standard basis in V = C”. Since h takes values in the space of bilinear forms on 
Tc, we obtain (Exercise 2.2.9) 


hu) = Dio @ oH +p Oo —i DH Ag, (2.2.31) 
k=1 k=1 
for any u € U(M). From (2.2.28), we read off 
Gu) = VO @H* +9 @'), Bu=—Divingh. (2.2.32) 
k=1 k=1 


To summarize, for u € U(M), 


‘Clearly, this is consistent with Example 1.1.18, where we considered the orthonormal frame 
bundle of an arbitrary vector bundle carrying a fibre metric. 
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hwe A, awe (Ae A°”) NST, Bue ANN ArT. 


(2.2.33) 
Note that B(u) € u(m) is U(n)-invariant. Thus, it spans a 1-dimensional invariant 
subspace in u(m) and gives rise to the decomposition u(m) = su(n) @ iR. + 


Example 2.2.21 (Almost symplectic structure) Consider H = Sp(n, R). Recall that 
this is the group of linear transformations of R2” leaving the standard symplectic form 
(2.2.6) invariant.!® Thus, Sp(n, R)-structures are in one-to-one correspondence with 
2-forms on M of maximal rank. Such structures are called almost symplectic. By 
the previous example, each almost Hermitean structure defines such a 2-form 6. By 
Proposition I/7.5.3, 


Sp(z, R) 0 GL(@, C) = U(m) = SO(n) N Sp(v, R), 


and, thus, each pair built from the triple (g, J, 8) yields the same U()-structure. 
Moreover, since Sp(n, R) and GL(n, C) contain U(n) as their maximal compact 
subgroup, M admits an almost symplectic structure iff it admits an almost complex 
structure. Clearly, by the Darboux Theorem I/8.1.5, an almost symplectic structure 
is integrable iff d8 = 0. Then (M, £) is called a symplectic manifold. A Hermitean 
manifold (M, g, J) such that the 2-form f defined by (2.2.26) is closed is called 
Kahler. For the discussion of existence, see Remark I/8.1.4. 

Clearly, a diffeomorphism g : M — M is an automorphism of an Sp(n, R)- 
structure iff g* 6B = B.If (M, 8) is symplectic, then ¢ is called a symplectomorphism. 
For the study of the group of symplectomorphisms see Sect. 8.8 in Part I. + 


In the remainder of this section, we discuss compatible connections. 


Example 2.2.22 (Metric connection) By Example 2.2.16, pseudo-Riemannian man- 
ifolds are in one-to-one correspondence with O(k, /)-structures. Thus, let (MW, g) be 
a pseudo-Riemannian manifold and let O(M) be its O(k, /)-structure. In terms of 
the corresponding equivariant mapping 9, 


O(M) = {u € L(M): §(u) = n}, (2.2.34) 


where 7 is the standard inner product on R” with signature (k,/). By Proposition 
2.2.3, a linear connection w on M is compatible with the O(k, /)-structure iff g is 
parallel with respect to w. A linear connection fulfilling this condition is called metric. 
By (2.2.21), the metricity condition Dg = dg + o'(w)g = 0 reads 


dg — (o' @14+1@a") G)=0. (2.2.35) 
More explicitly, decomposing w with respect to the basis {E/;} in gl(n, R) and g 


with respect to the basis in S?R"” induced from the standard basis of R”, (2.2.35) 
takes the form 


!16Note the double role of Jo. 
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7 ae 
dg jx — GjO'k — Go j =O. (2.2.36) 


But, on O(M) we have 9;; = 7 and, thus, dg ;, = 0. This shows that w is metric iff 
its reduction to O(M) fulfils 
Wjk + Oj = 0, 


that is, iff this reduction takes values in the Lie algebra o(k, /), indeed. Equivalently, 
the metricity condition is given by Vg = 0. Since Vx is a derivation of the tensor 
algebra, the latter is equivalent to 


X(Qg(Y, Z)) = G(VxY, Z) + g(Y, VxZ), (2.2.37) 


for any X, Y, Z € X(M). 


Remark 2.2.23 Let (V, q) be a quadratic vector space over K. Assume that K is R 
or C and that q is non-degenerate. Recall from Example I/5.2.6 that the Lie algebra 
o(V, q) of the orthogonal group O(V, q) coincides with those endomorphisms of V 
which are anti-symmetric with respect to the symmetric bilinear form 7 of q. In the 
context of Clifford algebras, see Sect.5.2, we will see that the following canonical 
isomorphism of Lie algebras holds: 


2 I Dent 
xk :0(V,q) > \ V, K(A= gai) An (0), (2.2.38) 


where {e;} is a g-orthogonal basis in V and {:/} is the dual basis. Denoting Ay = 
g(ex, Ae;), we obtain 


Is ier 
(A) = pn! A(e;) Ae; = Ae; Ae). (2.2.39) 


4 
Proposition 2.2.24 Any O(k, 1)-structure has a unique torsion-free connection. 


Proof By Corollary 2.2.7, it is enough to show that the mapping 6 given by (2.2.2) is 
bijective. In the case under consideration, h = o(k, 1) = A°R" = A2(R")*. Thus, 


5: (R")*@ \7R")* > A7R")* OR". 


Let a € (R")* @ A2(R")* and let a; ;, be the components of a in the basis induced 
from the standard basis of R”. Then, oj, = —ojx; and the components of 5(q) are 
given by 5 (aijx — ajix). Assume 6(a@) = 0. Then, 


ijk = Ajik = ~Ajki = ~Akji = Akij = Aiki = —Aijk 


that is ker(5) = 0. Now, bijectivity follows from dimension counting. a 
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A classical proof of Proposition 2.2.24 is obtained by using (2.2.37) and (2.1.33), 

X(g(Y, Z)) = g(VxY, Z) + 9(Y, VxZ), O= VY —VyX —[X,Y]. 
Then, by direct inspection (Exercise 2.2.10), 


29(Vx¥, Z) = X(g(Y, Z)) + Y(g(X, Z)) — Z(g(X, Y)) 
+ g([X, Y], Z)+9(1Z, X], Y) + 9((Z, Y], X). (2.2.40) 
One easily checks that this equation defines a torsion-free connection. In the sequel, 
the unique torsion-free connection defined by g will be called the Levi-Civita con- 
nection. 


Finally, we derive local formulae for the Levi-Civita connection. In contrast to 
general linear connections, here we have two natural types of local frames: 


(a) local holonomic frames {0;} induced from arbitrary local charts (U;, «;), 
(b) local frames {e;} which are orthonormal with respect to g. 


Since the formulae (2.1.42), (2.1.44), (1.5.8) and (2.1.46)-(2.1.50) hold true for any 
local frame, they clearly apply here. Let e be an arbitrary local frame. By (2.2.40), 


2g(Ve,ej, ek) = ei (D jx) + ej Gin) — eK (Gij) FCG + Cle + CED » 


where g;; = g(¢;, e;). Thus, 


1 
m= o (€:(Gjx) + €; Giz) — x (Gi;)) 


+= (Cj +9" 9) ;Cr + 9°" G{C'Kj) - (2.2.41) 


Nile 


For the case (a), we have g;; = g(0;, 0;) and Cy = 0. Thus, 
m 1 mk m m 
mip = 59 jet Gay —Gjaeds Phy Hore: (2.2.42) 
For the case (b), we have g; j= Nij and, therefore, 
1 
rey = 5 (Cj A a ni C! ki A yim miC' kj) ; (2.2.43) 


Thus, [hij = Mem" = 5 (Cri + Cjxi + Cixj) and, consequently, for case (b) we 
have 
Dj = —! jik, Vix => 0. (2.2.44) 


Using (2.1.46) and (2.2.43), we obtain 
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dd! (e;, ex) = —0' ([ej, ex]) = ej — I" jx 


and, thus, 
dvi = -F' vi av, (2.2.45) 


Comparing with (2.1.46), we read off 
dd’ = 0 AV,,0° (2.2.46) 
This implies the following useful formula (Exercise 2.2.11). For any a € 92*(M), 
da = 2 AV. a. (2.2.47) 


Since the operator d is intrinsically defined, this formula does not depend on the 
choice of the frame. It can be rewritten as 


dor(eo,..., ek) = >/(-1)/ (Ve,@) (60, Le ex)) - (2.2.48) 
j 


By the locality property of V and by the multilinearity of a, we conclude 
. i 
da(Xo,...,X.) = Sev (Vx,0) (Xo, .1., Xx), (2.2.49) 
j 


for any set of vector fields Xo,..., X, on M. ¢ 


Example 2.2.25 (Almost complex connection) By Example 2.2.10, GL(n, C)- 
structures on a manifold M are in one-to-one correspondence with sections J of 
End(TM) fulfilling ue = —id for every m € M. By Proposition 2.2.3, a linear con- 
nection w on M is compatible with a GL(n, C)-structure iff J is parallel with respect 
to w. A linear connection fulfilling this condition is called almost complex. Recall 
that the obstruction to integrability of an almost complex structure is given by the 
Nijenhuis tensor NV. 


Proposition 2.2.26 An almost complex manifold (M, J) admits a torsion-free almost 
complex linear connection iff J is integrable. 


Proof We show that the intrinsic torsion vanishes iff J is integrable. Here, the map- 
ping (2.2.2) takes the form 


5: (IR2")* ® al(n, C) me APY @ R™” ; 
We pass to the complexifications of both the domain and the target space of 6 and 


use the decompositions (2.2.9), (2.2.15) and (2.2.29), together with the embedding 
(2.2.5). Then, the target space reads 
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(A?T%) @Te = (A° ® AM ® ae, @ (Th @ T*!) 
= (A*° QT") ® Ca QT") ® (A? eT!) 
® (A*° @ oe) ® (A" eT) ® (A @T*') 


and for the image of 6 we get 


im(8) = ((A""! ® A°”) @ Ts) ® ((A*° ® A'") eT!) _ (2.2.50) 


The latter is obtained by a straightforward calculation, see Exercise 2.2.5. Thus, the 
intrinsic torsion takes values in 


coker(5) = (Ae @T)@ (A2° QT), 


We give the argument for the first component. Let e = (e, ..., é,) be aholomorphic 
frame and let (!,..., 9”) be the dual coframe. Taking the pullback under e of the 
Structure Equation for the torsion, cf. (2.1.15), we obtain 


Tad +a, A0/. 


Evaluating the (1,0)-component of this equation on X,, X2 «I %°(T°!M), we 
obtain 
T'(X1, X2) = —0'([X1, Xo). 


We get the same equation for the (0, 1)-component evaluated on a pair of vector 
fields of type (1, 0). Thus, the intrinsic torsion vanishes iff T'\°M and T°! M are 
involutive. Now, point 2 of Proposition 2.2.14 yields the assertion. a 


By the above proof and point | of Proposition 2.2.14, the Nijenhuis tensor measures 
the torsion of an almost complex linear connection, see also Theorem 3.4 in Chap. 
IX of [381] for a classical proof. + 


Example 2.2.27 (Unitary connection) Here, we take up Example 2.2.19. Thus, let 
U(M) be a U(n)-structure and let (M, g, J) be the corresponding 2n-dimensional 
almost Hermitean manifold. Clearly, by Proposition 2.2.3, a linear connection w on 
M is compatible with the U(7)-structure iff both g and J are parallel with respect to 
m. Such a connection will be called unitary. 

Assume that there exists a torsion-free unitary connection w on M. Since U(M) = 
C(M) NM O1(M) and since the Levi-Civita connection of g is the unique torsion-free 
connection on O,(M), w is necessarily obtained as a reduction of the Levi-Civita 
connection to U(M). Thus, if it exists, it is necessarily unique. 


Proposition 2.2.28 Let U(M) be a U(n)-structure, let (M, g, J) be the correspond- 
ing almost Hermitean manifold and let B be the almost symplectic form defined 
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by the pair (g, J). Then, the Levi-Civita connection w of g is compatible with the 
U(n)-structure iff J is integrable and B is symplectic. 


Proof Assume that w is U(n)-compatible. Then, both g and J are w-parallel and, 
by Proposition 2.2.26, since w is torsion-free and since J is parallel, J is integrable. 
Moreover, the parallelity of g and J imply the parallelity of 8. Then, (2.2.49) yields 
df = 0. The converse statement follows immediately from the identity 


29((VxJ)Y, Z) = dB(X, JY, JZ) — dB(X, Y, Z) + g(N(Y, Z), JX), = (2.2.51) 


where V is the covariant derivative of w and X,Y,Z¢«X(M), see Exer- 
cise 2.2.12. |_| 


Thus, w is compatible with the U(n)-structure iff (M, g, J) is Kahler. For a detailed 
description of Kahler structures in terms of local coordinates we refer to Sects. 4 and 
5 of Chap. IX in [381]. 

Finally, by the discussion in Example 2.2.19, we obtain a characterization of 
unitary connections in terms of the Hermitean fibre metric h defined by g and J. 


Proposition 2.2.29 A linear connection w on a Hermitean manifold (M, g, J) is 
unitary iff the Hermitean fibre metric h defined by g and J is parallel with respect to 
o. 


According to (2.2.33), h(u) € Fag Explicitly, the U(7)-module structure of Ao 
is given by 


o U(r) > Aut(A") , o(g) =(g"')" 8 (g-)". (2.2.52) 


Thus, the metricity condition D h=dh+ o'(w)h = 0 restricted to U(M) implies 


o' @14+1@0'=0. (2.2.53) 
Analyzing (2.2.53) in the standard basis as in Example 2.2.22, we obtain a! + w = 0, 
that is, w takes values in the Lie algebra u(7), indeed. + 
Exercises 


2.2.1 Show that integrability of a section s in an H-structure P implies s*dO = 0. 
2.2.2 Prove that any SL(n, R)-structure is integrable. 


2.2.3 Prove that a mapping of an open subset of C” to C” is compatible with the 
natural almost complex structures iff it is holomorphic. 


2.2.4 Prove that every almost complex manifold is orientable. 


2.2.5 Prove formula (2.2.50). Hint. Leté € (R?”)* anda € gl(n, C) = (C”)* @C". 
To calculate 6(§ @a), decompose both elements with respect to bases 
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adapted to the decompositions (2.2.9) and (2.2.15) and calculate the image explicitly 
using @2.5)" 


2.2.6 Prove that the mappings pr!-? ov and pr®! o1, defined by (2.2.13), are C-linear 
and C-anti-linear, respectively. Show that (2.2.14) holds. 


2.2.7 Prove the second assertion in Corollary 2.2.15. Hint. Use point 2 of Proposition 
2.2.14. 


2.2.8 Prove that h defined by (2.2.27) is linear in the first and anti-linear in the 
second entry. 


2.2.9 Prove formula (2.2.31). 
2.2.10 Give an alternative proof of Proposition 2.2.24 by using (2.2.37) and (2.1.33). 
2.2.11 Prove formula (2.2.47). 


2.2.12 Prove formula (2.2.51). Hint. Prove that g((VyJ)Y, Z) = g(Vy (JY), Z) + 
g(VxY, JZ) and rewrite the terms on the right hand side according to (2.2.40). Use 
formula I/4.1.6. Alternatively, the proof can be found in [381], see Proposition 4.2 
in Chap. IX. 


2.2.13 Prove that for H = Sp(n, R), the cokernel of the mapping (2.2.2) is isomor- 
phic to Aj(R)*. Show that the corresponding intrinsic torsion coincides with the 
exterior derivative of the almost symplectic form, cf. Example 2.2.21. 


2.3 Curvature and Holonomy 


In this section, we continue the discussion of connections compatible with H- 
structures. Here, we consider exclusively torsion-free connections and ask which 
holonomy groups may occur for such a connection. This question has first been 
studied systematically by Berger, see [68, 69]. 

At this point, the reader may wish to recall the basic notions from the general 
holonomy theory as presented in Sect. 1.7. For a linear connection I” in L(M), let 
P,,(") be the holonomy bundle of J” with base point ug € L(M). By Proposition 
1.7.12, I is reducible to P,,, (J”) and thus, for any u € P,,(J"), the curvature $2 of I” 
takes values in the Lie algebra ,,,(I”) of the holonomy group #1") C GL(n, R). 
By the Ambrose-Singer Theorem 1.7.15, we have 


buy) = span {92, (X,Y): ue Py(), X,Y ely}. (2.3.1) 


It is the condition of torsion-freeness which makes the above question nontrivial. If 
we drop this assumption, then any closed Lie subgroup H C GL(n, R) may occur 


'7Cf. also Example 2.2.19. 
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as the holonomy group of a linear connection on some n-dimensional manifold M, 
see [283]. However, in general, such a connection will have a nontrivial torsion. By 
the Bianchi identity (2.1.17), vanishing of the torsion implies 


2QAG0=0, (2.3.2) 


and, by the Ambrose-Singer Theorem, this yields a nontrivial restriction on the 
holonomy. Now, let P Cc L(M) be an H-structure on an n-dimensional manifold 
M, let w be an H-compatible connection and let £2 be its curvature. For simplicity, 
let us denote R” = V. By Remark 2.1.16, we may represent S2 equivalently by the 
curvature mapping 

R:P > NV @h (2.3.3) 


fulfilling the equivariance condition (2.1.25) with respect to the natural representation 
o: H > Aut (A’v @ b) given by 
oa((E At) @ A) := ((a')TE A (a!)"T) @ Ad(a)A. (2.3.4) 


Since the exterior products of the components 6! of 6 span the spaces of horizontal 
forms, (2.3.2) implies that Z takes values in the kernel R(h) of the mapping 


5: A\°>V*¥ @h> APV*@V, 6=(a4@id) o (id Bry), 35) 
where a is the anti-symmetrization mapping, cf. (2.2.2). Clearly, 
K(h) = [F € A’V* @h : F(x,y)z+ Fly, ax+F@,xy=0, x,y,z€ v| : 
The space A(h) is called the space of curvature mappings. 
Lemma 2.3.1 The subspace 
h := span{F(x,y)€@b:F € (bo), x,ye V} (2.3.6) 


is an ideal of }. 
Proof Let F(x, y) € § and let A € bh C End(V). Then, we may write 
[F(x, y), A] = F(x, y) — F(Ax, y) — F(x, Ay), 


where : 
F(x, y) = [F(%, y), A] + F(Ax, y) + F(x, Ay). 


One checks by direct inspection that F € &(h). a 
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Note that F corresponds exactly to the action of A on F obtained by differentiating 
the equivariance condition (2.1.25).'® Thus, by the Ambrose-Singer Theorem, for 
the Lie algebra §,,,(J") of the holonomy group of a torsion-free connection J, we 
have 


Buy (1) = Buy) - 


We conclude that a Lie subalgebra h C gl(n, IR) can occur as the Lie algebra of the 
holonomy group of a torsion-free connection only if it coincides with the ideal h. This 
is commonly referred to as the first criterion of Berger. It yields a necessary condition 
for a Lie subalgebra to be the holonomy Lie algebra of a torsion-free connection. 
Next, let us analyze the Bianchi identity (2.1.16) in terms of #@. The covariant 
derivative DZ = d# + o'(w)& is a horizontal 1-form on P with values in &(h). 


Definition 2.3.2 A torsion-free connection fulfilling DZ = Ois called locally sym- 
metric. 


Decomposing D# with respect to the horizontal frame {6‘}, we obtain a function 
D&: P + V* ® R(h). Using the fact that the commutators of horizontal standard 
vector fields corresponding to a torsion-free connection are vertical (Exercise 2.3.1), 
we calculate 


D2 (B(x), Bly), B(Z)) = d2 (B(x), B(y), B(z)) 
= B(x)(2(B(y), B(z)) — 2((B@), B(y)], B(z)) + cycl. 
= d#(B(x))(y Az) + cycl. 
= DR(x\(y Az) + cyel. . 


Thus, by the Bianchi identity D2 = 0, we conclude that the function DZ takes 
values in the kernel of the mapping 


3’: V* @R(H) > APV* Oh, C37) 
defined as the composition 
V* @ (bh) > V°@A7V* @H> A’V*@H 
of the inclusion and the anti-symmetrization mappings. Clearly, the kernel of 5’ is 
&'(h) = {® € V* @ R(h) : O(x)(y, z) + Ply), x) + P(x, y) =0, xy,zeV}. 
Thus, if h is the holonomy Lie algebra of a torsion-free linear connection that is 


not locally symmetric, then necessarily !(h) 4 0. This is usually referred to as the 
second Berger criterion. 


'8Clearly, this is the action of the Killing vector field generated by A. 
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Definition 2.3.3 A Lie subalgebra h C End(V) is called a Berger algebra if h = b. 
A Berger algebra is called symmetric if &'(h) = 0 and non-symmetric otherwise. 
Correspondingly, a Lie subgroup H C Aut(V) is referred to as a (symmetric or non- 
symmetric) Berger group if its Lie algebra is a (symmetric or non-symmetric) Berger 
algebra. 


By the above discussion, we have the following. 
Proposition 2.3.4 (Berger) Leth Cc End(V) be a Lie subalgebra. Then, 


1. [fh is the Lie algebra of the holonomy group of a torsion-free connection on some 
manifold, then h is a Berger algebra. 

2. If R'(h) =0, then any torsion-free connection on a manifold whose holonomy 
Lie algebra is contained in h must be locally symmetric. 


Based upon these criteria, Berger started to tackle the above classification problem. 
It is natural to distinguish between the following two classes: 


(a) Lie subalgebras h lying in some o0(7), where 7n is some non-degenerate bilinear 
form on V. In this case, the associated H-structure defines a pseudo-Riemannian 
manifold. Therefore, this is called the metric case. 

(b) Lie subalgebras which are not contained in any orthogonal Lie algebra. This is 
called the non-metric case. 


Within this general analysis, Berger obtained a list of candidates for Lie subalgebras 
of type (a) and also an (incomplete) list for type (b).!° These lists where refined and 
completed by the work of Alekseevski [14], Bryant [108, 109], Chi [132], Merkulov 
and Schwachhofer [569]. The final full classification of irreducible holonomies 
of torsion-free affine connections was obtained by Merkulov and Schwachhofer 
[441]. For an exhaustive discussion, we refer to the reviews of Bryant [110] and 
Schwachhéfer [570] and to the textbooks of Besse [76], Joyce [353] and Salamon 
[555]. In [110], the reader can find the complete classification list (divided into four 
parts) together with a lot of information on methods for proving that a given group 
in the list really occurs as a holonomy. It turns out that every such group is realized 
at least locally.”° 

In the remainder of this section, we exclusively consider the metric case. That 
is, we consider (pseudo-)Riemannian manifolds (M, g), endowed with their unique 
torsion-free metric connection (the Levi-Civita connection). Under this assumption, 
the frame bundle reduces to the orthonormal frame bundle O(M) and the whole 
theory may be described in terms of objects living on O(M). Consequently, in the 
case under consideration, the holonomy group is a subgroup of the structure group 
O(k, 1). If the Levi-Civita connection is locally symmetric, we call (M, g) locally 
symmetric. 


!°The list provided by Theorem 2.3.19 below is included in type (a). 

20The appropriate method working for three of the above mentioned four tables is to describe 
torsion-free connections with a given holonomy as solutions to an exterior differential system and 
to apply Cartan’s existence theorem. 
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Definition 2.3.5 Let (M, g) be a pseudo-Riemannian manifold. The curvature map- 
ping 
RB: O(M) > \?V* @ o(k,D) 


of the Levi-Civita connection of g is called the Riemann curvature mapping. Corre- 
spondingly, the curvature tensor R is called the Riemann curvature of (M, g). 


Comparing with the general case, Z has some additional properties coming from the 
fact that we may use the metric 7 to identify V with V*. In particular, o0(k,/) = /\ ay 
and thus 

Riu) € \?V*@® A?V*, (2.3.8) 


for every u € O(M). 


Proposition 2.3.6 The Riemann curvature mapping & of a pseudo-Riemannian 
manifold has the following algebraic properties. For any X, y, Z, w € V, 


B(x, y) = -K#y,x), (2.3.9) 

(A(x, y)Z, W) = —n(#(, y)w, Z), (2.3.10) 

M(AB(X, y)Z, W) = n(A(Z, W)x, y), (2.3.11) 

B(x, y)t+ Bly, 2)x+ Az, x)y =0. (2.3.12) 


Proof Formulae (2.3.9) and (2.3.10) follow immediately from (2.3.8) and formula 
(2.3.12) is a direct consequence of the fact that Z takes values in the kernel R(h) of 
the mapping (2.3.5). It remains to prove (2.3.11). For that purpose, we write down 
the following four versions of (2.3.12). 


0 = n(&(x, y)z, w) + n(BY, ZX, Ww) + (A(z, X)y, wW) , 
0 = n(A&y, Z)w, x) + (AE, wy, x) + n(A(w, y)zZ, x), 
0 = —n(#(@, w)x, y) — n(A(w, x)z, y) — n(#(x, Zw, y), 
0 = —n(4(w, x)y, Z) — n(A(x%, y)w, 2) — n(Ay, w)Xx, Z). 


Summation of these equations and using (2.3.9) and (2.3.10) yields the 
assertion. a 


Remark 2.3.7 


1. By Proposition 2.3.6, 
R >. O(M) > 8? (A’v*) (2.3.13) 


where S? (A’v*) = A’v* ® Move is the symmetrized tensor product. By 
(2.1.25), Z has the following equivariance property, see Exercise 2.3.2, 


B(W,(u))(x, y, u, v) = &(u) (ax, ay, au, av), (2.3.14) 
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fora € O¢k, 1) andx, y,u, ve V. 

2. By (2.1.27), the Riemann curvature R fulfils identities corresponding to (2.3.9)— 
(2.3.12) with x, y,z, w € Vreplaced by X, Y, Z, W € T,,M and n replaced by g. 
Thus, in particular, R € °° (PAT M)). For a local frame {e;}, using (2.1.52) 
we write 

Pijxt = Q(R(e;, ej ex, 7) = R” ijk Omi - 


In this notation, the algebraic properties (2.3.9)—-(2.3.12) read 


Rijkt = —Ryikt, Rij = —Pije, Rijat = Rusij , (2.3.15) 
Rijxt + Ryxii + Reijs = 0 (2.3.16) 
4 


Using the above properties, the space of Riemann curvature mappings A(o(k, /)) 
may be characterized as follows. By standard representation theory of the group 
O(k, 1), forn => 4, one obtains the following decompositions into O(k, /)-irreducible 
modules [76, 555]: 


A3V* @V* = /\°V*@ A‘V* OU, (2.3.17) 
s? (A’v*) =-Revo/\‘view, (2.3.18) 
where D3 stands for the space of traceless endomorphisms of R” (viewed as sym- 


metric 2-tensors) and where U and W are orthogonal complements. By dimension 
counting, U and W are not isomorphic. 


Proposition 2.3.8 The space of Riemann curvature mappings is given by 
Rok, D) = kerg N S? (A’v*) (2.3.19) 


where 
go: N\°V*@N°V* > AtV*, GE @t):= EAT. (2.3.20) 


Proof Under the identifications o(k, /) = A?v* and V = V*, R(o(k, 1)) coincides 
with the kernel of the mapping x : \°V* @ \?V* > A?V* @ V* given by 


XABCAT):= (AACN @tI-(AAT)@E. 


Now, consider the decompositions (2.3.17) and (2.3.18). Viewing x as an O(k, /)- 
intertwining mapping and using Schur’s Lemma, together with the fact that x is 
surjective, we conclude that x must be zero on the irreducible subspaces R, =e 
and W. By dimension counting, these subspaces span the kernel of x. Moreover, 
restricted to S2(A\*V*), x maps onto /\*V* and coincides with g. a 
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Combining (2.3.19) and (2.3.18), forn > 4, we obtain?! 
Ro(k, 1) =ROLOW. (2.3.21) 


This yields a decomposition of the Riemann curvature into its irreducible compo- 
nents with respect to the action of O(k, /). The component =? corresponds to the 
contraction to V* ®@ V* defined by taking the trace of the mapping z» #(z, x)y 
and restricting it to $?(V*). 


Definition 2.3.9 (Ricci tensor) Let (M, g) be a pseudo-Riemannian manifold and 
let Z be its Riemann curvature mapping. The mapping 


Ric : O(M) > S°(V*),  Ric(u)(x, y) = tr{zK Biu)(z,x)y} (2.3.22) 
is called the Ricci curvature mapping. Correspondingly, 
Ric: T,MxT»M—>R, Ric(X, Y):=tr{Z rh R(Z, xX)Y} (2.3.23) 


is called the Ricci tensor of (M, g). 


Note that Ric is of the same geometric type as the metric. Thus, viewing it as a 
mapping T,,M — T* M andusingg™! : T* M > T,,M,wecan define ascalaron M. 


m 


Definition 2.3.10 (Scalar curvature) Let (M, g) be a pseudo-Riemannian manifold 
and let Ric be its Ricci tensor. The function 


Sc: M—>R, Sc(m) :=tr(g7! o Ric)(m) (2.3.24) 
is called the scalar curvature of (M,g). The corresponding equivariant function 


Sc : O(M) — Ris called the scalar curvature mapping. 


The scalar curvature corresponds to the first component in the decomposition 
(2.3.21). The component corresponding to the third summand is called the Weyl 
tensor. In Sect. 2.8, the above decomposition will be discussed in detail for the case 
n=4, 


Remark 2.3.11 Denoting Rj; = Ric(e;, e;), we obtain the following local expres- 
sions for the Ricci tensor and the scalar curvature, 


Ri =O" Rei, Sc=g/Ri;. (2.3.25) 
In particular, for a holonomic frame, we obtain 


Ri = 9 I jp — Oj; i tl jm — Dim jr. (2.3.26) 


21 For k +1 = 3, one obtains A(o0(k, 1))=R@O@ mp: Fork + / = 4, this result belongs to Singer and 
Thorpe [592]. 
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For an orthonormal local frame, we have Rj; = nt! Ryiji. This yields the following 
useful formula 


Ric(X, Y) = ng(R(ex, X)¥,e7), X,Y € X(M). (2.3.27) 


4 


There is an important special class of Riemannian manifolds characterized by the 
fact that their curvature has a trivial -component in the decomposition (2.3.21). 


Definition 2.3.12 (Einstein manifold) A (pseudo-)Riemannian manifold (M, g) is 
called Einstein if its Ricci tensor is a constant multiple of the metric at each point of 
M. 


Note that for an n-dimensional Einstein space (M, g) we have 
Sc 
Ric = —g, (2.3.28) 
n 


where Sc is constant. In Sect.2.5, we will see a large class of Einstein manifolds. 
In the next step, we show which impact the above additional structures have on 

the analysis of the Berger criteria in the metric case. For a chosen orthonormal frame 

ug € P,,("), let us consider the holonomy bundle P,,,(1") C O(M). Let us denote 


H= HZ, (1), hb =b.,(). 


On P,,, J”), the curvature takes values in h C o(k,/) = A?(V*). This fact, together 
with (2.3.19), implies the following. 


Proposition 2.3.13 For any pointu € P,,,(I”), the Riemann curvature #(u) belongs 
to the space 
R(h) = kergy N S7(h). (2.3.29) 


It turns out that for many subgroups H Cc O(k,/), the restriction of g to S?(h) is 
injective. This implies &(h) = 0 and, thus, h = 0. Then, the first Berger criterion 
implies that, in this case, H cannot occur as a holonomy group. 

In the same way, the covariant derivative DZ may be dealt with. By the above 
discussion, we have the following. 


Proposition 2.3.14 For any point u € P,,(I’), the covariant derivative of #(u) 
takes values in 


R'(b) = ker 5’ N (V* @ R(H)), (2.3.30) 


where 6' : V* ® &!(o(k, 1)) > er x o(k, 1), cf. formula (2.3.7). | 
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As already mentioned above, the condition .@'(h) = 0 distinguishes a special class 
of possible candidates. By Proposition 2.3.4, in this case the Riemannian manifold is 
necessarily locally symmetric. We exclude this class of spaces for a while, postponing 
its presentation to Sect. 2.5. 

Finally, we show that we may limit our attention to the case where the repre- 
sentation of the holonomy group H on V = R” is irreducible. We consider the 
Riemannian metric case and comment on the pseudo-Riemannian case at the end. 
Under this assumption, the holonomy group is a subgroup of O(7). Let us assume, 
on the contrary, that the representation of H is reducible, that is, there exists a proper 
subspace W C V invariant under H. Since we assume that 7 be definite, there exists 
an invariant orthogonal complement W+ C V. Proceeding further in this manner, 
we obtain an invariant orthogonal decomposition 


V=WOWie...8W;, (2.3.31) 


with Wo carrying the trivial representation” (acting as the identity) and W;, carry- 
ing nontrivial irreducible representations of H for all k > 1. The following theorem 
belongs to de Rham [150]. It simplifies the holonomy classification problem essen- 
tially. 


Theorem 2.3.15 (de Rham Splitting Theorem) Let (M, g) be a Riemannian man- 
ifold. If the holonomy group H acts reducibly on R", then the restricted holonomy 
group” H® of (M, g) is isomorphic to a product, 


H® = {e} x H,x...x M, 
and M is locally isomorphic to a product of Riemannian manifolds, 
Moy x M, x...X M, 


with Mo being flat. 


Proof By the above discussion, # : O(M) > A?v* ® o(n) and #(u)(x, y) takes 
values inh = 6, (7), foranyu € P,,(7") and any x, y € V. Since the decomposition 
(2.3.31) is invariant, we have 


Btu)(x, Ym =9, Bux yw, C Wi, (2.3.32) 


for 1 <i <k. We decompose x = >° x; and y = >" y; with respect to (2.3.31) and 
insert this decomposition into #(u)(x, y). This yields 


Ruy(x, y) = >* Bu), yi) + D> AWK. yj). 
i ifj 


Clearly, Wo may be zero. 
?3By Theorem 1.7.9, this is the identity connected component of H. 
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By (2.3.12) and (2.3.32), we have Z(u)(W;, W;)Wz = 0 for i, j and k pairwise 
distinct. Next, consider the case i = j € k. Then, again by (2.3.12), 


RU)(%, YNZ =0, Lu) yi, Z%)xi = —B(U) (Zu, Xi)Yi - 


The first of these equations implies Z(u)(W;, W;)W;, = 0 fori # k. Using (2.3.11), 
from the second equation we obtain 


n( Bu) (te, Xi)¥i, Xi) = n(A(U) Bx, Yi)¥i, Xi) = n(A(U) (Ki, Xi Ze. Yi) 5 


and the anti-symmetry of Z implies Z(u)(W;,, W;)W; = 0 fori # k. We conclude 


Rux, y) = D> Rw)%, yi) 


Now, according to the equivariance of #, as u ranges over 2~!(m)N P,,,(1") and 
x, y over V, for every i, the mappings #(u)(x;, y;) span an ideal h;(m) C End(W;) 
of h. Finally, varying m yields ideals h; and, by (2.3.1), the decomposition 


h=b18...Ohx. 


This proves the first assertion. To prove the second assertion, first note that the 
splitting (2.3.31) induces a splitting of the horizontal distribution on P,,,(I°), 


r="0...0h, G:=0ne'(W;). 


By H-equivariance, this splitting induces a family of distributions D; = 2'(I;) on 
M such that 
TM=D,@...0 Dy. 


Moreover, corresponding to (2.3.31), let us decompose 
O6=O+...4+0%, w=a it... tap, RNDH=Ny+...+ 2, 


with 6; € 22,0) @ W; and a; , 82; € 2*(Py,(")) © 6;. We define the distri- 
butions : 
T= Ov; 


on P,, J”), with V; being the vertical distribution spanned by the Killing vector fields 
generated from elements of h;. Clearly, I), is spanned by the horizontal standard vector 
fields generated by any basis of W;. Thus, Lr: annihilates both 6;, @;, and 2; for any 
j #iand, by point 2 of Remark 2.1.14 and (1.4.5), for every i the distribution Fis 
involutive. Consequently, by the Frobenius Theorem, it is integrable and, for every 
i, we have 
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1 
d6; + wi A 6; = 0, 92; = da; + zie: @;] * (2.3.33) 


Let P; C P,, (I) be an integral manifold of ‘em Integrability of F clearly induces 
integrability of D; and the integral manifolds U; of D; fulfil U; = 7(P;) C M. More- 
over, for every i, the restriction 2; : P; — U; of x defines a principal H;-bundle and, 
by (2.3.33), @; is a torsion-free connection on P; with restricted holonomy group H;. 

To summarize, for every m € M, there exists a neighbourhood U = U, x ... x 
U,; of m in M, with the U; being integral manifolds of D;, and the Levi-Civita 
connection restricted to U being a product of the Levi-Civita connections on the 
components U;. a 


Definition 2.3.16 A Riemannian manifold (M, g) which is locally isomorphic to a 
product of Riemannian manifolds is called locally reducible. It is called irreducible 
if it is not locally reducible. 


Clearly, by Theorem 2.3.15, if (M, g) is irreducible, then the restricted holonomy 
group necessarily acts irreducibly. Under additional assumptions, de Rham [150] 
was able to prove the following global version of Theorem 2.3.15. 


Theorem 2.3.17 (Global de Rham Splitting Theorem) Let (M, g) be a geodesically 
complete simply connected Riemannian manifold and assume that the holonomy 
group” of the Levi-Civita connection acts reducibly. Then, (M, g) is the direct prod- 
uct of geodesically complete simply connected irreducible Riemannian manifolds 
(Mi, gi), 

(M, g) = (Mo, Go) x (Mi, Gi) x... x (Mk, Ox) - 


Here, (Mo, Qo) is a Euclidean vector space whose dimension is possibly zero. 


Remark 2.3.18 Both versions of the de Rham Splitting Theorem have been extended 
to the case of an indefinite metric by Wu [682, 683]. 4 


Summarizing our discussion, for finding the possible holonomy groups of a Rie- 
mannian manifold (M, g), it is reasonable to make the following assumptions: 


(a) M is simply connected. This ensures that the holonomy group is connected and 
that it coincides with the restricted holonomy group. 

(b) (M, g) is irreducible. This implies that the holonomy group acts irreducibly. 

(c) (M, g) is not locally symmetric. This requires @'(h) 4 0. 


Under these assumptions, for the Riemannian case, Berger obtained the following. 


Theorem 2.3.19 (Berger) Let (M, g) be an n-dimensional simply connected irre- 
ducible Riemannian manifold which is not locally symmetric. Then, its holonomy 
group H belongs to one of the following classes: 


>4By Remark 1.7.11, if M is simply connected, then the holonomy group and the restricted holonomy 
group coincide. 
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1 H = SO(n), n > 2, (generic Riemannian manifold) 

2. H=U(m), n= 2m > 4, (generic Kahler manifold) 

3. H=SU(m), n = 2m => 4, (special Kahler manifold) 

4. H =Sp(m)-Sp(1), 2 = 4m > 8, (quaternionic Kahler manifold) 

5. H =Sp(m), n= 4m > 8, (Hyper-Kdhler manifold) 

6. HH =G»), n=7, (special holonomy) 

7. H =Spin(7), n = 8, (special holonomy). a 


For the proof, which is beyond the scope of this book, we refer to [68, 69, 555]. 
Remark 2.3.20 


1. An elegant proof of Theorem 2.3.19 is obtained from the following result of 
Simons [591]: if M is irreducible, then either the holonomy group # acts tran- 
sitively on S"~! or its identity component acts trivially on the space of curvature 
tensors &(h). Then, Theorem 2.3.19 is obtained by using the classification of 
simple Lie algebras and their representations. 

2. According to Examples 2.2.22 and 2.2.27, it was clear from the beginning 
that the groups SO(m) and U(n) must occur in the above list. For a detailed 
discussion of examples for all the groups occuring in Theorem 2.3.19, we refer 
to [555]. 4 


Exercises 


2.3.1 Show that the commutators of horizontal standard vector fields corresponding 
to a torsion-free connection are vertical. 


2.3.2. Confirm the equivariance property (2.3.14). Hint: Under the identification 
o(n) = (R")* A (R")*, the adjoint representation is mapped onto the second exterior 
power of the dual of the basic representation. 


2.3.3 Show that, in terms of the Riemann curvature R, the Bianchi identity (2.1.16) 
reads 
(VxR)(Y, Z) + (VyR)(Z, X) + (VzR)(X, Y) =0. (2.3.34) 


2.4 Sectional Curvature 


In this section, we discuss a generalization of the classical Gaussian curvature of 
surfaces in R?. It reduces the study of the Riemann curvature to the study of real 
valued functions. Let (M, g) be a pseudo-Riemannian manifold. Let 2’, C T,,M 
be a 2-dimensional subspace such that g;y, is non-degenerate. Let {X, Y} be an 
arbitrary basis of 2. We put 


(R(X, Y)Y, X) 


K aim = ’ 
oie II X Pl ¥ (I? —(X, ¥)? 


(2.4.1) 
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where || - ||? and (-,-) are the quadratic form and the bilinear form, respectively, 
induced from g. It can be easily shown that K(’,) is well defined, that is, 


(a) the right hand side of (2.4.1) does not depend on the choice of the basis. This is a 
simple consequence of the symmetry properties of R given by point 2 of Remark 
2.3.7 and is, thus, left to the reader (Exercise 2.4.1). 

(b) &,, is non-degenerate iff || X ||?|| Y ||? —(X, Y)? 4 0, (Exercise 2.4.2). 


Note that K may be viewed as a mapping from the GraBmann manifold G(T, M) 
to R. Let G3(TnM ) C G2(TM) be the subset of non-degenerate subspaces. 


Definition 2.4.1 The mapping K: G3(T,,M) > R given by (2.4.1) is called the 
sectional curvature of the pseudo-Riemannian manifold at m € M. 


Clearly, in the Riemannian case, every 2-dimensional subspace of T,,.M is non- 
degenerate. 


Proposition 2.4.2. The curvature tensor R is completely determined by the sectional 
curvature. If the mapping K is constant, that is, K(X’) = k(m) for every Lin € 
G3(TnM), then 

Rim (X, Y)Z = k(m)((¥, Z)X — (X, Z)Y). (2.4.2) 


Conversely, if (2.4.2) is fulfilled, then all non-degenerate planes have sectional cur- 
vature k(m). 


Proof The proof of the first assertion is the consequence of the following simple 
polarization argument. Denote a(X, Y) := (R(X, Y)X, Y), for any X,Y € T,,M. 
Then, by direct inspection, 


—6(R(X, Y)Z, W) =a(X + W,Y + Z)-—a(X + W, Y) —a(X 4+ W, Z) 
—a(X,Y+Z)-—a(W,Y+ Z)+a(X, Z) +a(W, Y) 
—a(Y+W,X+Z)+a(¥ + W, X)+a(¥ + W, Z) 
+a(¥,X +Z)+a(W, X + Z)—a(¥, Z) —a(W, X), 


showing that R is determined by a and, thus, by K. We prove the second statement. 
For that purpose, denote 


Ro(X, Y)Z := (Y, Z)X —(X, Z)Y. 
Note that Ro shares the symmetry properties (2.3.9), (2.3.10) and (2.3.12) of R2 
Assume that K(),,) = k(m) for all non-degenerate planes. If X, Y span a non- 


degenerate plane, then by (2.4.1), 


(R(X, Y)¥, X) = k(m)((¥, Y)X — (X, Y)Y) = (k(m)Ro(X, Y)Y, X). 


>It also shares the symmetry property (2.3.11), but this is not needed here. 
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Thus, the tensor R := R— k(m)Ro has the above symmetry properties and fulfils 
(R(X, Y)Y, X) =0. (2.4.3) 


If X and Y span a degenerate plane, we can choose sequences X, — X and Y, > Y 
of tangent vectors such that X, and Y,, span non-degenerate planes for each n.*° 
Then, (R(X), Y,n)¥Yn, Xn) = 0 for all n and, thus, (2.4.3) holds for degenerate planes 
as well. Finally, note that this equation is also true for pairs X, Y which are linearly 
dependent. We conclude that (2.4.3) holds for all X, Y € T,,M. Now, the assertion 
is a consequence of the following simple algebraic fact (Exercise 2.4.3): If 


R:TnM x TnM XTnM xT nM > R 


is a quadrilinear mapping sharing the symmetry properties (2.3.9), (2.3.10) and 
(2.3.12) of R, then (R(X, Y)Y, X) = 0 implies R = 0. 
The converse statement is trivial. a 


Proposition 2.4.2 leads us to an important class of pseudo-Riemannian manifolds. 


Definition 2.4.3 If K(,,,) = k(m) for every Diy) € G3(T nM ), then we say that 
(M, g) is a space of constant curvature at m. Let k be a real number. We say that 
(M, g) is a space of constant curvature k if K(2’,,) = k at every point m € M. 


Remark 2.4.4 


1. By the proof of Proposition 2.4.2, for a space of constant curvature, we have 
R(X, YZ=K(Y, Z)X — (X, ZY); keR. (2.4.4) 


2. By atheorem of Schur, see Theorem 2.2. in Chap. V of [381], if (MW, g) is a space 
of constant curvature at every point of M and dim M > 3, then M is a space of 
constant curvature, that is, the mapping m — k(m) is constant. 

3. It is not hard to construct models of spaces of constant curvature. The simplest 
Riemannian example is the n-sphere of radius r embedded in the standard way 
in R"*!, This is a space of constant curvature equal to +. The simplest pseudo- 
Riemannian model is the pseudo-Euclidean space (R’, g’) with the signature 
(n — s,s). It is easy to show that this is a space of constant curvature equal to 
0. In Sect.2.5, we will see a large class of spaces of constant curvature. For an 
exhaustive presentation of this subject we refer to [676]. 

4. In the indefinite case, there is a lot of subtleties and there is quite a number of 
classical papers on that subject, see [63, 145, 257, 395, 490] and further references 
therein. 4 


By property (b) above, in any fixed basis of T;, M, || X 7 | Y 2 —(X, Y)2 isa polynomial in the 
components of X and Y whose zero set does not contain any open subset. 
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Exercises 
2.4.1 Prove that (2.4.1) does not depend on the choice of the basis. 


2.4.2. Show that the restriction of a pseudo-Riemannian metric to a 2-dimensional 
subspace ¥,,, C TM is non-degenerate iff || X ||*|| Y |? —(X, Y)? 40. 


2.4.3 Prove the following. If R: TinM X TinM X TM x TnM — R is a quadri- 
linear mapping sharing the symmetry properties (2.3.9), (2.3.10) and (2.3.12) of R, 
then (R(X, Y)Y, X) = 0 implies R = 0. 


2.5 Symmetric Spaces 


In this section, we take up the discussion from Sect. 2.3. We analyze the special case 
&!(h) = 0, that is, we analyze the condition 


D& =0, (2.5.1) 


defining locally symmetric manifolds, cf. Definition 2.3.2. Thus, we give up assump- 
tion (c) prior to Theorem 2.3.19, but we keep on assuming the following. 


(a) M is simply connected, which ensures that the holonomy group H is connected 
and that it coincides with the restricted holonomy group. 
(b) (M, g) is irreducible, which implies that 1 acts irreducibly. 


Moreover, as above, we limit our attention to the Riemannian metric case, that is, 
H C O(n) is a compact Lie subgroup acting irreducibly on V = R”. Then, by the 
Holonomy Principle, cf. Proposition 1.7.20, the space of parallel sections of 


E = O(M) xo S (A’v*) 


is in one-to-one correspondence with the space of holonomy-invariant vectors in 
= ( N v*) as follows. Any & satisfying (2.5.1) is constant on P,,, 7”) and, restricted 


to P,,(’), it takes values in R(h) given by (2.3.29). Thus, the Holonomy Principle 
assigns to & the H-invariant element 


F:= Blu) € Rb), we P, (I). (2.5.2) 


Lemma 2.5.1 Let H Cc O(n) be a closed subgroup and let F € R(h) be an H- 
invariant element. Then, g = 6 ® V carries the structure of a Lie algebra given 
by 

[A, x] = —[x, A] = Ax, [x,y]=—F(x,y), Aeh,xyeV. 
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Proof Bilinearity and anti-symmetry are obvious. We prove that the Jacobi identity 
holds. For that purpose, we have to consider three cases: 
(a) Let x, y,z € V. Since F(x, y) € § C End(V), the definition of &(h) implies 
[[x, y], z] + [Ly, 2], x] + [[z, x], y] = 0. 
(b) Let x, y € V. By the H-invariance of F, cf. (2.1.25), we have 
F(x, y) = Ad(a~') 0 F(ax,ay), a€HcO(n). 
Differentiating this equation, we obtain 
[F (x, y), A] + F(Ax, y) + F(x, Ay) =0 


for any A € h. This implies 


[[x, y], A] + Ely, A], x] +[[4, x], y] =0. 


(c) Letx € V and A, B € . Then, by definition of the Lie bracket of h Cc End(V), 
[A, B](x) = A(Bx) — B(Ax). 


This proves the third case. a 


To make contact with the standard notation, we denote V = m. Then, 
g=hbOm (2.5.3) 
and the commutation relations of g fulfil: 
[b,5] C6, [6.m] cm, [mm] cb. (2.5.4) 
Moreover, by the Ambrose-Singer Theorem, 
[m, m] = h. (2.5.5) 
Associated with the decomposition (2.5.3), there is a linear mapping 
A:g—>g, A(A,x):=(A,-x), AeEh,xem. (2.5.6) 


By (2.5.4), A is an involutive Lie algebra homomorphism (Exercise 2.5.1). Con- 
versely, we have the following. 


Lemma 2.5.2 Any involutive Lie algebra homomorphism i of a Lie algebra g 
induces a decomposition g = h © m fulfilling (2.5.4). 
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Proof Since d* = id, d is diagonalizable and we may decompose g into the 
eigenspaces h and m of A corresponding to the eigenvalues +1 and —1, respec- 
tively. Now, the first relation in (2.5.4) is obvious. To check the remaining two, we 
calculate 

A([A, x]) = [A(A), A(®)] = -[A, x], AEH, xem, 


that is, [A, x] € m. Similarly, A([x, y]) = [x, y] € 5 for any x, y € m. a 


Definition 2.5.3. Let g be a Lie algebra and let 4 be an involutive automorphism of 
g. Then, the pair (g, A) is called a symmetric Lie algebra. In addition, 


1. if the set of fixed points h of 4 is a compactly embedded Lie subalgebra” of g, 
then (g, 4) is called an orthogonal symmetric Lie algebra, 

2. if 6 13 = {O}, where 3 is the center of g, then (g, A) is called effective. 

3. if (g, A) is effective and ad([m, m]) acts irreducibly on m, then (g, A) is called 
irreducible. 


Proposition 2.5.4 The Lie algebra g constructed in Lemma 2.5.1, endowed with the 
involutive automorphism i given by (2.5.6), is an irreducible orthogonal symmetric 
Lie algebra. 


Proof By construction, (g, 4) is symmetric. Since, by assumption, H C O(n) is a 
compact Lie subgroup acting faithfully on IR”, ad(h) is compact and, thus, (g, A) is 
orthogonal. Suppose A € h 13. Then, 


Ax = [A,x] =0 


for every x € m and, thus, A = 0. Thus, (g, A) is effective. Finally, by assumption, 
H acts irreducibly on m. Thus, ad() acts irreducibly on m, too. This, together with 
(2.5.5) implies that (g, A) is irreducible. | 


In the sequel, the pair (g, 4) constructed above will be called the canonical symmetric 

Lie algebra associated with the locally symmetric Riemannian manifold we started 

with. The decomposition (2.5.3) will be called the canonical decomposition of (g, A). 
The following proposition characterizes irreducible symmetric Lie algebras. 


Proposition 2.5.5 Let (g, A) be an irreducible symmetric Lie algebra and let g = 
bh @ m be the decomposition induced by i. Then, one of the following cases occurs: 


1. gis a simple Lie algebra. 

2. g= 9 @g with g simple, fulfilling h = {(A, A): Ae a} and d(A, B) = (B, A) 
for any A, B € g. 

3. [m, m] = 0. 


For the proof we refer the reader to [38 1].* 


?7That is, the group of transformations of g generated by ad(h) is compact. 
?8Cf. Proposition 7.5 in Vol. 2, Chap. XI of [381]. 
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Remark 2.5.6 


1. Assume that either point | or point 2 of Proposition2.5.5 holds. Then, since 
[m, m] @ m is an ideal in g, we have h = [m, m]. Thus, an effective symmetric 
Lie algebra is irreducible iff h = [m, m], that is, iff g is of the form described 
either by point | or by point 2. In particular, if (g, 4) is irreducible, then g is 
semisimple. 

2. Conversely, if (g, 4) is an orthogonal symmetric Lie algebra and g is simple, then 
ad(h) acts irreducibly on m, see Proposition 7.4in Vol. 2, Chap. XI of [381]. 


Proposition 2.5.5 and property (2.5.5) imply that the canonical symmetric Lie algebra 
(g, A) is semisimple. Consequently, by Proposition I/5.4.10, the Killing form 


k:gxg—>R, k(X,Y) =tr(ad(X)ad(Y)), 


of g is non-degenerate. Moreover, the relations (2.5.4) imply that the decomposition 
(2.5.3) is orthogonal with respect to k (Exercise 2.5.2). Equivalently, k is A-invariant. 
This implies that the restrictions k” and k™ of k to h and m, respectively, are both 
non-degenerate and A-invariant, too. Moreover, they have the following properties: 


(a) By Corollary I/5.5.8, k” is negative semidefinite and, since (g, A) is effective, it 
is negative definite. 

(b) Since ad(h) acts irreducibly on m and since both k™ and the scalar product 7 on 
m induced from the metric g are ad(h)-invariant, by Schur’s Lemma, they must 
be proportional to each other, 


n(x,Z) = —ck™(x,z), x,zEem,cEeR,cHFO0. (2.5.7) 


Thus, since 7 is positive definite, k™ is either positive or negative definite. 


Definition 2.5.7 An effective orthogonal symmetric Lie algebra (g, 4) with g semi- 
simple is said to be of compact or of non-compact type, if the restriction of the Killing 
form of g to m is, respectively, negative definite or positive definite. 


Remark 2.5.8 Combining Proposition 2.5.5 with Propositions 7.4 and 7.5 in in Vol. 
2, Chap. XI of [381], one can show that any irreducible orthogonal symmetric Lie 
algebra is either of compact or of non-compact type. ) 


Next, we show that, given an irreducible orthogonal symmetric Lie algebra (g, A), 
one can construct a special type of homogeneous Riemannian manifold. 

Let g = h @m be the decomposition induced from A. Let G be the connected 
simply connected Lie group with Lie algebra g and let H be the connected Lie 
subgroup corresponding to h. Then, the space of left cosets M := G / Hisa simply 
connected manifold endowed with the natural left G-action given by left translations. 
Let 

Z={geG:gim=m for all me MI 
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be the kernel of this action. Since, by assumption, (g, A) is effective, Z must be 
discrete. Thus, M is an almost effective G-manifold. We pass to an effective action 
by setting G := G/Z and H := H/Z. Then, M = G/H, G and H are connected, 
and we have the natural left effective action 


6:GxG/H—>G/H, (a,[g])' da([g]) := [ag]. 


By point 4 of Example 1.1.4, the natural projection z : G — M endows G with 
the structure of a principal H-bundle P and the tangent mapping z’ identifies m and 
Ti1|M as vector spaces. Under this identification, the isotropy representation 


H — Aut(TyjM), he (6n)4, 
is given by Ad(#Z) acting on m, cf. point 1 of Remark I/6.2.10. Correspondingly, 
G xaqmm—>TM, (a,x) [L{@)], (2.5.8) 


is an isomorphism. Since (g, A) is orthogonal and irreducible, there exists an Ad(#7)- 
invariant scalar product 7 on m which is unique up to a positive factor. Clearly, 
induces an H-invariant scalar product on Tj; which, using the left G-action 6, can 
be extended to a G-invariant Riemannian metric g on M. To summarize, we have 
constructed a simply connected transitive and effective G-manifold (M, g) with G 
acting by isometries. 

Consider the bundle of orthonormal frames O(M) of (M, g). Note that any n- 
orthonormal basis (€;, ... , €,,) of minduces via z’ ag-orthonormal frame (e1, ..., @n) 
at [1] € M and, thus, an injective bundle morphism 


0:P—>O(M), (a) := (8(e1),..-, 6, (En)), (2.5.9) 


projecting onto the identical diffeomorphism of M. The corresponding Lie group 
homomorphism t : H > O(n) Cc GL(n, R) = Aut(T,,M) is given by the adjoint 
action of H on m = Tj1]M. To summarize, P is a subbundle of O(M). 

Now, decompose the Maurer—Cartan form 6° € 2'(G, g) with respect to (2.5.3): 


0° = 6, + Om « 


By Example 1.3.19, @, coincides with the canonical G-invariant connection”? w* on 
P. Recall that the corresponding horizontal distribution is generated by m, that is, 
by left invariant vector fields a +> (xX,)q = L',(x) with x € m. 


Lemma 2.5.9 Under the morphism (v, T), 9m corresponds to the soldering form 0 
on O(M), that is, 0*0 = Om. 


?°Note that this is a special case of the canonical invariant connection defined in point 2 of Remark 
1.9.14. It is obtained by setting G = H and A = id there. 
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Proof By m-valuedness of @m and horizontality of 6, both 7*0 and 6,, vanish on the 
left invariant vector fields generated by elements of h. Thus, let x, be generated by 
x € m. Then, clearly 6,,(x,,.) = x. On the other hand, 


(9*0) (Xe) = B(g)|(p' 0 W'(Ky)) = B(g) |’ (Kx) = P(g) (5, 0 2"(x)) =x, 
where p : O(M) — M is the canonical projection. | 


Proposition 2.5.10 The Riemannian manifold (M, g) has the following properties: 


1. Under the morphism (3, T), the Levi-Civita connection w? of (M, g) corresponds 
to the canonical connection o, that is, 0*o° = o°. 
2. The Riemann curvature of (M, g) is constant and given by the linear mapping 


F:\’m—>bh, F(x,y) =—I[x.y]. (2.5.10) 


3. The holonomy group based at 9 (1) of w° is H and the holonomy bundle coincides 
with P. 

4. The Riemann curvature of (M, g) is parallel, that is, (M, Q) is locally symmetric. 

5. For any x € m, t +> m(L, exp(tx)) is a geodesic through |g] € M. Conversely, 
every geodesic through [g] is of this form. In particular, M is geodesically com- 
plete. 


Proof 1. We decompose the commutator [0°, 6°] € 27(G, g) with respect to 
(2.5.3). By (2.5.4), 


(0°, 07], = [64,04] + [Om Om), [0%, 0%lm = 2104, Om] - (2.5.11) 


Since the Levi-Civita connection is uniquely characterized by its covariant derivative 
D,» on TM, it is enough to show that the covariant derivative D,,- induced by w° 
via the isomorphism (2.5.8) coincides with D,o. This is done by showing that the 
extension of w° to O(M) is metric and torsionless. By Proposition 1.2.6, we may 
view any vector field X on M as an H-equivariant mapping X :G— mand, thus, 


Doe X = dX + ad(w°) o X = dX + [6y, X], 


cf. Eq. (1.4.2). Let 1 be the (unique up to a positive factor) Ad(#)-invariant scalar 
product on m. By Ad(#)-invariance, we obtain 


n(DoeX, Y) + (X, Due ¥) = d(n(X, Y)). 


This shows that the extension of w° to O(M) is metric. It remains to show that 
this extension is torsionless: restricting the Maurer—Cartan equation to m and using 
(2.5.11) we get 

Duc Om = dm + [65, Om] = 0- 
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But, by Lemma 2.5.9, ?*6 =@, and, thus, ?*@ =0. By uniqueness of the 
Levi-Civita connection, the assertion follows. 
2. By the Structure Equation, the curvature form of w° is given by? 


. 1 
= — 51m: Om] - 


By point 1, 9*2° = 92°. These two facts immediately imply (2.5.10). 

3. By point 2 and by the Ambrose-Singer Theorem, the Lie algebra of the 
holonomy group of w° is [m, m]. By point 1 of Remark 2.5.6, [m, m] = and, thus, 
the Lie algebra of the holonomy group of w° coincides with h. Since, by construction, 
M is simply connected, the holonomy group of w° is connected and coincides with 
the restricted holonomy group. On the other hand, since H is connected, too, we 
obtain the assertion. It follows that P coincides with the holonomy bundle of w®. 

4. Since the curvature is constant on P and, thus, H-invariant, the Holonomy 
Principle 1.7.20 implies the assertion. 

5. By Proposition 2.1.22, the geodesics of (M, g) are given by the projections 
of integral curves of horizontal standard vector fields on L(M). Since they are hor- 
izontal, these curves may be chosen to lie in P. The restriction of B(y), y € R’, 
to P is given by the left-invariant vector field generated by x = y‘e; € m, where 
{e;} is a basis in m. Thus, here, the geodesics are given as projections of (global) 
one-parameter subgroups f +> exp(fx) and their left translates by arbitrary group 
elements g € G. a 


By point 3 of Proposition 2.5.10, the irreducibility of (g, 4) implies that (M, g) is 
irreducible. Together with points 4 and 5, this yields the following. 


Corollary 2.5.11 (M, g) is a complete irreducible locally symmetric Riemannian 
manifold. a 


Next, we show that the involutive automorphism A induces a special symmetry for 
any point m € M. Since any automorphism of a Lie algebra is the differential of a 
unique automorphism of the corresponding simply connected Lie group, 3! ) induces 
a unique automorphism o of G. By (2.5.6), it fulfils o(H ) = H. Thus, o descends 
to an involutive diffeomorphism s : M — M. By construction, 


St : Ti1jM => TijM F Sti (X) =-X. (2.5.12) 
Thus, under the identification Tj;; = m, we have Stay =Arm 


Lemma 2.5.12 The origin [1] of M is an isolated fixed point of s. Moreover, s is an 
isometry of the Riemannian metric g. 


30Since w* is a G-invariant connection, this is a special case of point 4 of Remark 1.9.14. 
3! For a proof, see e.g. Theorem 3.27 in [652]. 
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Proof The proof of the first assertion is left to the reader (Exercise 2.5.4). To prove 
the second statement, we have to show that the mapping 


s :T,M > T,,M 


m 


is isometric. For the point m = [1], this follows immediately from (2.5.12), because 
at the origin g coincides with 7 and the latter is -invariant. To prove the invariance 
for an arbitrary point m = [g], note that for any g,h € G, 


S(dg[h]) = s([gh]) = [o(g)o (A)] = bo(g)lo (2)] = So(g)5 (1h]) , 
that is, s od, = dog) oS. Differentiation of this identity yields 
Sie) © Os)tn) = GBocetay © S11) - 


By construction, g is G-invariant and, thus, e)ia and (So(e)) fa} leave g invariant. 
This yields the assertion. | 


Remark 2.5.13 For every g € Z, we have (o(g)) (m) =sogos(m) = s?(m) =m. 
Hence, o(Z) = Z and o descends to an automorphism of G, denoted by the same 
symbol. One has o(H) = H. + 


Next, for any m = [g] € M, we define*” 
Smt M—>M, Sm := 5g 0805-1. (2.5.13) 
Differentiating (2.5.13), we obtain s/, = 5, © S{4} 0 5-1 for any m = [g] € M. Thus, 


by Lemma 2.5.12, by formula (2.5.12) and by the G-invariance of g, for any m € M, 
Sm 18 an involutive isometry of g fulfilling (Exercise 2.5.5) 


Sm(m) =m, (Sm), = —id. (2.5.14) 


The following remark yields a geometric interpretation of the symmetry s,,. 


Remark 2.5.14 Let t > y(t) be a geodesic of (M,g) with y(0) = m. Since an 
isometry transforms geodesics to geodesics, t +> T(t) := Sm(y(f)) is a geodesic, 
too. By (2.5.14), its tangent vector at t = 0 satisfies 


(0) = (5n)in 2) = —7 (0). (2.5.15) 


Now, the uniqueness property of geodesics, see Corollary 2.1.23, implies t(f) = 
y(—t). Thus, for any m € M, 


32Clearly, this definition does not depend on the choice of the representative. 
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Sm(y (t)) = y(t), (2.5.16) 


that is, s,, reverses the geodesics through m. 4 


Definition 2.5.15 (Riemannian globally symmetric space) A Riemannian manifold 
(M, g) is called globally symmetric if for each m € M there exists an involutive 
isometry s,, : M — M such that m is an isolated fixed point of s,,. The mapping s,, 
is called the symmetry of (M, g) at m. 


Taking into account that, in the above construction of (M, g), the scalar product on 
m is unique up to a positive constant and that a change of this constant implies a 
conformal transformation of g, we obtain the following. 


Proposition 2.5.16 To any irreducible** orthogonal symmetric Lie algebra (g, 4) 
there corresponds a unique homothetic equivalence class (M, [g]) of simply con- 
nected irreducible Riemannian globally symmetric spaces. a 


It should be clear that the locally symmetric Riemannian manifold we started with 
and the Riemannian globally symmetric space constructed here are deeply related. 
Indeed, let (M, g) be alocally symmetric space. Let (g, A) be its canonical symmetric 
Lie algebra with canonical decomposition g = h ® m. Let n € S*(m*) be the scalar 
product on m defined by g and let F € R(h) C A?m* ® 6 be the Riemann curvature 
of (M, g). Let G/H be the Riemannian globally symmetric space constructed from 
(g, 4). Then, for any chosen point m € M, via 


TnM “ms TyG/H 


we obtain an isometric isomorphism between T,, M and T;1;G/H and, by point 2 
of Proposition 2.5.10, M and G/H have the same Riemann curvature given by the 
mapping F. By standard arguments,** this implies the following. 


Corollary 2.5.17 Every point of a locally symmetric space (M, g) admits a neigh- 
bourhood isometric to a neighbourhood of the origin of the Riemannian globally 
symmetric space constructed from the canonical symmetric Lie algebra of (M, g). 


Note, however, that not every locally symmetric space is a Riemannian globally 
symmetric space. It is even not necessarily homogeneous. As an example,*> let M 
be a compact Riemann surface with genus >2, equipped with a Riemannian metric 
of constant curvature equal to —1. Then, the isometry group of M is finite and, thus, 
M is not homogeneous and, consequently, also not globally symmetric. 

As an immediate consequence of the existence of the symmetries s,,, we obtain 


Proposition 2.5.18 Any Riemannian globally symmetric space (M, g) is complete. 
33Remember that irreducibility includes effectiveness, cf. Definition 2.5.3. 


34See Theorem 7.4 in Chap. VI of [381]. 
35 This example is taken from [73]. 
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Proof Consider any geodesic t +> y(t) defined on the interval [0, fol. Apply the 
symmetry S,(—<) to y with some ¢ fulfilling 0 < € < 2 By (2.5.16), this opera- 
tion extends the domain of y to [0, 2% — 2e¢[. Continuing this procedure, we obtain 
completeness of (M, g). a 


Next, given a Riemannian globally symmetric space (M,g), for every geodesic 
t +» y(t) we consider the family of isometries 


Ty = Syqiy 08y@) (2.5.17) 


called the transvections along y. The following properties are immediate conse- 
quences of (2.5.15) and (2.5.16) and are, therefore, left to the reader (Exercise 2.5.3). 


Proposition 2.5.19 Let (M, g) be a Riemannian globally symmetric space and let 
tt» y(t) be a geodesic. Then, 


1. 1,’ acts on y by translations, that is, T,’ (y(s)) = y(t +8). 
2: eg acts by parallel translation from y(s) to y(t +s) along y, that is, for 
any parallel vector field X along y, 


(TY, )(X(v(s)) = X(v(t +5). 


3. 17 ede is a 1-parameter group of isometries, that is, Tis =Ty off. | 


Recall from Example 2.2.16 that the isometry group J (M) of a Riemannian manifold 
M is a Lie group. Let us denote its identity component by Jp(M). By point 3 of 
Proposition 2.5.19, for any geodesic y, the transvections 7,” form a subgroup (called 
the transvection group) of Jj(/). On the other hand, by a classical theorem of Hopf 
and Rinow,*° any two points of a complete Riemannian manifold may be joined by 
a geodesic. Using these two facts, we obtain the following. 


Corollary 2.5.20 Let (M, g) be a Riemannian globally symmetric space. Then, 


1. Geodesics in M are images of |-parameter groups of isometries. 
2. The identity component Iy(M) acts transitively on M. a 


Proposition 2.5.21 Let (M,g) be an irreducible Riemannian globally symmetric 
space and let G be a Lie group acting transitively and isometrically on M. If G acts 
effectively, then G coincides with In(M). 


Proof Clearly, Ip(M) is the largest connected group of isometries of (M, g). Denote 
G’ = Ip(M) and let g’ be its Lie algebra. Conjugation by s defines an automorphism 
o’ of G’ which clearly restricts to the automorphism o of G, cf. Remark 2.5.13. The 
canonical decompositions g = h @ m and g’ = bh’ @m' necessarily fulfil m’ = m. 
Here h’ is the Lie algebra of the stabilizer of the chosen point on M under G’. Thus, 
by Remark 2.5.6, 


36See, e.g. [352]. 
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if 


h =[m, m] = [mm] =’. 
This implies g’ = g and, thus, G’ = G. a 


Thus, in the construction leading to Proposition 2.5.16, the Lie group G actually 
coincides with I9(M). Now, we are able to prove the converse of Proposition 2.5.16. 


Proposition 2.5.22 To any simply connected irreducible Riemannian globally sym- 
metric space there corresponds a unique irreducible orthogonal symmetric Lie alge- 
bra. 


Proof Let (M, g) be asimply connected irreducible Riemannian globally symmetric 
space. By Corollary 2.5.20, G = Ig(M) acts transitively and effectively on M. Let 
H be the isotropy group of this Lie group action at a chosen point o € M. By the 
homotopy sequence of the fibration H — G — G/H, the simply-connectedness of 
G/H and the connectedness of G imply that H is connected. Moreover, by Theo- 
rem 3.4 in Chap. VI of [381], the isotropy subgroup /(M),, at any point m € M is 
compact. Hence, H = GMI(M), is compact, too. Thus, M = G/H and, by stan- 
dard arguments, z : G + M is asubmersion. In particular, x’: T;G — T,M is an 
#H-equivariant surjective linear mapping whose kernel coincides with T; H. 

Let s be the symmetry at o. Since s is an involutive diffeomorphism, the mapping 
gt> o(g) :=s0g087! defines an involutive automorphism of G. Let g and h be the 
Lie algebras of G and H, respectively. Clearly, 4 := o’ is an involutive automorphism 
of g. Let m be the eigenspace of 4 corresponding to the eigenvalue —1. By (2.5.14), 
z'(m) = T,M. We prove that h is the eigenspace of A corresponding to the eigenvalue 
+1: let 

G° :={g €G:o(g)=g} 


be the fixed point set of o. By (2.5.14), s’ commutes with the isotropy representation 
of H at o and, thus, H is contained in G’. Conversely, if g € G®, then it commutes 
with s and, thus, for any 1-parameter subgroup ¢t +> g; of G°, 


$0 g:(0) = g, 0 S(0) = g,(0), 


that is, the orbit g,(o) is left invariant pointwise by s. Now, by Lemma 2.5.12, o is an 
isolated fixed point. Thus, g,(0) must coincide with o. But, g,(0) = o implies that 
the 1-parameter subgroup f +> g; is contained in H. Since a connected Lie group is 
generated by its 1-parameter subgroups, we have (G”)° C H. Thus, 


(GY cHCG’. 


This relation implies that h coincides with the (+1)-eigenspace of A, indeed. To 
summarize, the decomposition g = } @ m is canonical with respect to A, that is, 
(g, 4) isasymmetric Lie algebra. Since H is compact, ad(h) is acompactly embedded 
Lie subalgebra of g, that is, (g, A) is orthogonal. It remains to prove that (g, A) is 
irreducible. Since g is G-invariant, we are in the situation described by Proposition 
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2.5.10. By this proposition, H coincides with the holonomy group of the Levi-Civita 
connection of g. Thus, the irreducibility of (M/, g), together with the effectiveness 
of the action of G on M, implies the irreducibility of (g, A). | 


Remark 2.5.23 In the course of the above proof, we have found the following struc- 
ture: a triple (G, H, o) fulfilling 


1. Gis aconnected Lie group and H is a closed subgroup, 
2. o is an involutive automorphism of G such that (G°)® C H C G’, 
3. Ad(#) is compact, 


is called a Riemannian symmetric pair. This notion clearly constitutes a link between 
symmetric spaces and symmetric Lie algebras. + 


Combining Proposition 2.5.16 with Proposition 2.5.22, we obtain the following. 


Theorem 2.5.24 The homothetic equivalence classes of simply connected irre- 
ducible Riemannian globally symmetric spaces are in one-to-one correspondence 
with the irreducible orthogonal symmetric Lie algebras. a 


This theorem reduces the classification of symmetric spaces of the above type to the 
classification of irreducible symmetric Lie algebras of compact or of non-compact 
type. According to a beautiful duality,” the problem further reduces to the classi- 
fication of irreducible symmetric Lie algebras of the non-compact type. The latter 
can be shown to be in one-to-one correspondence with the real simple Lie algebras 
of non-compact type. If the complexification of such a Lie algebra is simple as a 
complex Lie algebra, then M is said to be of type III, otherwise M is said to be 
of type IV. The corresponding compact irreducible symmetric spaces are obtained 
by duality and are referred to as of type I and IL, respectively. The complete list of 
simply connected irreducible symmetric spaces with symmetry group being a clas- 
sical Lie group is given in Tables 2.1 and 2.2.°° Here, SOp(p, q) denotes the identity 
component of SO(p, g) and SO*(2n) is the subgroup of SO(2n, C) satisfying 


g dog =Jo, gig=In- 


For the corresponding list with exceptional Lie groups we refer to the textbook 
of Helgason [293]. As already mentioned, there the reader may find an exhaustive 
presentation of the whole subject. 


Remark 2.5.25. Note that in our considerations, we have excluded the class of sym- 
metric Lie algebras fulfilling [m, m] = 0, cf. case 3 in Proposition 2.5.5. Symmetric 
Lie algebras with this property are said to be of Euclidean type. By point 2 of Proposi- 
tion 2.5.10, they are necessarily flat. One can show that if G/H is simply connected, 


37See Sect. 8 of Chap. XI in [381] or Sect.2 of Chap. V in [293]. 


38By definition, the rank is the dimension of some maximal Abelian subspace of m. Any two 
maximal Abelian subspaces of m are Ad()-conjugate. 
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Table 2.1 Classical symmetric spaces of types I and III 


Type I Type II Dimension Rank 
SU(n)/SO() SL(v, R)/SO(n) (n—1)(n+2)/2|n-1 
SU(2n)/Sp(n) SL(n, H)/Sp(n) (n—1)(n+1) |n—-1 
SU(p + q)/SCU(p) x U@)) | SU(p, g)/S(U(p) x U@)) 2pq min(p, q) 
SO(p + q)/(SO(p) x SO(g)) | SOo(p, g)/(SO(p) x SOG) | pa min(p, q) 
SO(2n)/U(n) SO*(2n)/U(n) n(n — 1) [n/2] 
Sp(2)/U(n) Sp(a, R)/U(m) n(n + 1) n 

Sp(p + 4)/(Sp(p) x Sp(q)) | Sp(p, g)/(Sp(p) x Sp(q)) 4pq min(p, q) 


Table 2.2 Classical symmetric spaces of types II and IV. For type II, see Proposition X.1.2 and 
Sect. IV.6 in [293] 


Type II Type IV Dimension Rank 
SU(n + 1) SL(n + 1, C)/SU(n + 1) n(n + 2) n 
Spin(2n + 1) SO(2n + 1, C)/SO(2n + 1) | n(Qn 4+ 1) n 
Sp(n) Sp(n, C)/Sp(n) n(2n + 1) n 
Spin(2n) SO(2n, C)/SO(2n) n(2n — 1) n 


then a symmetric space of this type is isometric to some Euclidean space R”. Clearly, 
R" itself provides the simplest example, with the symmetry at the origin given by 
Si:X— —-x. ¢ 


Next, we show that Riemannian symmetric spaces provide Riemannian manifolds 
of certain types met before. Recall that if (g, 4) is irreducible, then g is necessarily 
semisimple and thus, the Killing form k is non-degenerate. As already noted, this 
implies 

n(x, Z) = —ck™(x,z), x,zEm, (2.5.18) 
for some c € R,c £0, cf. (2.5.7). Recall from point 2 of Proposition 2.5.10 that the 
curvature mapping # is given by the mapping F, cf. formula (2.5.10). Substituting 
x = F(u, v)w into (2.5.18) and using the ad(h)-invariance of k, we obtain 


n(F (u, v)w, z) = ck™({[u, v], wl, z) = ck? ({u, vl, [w, z]). (2.5.19) 


Setting x = u = zand y = v = win (2.5.19), we immediately obtain the following 
formula for the sectional curvature: 


n(F (x, yy, x) = —ck"([x, y], [x,y]. (2.5.20) 
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This yields useful formulae for the Ricci tensor and for the scalar curvature. For 
any orthonormal basis {e;} of m, 


Ric(e;,e;) = — >) n([lex, er], ej],ex), Sc=— >) n([lex, er], ev]. ex)- 
k k,l 
(2.5.21) 


Proposition 2.5.26 Let (M,g) be an irreducible Riemannian globally symmetric 
space and let (g,) be the corresponding irreducible orthogonal symmetric Lie 
algebra. 


1. Tf (g, A) is of compact type, then (M,Q) is a compact Einstein manifold with 
non-negative sectional curvature and positive definite Ricci tensor. 

2. If (g, A) is of non-compact type, then (M, g) is a simply connected Einstein man- 
ifold with non-positive sectional curvature and negative definite Ricci tensor. 
Moreover, M is diffeomorphic to a Euclidean space. 


Proof Let g = @m be the canonical decomposition. By Theorem 2.5.24, G = 
Ip(M) acts transitively and effectively on M and g is G-invariant. Since k° is negative 
definite, the statements about the sectional curvature K follow immediately from 
(2.5.20). Since the Ricci tensor Ric is a symmetric ad(§)-invariant bilinear form on 
m and since ad(h) acts irreducibly on m, Ric must be proportional to the metric, that 
is, (M, g) is an Einstein space. 

1. Let (g, 4) be of compact type. Then, K is non-negative and, thus, Ric is semi- 
positive definite. Since M is Einstein, Ric is either positive definite or zero. But if 
Ric is zero, then (2.3.27) implies that K must also be zero, which contradicts the non- 
degeneracy of k and, thus, the irreducibility of (g, A). Finally, since k™ is negative 
definite, k is negative definite and, since g is semisimple, G is compact. Thus, M is 
compact. 

2. Let (g, 4) be of non-compact type. Then, by similar arguments, M is Einstein 
with negative definite Ricci tensor. The remaining statement follows from Theorem 
8.3 in Chap. VIII of [381]. a 


In the remainder of this section, we present the symmetric space structure of a few 
of the types in Table2.1 explicitly. By Theorem 2.5.24, it is enough to exhibit the 
corresponding symmetric Lie algebra structure. For a much more detailed discussion 
of examples we refer to Chap. XI of [381] and to [692]. We leave it to the reader to 
check the statements below (Exercise 2.5.6). 


Example 2.5.27 


1. Consider type I in lines 3, 4, and 7 of Table 2.1. Lines 3 and 7 correspond to the 
Grafimann manifolds 


Gx(k, n) = Uk()/(Uk(n — k) x Ux(k)), K=C,H, 
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and line 4 corresponds to the GraSmann manifold of oriented subspaces of R?+4.°° 
The corresponding symmetric Lie algebra is given by 


ux(p + q) = (ux(p) P ux(q)) @m, 
where 
AO 
ux(p) © uK(q) = 1E i Eeun(p+q):Acux(p), Be wo ; 


m= {| | Eun(p+q):X€ Lac’, | ; 


The action of Ad(#7) on m is given by 
Xt hXk', he Ung), k € Ux(p), 


and the involutive automorphism A acts via 


A=x"). [A x! 
xX B —-X Bl 
The corresponding involutive automorphism o is given by conjugation with 


lpg = ie 2 | . (25.22) 
2. Consider the special case p = n and q = | for type I in line 4 of Table 2.1: 
S’ = Sp(l,n+ 1) =SO(™@+ 1)/SO(™). 
The underlying symmetric Lie algebra is given by 
on+1)=0(m) Om, (2.5.23) 
where 
o(n) = eal E€an+1):AeE 000) ; 


m= (fog [cow +psxer’]. 


Then, Ad(SO()) gets identified with the basic representation of SO(n) on R” 
and, under the identification m = R”, the Euclidean scalar product on R” yields 


3°Cf. Example I/7.5.6. 
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a scalar product on m which coincides with the restriction of the Killing form on 
o(n + 1) to mup to the factor —2(m — 1). The involutive automorphisms are read 
off from the previous point. 

3. Consider type I in line 5 of Table 2.1. One easily shows that SO(2n)/U(n) is the 
space of orthogonal complex structures on the 2n-dimensional Euclidean space.*” 
Here we decompose*! 

o(2n) =u(n) @m, 


with 


u(n) = tle 4 € 0(2n): X,Y egl(n,R), X=-X', Y= r"} 


m= ie EA] € 0(2n): X,Y egl(n,R), X =—X', y=-¥"| ' 


The involutive automorphism A : 0(2n) — o0(2n) corresponding to this decom- 
position is given by conjugation with the matrix 


4. Consider type Iin line | of Table 2.1. Recall from Sect. 7.6 of Part I that U(n)/O(n) 
is the space of Lagrangian subspaces of R?” endowed with its canonical sym- 
plectic structure. Correspondingly, SU(7)/SO(n) is called the space of special 
Lagrangian subspaces. Here, we decompose 


su(n) = o(n) @m, 
with 


oe ioe € su(n) : X € gl(n, R), x=-xT, rx=0 . 


m= tee a € su(n): Y € gl(n, R), pa ; 


Here, we have used the embedding u(”) C 0(2n) from the previous point. Under 
this embedding, the involutive automorphism A : su(n) — su(n) is given by 


Axle ra], 


40Cf. Example I/7.5.5. 
41Cf, Example 2.2.19. 
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5. Consider type I in line 4 of Table 2.1 with p = 1, thatis, M = SOo(1, n)/SO(n). 
On the level of Lie algebras, we have to consider the pseudo-Euclidean space 
(R!", 7) with n = Lin given by (2.5.22). Then, 


o(n, 1) = {X egl(n+1,R): XTi nt 1inX =0}. 


Embedding o(m) C o(1, 7) via Y be E i we obtain the canonical decompo- 


sition 
Ou? 


oil,n)=o(n)Om, m= {|i 0 


]eeam: uéeR";. 


It is obvious that M may be identified with the hypersurface H,(1,n) C R!" 
defined by 
n(tu,u)=—-l, uel. 


Therefore, M is referred to as the hyperbolic space form of (R!"", 7). + 


Remark 2.5.28 Consider the example of the n-sphere above. By Example 1.1.18, 
under the identification m = R”, the bundle of orthonormal frames O(S”) coincides 
with the principal SO(n)-bundle SO(n + 1) ~ SO( + 1)/SO(m) and, by Propo- 
sition 2.5.10, the Levi-Civita connection on S” with respect to the natural metric 
coincides with the SO(m + 1)-invariant canonical connection on this bundle. The 
curvature (2.5.10) reads F(x, y) = x A y. Comparing with (2.4.2), this shows that 
S” has a constant sectional curvature equal to 1. 4 


For applications of the theory of symmetric spaces in this book, see Sects. 6.8 and 7.9. 


Exercises 
2.5.1 Prove that 4 defined by (2.5.1) is an involutive Lie algebra homomorphism. 


2.5.2 Prove that the decomposition (2.5.3) is orthogonal with respect to the Killing 
form. 


2.5.3 Prove Proposition 2.5.3. 
2.5.4 Prove Lemma 2.5.12. 


2.5.5 Prove the following. For an involutive isometry s with isolated fixed point m, 
one has s’, = — id. Hint. Use the eigenspace decomposition of sj, . 


2.5.6 Check the statements in Example 2.5.27. 
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2.6 Compatible Connections on Vector Bundles 


Here, we take up the discussion of Sect.2.2. We consider real or complex vector 
bundles endowed with a fibre metric h and an h-compatible connection V. Such a 
structure will be denoted by (£, h, V). In the first part, we will collect what we know 
already for the case of real (pseudo-)Riemannian base manifolds (M, g), and in the 
second part we will pass to complex base manifolds and Hermitean vector bundles 
endowed additionally with a holomorphic structure. 

First, recall Examples 2.2.19 and 2.2.27. 
(a) O(k, /)-structures are in one-to-one correspondence with pseudo-Riemannian 
manifolds (M, g) of dimension (k + /), where the O(k, /)-structure coincides with the 
bundle O(M) of frames which are orthonormal with respect to g. A linear connection 
o on M is compatible with the O(k, /)-structure iff g is parallel with respect to w. 
Such a connection is called metric. 
(b) U(m)-structures are in one-to-one correspondence with 2n-dimensional almost 
Hermitean manifolds (M, g, J) or, equivalently, with Hermitean fibre metrics on 
TM relative to a given J. A linear connection w on M is compatible with the U(n)- 
structure iff both g and J are parallel with respect to w. Such a connection is called 
unitary. Equivalently, w is unitary iff the Hermitean fibre metric h in TM defined by 
g and J is parallel with respect to w. 

More generally, as we know from Examples 1.6.6 and 1.6.12, a connection V on 
areal or complex vector bundle (E, h) is compatible with h iff 


Vh=0, (2.6.1) 
which is equivalent to 
X(h(s1, 52)) = A(Vxs1, 82) + h(s1, Vxs2), (2.6.2) 


for any X € X(M) and 5), so € '™(E). Since h may be viewed as a section of the 
associated bundle L(E) xgi,.K) -F, where ¥ denotes the space of fibre metrics, 
(2.6.1) is equivalent to 

D,h=0, (2.6.3) 


where w is the connection form on L(E) and h: L (E) > ¥ isthe G-homomorphism 
corresponding to V and h, respectively. The metric h defines a reduction to the 
subbundle of orthonormal frames 


O(E) = {u € L(E):f(u) = ho| 


where hp = 1,4 in the real and hp = 1 in the complex case. By compatibility, w 
is reducible to O(E). In the (pseudo-)Riemannian case, the restriction of equation 
(2.6.3) to O(E) reads 

(0 @1+1@ea")(ho) =0 
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and in the Hermitean case, we obtain 

(07 @1+1@0") (ho) =0. 
Thus, V is h-compatible iff @ is metric or unitary for K = R or C, respectively. 


Remark 2.6.1 


1. By Proposition 1.3.7, O(E) admits a connection. Thus, every (pseudo-) 
Riemannian or Hermitean vector bundle admits a compatible connection. 
2. Using the isomorphisms given by (1.2.4) and by Proposition 1.6.7, we have 


E = L(E) xore.x) K* = O(E) xc R*, 


where G = O(p, q) in the (pseudo-)Riemannian and G = U(k) in the Hermitean 
case. Since h is constant on O(E), without loss of generality, we can limit our 
attention to the following setting. Let P(M, G) be a principal G-bundle over 
an oriented (pseudo-)Riemannian manifold (M, g) and let E = P xg F be an 
associated vector bundle such that (F, G, o) is a finite-dimensional representation 
space carrying a o-invariant inner product (-,-)-. Then, (-,-)- induces a fibre 
metric on E via 


h(ei, €2) = (fis fade» (2.6.4) 


with e; = [(p, fi)] and e2 = [(p, f2)]. By G-invariance of (-, -) 7, this definition 
does not depend on the choice of representatives. + 


For the remainder, let us assume that M is a complex manifold. Recall that a com- 
plex manifold of dimension 7 is a real manifold of dimension 2” endowed with an 
equivalence class of holomorphic atlases. 


Definition 2.6.2 A complex vector bundle E over a complex manifold M is called 
holomorphic if E admits a system of local trivializations whose transition functions 
are holomorphic. 


Note that such a system of trivializations turns E into a complex manifold such that 
the projection z : E — M is holomorphic. Also note that, since the composition of 
anti-holomorphic mappings need not be anti-holomorphic, there is no notion of an 
anti-holomorphic vector bundle. 


Remark 2.6.3 


1. For a complex manifold of complex dimension n, one can define the principal 
GL(n, C)-bundle C(M) of complex linear frames in the same way as in the real 
case, cf. Example 2.2.10. Correspondingly, any holomorphic vector bundle E of 
rank k over M may be viewed as associated with its complex linear frame bundle 
C(E), that is, E = C(E) X GL(k,C) C*, 
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2. As in the C%®-case, any functorial construction in linear algebra gives rise to 
holomorphic vector bundles. In particular, one can build the dual bundle, direct 
sums and tensor products, see [336] for details. 4 


The basic example of a holomorphic vector bundle is provided by the holomorphic 
tangent bundle of a complex manifold M. Let (U;, ¢;);-7 be a holomorphic atlas of 
M with transition mappings ¢;; and let z' be the complex coordinates corresponding 
to g;. Consider the Jacobian 


dg; 
A Gis (Gj@) 2= pt PI@) 


of the transition mappings. 


Definition 2.6.4 (Holomorphic tangent bundle) The holomorphic tangent bundle 
of a complex manifold M of dimension n is the holomorphic vector bundle 7M 
over M of rank n given by the transition functions yj; (z) = Y (¢ij)(¢;(z))- 


The dual 7*M of 7M is called the holomorphic cotangent bundle. Clearly, {327} 
and {dz*} provide local frames in 7M and .7* M, respectively. 

Let J be the natural almost complex structure of the complex manifold M, cf. 
Proposition 2.2.11. Consider the decomposition (2.2.17) defined by J. It is easy 
to see that T° M has the same transition functions as 7M (Exercise 2.6.1). This 
implies the following. 


Proposition 2.6.5 If M is a complex manifold, then T'°M is naturally isomorphic 
to the holomorphic tangent bundle 7 M. a 


Note that the induced tensor bundles @? T!°M and A‘T!omM are holomorphic, 
whereas /\*T°! M is not holomorphic. 

Next, recall the decomposition (2.2.18). For a complex vector bundle E over a 
complex manifold M, let 2?4(M, E) be the space of E-valued (p, g)-forms on M. 


Proposition 2.6.6 Let 1 : E > M be a holomorphic vector bundle. Then, there 
exists a C-linear differential operator 0g : 2?4(M, E) > 2?4+'(M, E) fulfilling 
ae eat ak 

0, = 0 and the Leibniz rule 


de(fa) =d(f) Aa+ foe), 
for any function f on M and any a € 2?4(M, E). 
Proof Let (e1,..., ex) be a local holomorphic frame*” in E over U C M. Then, 


locally, anya € 22?°7(M, E) may be writtenasa = by a; ® e;, witha; € 2?7(M). 
We define 


42That is, every e; : U — E is a holomorphic mapping. 
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Opa i= > 9) Qe. 


This definition is independent of the choice of frame. Indeed, let e} = g/;e; be another 
holomorphic frame. Then, the g/; are holomorphic functions on M and 


i i i i 
Thus, 0,0 = dra. The remaining statements are now obvious. | 


The mapping 0; is called the Dolbeault operator. It gives rise to a cohomology theory, 
see Example 5.7.25 and [336] for much more material.*? Now, let 


V:0°(E) > 2'(M, E) 
be aconnection on E.. Taking the complexification of T* M, we extend it to an operator 
V: T(E) > Qco(M, E). 
According to (2.2.18), the latter decomposes as follows: 
Vaevie4 vel. (2.6.5) 
Definition 2.6.7 A connection V on a holomorphic vector bundle E is called com- 


patible with the holomorphic structure if V°! = 0g on P(E). 


Note that for a compatible connection, the following are equivalent: for any local 
section y of E, V°'g = 0 iff yg is holomorphic. 


Proposition 2.6.8 Let (E,h) be a holomorphic Hermitean vector bundle over the 
complex manifold M. Then, there exists a unique connection V on E which is com- 
patible both with the holomorphic and with the Hermitean structure. 


Proof Let V be aconnection fulfilling the compatibility assumptions and let w be its 
connection form. Let e = (e;,..., e,) be a local holomorphic frame, let </ = e*w 
be the local representative of w and let H be the matrix of h with respect to e, that 
is, Hj; = h(e;, e;). Taking the pullback of the compatibility condition (2.6.2) under 
e, we obtain 

dH=aM'H+HD. (2.6.6) 


To analyze the compatibility of V with the holomorphic structure, we act with V on 
a local holomorphic section g. Then, 


0= Vlg =394 #9. 


43Note that there is no analogue of the d-operator. 
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Thus, .</°! = 0, that is, is of type (1, 0). Now, decomposing both sides of (2.6.6) 
into their (1, 0) and (0, 1)-parts, we read off 0H = o&/'H anddH = H& and, thus, 


won an. 


This formula defines unique compatible connections on each open subset belonging 
to a system of local trivializations. It is easy to check that, by passing to another local 
holomorphic frame, these local 1-forms transform properly. Thus, using a partition 
of unity, they may be glued together to a compatible connection on C(M). a 


Definition 2.6.9 The unique connection given by Proposition 2.6.8 is called the 
Chern connection, or the canonical connection, of the holomorphic Hermitean vector 
bundle (E, h). 


Corollary 2.6.10 Let (E,h) be a holomorphic Hermitean vector bundle, let V be 
its Chern connection and let w and Q be the connection and curvature form of V, 
respectively. Let & = ew and F = e*Q2 be the local representatives with respect 
to a local holomorphic frame e and let H be the matrix of h with respect to e. Then, 


1 


@M=H dH, F$=Ix, (2.6.7) 


that is, & is of type (1,0) and F is of type (1, 1). 


Proof The first assertion follows from the proof of Proposition 2.6.8. We show the 
second one: using the explicit expression for .o7, together with * = 0 and dH~! = 
—H-!.0H- H~!, we obtain 0c = —& A &. Then, 


F=adI+ ANA =I. 


Since & is of type (1, 0), -F is of type (1, 1). | 


Example 2.6.11 Inparticular, we may consider the holomorphic tangent bundle 7 M 
of acomplex manifold M endowed with its Chern connection. According to (2.2.13), 
TM viewed as a complex vector bundle is C-linearly isomorphic to T!°M. On the 
other hand, by Proposition 2.6.5, T!°M is naturally isomorphic to 7M. Thus, we 
have a vector bundle isomorphism ® : TM — YM which can be used to transport 
the Chern connection to TM. The image can be compared with the Levi-Civita 
connection, see the Appendix to Chap. 4 in [336] for details. In particular, if (M, g) is 
Kahler, then under ®, the Chern connection and the Levi-Civita connection coincide. 

4 


The following theorem states a converse of Proposition 2.6.8. Our proof is along the 
lines of [384], cf. Proposition 1.3.7 there. 


Theorem 2.6.12 Let (E,h) be a Hermitean vector bundle over a complex manifold 
M and let V be a Hermitean connection on E such that its curvature {2 is of type 
(1, 1), that is, 2 € Q':'(M, End(E)). Then, there exists a holomorphic structure on 
E such that V is the canonical connection with respect to this structure. 
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Proof Let C(E) be the principal GL(k, C)-bundle of complex linear frames asso- 
ciated with E, that is, E = C(E) xqre.e C*. Clearly, we may view GL(k, C) as 
a complex manifold. Let Jy and Jg be the almost complex structures on M and 
GL(k, C), respectively, defined by the complex manifold structures. Let w be the 
connection form on C(E) corresponding to V and let 7 C T(C(E)) be its horizon- 
tal distribution. Then, we have a unique almost complex structure on C(£) defined 
by @, Jy and Jg as follows: Take the splitting T(C(£)) = V @ I, lift Uy from TM 
to I” and define J on T(C(£)) as the direct sum of this lift and of Jg. By construc- 
tion, J is invariant under the right GL(k, C)-action. Thus, J and the natural almost 
complex structure of C* combine to an almost complex structure on E denoted by 
the same symbol. 

We prove that 2 € @2!'(M, End(E)) implies that J is integrable. It is enough 
to give the proof in a local trivialization of E. For a chosen local trivialization 
a '(U) =U x C*, let (z!, ..., 2”) be complex local coordinates on U C M and let 
(w!,..., w®) be the complex coordinates on C* with respect to the standard basis. 
Let & be the local representative of w on U and let <%g be its components with 
respect to the standard basis {E p} of the Lie algebra gl(k, C). We decompose </ 
with respect to Jy, 

A= An a ef! ; 


Then, {| locally span re(T* 1M) and, thus, reer) is locally spanned by 


the following vector fields: 


| a = "9% (2) Fed] k=1,...,n, a,B=1,...k, 
Zz 


az 
where (E*,), is the Killing vector field generated by E*’,. Now, the horizontal 
distribution on E corresponding to I is given by (1.3.4). Here, since C* is the basic 
GL(k, C)-module, 
U (Ag) =u(Az), zeEC*,ueC(E), A€ gl(k,C). 


Thus, I~ ad laces 3 ) is locally spanned by 


3 3 aa 
a i p , . 
Ee er) o(s)™ awe =| 


Consequently, its annihilator 2!-°(E) is locally spanned by {dz’ ; a where 


o*% = dw® + (f")* gw . 


“4Recall that the horizontal component of a vector field X on a principal G-bundle is given by 
xX- Wi (@(X)), cf. formula (1.3.7). 
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Now, using 2 € @':'!(M, End(E)), we calculate 
de® = whd(o!)"_ — (of")" 5 A dw8 
= whd(af!)% 5 — (of"\%5 0 (BF — (of)? w?) 
= Wh (AoA) 9 + (QP°)"p) — ("pA OP 
= wh a(t)", = (of°')*, A oF , 
that is, dd” € Q!'(E). By Proposition 2.2.14, this is equivalent to the vanishing of 
the Nijenhuis tensor and, thus, the Newlander—Nirenberg Theorem 2.2.13 implies 
that J is integrable. 
It remains to prove that, with respect to the holomorphic structure defined by J, 
V coincides with the Chern connection. That is, we have to prove that a local section 
g:U = E fulfilling V°'g = 0 is holomorphic. For that purpose, it is enough to 


show that any @ fulfilling this condition pulls back every (1,0)-form on E to a 
(1, 0)-form on M.*° In the above notation, V°!g = 0 reads 


dg% + (°')* gp? =0. 
Using this, we calculate g* (dz*) = dz* and 
g* (8) = dg + (f')" gh = a9". 
| 


For a more general integrability theorem containing Theorem 2.6.12 as a special 
case, we refer to [35]. 


Exercises 


2.6.1 Prove Proposition 2.6.5. 


2.7 Hodge Theory. The Weitzenboeck Formula 


Let us recall some basic notions from Sects.4.4 and 4.5 of Part I. Consider an n- 
dimensional oriented pseudo-Riemannian manifold (M, g) with signature (r, 5). The 
metric g yields a distinguished volume form Vg, cf. Definition I/4.4.4., and a mapping 


*: 2*(M) > Q"-*(M), #0 = (-1)'g7'(@) Vg, (2.7.1) 


called the Hodge star operator, cf. Definition I/4.5.1. We immediately read off 


45 Recall Exercise 2.2.3. 
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*1=(-1)'Vg, *Vg=1. (2.7.2) 


We have the following further basic properties: for any a, 8B € 2*(M), 


seas (-1" 9p, G75) 
g '(*a, «B) = (-1)°g'(@, B), (2.7.4) 
aA «xB = (—1)*g'(@, Bvg, (2.7.5) 


cf. Proposition I/4.5.3. Let {e;} be an orthonormal local frame on M and let {‘} be 
the dual coframe. Then, locally, we have 


Vg = (-1)*0"", (2.7.6) 


I, é 
apo = qe; 30" = sign (, "da or” (2.7.7) 


Using (2.7.7), for any a € 2*(M), one easily shows the following: 


(4a) (Xxp1,---, Xn)Vg =AA Q(X) A... A G(Xn)- (2.7.8) 

This implies 
Xi*xa= x(a AQ(X)), (2.7.9) 
g (B)s xa = *(a AB), (2.7.10) 


for any a € 2*(M), B € 2'(M) and X € X(M) (Exercise 2.7.1). The metric 
induces a natural fibre metric on E = A‘T*M via 


(a, B) = (-D)*g'@, B), 


which gives rise to an L?-inner product on the space of square-integrable k-forms: 
(a, B)7 ay, (a, B)Vg =) arv*Bp. (2.7.11) 
M M 


Using this inner product, one defines the Hodge dual d* : 2*(M) > 2*~!(M) of 
the exterior derivative by 
(d*a, B)r2 := (a, dB), (2.7.12) 


for all 8 € 2*—'(M). For a € 2*(M), one has 


d*a = (—1)"@—-Dt541 ada, (2.7.13) 
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Given the exterior derivative and its Hodge dual, we build the Hodge—Laplace oper- 
ator of (M, g): 


: Q*(M) > 2*(M), r= dd* + d*d. (2.7.14) 
Clearly, 

(Cla, a) 7,2 = (da, da) ;2 + (d*a, d*a) 2. 715) 
Moreover, 

dO=Od, d@#O=Od*, *O=O%. (2.7.16) 


Finally, we note that LJ is symmetric: 


(Oe, B)72 = (a, OB); . (2.7.17) 


The proof of these elementary properties is left to the reader (Exercise 2.7.2). 


Remark 2.7.1 (Hodge decomposition) In this Remark, we assume that (M, g) is a 
compact oriented n-dimensional Riemannian manifold. 

Since g is Riemannian, the inner product (2.7.11) is positive definite. Then, 
(2.7.15) implies that LJ is positive definite and that 


a=0 iff dwa=0 and d*a=0. (2.7.18) 
Since 0 = (d+ d*)?, we also have 
ker(C) = ker(d + d*). (2.7.19) 


A k-form @ fulfilling Ua = 0is called harmonic. We conclude that the only harmonic 
functions on a compact connected oriented Riemannian manifold are the constant 
functions. This in turn implies that if, additionally, the first de Rham cohomology of 
M is trivial, then there does not exist any nontrivial harmonic 1-form on M (Exercise 
2.7.3). The space of harmonic k-forms is denoted by 


H*(M) := {a € Q*(M) : Oa =0}. 


In Sect.5.7 we will see that the Hodge—Laplace operator on a compact oriented 
Riemannian manifold is elliptic. The theory of elliptic operators implies that, for 
any k, .#*(M) is finite-dimensional. Moreover, the following orthogonal direct sum 
decomposition, called Hodge decomposition, holds.*° 


Theorem 2.7.2 (Hodge Decomposition Theorem) 


Q*(M) = *(M) @O(2*(M)). (2.7.20) 


46Clearly, by the elementary properties of LD) proved above, the second summand can be decomposed 
further, 0(@*(M)) = d(Q*—!(M)) @ d*(2**1(M)). 
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The proof will be given in a more general context in Chap.5, see Theorem 5.7.18. 
The Hodge decomposition has the following immediate consequences: 


1. The natural mapping 
F: 3*(M) > Hi.(M), at> [a], 


is an isomorphism, that is, every de Rham cohomology class contains a unique 
harmonic form. To prove injectivity of F, take two harmonic k-forms a and 6 
belonging to the same cohomology class. Then, there exists a (k — 1)-form t 
such that @ — 6 = dt. Then, 


lo — B llp= (@— B, dt) = (d*a — d*B, t)p2 = 0, 
and thus a = £. To prove surjectivity, take an arbitrary class [a] € Hi. (M) and 


represent it by some closed form a € Z*(M). Then, by the Hodge decomposition 
(2.7.20), there exists an element w € #*(M) and a k-form B such that 


a=o+Lf. 


Since dw = 0, we have 0 = da = dd*d§ and thus 
(d*dB, d"dB);2 = (dB, dd"dB);2 = 0. 


This implies d*df = 0 and thus a = w + dd*8, showing that [w] = [a]. 
2. The natural pairing 


Hia(M) x Hig*(M) > R, (fal, [BI [ aAB, 


defines an isomorphism (Poincaré duality) of Hip (M) with the dual space of 
Hig(M), : eat 
Hig (M) = (Hig(M))” . (2.7.21) 


To prove this, given a nonzero cohomology class [a] € Ht. (M), we must find 
a cohomology class [8] € He (M) such that hig a A B #0. For that purpose, 
we choose a Riemannian metric g on M. By point 1, we may choose a harmonic 
representative a of [a] which, of course, cannot vanish identically. Then, by the 
third identity in (2.7.16), «a is also harmonic and thus, by (2.7.18), it is closed. 
This means that «a represents a cohomology class in Ae (M). Pairing this 
element with [a] yields 


(a), [xar]) | ete iolPeo: 
M 
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Thus, the above pairing defines an isomorphism of Hig *(M) and (Hig(M y)*, 
indeed. 4 


Below, we wish to prove the Weitzenboeck Formula which, combined with the the- 
ory of harmonic forms, yields deep insight into the relation between curvature and 
topology. It compares the Hodge—Laplace operator of (M/, g) to the Bochner—Laplace 
operator built from the Levi-Civita connection V of g. The basic object relating these 
two quantities is the Weitzenboeck curvature operator built from the curvature endo- 
morphism of V. In order to accomplish this goal, we need a unified treatment of 
these objects in terms of the Koszul calculus. Thus, we consider the vector bundle 
E= A‘T*M endowed with its natural fibre metric (-, -) defined above and with the 
natural connection induced from the Levi-Civita connection,*” which we also denote 
by V. Clearly, V is compatible with (-, -). Then, we proceed as follows: 


(a) We express the Hodge dual operator d* in terms of V. Recall that d has been 
already calculated in terms of V, cf. formula (2.2.49). 

(b) We define the Bochner—Laplace operator and calculate it in terms of V. Since 
this can be done without any modifications for an arbitrary Riemannian (or 
Hermitean) vector bundle endowed with a compatible connection, we present it 
for this general case. This will also be useful later on. 

(c) We define the Weitzenboeck curvature operator and derive the Weitzenboeck 
Formula. 


(a) Let w be the connection form of V. Let e = {e;} be a local frame and let {:'} 
be its dual coframe. By (2.1.39), the local representative of w with respect to e is 
given by e*w!, = I“ j,0/, where I“ jx are the Christoffel symbols with respect to e. 


Lemma 2.7.3 For any X € X(M) anda € 2*(M), 
VxVg =0 7 Vx ka= *Vya@ ‘ (2.7.22) 


Proof As animmediate consequence of (2.7.6), (2.1.47) and (2.2.44), for any ortho- 
normal frame {e;}, we have 


VeVg = (—1)t} Se A...A0"=0. 
Jj 
This proves the first assertion. To prove the second one, we act with Vx on equation 
(2.7.5). Using VyVg = 0, Vyg = 0 and once again (2.7.5), we obtain 


Vya AxB +a A Vy * B = (-1)'(g"'(Vxa, 8) + 9! (a, VxB))Vg 
= VxyaAAxXB+aAA*V YB, 


for arbitrary forms a and £. From this we read off the second assertion. a 


47Cf. Exercise 2.1.7. 
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Lemma 2.7.4 Let (M,g) be a pseudo-Riemannian manifold and let a € Q*(M). 
Let {e;} be a local frame and let {0} be its dual coframe. Then, 


d*a = —g! (0) iVe,0. (2.7.23) 
Proof Leta € Q*(M). Using (2.2.47), Lemma 2.7.3 and (2.7.10), we calculate 


sade (th AV, +a) 
= (-1)"* « (#(V.,a) A 0) 
= (-1)"* (g°'(8/)G?V.,0)) 
= (-1)@ k)(k+1)+s (g '(W/)aV_,a) : 


Comparison with (2.7.13) yields the assertion. | 


Remark 2.7.5 Since the operator d* is intrinsically defined, formula (2.7.23) does 
not depend on the choice of the frame. Using g7!(0/) = g/*e;, it reads 


(d*a)(X2,..., Xx) = —g!" (Vea) (e1, X2,..., Xx). (2.7.24) 
For some purposes, it is useful to rewrite this as 
(d*w)(Xo,..., Xx) = — (trf, (Var) (Xo, ..., Xe). (2.7.25) 
Here, Va € P™(T*M @ A\*T*M) and tr?, means contracting the first two tensor 
indices of Va with g. The quantity tr?, (Va) is called the divergence of @ and is 
denoted by div9q. In this terminology, we have 
d*a = —div9a . (2.7.26) 
In particular, for a 1-form a € 2'(M), we obtain (Exercise 2.7.4) 
div9 (a) Vg = d(g_' (a) Vg) - (2.7.27) 
4 


(b) Next, instead of ( A‘T*M , (-,-), VY), consider any Riemannian or Hermitean 
vector bundle E with a fibre metric (-,-) and a compatible connection V over a 
pseudo-Riemannian manifold (M, g). Asin the above special case, (-, -) and g induce 
a natural L?-inner product on '™(E) via 


(81, 52) 12 =] (S1, 52)Vgq - (2.7.28) 
M 


If we endow T*M with the natural fibre metric given by g~!, then we may extend 
(-, -)z2 to an inner product on "© (T*M @ E) which we denote by the same symbol. 
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We define the formal adjoint V* : P°(1*M ® E) > I'™(E) of V by 
(Ss, V*) 22 = (Vs, Q) 12 ’ 


foranys € '°(E) andge T™(1*M @ E). 
Proposition 2.7.6 For any gy « '™(T*M @ E), 


V‘g=- tr?, (Vo) : 
Proof Lets € I’ (E). Fora given local frame {e;} and its dual coframe {3'}, decom- 
pose 
Vs=0' @Vz.5, =v! @ Vle;), 
and calculate 
(Vs, 9) = (3' @ Ve, 0 ® g(e;)) = 9" (Ve,5, p(e;)). 
Since V is compatible with the fibre metric, (2.6.2) implies 


ei ((s, p(ej))) = (Ve,8, P(ej)) + (5, Ve, (P(Ej))) » 


and, thus, 


(Vs, 9) = 9" (e:((s, p(e;))) — (8, Ve, (p(e;)))) 
= g" (e((s, p(e;))) — (8, P(Ve,e;)) — (8, (Ve,p)(e;))) . 


Defining a 1-form B € 2'(M) by B(X) := (s, g(X)), where X € X(M), we obtain 
a (ei((s, p(e;))) — (8, P(Vee;))) = BY (Ve, B)(e;) = div9B . 
Then, (2.7.27) implies 
(Vs, p) = d(g '(B) Vg) — 97 (s, (Ve,9)(e;)) 
Integrating this identity with vg and using Stokes’ Theorem, we find 
(Vs, 9) 22 = —(s, 97 (Ve, p)(e;)) 22 = —(8, tin(V@)) 22 - 


Remark 2.7.7 By Proposition 2.7.6, V*g = —g"/(Ve,~)(e;) for any local frame {e;} 
and, thus, - 
Vip =9" ((Ve,e;) — Ve(Y(e;))) - (2.7.29) 


4 
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Definition 2.7.8 (Bochner—Laplace operator) The mapping 
VIV: T(E) > T(E) 


is called the Bochner-Laplace operator.** 


By Proposition 2.7.6, we have 
ViVs = —tri,(VVs), ser™(é), (2.7.30) 


and, by (2.7.29), - 
ViVs = —g" (Ve, Ve,5 — Vv,,e/5) « (2.7.31) 


Moreover, since (V*Vsj, 52)72 = (V51, V52)72 = (81, V*Vs2)72, the Bochner— 
Laplace operator is formally self-adjoint. 


(c) It is convenient to consider A‘T*M as associated with the reduced bundle of 
orthonormal frames O(M). Then, o is induced from the basic representation of the 


orthogonal group O(7, s) of the pseudo-Euclidean metric 7 on R”. It acts on A‘ (R")* 
via 


WEA A= ((o')"a) nan nde tee 8: Anheah ((")") 


Identifying A‘ (R")* = A*‘R" via the metric, we obtain the representation o’ of the 
Lie algebra o(r, s) on AFR"): 


a (AVE, A... NE) = (AR) AEA. ARH. EEA. A&A (AR), 
(2.7.32) 
that is, A € o(r, s) acts as a derivation on A‘ (R")*. Accordingly, the curvature endo- 
morphism form 


m 


Ra(X, ¥) = tp 0.0"(2,(8", ¥*)) 01," 


of V is a 2-form on M with values in End( A‘T*M ) acting as a derivation. For the 
convenience of the reader, we recall the following. 


Remark 2.7.9 (Contraction and exterior multiplication) Let V be areal vector space 
endowed with a metric 7 = (-, -). The contraction mapping 1 : V* + End(/\V) is 
defined by «(€)1 = 0 and 


k 


UE)(VL A... Ave) = DVeveré, Vi)VL A... 02... AVR 


i=1 


where € € V* and v,..., v, € V. We will also write «(€) = &. Since 


L(E)u(S) + u(S)u(E) = 0 


48Some authors call it the rough Laplacian. 
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for all €,¢ € V*, by the universal property of the exterior algebra, 1 extends to 
an algebra morphism z : (| V* — End(/\V). We denote the operation of exterior 
multiplication with an element v € V by 


e(v)(a) :=vAa 
and note the following basic identity (Exercise 2.7.6): 
e(vyu(S) + e(E)e(v) = (&,v) - 1. (2.7.33) 


Let {e;} be an orthonormal basis of V, let {3} be the dual basis and denote ¢ j= 
é(e;) and i := 1(9*), In this notation, the natural action End(V) > Der(A V) of 
End(V) by derivations on the exterior algebra, 


AS (vy Avs Ave) = AVA V2 Art Ave beet EV Are AVR A AVE, 


is given by . 
A“ = n!'n(e, Aexe ju . (2.7.34) 


In terms of the matrix elements A;; = n(e;, Ae;), we have 
A4 = Abzejt. (2.7.35) 


4 


By (2.7.34), the curvature endomorphism Re (X, Y) acts as a derivation on A‘T*M 
as follows: 
R4(e,,e;) = ni" g(R(E;i, esems eek» (2.7.36) 


where e!; := e!4, and where {e j} is any local orthonormal frame. 


Definition 2.7.10 The Weitzenboeck curvature operator 924 : Q*(M) > Q*(M) 
of V is defined by 


i 


RA (a)(X,..., X4) = don! (RA), Xa) Xicccceneees Xe), C737 


where X,,..., X,; € X(M) and {e;} is an arbitrary orthonormal local frame.*? 


Let us calculate 9%“ in the frame {e*;}. Using (2.7.36), together with the symmetry 
properties of R, we obtain 


49We have only made the summation over i explicit. The remaining summations are in accordance 
with the Einstein summation convention. 
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MRA (a)(X1,.-., Xe) = D9" (R4(e;, Xia) (X1,..., 61... Xe) 


L 


= > nl nk g(R(ep, emej, Xi) (e" ea) (X1, -.., 1, -- 2, Xe) 
= De"ay(X, ae nl nk? g(R(ep, €m)ej, Xie, wees XK) 
—— Die"ea)(X1, ahah th” Cie NGs 005 XD 

= (1! RA (ey, e) 0 ex) (a)(X1,..., Xx). 


In the last step, we have used that R“ is a derivation which acts trivially on zero-forms. 
Using (2.7.36) once again, we obtain 


RA = Rijueiiet’. (2.7.38) 
Now we are able to formulate the main result of the second part of this section. 


Theorem 2.7.11 (Weitzenboeck Formula) Let a € @*(M). Then, 


ja = ViVa+R4(a). (2.7.39) 


Proof We choose an orthonormal local frame {e;} and the dual coframe {9}. Using 
Lemma 2.7.4, (2.2.47), (2.1.46) and and the first equation in (2.2.44), we calculate 


dd*a = —d (ne) 4Ve,@) 
=p a Ve; (n/e,4V.,c) 
=p A (Ve,e11Ve,a + eaVe, V.,) nl! 
= é' (Vv, ¢, — Ve, V.,@) ni! : 


On the other hand, again by Lemma 2.7.4, together with (2.1.47), we obtain 
d*da = d* (3 A V-,a) 
= —1!"e4 (Ve, (9! A Ve,@)) 
= —1!!e4(Ve,0' A Vea + 8 A Ve, Ve.) 
= ne (v! A Vy, e.0 — BA Ve, V.,0) 


=a (Vv,,6.0 Vie a) pits (Vv,,6. =P Ve) 


Adding up these two equations and using (2.7.31) yields 


ps 
a = V*Va — nie’) (v., Ve, = Ve; Ve; — Vev,e)-¥.,e0%) : 
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Since the Levi-Civita connection is torsionless, we have V2,e; — Ve,e; = [ei, ej] 
and, thus, by point 2 of Remark 1.5.12 and Eqs. (2.1.32) and (2.7.36), 


a=V*Va— nie! (R4 (ei, e;)a) = V*Va+ Rijueivetva. 
Comparing with (2.7.38), we obtain the assertion. a 


Clearly, the second term in the Weitzenboeck Formula may be analyzed in more 
detail for every form degree k. To do so, recall the presentation of the Ricci tensor 
in a local frame given by (2.3.27), 


Ric(X, Y) = —n/g (R(X, e)¥,e;), X,Y ¢X(M). (2.7.40) 
Associated with the Ricci tensor, one has the Ricci mapping 
Ric: TM > TM, Ric(X) :=n/R(X, ee; . (2.7.41) 
Being an endomorphism of TM, the Ricci mapping naturally extends to a derivation 
Ric’ of (TM. In degree 2, it is common to denote this derivation by Ric A id. We 
have 
(Ric A id)(X, Y) := Ric(X) AY + X A Ric(Y). 
Analogously, associated with the curvature endomorphism form, one has the mapping 
R: A\°TM > A°TM, XAY nile, AR(X, Y)e;. (2.7.42) 
In applications, the cases k = 1 and k = 2 are of special importance. 


Corollary 2.7.12 
1 For k = 1, the Weitzenboeck Formula (2.7.39) reads 


a = V*Va+aoRic. (2.7.43) 


2 Fork = 2, the Weitzenboeck Formula may be rewritten as follows: 


a = V*Va +ao0(R+Ric A id), (2.7.44) 


where R is the mapping defined by (2.7.42). 


Proof 1. For k = 1, by (2.7.37), (2.7.36) and (2.7.41), 
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RA (w)(X) = n/!(R4(e;, X)a) (e1) 
= nin’ g(R(X, e7)e1, €m) a (ex) 
= 1'"g(Ric(X), em) a(ex) 
= a(Ric(X)). 


2. By a similar calculation as under point 1, using additionally the algebraic 
Bianchi identity (2.3.16), together with (2.1.52) and (2.3.25), one gets: 


RA (a)(E;, €;) = —Ryjo*; + Rea*; + Rij 
a(Ric(e;), e;) — a(Ric(e;), e;) + n alex, R(e;, e;)er) 


(wo (Ric A id) +ao R)(e;, e;) . 


The proof of the following example is left to the reader (Exercise 2.7.5). 


Example 2.7.13 For S”, endowed with the canonical Riemannian metric, the map- 
ping (2.7.42) is given by R = — id and the Ricci mapping reads Ric(X) = (n — 1)X. 
Using (2.7.38), one finds 

4 = k(n —k)id (2.7.45) 


on k-forms. ¢ 


Combining the Weitzenboeck Formula with the theory of harmonic forms, one gets 
insight into the relation between curvature and topology. Let us discuss a simple 
application of this type. We will write Ric > 0 if Ric,,(X, X) > 0 for allm € M and 
all X € T,,M, and Ric,, > 0 if Ric,,(X, X) > 0 forallO 4 X €T,,M. 


Proposition 2.7.14 (Bochner) Let (M, g) be an n-dimensional compact connected 
and oriented Riemannian manifold with Ric > 0. Then, the following statements 
hold. 


1. Every harmonic 1\-form a is parallel and fulfils Ric(g~'(«), g-'(@)) = 0. 
2. If, additionally, Ric, > 0 for some point m € M, then all harmonic 1\-forms are 
trivial. 


Proof 1. By formula (2.7.43), for any w € @'(M), we have 


(Ce, o):2 =| Vor |I22 + | Ric(g-!(a), g(a) vg. 
M 


If a is harmonic, then the left hand side vanishes. Since both terms on the right hand 
side are non-negative, they must vanish, too. 
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2. Let aw € @'(M) be harmonic. Then, it is parallel. Since, for any X € X(M), 
Vx(Il @ I) = XC @ ||) = 2(Vxa, a), 


a has locally constant length. Thus, since M is connected, a, = 0 implies a = 0 
everywhere and, therefore, the evaluation mapping a +> q@,, is injective. Also by point 
1, Ric(g-!(a), g !(a)) = 0. Since Ric,, > 0 for some point m € M, we conclude 
a» = 0 and, by the injectivity of the evaluation mapping, a = 0. a 


From the above proof it is clear that the vector space of harmonic 1-forms has at most 
dimension n. Combining this with point 1 of Remark 2.7.1 we get the following. 


Corollary 2.7.15 Under the assumptions of Proposition 2.7.14 on (M, g), we have 


1. If Ric > 0, then b\(M) = dim Hjp(M) <n. 
2. If, additionally, Ric, > 0 for some point m € M, then b,(M) = 0. a 


Example 2.7.16 


1. Since for the torus b;(T”) = n 4 0, we conclude that this manifold does not admit 
a Riemanian metric with positive Ricci curvature. 

2. Using (2.7.45), for S” endowed with the canonical Riemannian metric, we get 
K4 (a) = k(n — k)ar, and thus the Weitzenboeck Formula implies 0 > 0 for 0 < 
k <n. Consequently, there are no nontrivial harmonic forms for 0 < k < n and 
the Betti numbers of M vanish for all k 4 0, n. 4 


In the remainder of this section, we show that the Weitzenboeck Formula generalizes 
in a straightforward way to the case of differential forms on M with values in a 
Riemannian (or Hermitean) vector bundle E endowed with a fibre metric (-, -) anda 
compatible connection V. In this form, it will play a crucial role both for the study 
of the instanton moduli space and for the investigation of stability of solutions to the 
Yang-Mills equations. 

Recall from point 2 of Remark 2.6.1 that, without loss of generality, we may 
limit our attention to associated bundles E = P xg F with fibre metrics (., -) 
induced from G-invariant inner products (-,-)7 on F. First, note that the fibre 
metric (-,-) induces a pairing Q*(M, E) x 2'(M, E) > 2**'(M) as follows. 
Let a € 2*(M, E) and B € @'(M, E). For any m € M, we choose a local frame 
sj: U > E,i =1,..., dim F, onan open neighbourhood U Cc M of m, decompose 
a =a' @s; and B = B/ @s;, and define 


(2A B)m = of, A Bj, (si(m), 5;(m)) « (2.7.46) 
Clearly, this definition does not depend on the choice of the local frame. 
In particular, using the metric g on M and extending the Hodge-star on M to 


Q*(M, E) by putting xa := (xa) @ s;, we obtain a pairing 


2*(M, E) x 2*(M, E) > 2"(M), (a, B) Rad xB. (2.7.47) 
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The latter can be used to define an L?-inner product*? on 2* (M, E), 
(a, B) 12 ai ah *B. (2.7.48) 
M 


Decomposing a = a! and B = 6,1! with respect to a local orthonormal coframe 
{9} in the bundle of k-forms on M, we have 


aA * B = (a7, By)0! A x0! =n"! (a7, By) Vg- (2.7.49) 


This shows that to the above pairing, there corresponds a natural inner product on 
92*(M, E) given by the tensor product of the fibre metric (-, -) with the fibre metric 
n'! in Q*(M). If (-, -) is positive definite and g is Riemannian, then this inner product 
is positive definite. 

Remark 2.7.17 Let & € Q\,,(P, F) and B € @!,,,(P, F) be the horizontal forms 
corresponding tow € 2*(M, E)andB € 2'(M, E) according to Proposition 1.2.12. 
Then, one easily shows (Exercise 2.7.7) 


a\B=n*(aAB). (2.7.50) 


4 


Next, recall the covariant exterior derivative da : 2*(M, E) > @**!(M, E) asso- 
ciated with the connection form w of V, cf. Definition 1.5.1. We define its dual 
da: Q'*!(M, E) > Q*(M, E) in the sense of Hodge by 


(a, dB) 12 = (do, B) 72, (2.7.51) 
fora € 2*(M, E)and B ¢ Q**!(M, E).The operator d* will be called the covariant 


exterior coderivative. Note that, given this operator, we have a natural generalization 
of the Hodge-Laplacian, cf. (2.7.14), 


o = d,od*+d*od,: 2*(M, E) > 2*(M,E). (2.7.52) 
Proposition 2.7.18 For a € Q*(M, E), 
dta = (-1)"*— t+ edo ea. (2.7.53) 


Proof Using (2.7.50), (1.5.1) and the G-invariance of (-, -) -, for B € Qt! (M, E), 
we calculate 


50 A sain, we must restrict ourselves to square-integrable forms. In particular, we may consider forms 
with compact support. 
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m*(dga A x B) = Dea AxB 
= (d@ +.0/(w) A&) AxB 
= d(@ AB) — (—1)'& A (dB + 0'(w) A *B) 
= d(@ A xB) — (-1)*@ A Da (*B) 
=1* (d(@A * B)) — (-D*x*(@ Ad, * B). 


Thus, 
d,waA xB =d(ad * B) — (—1)ka Ad, * B. 


Integrating this identity over M, using Stokes’ Theorem, we obtain 
(do, B)r2 = (a, (—1)™**8*! « d, * B) 12 « 


Comparing with (2.7.51), we read off the assertion. a 


As above, we need a unified description in terms of the Koszul calculus. For that 
purpose, it will be convenient to view the space 2*(M, E) as follows. Denote 


is = R’@ jh, QR” @ R"*@ ae @R"* ; 


Consider the fibre product?! O(M) x y P over M with structure group O(k, 1) x G 
and the associated bundle with typical fibre 7” @ F, 


E,,5 = (O(M) xm P) XowknxG (Tj ® F), 


which is clearly isomorphic to the tensor product T’(M) ® E of vector bundles. The 
left actions of O(k,/) and G on TY! and F are denoted by wy and o, respectively. 
By Remark 1.3.17, the Levi-Civita connection form w° on O(M) and the gauge 
connection form @ on P induce a connection form w° + w on O(M) xy P, cf. 
(1.3.16).** As usual, we denote the induced covariant exterior derivative acting on 
Qi) nor(O(M) xu P,T! ® F) by Dwo+.), its counterpart acting on Q*(M, Es) 
by d(we+) and the corresponding covariant derivative acting on sections of E,, by 
V+) By the general theory, 


Dw+o® = AG + (w'(w’) @ idp + idzr @o'(w)) o ®, (2.7.54) 


cf. (1.4.2). Clearly, j’(w°) ® ide + idrr @o'(@) must be viewed as a 1-form on 
Q xm P with values in End(7! ® F ). It is obtained by differentiating the tensor 
product representation  ® o. Moreover, Qi) nor(O(M ) xu P, T? ® F) may be 
viewed as a subspace of 


51Cf. Remark 1.1.9/2. 
52For simplicity, we omit the canonical projections onto O(M) and P, respectively. 
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Homock,1)x¢(O(M) xy P, Ti), ® F) 

consisting of those elements whose last k covariant tensor indices are anti-symmetric. 

By Proposition 1.2.12, the latter space in turn may be identified with '™(E;.5+x). 

Elements of this space may be viewed as tensor fields of type (7, s + k) on M with 

values in the associated bundle EF. In particular, we get the following identification: 


Q*(M, E) = Q*(M, Epo). (2.755) 


Now, the generalization of the Weitzenboeck Formula is straightforward. First, for 
(r, s) = (0, 0), the action yz is trivial and hence (2.7.54) implies 


dw a)% = dye , a = da, 
for any a € Q*(M, E). This implies 
wo = Owe+w) « (2.7.56) 


Lemma 2.7.19 Leta € 2*(M, E). Then, under the identification (2.7.55), 


d,a(Xo,...,X) = Sev! (ve?) (Xo, a8: 757) 
j 
(d*a)(X2,...,X) =— ny nl! (vita) (e1, X2,..., Xx), (2.7.58) 
jl 


for Xo, ..., Xk € X(M) and {e;} being an orthonormal frame on (M, Q). 


We note the following immediate consequence of (2.7.57): 


d,@ = > Ayes, (2.7.59) 
ij 


where {7/} is the coframe dual to {ej}. 


Proof To prove (2.7.57), it is enough to consider elements a = ¢ @ f, where ¢ € 
I'™(E) and B € 2*(M). Then, again using that the action jz is trivial, for the left 
hand side of (2.7.57) we get 


d,a=dooAB+o@dB. 


To analyze the right hand side, we use the derivation property of the covariant deriv- 
ative, 
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Viera = Vb @B+O@ Ve B. 


This, together with formula (2.2.49), implies the assertion. 
The proof of (2.7.58) is analogous to the proof of (2.7.23). We replace d by d,, 
and use (2.7.59). | 


Now, by the same calculation as in the proof of Theorem 2.7.11, we obtain the 
following Generalized Weitzenboeck Formula 


ot = (VOM) VOM G 4 pile! (ie (e;, e:)@) , (2.7.60) 


wo @) . . . . 
where RY” “” is the curvature endomorphism form of the connection w° + w given 
by (1.5.13). Here, it reads 


wo +0) ! oO : : ! h - 
RY" OX, ¥) = 0, 0 {u'(22(X", ¥")) @ id + id @o'(Q(X",Y"))} our, 
where m € M, ze n~!(m) C O(M) xy P, X,Y €T,,M and X" and Y" are the 
‘o? , 
horizontal lifts of X and Y to z, respectively. Clearly, by the additivity of RY’ the 
second term on the right hand side of (2.7.60) is the sum of the Weitzenboeck cur- 
vature operators for the representations jz and o, respectively, cf. Definition 2.7.10. 
This yields the following. 


Theorem 2.7.20 (Generalized Weitzenboeck Formula) For a € 92*(M, E), 


oot = (VO) VO y + RY" (x) + RY" (x). (2.7.61) 


As above, formula (2.7.61) may be analyzed degreewise. Clearly, the terms coming 
from the Levi-Civita connection are identical with those in Corollary 2.7.12. Thus, 
we obtain the following. 


Corollary 2.7.21 
1. Fora € Q'(M, E), the Weitzenboeck Formula (2.7.61) reads 


pa = (VO) "VOD + ao Ric+ RK" (a). (2.7.62) 


2. Fora € 27(M, E), formula (2.7.61) may be rewritten as follows: 


>t = (VPA) FY OP+e) oy +ao(R+Ric id) +R” (a). (2.7.63) 


The Generalized Weitenboeck Formula will be taken up again in Example 5.6.7. 
There, it will be discussed from the point of view of Dirac operator theory. It will 
play a basic role in the analysis of the stability of Yang-Mills connections. 
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Exercises 
2.7.1 Prove the formulae (2.7.8)—(2.7.10). 
2.7.2 Prove the identities contained in (2.7.15)—(2.7.17). 


2.7.3, Prove that on a compact connected oriented Riemannian manifold fulfilling 
Hip (M ) = 0 there does not exist any nontrivial harmonic 1-form. Construct a non- 
trivial harmonic 1-form on the 2-torus T? C R*. 


2.7.4 Prove formula (2.7.27). 
2.7.5 Prove the statements of Example 2.7.13. 
2.7.6 Prove formula (2.7.33). 
2.7.7 Prove formula (2.7.50). 


2.8 Four-Dimensional Riemannian Geometry. Self-duality 


In this section, we deal with 4-dimensional (oriented) Riemannian manifolds. We 
will show that, in contrast to other dimensions, they admit a rich additional structure. 
Let us explain the reason for that. Given an oriented Riemannian manifold (M, g), 
we know from Sect. 2.4 that g yields a reduction of the frame bundle L(M) to the 
principal SO(4)-bundle O1(M) of oriented orthonormal frames. Correspondingly, 
all tensor bundles over M become associated with O,(M) with their typical fibres 
carrying representations of SO(4). Now, among all rotation groups, SO(4) is the 
unique group which is not simple. This has striking consequences, as we will see 
below. Recall from Example I/5.1.10 the isomorphism 


Sp(1) > SU), a=z+jwrh k a (2.8.1) 


where we have identified C with span{1, i} C Hand H with C? by writing quaternions 
in the form z + jw with z, w € C. Also recall from Example I/5.1.11 that Sp(1) and 
Sp(1) x Sp(1) are the universal (two-fold) covering groups of SO(3) and SO(4), 
respectively. Denoting by . : Sp(1) > Sp(1) x Sp(1) the diagonal embedding, we 
have the following commutative diagram 


Sp(1) ———‘—+ Sp(1) x Sp(1) (2.8.2) 


| f 


SO(3) ———————> SO(4) 


53In Chap. 5, we will see that these are the spin groups in 3 and 4 dimensions, respectively. 
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This fact reduces the representation theory of SO(4) to that of Sp(1). By the isomor- 
phism Sp(1) = SU(2), we are led to consider complex representations built from the 
basic representation of SU(2) on V = C?. By a standard theorem in representation 
theory [689], up to isomorphisms, the set of irreducible complex SU(2)-modules is 


{sVire Of. 


where S’ V denotes the subspace of ®’ V of totally symmetric tensors. Equivalently, 
this subspace may be identified with the space of homogeneous polynomials of 
degree r in two variables. Thus, dimc(S’ V) = r + 1. Moreover, 


min(p,q) 
SV @SIV= @ srtarry, (2.8.3) 
r=0 


Note that S*V is the (complexified) adjoint representation space. 
Now, any complex SO(4)-module (W, o) may be viewed as an (Sp(1) x Sp(1))- 
module via the mapping 


oof: Spd) x Spd) > Aut(W). 


Let us denote the basic representation spaces corresponding to the first and the 
second factor in Sp(1) x Sp(1), respectively, by Vi and V_. Then, again, by standard 
representation theory, the irreducible complex (Sp(1) x Sp(1))-modules are given 
by 

S?4 = SPV, @SIV_, p,q>0. (2.8.4) 


Clearly, an irreducible representation Sp(1) x Sp(1) — Aut(S?°?) factors through 
the covering homomorphism /, giving a representation of SO(4), iff p + q is even. 
Moreover, in that case, S’*? is the complexification of a real representation which 
we denote by S/’"’. It is common to call S?’? the real representation underlying S’-7. 
Also note that 

dime (S?"%) = dimy(S??) = (p+ Dat). 


In particular, the basic complex SO(4)-module is S':!! = V, @ V_. We denote T := 


S| and write T* for the dual (contragredient) representation space. Clearly, we may 
use the Euclidean metric on T to identify T = T*. Now, calculating (Exercise 2.8.1) 


ATE = A2V; @ V-) = (SV, @ A?V_) @ (AV, @ S?V_) 
and using that A’V is the trivial Sp(1)-module, we obtain 


A’T¢é = S?Vi @ SVL. (2.8.5) 
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Since S?V is the adjoint representation of Sp(1), Mie is the (complexified) adjoint 
representation space of SO(4) with (2.8.5) corresponding to the Lie algebra decompo- 
sition s0(4, C) = so0(3, C) @ s0(3, C). Thus, we have the underlying isomorphism 
of real representations 

A?T* = 82° @ 5°? (2.8.6) 


corresponding to the decomposition s0(4) = s0(3) @ so0(3). 

Next, we will relate the above decompositions to the Hodge star operator. Thus, 
let x: A\’T* > Tr be the Hodge star operator with respect to the Euclidean 
metric on T. By Proposition 1/4.5.3, 


* ox = id j2ps, (2.8.7) 
that is, on two-forms, the Hodge star operator is an involution. Thus, we may decom- 


pose Jer into an orthogonal direct sum of eigenspaces of *« corresponding to the 
eigenvalues +1, 


MPS Fo a. (2.8.8) 


Elements of Rott are called self-dual and elements of A T* are called anti-self- 
dual. Since the Hodge star operator is invariant under the action of SO(4), the sub- 
spaces ie T* are SO(4)-invariant and, thus, they coincide with the direct summands 
in (2.8.6), 


VV. ree’. (2.8.9) 
For the corresponding complexifications, we get 
eS POSE V2 (2.8.10) 


Remark 2.8.1 


1. Let o!,..., 84 be an oriented orthonormal basis in 7*. Then, the irreducible 
subspaces Aart are spanned by 


oh = OO Aveo Av4), 
== Ae EP AD) 
ge = Flot nots OAD). 
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2. In the same way as above, we can calculate 


S°TE = $?(V, @ V_) 
~ (S?V, @ S°V_) @(A7Vi @ APV_) 
= (S°?V, @S°V_)@C. 


Thus, using (2.8.10), 
SgT* = A’,T* ® A7_T", (2.8.11) 


where the subindex zero refers to tracelessness. ) 


Comparison of the decompositions (2.8.8) with (2.2.16) yields the following deep 
insight. Let T* be endowed with the complex structure™* 


where J, is the standard complex structure on R?. With respect to this structure, the 
decomposition (2.2.16) reads 


Vie (A>°TE ® A° 72) @ Al Te. (2.8.12) 


As already noted, the left hand side may be identified with the Lie algebra 0(4, C). 
In analogy to (2.2.22), J induces an embedding U(2) C SO(4) and the summands on 
the right hand side of (2.8.12) carry representations of U(2). Observe that the almost 
symplectic form f defined by (2.2.26) belongs to | Nae be and is U(2)-invariant. 
Thus, we have an orthogonal decomposition 


An'Té=C@ Ag Te 


into U(2)-irreducible components. By dimension counting, eo Té = sl(2, C) (the 
complexification of su(2)) and, thus, (2.8.12) corresponds to the complexification 
of the Lie algebra decomposition 0(4) = R @ su(2) @ m, cf. point 3 of Example 
ant: 


Lemma 2.8.2. We have 
NTE=C@(AMTE®AYM TE), A_TE=A0"TE 28.13) 


Proof Let {e;,..., e4} be the standard basis in the basic SO(4)-module T = R* and 
let {!,..., 9} be the dual basis in T*. Clearly, ere is spanned by 


*4This choice is made in order to be compatible with standard conventions in gauge theory. It is 
obtained by combining the standard complex structure Jo on R* with the transformation defined by 
permuting the standard basis vectors e2 and e3. Beware that J and Jo induce different orientations. 
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wa=o'+iv?, wav +iv*. 


Now, using point 1 of Remark 2.8.1, we express the generators of the U(n)-modules 
on the right hand side of (2.8.12) in terms of the bases {gi_} of N; fo 


UAW EWP AD) Hoh, 
wl AW =o. +i¢,, 
baw =¢, -ig,, 

SAW - Paw aol, 
WiAw=g igs, 
WaAy=-¢ tig. 


Corollary 2.8.3 A 2-form on R? is anti-self-dual iff it is of type (1, 1) for all com- 
patible complex structures. a 


As we will see, the following lemma is of basic importance in 4-dimensional Rie- 
mannian geometry [592]. 


Lemma 2.8.4 We have 
s? (A’r") X $0.0 @ 50.0 @ $2.2 @ sO @ 504, (2.8.14) 
Proof Using (2.8.8), we calculate 
8 (Ait @ A2T*) = 8 (AZT) @ (Ait A2T*) ©? (AZT) . 
By (2.8.9), the second term on the right hand side corresponds to S27. The complex- 
ification of the first term corresponds via (2.8.10) to the symmetric component of 


S?V, @ S*V, and thus has complex dimension 6. By (2.8.3), 


SV, @ S°V, = S4V, @ SV, @ S°V,. 


By counting dimensions, we find that the symmetric component corresponds to 
S4V, ® S°V,. It follows that 


8 (AjT") = st @ 50° (2.8.15) 


and, analogously, S? (At) = $°4 @ $9.9, a 
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Now, we can apply the above results to the 4-dimensional Riemannian manifold 
(M, g). By Proposition I/4.5.3, the Hodge star operator is an isometric involution on 
the bundle of two forms, that is, « : A°?T*M > A?T*M fulfils 

Ok = Idprey, (kA, *B) 12 = (a, B) 12, (2.8.16) 
and, corresponding to (2.8.8), we have the splitting 

ATM = A\7?, TM @ A\?_T*M. (2.8.17) 

Clearly, the decomposition (2.8.17) implies a decomposition of 2-forms on M, 


Q?(M) = 27 (M) ® 22(M). (2.8.18) 


Thus, any a € 27(M) may be decomposed as follows: 


a=at+a, xat=at, xa =-a , (2.8.19) 
where a~ = 5 (a + xa). Elements of 27 (M) are called self-dual and elements of 
922 (M) are called anti-self-dual 2-forms. Finally, for a local oriented orthonormal 
frame 3!,..., 94 in A'T*M , the subbundles AiT*M are locally spanned by {q',} 


given by the same formulae as in Remark 2.8.1/2. 
Next, let us consider the Riemann curvature endomorphism form 


R € 27(M, End(TM)) 
of (M, g). By Remark 2.3.7, pointwise, it may be viewed as a symmetric endomor- 
phism of A\°T*M, 
Rim) € S? (A°T;,M) (2.8.20) 
Correspondingly, for every u € O(M), it may be viewed as an element 
Ru) € A? (R')* @ A? (RY)* = S* (A? (B)’) . (2.8.21) 
We wish to derive the counterpart of the general decomposition formula (2.3.21) for 


n = 4. Here, according to the additional structures at a our disposal, this can be done 
in two different ways. First, using (2.8.17), we can write 


R(m) = A c| (2.8.22) 
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Here, B € Hom(A*T * M, ea T. M),A€ End(A3,T’ * M)andC € End(A\*.T*,M). 
Since R(m) € S?( ie T;, M), both A and C are symmetric endomorphisms. Note that 
B’ is the adjoint of B. 


Lemma 2.8.5 We have ; 
tA=trC =—-Sc, 
r r Z 


where Sc denotes the scalar curvature of V. 
Proof This is a simple exercise which we leave to the reader (Exercise 2.8.2). ll 


Remark 2.8.6 We show that the decomposition (2.8.22) corresponds to the decom- 
position of S?( A°T*) into irreducible components of SO(4) given by Lemma 2.8.4, 
with one of the two S°:° = R-summands removed. For that purpose, we choose an 
orthonormal basis in T,, VM and use it to identify T,,,M with T. Using (2.8.15), we 
obtain 

AeS(AiT*) =Si es, Ce sh @s??. 


Moreover, 
B ¢ Hom (A2T", Air") 520 @ 02 x 52.2, 


Finally, by Lemma 2.8.5, one of the summands S°-° is removed and we obtain the 
following 4-dimensional counterpart of the decomposition (2.3.21) of the space of 
Riemann curvatures 

f(m) = soo Q g2? Q sto Q 504, 


with 

Rim) = (tr A, B, A— 4trA,C — 5 trC). (2.8.23) 
This result belongs to Singer and Thorpe [592]. + 
We denote 

W,:=A-—jtrA, W:=C— 5m, (2.8.24) 
and call 

__ | Wy 0 
w= [2] 


the Weyl tensor. Note that W  : MG > A are symmetric endomorphisms with 
vanishing trace. Summarizing the above discussion, we obtain the following. 


Theorem 2.8.7 (Singer-Thorpe) The Riemann curvature R of an oriented 4- 
dimensional Riemannian manifold defines a symmetric endomorphism of A?T*M 
which decomposes as 


Sc - B 
12 


+W. (2.8.25) 
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The statements of the following remark are left as an exercise to the reader 
(Exercise 2.8.3). 


Remark 2.8.8 Ina local orthonormal frame on M, the decomposition (2.8.25) reads 
as follows: 


Sc 1 
Rijn = % (Bindi« — 8j45:1) + 5 (Rind jx + Ryedi1 — Rixdj1 — Ryidiz) + Wij » 
(2.8.26) 
where R;; are the components of the Ricci tensor. Clearly, the Weyl tensor Wj; = 


g(W(e;, e;)ex, €) inherits the properties (2.3.15) from the curvature tensor. By con- 
struction, we have >), Wijk; = 0. ry 


Definition 2.8.9 An oriented Riemannian 4-manifold is called self-dual or anti-self- 
dual if, respectively, W_ = 0 or W, = 0. 


By direct inspection of (2.8.26), one can check that M is Einstein if B = 0. 


Example 2.8.10 


1. The manifolds S*, S! x S? and T*, endowed with their natural metrics, have a 
vanishing Wey] tensor and are, thus, both self-dual and anti-self-dual (Exercise 
2.8.4). 

2. CP? with its standard metric and orientation is self-dual. For a detailed proof we 
refer to [689]. 4 


Exercises 


2.8.1 Prove formula (2.8.5). Hint. Construct explicit bases for the occuring repre- 
sentation spaces. 


2.8.2 Prove Lemma 2.8.5. 
2.8.3 Prove the statements of Remark 2.8.8. 


2.8.4 Prove the statements of Example 2.8.10/1. 


Chapter 3 
Homotopy Theory of Principal Fibre 
Bundles. Classification 


We start with a discussion of fibrations and with the derivation of their exact homotopy 
sequence from the exact homotopy sequence of a pair. This yields, in particular, an 
exact sequence for fibre bundles containing the homotopy groups of the typical fibre, 
the total space and the base space. 

Then, we solve the classification problem of principal bundles with a given struc- 
ture group and a given base manifold up to vertical isomorphisms. This is accom- 
plished in three steps. First, in Sect. 3.3, we prove the Covering Homotopy Theorem, 
which implies that the pullbacks of a given topological principal G-bundle under 
homotopic mappings are vertically isomorphic. This leads to the idea of classifying 
topological principal G-bundles in terms of homotopy classes of mappings to the 
base space of a universal principal G-bundle. Following this idea, in Sects. 3.4 and 
3.5 we prove that there exists a universal topological principal G-bundle for every 
Lie group G. Finally, in Sect.3.6, we prove that the smooth vertical isomorphism 
classes of smooth principal G-bundles over a manifold M are in bijective correspon- 
dence with the continuous isomorphism classes of topological principal G-bundles 
over M. A posteriori, this gives the justification for classifying topological principal 
bundles first. 

In the final section, we discuss connections which are n-universal in the sense 
that, via pullback, they can produce every connection on a principal G-bundle over 
a manifold of dimension < n. We give both the explicit description in terms of the 
natural connections on the Stiefel bundles and the more abstract description in terms 
of the tautological connection on the section jet bundle of an n-universal principal 
G-bundle. 
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3.1 Basics 


To make the topological concept of homotopy fruitful for the theory of principal 
bundles, we have to work with topological principal bundles. The definition of topo- 
logical principal G-bundle is obtained from Definition 1.1.1 in the obvious way, that 
is, by requiring P and M to be topological spaces, G to be a topological group, the 
action W to be free and continuous, the projection z : P — M to be continuous and 
the local trivializations y : 1~'(U) > U x G to be equivariant homeomorphisms 
projecting to the identical mapping. Analogously, the definition of smooth fibre bun- 
dle translates into the definition of topological fibre bundle. Sections in these bundles 
are assumed to be continuous if not otherwise stated. The basic results about smooth 
principal bundles discussed in Chap. 1 translate in an obvious way to topological 
principal bundles. In particular, we will need the following. 


1. Associated bundles constructed by means of topological group actions are topo- 
logical fibre bundles. 

2. Every vertical G-morphism is an isomorphism (Remark 1.1.8/2). 

3. The pullback of a topological principal G-bundle by a continuous mapping is a 
topological principal G-bundle (Remark 1.1.9/1). Moreover, f*(g* P) is verti- 
cally isomorphic to (g o f)*P. 

4. If ? : Q — P isa G-morphism of principal bundles with projection ®, then the 
mapping 

Q>d*P, qt (x9(q), 0(q)), 


is a vertical isomorphism and 3 decomposes into the composition of this iso- 
morphism with the natural principal G-bundle morphism o*P > P (Remark 
1.1.9/1). 

5. G-bundle morphisms P — Q are in bijective correspondence with sections in 
P xq Q (Proposition 1.2.6). If P and Q have the same base space, then vertical 
G-bundle morphisms P — Q are in bijective correspondence with sections in 
P x6.m Q (Corollary 1.2.7). 

6. If H C Gisaclosed subgroup, the action of G on P restricts to an action of H and 
the latter makes P into a principal H-bundle over the topological quotient P/H. 
The induced projection P/H — M isatopological fibre bundle with typical fibre 
G/H (Example 1.2.4/1). 


In this and in the next chapter, topological spaces will usually be denoted by X, Y, Z 
etc. Continuous mappings X — Y will be denoted by f, g, h etc. and their totality 
will be denoted by C(X, Y) = C °(X, Y). The set of homotopy classes of continuous 
mappings X — Y will be denoted by [X, Y]. That is, [X, Y] = C(X, Y)/ ~, where 
~ refers to the equivalence relation of being homotopic. Every continuous mapping 
g:Y — Z induces a mapping g,. : [X, Y] > [X, Z] by 


8 (Lf) = [go fl. (3.1.1) 
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Recall that a pointed topological space is a topological space X together with a 
point *y. A mapping f : X — Y of pointed spaces is pointed if f(*«x) = *y. The 
subset of continuous pointed mappings will be denoted by C,(X, Y) C C(X, Y). 
A pointed homotopy is a homotopy through pointed mappings. The set of pointed 
homotopy classes of pointed mappings X — Y will be denoted by [X, Y],.. Every 
pointed continuous mapping g : Y — Z induces a mapping g, : [X, Y]. > [X, Z] 
given by (3.1.1). 

Recall further that a topological pair (X, A) is a topological space X together 
with a subset A endowed with the relative topology. A pair mapping (X, A) > 
(Y, B) is a mapping f : X — Y satisfying f(A) C B. The subset of continuous 
pair mappings will be denoted by C((X, A), (Y, B)) Cc C(X, Y). A pair homo- 
topy is a homotopy through pair mappings. The set of pair homotopy classes of 
pair mappings (X, A) — (Y, B) will be denoted by [(X, A), (Y, B)]. A pointed 
pair is a pair (X, A) with base point in A. The subset of continuous pointed 
pair mappings will be denoted by C,. ((X, A), (Y, B)) Cc C((X, A), (Y, B)) and the 
set of pointed pair homotopy classes of pointed pair mappings (X, A) —> (Y, B) 
will be denoted by [(X, A), (Y, B)].. Every pair mapping (pointed pair mapping) 
g:(¥, B) > (Z, C) induces a mapping g, : [(X, A), (Y, B)] > [(X, A), (Z, C)] 
(gx: ((X, A), (Y, B)Ie > [(X, A), (Z, C)]e) given by (3.1.1). 

Let J = [0, 1]. Recall thathomotopies f, g : X x I — Y whichsatisfy f(x, 1) = 
g(x, 0) for all x € X can be concatenated and that their concatenation is usually 
defined to be the homotopy 


f(x, 2t) | 


f-g:XxI7y, (f-g)@,t):= Leon | 


t=. 
= 2 G13) 


The concatenation of pointed homotopies, pair homotopies or pointed pair homo- 

topies is, respectively, a pointed homotopy, a pair homotopy or a pointed pair homo- 

topy. In the special case where X is the one-point space, (3.1.2) boils down to the 

concatenation of curves y, 6: 7 — Y satisfying y(1) = 6(0), cf. formula (1.7.1). 
Finally, recall the homotopy groups of a pointed topological space X, 


Ty (X) := [U", 1"), (X, fax Plz, 2=0,1,2,..., 


with the origin 0 as the base point of (/”, 0/”). Incase n = 0, we put J° = {0, 1} and 
a1° = @. Thus, 2(X) is the set of pathwise connected components of X.Incasen > 
1, the set z,, (X) carries a group structure with multiplication defined by concatenation 
(3.1.2), where the mappings J > X are viewed as homotopies I‘! x I > X. In 
casen > 2, the multiplication is Abelian. Alternatively, since /”/d I” is homotopic to 
S”, the elements of 7, (X) can be viewed as (homotopy classes of) pointed mappings 
Ss’ => X. 

Accordingly, the relative homotopy groups of a pointed topological pair (X, A) 
are defined by 
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m,(X, A) :=[U", 01”), (X, Ala, n=1,2,3,.... 


Here, the multiplication is Abelian for n > 3. 

First, we discuss the compact-open topology on mapping spaces. Let X and Y be 
Hausdorff spaces and assume X to be locally compact. The compact-open topology 
on the space C(X, Y) of continuous mappings X — Y is generated by the subsets 


M(K,O)={f €C(X,Y): f(K) c O} 


with K C X compact and O C Y open. These subsets form a subbasis, meaning that 
the topology is generated by taking finite intersections and arbitrary unions. In case 
X and Y are pointed, the compact-open topology on C,.(X, Y) is defined likewise. 
It coincides with the relative topology induced from C(X, Y). We will need the 
following properties. 


Proposition 3.1.1 Let X, Y and Z be Hausdorff spaces and assume X to be locally 
compact. 


1. C(X, Y) is Hausdorff: 

2. The evaluation mapping C(X,Y) x X > Y, (f, x) t > f(x), is continuous. 

3. Amapping f : X x Z — Y is continuous iff so are all the mappings f, : X — Y, 
xt> f(x, Zz), with z € Z and the mapping Z > C(X,Y), zt fy. 

4. Letpry : Y x Z — Yandprz: Y x Z — Z denote the natural projections. The 
mapping C(X, Y x Z) > C(X, Y) x C(X, Z) defined by f > (pry of, prz of) 
is a homeomorphism. 


Similar statements hold in the pointed case. 


Proof 1. Let f and g be two distinct elements of C(X, Y). There exists x € X such 
that f(x) € g(x). Since Y is Hausdorff, there exist disjoint open neighbourhoods 
U; of f(x) and U2 of g(x). Then, f~'(U;) N g~!(U2) is an open neighbourhood 
of x, because f and g are continuous. Since X is locally compact, this neighbour- 
hood contains a compact neighbourhood K. Then, M(K, U;) and M(K, U2) are 
neighbourhoods of f and g, respectively. They are disjoint, because U; and U > are 
disjoint. 
2. We have to show that for every open subset O C Y, the subset 


O ={(f,x) © C(X,Y)x X: f(x) € O} 


of C(X, Y) x X is open in the product topology. Let (fo, xo) € O. Then, xo € 
fy (0): Since fo is continuous, fy '(O) is an open neighbourhood of xo. Since 
X is locally compact, fo '(O) contains a compact neighbourhood K of xo. Then, 
M(K, O) x K is a neighbourhood of (fo, x9) which is contained in O. Therefore, 
O is open. 
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3. First, assume that f is continuous. For given z € Z, the mapping f, is continu- 
ous, because it arises by composing f with the mapping X > X x Z,x b (x, Z), 
whose continuity is immediate from the definition of the product topology. To prove 
that the mapping z+> f, is continuous, denote this mapping by g. Since taking 
preimages commutes with taking intersections or unions, it suffices to show that 
go '(M(K, O)) is open for all compact K C X and all open O C Y. Thus, let K 
and O be given and let z € og '(M(K, O)). Then, f(K x {z}) C O. By continuity 
of f, for every x € K, there exist open neighbourhoods U, of x in X and V,. of z 
in Z such that f(U, x V,) C O. Since K is compact, we can find x;,..., x, such 
that K C Ui_, Ux,. Then, V := ();_, Vs, is an open neighbourhood of z satisfying 
f(K x V) C O, that is, V C yg !(M(K, O)). Therefore, p~'(M(K, O)) is open, 
as asserted. 

The converse implication follows by observing that f can be written as the compo- 
sition of the mapping X x Z > C(X, Y) x X, (x, z) & (f;, x) with the evaluation 
mapping C(X, Y) x X > Y, (f,x) + f(x) and by applying point 2. 

4. Denote the mapping under consideration by g. Obviously, g is bijective 
with inverse (f, g) > (f x g)o Ay, where Ay : X — X x X denotes the diag- 
onal mapping. 

To prove that g is continuous and open, since application of g~* and g com- 
mutes with taking intersections or unions, it suffices to show that the subsets 
g'(M(K,, Oy) x M(K2, Oz)) of C(X, Y x Z) and g(M(K, O)) of C(X, Y) x 
C(X, Z) are open for all compact K,, Ko, K C X and all open Oy CY, Oz CZ 
and O CY x Z. Since the first subset coincides with M(K,, Oy x Z)QN M(Ko, 
Y x Oz), this part is immediate. To see that o(M(K, O)) is open, write O = 
U, Oa. X Oz.q with appropriate open subsets Oy. C Y and Oz. C Z. Then, 
M(K,0O)=U, M(K, Oy. x Oz) and hence 


1 


g(M(K, 0)) =) 9(MEK, Ova x Oz.0)) = J, M(K, Ora) x M(K, 02.4). 


| 
Point 3 of Proposition 3.1.1 implies the following. 


Corollary 3.1.2 Let X and Y be Hausdorff spaces and assume X to be locally 
compact. A mapping f : X x I > Y is a homotopy iff the mapping t +> f; is a 
continuous curve in C(X, Y). In particular, [X, Y] coincides with the set of pathwise 
connected components of C(X, Y). In case X and Y are pointed, [X, Y], coincides 
with the set of pathwise connected components of C,,(X, Y). | 


Under the correspondence of homotopies on X with values in Y with continuous 
curves in C(X, Y), the concatenation of homotopies corresponds to the concatenation 
of curves. Together with point 4 of Proposition 3.1.1, this implies the following. 


Corollary 3.1.3. Let X, Y and Z be Hausdorff spaces and assume X to be locally 
compact. Let pry : Y x Z— Y and prz: Y x Z — Z denote the natural projec- 
tions. The mapping [X, Y x Z] > [X, Y] x [X, Z] defined by 
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[fl (pry. lf] prz.Lf) 


is a bijection. A similar statement holds in the pointed case. | 


Next, we discuss loop spaces and their homotopy groups. The loop space of a pointed 
Hausdorff space X is the mapping space 


2X = C(G)01), GO, {#) 


endowed with the compact-open topology induced from C(J, X). By Proposition 
3.1.1/1, 2X is Hausdorff. It is pointed with base point given by the constant loop at 
* € X. Thus, form = 0, 1, 2, ...,wecan consider the space of pointed pair mappings 
C.(U", 01"), (2X, {*})). Forn > 1, we may identify 7” = 7"! x J and thus view 
the elements of this space as homotopies. As such, any two of them can be con- 
catenated. Hence, through this identification, concatenation of homotopies defines 
an operation on C, (U " dl"), (2X, {x})). This operation descends to the ordinary 
multiplication in 7,(2X) = [U", 01”), (2X, {*})],. We will therefore refer to this 
operation as ordinary concatenation. 

On the other hand, one can check that the operation of concatenation in 2X, 
given by (1.7.1), is continuous (Exercise 3.1.2). Hence, by pointwise application, it 
induces an operation © in C, (U", 01”), (2X, {*})), 


fOg:I"+QX, (fFOHH=fH- gh. (3.1.3) 


We will refer to this operation as pointwise concatenation. One can further check 
that loop inversion y +> y~! defines a continuous mapping 2X — QX (Exercise 
3.1.2). Hence, for every f € CA, 01”), (2X, {*})), the mapping f~°: I" > 
QX defined by f~°(t) = f(t)~! Gnverse loop) is continuous and hence an element 
of C, eae 01”), (2X, {x})). 

The following lemma collects the homotopy properties of the operation of point- 
wise concatenation. The proof is analogous to that for ordinary concatenation and is 
therefore left to the reader. 


Lemma 3.1.4 Let n=0,1,2,..., let X be a pointed Hausdorff space and let 
fg hike CAG dI”), (2X, {x})). Let ~ denote the equivalence relation of 
being pointed homotopic and let e € Cx (a 01"), (2X, {x})) be defined by assign- 
ing to every t € I” the constant loop at *. 


1. If f ~handg~k, then fOg~hOkand f-° ~h”. 

2. (fOg)Oh~ fO(gOh). 

3. fOereOfw~ f. 

4. f°Of~ fof re 7 
By an elementary calculation, one finds that forn > 1, pointwise concatenation and 
ordinary concatenation are related by 


(fOg):Okh=(f-hO(g-k). (3.1.4) 
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Theorem 3.1.5 Let X be a pointed Hausdorff space and letn = 0,1,2,.... 


1. The operation of pointwise concatenation in CAG 01”), (2X, {«})) induces 
a group operation in 1,(82X) = [(U", 01”), (2X, {*})]x. For n > 1, the latter 
operation coincides with that induced by ordinary concatenation. 

2. The group 1,(82X) is isomorphic to my+4\(X). An isomorphism is induced by 
the mapping C,((I", 81"), (2X, {#})) > C.(U"*!, ar"*!), (X, fe), fe fF, 
where f(t, t):= f(0)@ forallt € I’ andt € I. 


According to point 1, the operation of pointwise concatenation provides an alternative 
view on the homotopy groups of the loop space $2 X and, in addition, a natural group 
operation on 71(§2X). 


Proof 1. That © induces a group operation on z,,(§2X) for all n > 0 follows from 
Lemma 3.1.4. In case n > 1, using this lemma, (3.1.4) and the homotopy properties 
of ordinary concatenation, we find 


fOs~(f-™aOC-g)=(f O42): (eOg)~f-s. 


Hence, the operations induced on [(7”, 07”), (82.X, {*})], coincide. 

2. By Proposition 3.1.1/3, f is continuous forevery f. Hence, the mapping f t> fa 
is well defined. It is easy to see that this mapping is bijective. 

To check that f ~ g iff f ~ g, according to Corollary 3.1.2, it suffices to show 
that a curve y in C, Gua 01”), (2X, {*})) is continuous iff so is the corresponding 
curve y in C, ce. aI"t!), (xX, {x})). Applying Proposition 3.1.1/3 twice, we find 
that y is continuous iff so is the mapping 


"™xIxI>X, (tts) (y@®)O. 
Since (y (s)(t)) oO= (7 (s)) (t, t), this mapping is continuous iff so is the mapping 
mtxl> Xx, (ts) (7). 


Applying Proposition 3.1.1/3 once again, we find that the latter holds iff y is continu- 
ous. As a result, the mapping f +> f descends to a bijection 2, (2X) > my41(X). 

It remains to check that the latter is a group homomorphism. For that purpose, it 
suffices to check that (f © g)~ = a - g forall f, g. We leave this to the reader. 


Remark 3.1.6 By Lemma 3.1.4 and formula (3.1.4), one finds 
POs te: fOoU~-n=CoOgr lf Oevg-fesos 


for all f, g € C, (a 01”), (2X, {x})). Hence, the group operation on 7,(§2X) 
inherited from pointwise concatenation is Abelian. As a consequence, Theorem 3.1.5 
implies that the homotopy groups z, (X) of a pointed Hausdorff space X are Abelian 
for n > 2. This is in fact the standard argument used in textbooks, cf. [104]. 4 
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Next, we discuss CW-complexes. Recall that the direct sum of a family of topological 
spaces (Xo: : a € A} is given by the disjoint union _],-4 Xa es with the final 
topology! defined by the natural inclusion mappings X, > |_| 


wed * 
Definition 3.1.7 Let X be a set and let ro, 71, 72, ... be a sequence of non-negative 
integers. A CW-structure on X with r, cells in dimension n is a family ¥ of map- 
pings f" : D" > X,wheren = 0, 1,2,... andi = 1,..., 7 wheneverr, > 0,such 


that the following conditions hold. Let X“ denote the union of the images of the 
mappings fi with k <n. 


1. For every n with r, 4 0, |, f” maps |_|’, (Int D”) injectively to X \ X°-)2 
2. Every f," maps dD" to X“"— i) 
3, X= Xe, 


A CW-complex is a Hausdorff topological space X together with a CW-structure 
on the underlying set such that the topology of X coincides with the final topology 
defined by 


The mappings /;” are referred to as the characteristic mappings and their restrictions 
to dD” C D" as the attaching mappings of the CW-structure ¥.The images f/"(D”) 
are referred to as the closed cells and the subsets f;"(Int D”) as the open cells of 
SF. The subsets X C X are called the n-skeleta of F. A CW-complex (X, F) is 
said to be finite if only finitely many of the numbers r,, are nonzero. In this case, the 
largest n such that r,, 4 0 is called the dimension. The CW-complex (X, #) is said 
to be pointed if X is pointed and the base point is a 0-cell. A subcomplex of (X, ¥) 
isa BuDsp ate Cx endowed with the relative topology, together with a subfamily 
F CF such that eZ F) is a CW-complex. 


Remark 3.1.8 The acronym CW refers to the following properties. 


1. Closure-finiteness: every closed cell meets only finitely many open cells (because 
by the defining property 1, it can meet only open cells of lower dimension and 
these are finite in number). 

2. Weak topology: X carries the final topology defined by the family ¥. Thus, a 
subset of X is open iff all of its preimages under the mappings f;’ are open. 
An analogous statement holds for closed subsets. Since D” is compact and X is 
Hausdorff, the latter is equivalent to the statement that a subset of X is closed iff 


its intersection with every closed cell is closed. 4 


Proposition 3.1.9 Let X be a p GuSaOry topological space and let ¥ be a finite 
Cc rts on X. For that ¥ makes X into a CW-complex it suffices that every 
f? © F is continuous. 


'The final topology defined on X by a family of mappings fy : Xy > X is the finest topology in 
which all fy are continuous. That is, a subset A C X is open iff fy (A) C Xzq is open for all a. 
2For n = 0, we put Int D° = D® and XC) = 
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Proof We show that a subset A C X is closed iff (f") (A) Cc D" is closed for all 
n and i. The ‘only if’ direction is obvious. To prove the ‘if’ direction, assume that 
(f")~'(A) is closed for all n andi. Since a continuous mapping from a compact space 
to a Hausdorff space is closed (Exercise 3.1.1), it follows that f/” (ey - (A)) cx 
is closed for all n and 7. Since A 1s the union over all these subsets, and since their 
number is finite, we conclude that A is closed. |_| 


Example 3.1.10 Proofs are left to the reader (Exercise 3.1.3). 


1. The n-sphere S” admits a CW-structure with one cell in dimension 0 and one cell 
in dimension n. The characteristic mappings can be chosen as 


f'() =e, f"(x) = 2x? —1,2V1 —x2x). 


There is another CW-structure, with two cells in each dimension up to n. Its 
characteristic mappings can be chosen as 


Ae@=te, fe) = (x, +V1—~x?2,0,...,0). (3.1.5) 


Correspondingly, the two closed cells in dimension k are given by 
{(x1,---, Xe41,0,...,0) ES” : Axy44 = O}. 
This CW-structure has the advantage that the lower dimensional spheres 
S* = {(x1,..., x41, 0,...,0) € S"}, k=0,1,2,...,n—1, 


are subcomplexes. 

2. The closed n-disk D” has a tautological CW-structure with one cell in dimension n 
and the identical mapping as the characteristic mapping. It is however sometimes 
convenient to have the boundary S”~! as a subcomplex. This can be achieved by 
just adding either one of the two CW-structures of S”~! of point 1, with S’~! 
being viewed as a subset of D” and the characteristic mappings as mappings to 
D’. 

3. The one-point union® of two pointed CW-complexes (X,, ¥,) and (X2, ¥2) 
is a CW-complex with underlying space X; V X2 and CW-structure ¥; U Fo, 
where the elements of .¥; are viewed as mappings to X; V X> via the natural 
inclusion mappings X; — X, V X2. This way, the characteristic mappings of 
the base points get identified and thus yield one element of .7, U 2. As an 
application, from the CW-structures on S! we obtain CW-structures on the figure 
eight and, more generally, on the one-point union of a finite number of 1-spheres. 
However, one cannot obtain a CW-structure on the one-point union of a countably 


3The one-point union X v Y of pointed topological spaces X and Y with base points *y and xy is 
the quotient of X LI Y by the subset {*x, *y}. It is pointed with base point [*x] = [xy]. 
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infinite number of copies, a space which is known as the Hawaiian earring, in this 
way. In fact, this space does not admit any CW-structure. 

4. The direct product of two CW-complexes (X,, ¥,) and (X2, F2) is a CW- 
complex with underlying space X; x Xz and CW-structure ¥, x ¥2 with ele- 
ments (7; x f3}) © Pntm, Where Pptm :D"*™" > D" x D” is some chosen 
homeomorphism. This makes sense, because, as a homeomorphism, p,+m Maps 
the boundary $"*""—! of D"*”" onto the boundary (S’~! x D’”) U (D" x S~!) of 
D” x D”. The number of cells of YF; x > in dimension n is 


n 


> Vk T2.n—-k- 


k=0 


For example, the direct product of two copies of the CW-complex S! with one cell 
in dimensions 0 and 1 yields a CW-structure on the 2-torus T* = S! x S! with 
one cell in dimensions 0 and 2 and two cells in dimension |. This CW-structure 
coincides with the one obtained by means of Morse theory in Example 8.9.9 of 
Part I. 

5. Let (X, F) be a CW-complex and let G be a finite group acting freely on X by 
homeomorphisms. If one can define a free action of G on ¥ by permutations of 
characteristic mappings of the same dimension such that 


(a: f;')(x) =a- (f;'(®) 


for alla € Gandx € D, then by choosing one representative in each G-orbit in F 
and composing it with the natural projection onto the quotient, one obtains a CW- 
structure on that quotient. For example, consider the action of the cyclic group 
G = Zz of order two on S” generated by the antipodal mapping. The quotient 
of this action is the real projective space RP”. One can define a free action of 
Zz on the CW-structure with two cells in each dimension up to n, cf. point 5, by 
exchanging cells of the same dimension. By choosing one cell in each dimension, 
f bi say, and composing it with the natural projection S” — RP” we obtain a 
CW-structure on RP” with one cell in each dimension. 4 


Proposition 3.1.11 Let (X, F) be a CW-complex, let Y be a topological space and 
let f : X — Y bea mapping. The following statements are equivalent. 


1. The mapping f is continuous. 
2. The mappings f o f;' are continuous for all n and i. 
3. The restrictions of f to the closed cells of F are continuous. 


Proof The implication | = 3 is obvious. 
3 = 2. Let n and i be given. Since f;” is continuous, so is its restriction in range 
to the closed cell f"(D"). Composition of the latter with the restriction of f in 
domain to that closed cell yields f o f;”. 
2= 1. Let AC Y be open. By assumption, then (f o f/")~'(A) is open in D” for 
all n and i. Since (f 0 f")~'(A) = (f")"'(f7'(A)), then f~'(A) C X is open. Hl 
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Proposition 3.1.12 Let (X, F) be a CW-complex, let Y be a topological space and 
let fy: X” + Y,n=0,1,2,..., be a family of continuous mappings satisfying 
Sn4itxm = fn for all n. Then, there exists a unique mapping f : X — Y such that 


fix = fn for all n and this mapping is continuous. 
Proof Since the assumption implies that fi, ;x@ = fy for all m > n, and since X 
is the union over the n-skeleta, we can define f by fixm = f,. Uniqueness is then 


obvious. To check continuity, we observe that for all n, i and x € D”, we have 
f ( fi (x)) = fh, ( f? (x)). It follows that f o f” is continuous for all n and i and 
hence, by Proposition 3.1.11/2, that f is continuous. a 


Using Morse theory, one can show the following, cf. the discussion for compact 
manifolds on page 420 in Part I. 


Proposition 3.1.13. Every smooth manifold M is homotopy equivalent to a CW- 
complex of the same dimension. 


Proof See [449, p. 36]. = 


Finally, we discuss direct limits. A directed system of topological spaces consists 
of a directed set? (A, <), a topological space X, for every a € A and a continuous 
mapping fog : Xq — X¢ for every pair (a, B) € A x Awitha < B suchthat fog = 
idy, for alla and fg, © fog = fay for alla < B < y. The direct limit 


X =lim X,y 
> 


of a directed system {Xq, fap} is the topological quotient of the direct sum L],.4 Xe 
with respect to the equivalence relation that x € Xq is equivalent to y € Xg iff 
Fay (*) = fpy(y) for some y. Composition of the natural inclusion mappings 
Xa > Llyes Xa with the natural projection to equivalence classes yields contin- 
uous mappings 

Qui Xq—> X 


and the topology of X coincides with the final topology defined by these mappings. 
That is, a subset of X is open iff its preimage under ¢g, is open in Xq for every a. 
The proofs of the following two propositions are left to the reader (Exercises 3.1.4 
and 3.1.5). 


Proposition 3.1.14 Let {Xq, fag} and {Yu, 2ag} be directed systems of topological 
spaces over the same index set A and let X and Y, respectively, be the direct limits. 
Every family of continuous mappings hy : Xq > Yq satisfying hg o fag = 8ap ° Na 
whenever a < B descends to a continuous mapping h : X — Y. | 


4A set with a partial ordering < which has the property that for any two elements a1, 2 € J there 
exists a3 € J such that a; < a3 anda < a3. 
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Proposition 3.1.15 Let {Xq, fag} be directed systems of topological spaces and let 
X be the direct limit. If for some i one has 1;(Xq) = 0 for all but finitely many a, 
then 1;(X) = 0. 


Example 3.1.16 The family of skeleta {xX :k =0,1,2,...} of a CW-complex 
(X, F), together with the natural inclusion mappings fy; : X“ > X” for k <1, 
forms a directed system of topological spaces. The direct limit of this system is home- 
omorphic to X (Exercise 3.1.6). As a consequence, Proposition 3.1.14 reproduces 
Proposition 3.1.12. ¢ 


Exercises 


3.1.1 Prove that a continuous mapping from a compact space to a Hausdorff space 
is closed. Hint. First, prove the following. A closed subset of a compact space is 
compact. The image of a compact set under a continuous mapping is compact. A 
compact subset of a Hausdorff space is closed. 


3.1.2. Show that the mappings m : QX x QX > 2X andi: 2X — 2X defined 
by concatenation of loops and loop inversion, respectively, are continuous. 


3.1.3 Prove the statements of Example 3.1.10. 
3.1.4 Prove Proposition 3.1.14. 


3.1.5 Prove the statement about the homotopy groups of the direct limit of a directed 
system of topological spaces given in Proposition 3.1.15. 


3.1.6 Show that the direct limit of the directed system made up by the skeleta of 
a CW-structure on a topological space is homeomorphic to that space, cf. Example 
3.1.16. 


3.2 Fibrations 


In this section, let X, Y be topological spaces and let x : Y — X be a continuous 
mapping. Given a topological space Z and a continuous mapping f : Z — X, every 
continuous mapping f : Z — Y satisfying 


aoe ee | 


is called a lift of f through 7. Let there be given a topological pair (Z, A), a contin- 
uous mapping f : Z > X andalift fy: A > Y of fya through zr. The quest for an 
extension of fo to a lift f of f through z is called the lifting problem for z defined 
by the mapping f and the initial condition fo. The situation can be summarized in 
the diagram 
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G25 


aor ee 


If for a certain class of topological pairs (Z, A) every lifting problem for z has a 
solution, one says that z has the lifting property with respect to that class of pairs. 

Of particular interest is the special situation where the pair under consideration 
is of the form (Z x I, Z x {0}). In this case, the lifting problem is referred to as the 
homotopy lifting problem. The corresponding diagram (3.2.1) reads 


2% (0) "sy 


| pe | (3.2.2) 
Co re 
If for a certain class of pointed topological spaces Z every homotopy lifting problem 


for 7 has a solution, one says that 2 has the homotopy lifting property with respect 
to that class of spaces. 


Definition 3.2.1 A continuous mapping z : Y > X is called a Hurewicz fibration 
if it has the homotopy lifting property with respect to all topological spaces. It is 
called a Serre fibration if it has the homotopy lifting property with respect to D” for 
all n. 


Example 3.2.2 


1. The natural projections in a direct product are Hurewicz fibrations. Indeed, for 
Y = X x F andthe natural projection z : Y — X, the homotopy lifting problem 
defined by some mapping f : Z x I — X and an appropriate initial condition 
fo : Z x {0} — Y is solved by the mapping 


f:ZxI-yY, f@zod:= (f(z, t), fo(z, 0)). 
2. Topological fibre bundles are Serre fibrations, see Corollary 3.2.5 below. 4 


In what follows, we first collect the basic properties of Serre fibrations. Then, we 
prove that topological fibre bundles are Serre fibrations. Thereafter, we show that 
the homotopy sequence for pairs induces a homotopy sequence for Serre fibrations. 
Finally, we discuss the path-loop fibration of a topological space and pullbacks of 
fibrations. 


Proposition 3.2.3 Serre fibrations have the lifting property with respect to all pairs 
of the form 
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1. (K x I, (K x {0}) U(L x 1)), where K isa CW-complex and L is a subcomplex, 
2. (K,L), where K is a CW-complex and L is a subcomplex which is a strong 
deformation retract of K. 


Proof Let 7 : Y > X bea Serre fibration, let K be a CW-complex and let L be a 
subcomplex of K. 

1. Consider the lifting problem defined by some f : K x J — X and an appro- 
priate initial condition fo :(K x {0}) U(Z x I) > Y. We prove the assertion by 
induction on the dimension k of the cells attached to L to build K. Let K“ denote 
the k-skeleton of K.The case k = (is trivial. Thus, assume that we have constructed a 
lift f of f over the subspace (K“ UL) x IC K x I for some k > 0 and consider 
a (k + 1)-cell C not contained in L, with characteristic mapping x : D‘t! > K. 
Since C is not contained in L, we have CN (K“ UL) = CN K™. Hence, we wish 
to extend a from 

(CxOyulGnk™) x1) ccs 


to a lift of f on C x J. Assume that we can extend 


f ° (x x id; ) h(DE+! x (0}U(AD!+! x 7) 


to a lift of f o(x x idy) on D‘*! x J. Since x is injective on Int D*t!, this lift 
uniquely determines a lift of f on C x J. By Proposition 3.1.11, applied to the 
CW-complex C x J, the latter is continuous. 

This argument shows that in order to prove that f extends to a lift of f over 
(K“"+) UL) x I, it suffices to show that z has the lifting property with respect to 
the pair (D‘+! x 7, (D‘t! x {0}) U (@D**! x 7)). It is not hard to see that this pair 
is homeomorphic to the pair iD <1 Det x {0}) (Exercise 3.2.1). Since wz is a 
Serre fibration, this yields the assertion. 

2. Let F: K x I — K be a strong deformation retraction from K to L and 
consider the lifting problem defined by some f : K — X and an appropriate initial 
condition fo :L— Y. Define g: K x I> X by g := fo F. Since F maps the 
subsets K x {1} and L x J to L, we can also define 


Go (Kx {IPULXD>Y, Bolx,t) := fo(F(, 0). 


A brief calculation shows that go is a lift of g over the subset (K x {1}) U(Z x J). 
Hence, according to point 1, it can be extended to a lift g of g. Then, another brief 
calculation shows that the mapping f : K — Y defined by f(x) := (x, 0) isa lift 
of f through z extending fy. | 


To be a Serre fibration is a local property in the following sense. 


Proposition 3.2.4 For a continuous mapping m : Y — X to be a Serre fibration 
it suffices that every x € X admits a neighbourhood U such that the mapping 
a~!(U) > U induced by restriction of m is a Serre fibration. 
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Proof Consider the homotopy lifting problem defined by some f : D? x I > X 
and some appropriate initial condition fy : D" x {0} > Y. Since D” x J is com- 
pact, we can find open subsets U;,..., U, of X such that the mappings 2~!(U;) > 
U; induced by restriction of 2 are Serre fibrations and such that the preimages 
f-'(U;) cover D" x I. We find a cell complex structure of D” and numbers 
ti,...,¢; € J such that for every cell C and every j = 0,...,5, there exists i such 
that f(C x [t;, tj41]) C U;. Here, tf) = 0 and ¢,,; = 1. We prove the assertion by 
induction on the dimension k of the cells and, for each fixed cell, by induction on 
j. The case k = 0 is trivial for all 7. For a given cell C of dimension k > 1 and 
given j, via the characteristic mapping of C, the induction argument boils down to 
solving a lifting problem for the Serre fibration z~'(U;) > U;, defined on the pair 
(Cc x [t;, tja1], (C x {O}) U (OC x 1), Thus, the assertion follows from Proposi- 
tion 3.2.3/1. | 


In view of Example 3.2.2/1, Proposition 3.2.4 implies 
Corollary 3.2.5 Topological fibre bundles are Serre fibrations. | 


If the base space is assumed to be paracompact, one has the following stronger result, 
originally proved independently in [322] and [332]. 


Proposition 3.2.6 (Huebsch and Hurewicz) Topological fibre bundles over para- 
compact base spaces are Hurewicz fibrations. 


Proof See (598, Theorem 2.7.13]. | 


Now, we show that the homotopy sequence for pointed pairs induces a homotopy 
sequence for Serre fibrations. Let 7 : Y + X bea Serre fibration. Let «x be a base 
pointin X, let F := m~'!(x*x) and let *- be a base point in F. The latter will be taken 
as a base point in Y, too. This way, z is turned into a pointed mapping. The subset 
F is referred to as the fibre of 7. Recall that for the pointed pair (Y, F’), one has the 
following natural homomorphisms of homotopy groups: 


1. the boundary homomorphism defined by 
0:7 (¥, F) > mi(F), Alf) = fro, (3.2.3) 


2. the homomorphism i, : 2,(Y) — 2,(Y, F) induced from the natural inclusion 
mapping (Y, {*}) > (Y, F), 
3. the homomorphism j, : 2,(/) — 7, (Y) induced from the natural inclusion map- 
ping j: FY. 
Recall further that these homomorphisms fit into an exact sequence 
. a Tn (F) a ,(Y) ay Tn (Y, F) 
+ tty (F) > nV) > ta (¥, F) 


+. may “> mF) > mtr) 2 a), 
(3.2.4) 


204 3 Homotopy Theory of Principal Fibre Bundles. Classification 


referred to as the homotopy sequence of the pair (Y, F’). Except for the last two, all 
mappings are group homomorphisms. 


Lemma 3.2.7 For every n > 1, composition with m defines a mapping 
C,((", 01"), (Y, F)) > C,(U", 01"), (Xf4xp), frewof, 


and this mapping descends to a group isomorphism 1,(Y, F) —> m(X). 


Proof Since m(F) = {xx}, the mapping is well defined. Moreover, for every pointed 
pair homotopy H: I” x I > Y, the mapping 70H: 1” x I > X is a pointed 
homotopy. Hence, the assignment f +> z o f descends toamapping! : 2, (Y, F) > 
I, (X). Clearly, ¢ is a group homomorphism. 

The mapping ¢ is injective: let f, g € Cs", aI”), (Y, F)) andH:I"xI—>~ xX 
bea pointed homotopy from z o f toz o g. Every solution H of the homotopy lifting 
problem for z defined by H and the initial condition 


Ao: I" x (0, 1) U ei} x D > ¥ 
given by 
Appx) = fo Aotexay = 8, He,t) = *r 


defines a homotopy H:D"xI—>Y from f to g. Since the subset (J” x {0, 1}) U 
({e;} x 7) is a strong deformation retract of 7” x I (Exercise 3.2.2), Proposition 
3.2.3/2 yields that H exists. Since 2 0 H, = H, sends a1” to {xx}, Hisa pair 
homotopy. Since He, th= Ao(ey, t) = *p, it is pointed. 

The mapping is surjective: let f € on (dup or”), (X, {*x})). By Proposition 
3.2.3/2, the lifting problem for z defined by the mapping f : J” — X and the initial 
condition fo {ei} > Y, fo(er) ‘= *p, has a solution f: I” — Y.By construction, 
f eC.(@",6r), Y, F)) andy) = 1/1. | 


As a consequence, in the homotopy sequence of the pair (Y, F’), we can replace 
the relative homotopy groups 7, (Y, F’) by the ordinary homotopy groups 7, (X), the 
homomorphism i, by 1 o i,, and the homomorphism 0 by 3 o 1~'. The homomorphism 
3 017! will be referred to as the boundary homomorphism of the fibration z and will 
be denoted by 0. We determine these homomorphisms explicitly. On the one hand, 
for f €¢ C,((I", a1”), (Y, {*r})), we have to ix([f]) = [a © f]. On the other hand, 
for f € C,((1", 91”), (X, {*x})), we have 


ICL FD = Charl, (3.2.5) 


where 7 € CA" al”), (Y, {«r})) is alift of f through z. Thus, (3.2.4) translates 
into the sequence 
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a is " 
-—> 1,(F) + ,(Y) = Ty (X) 


ey (PY Ae ty (2) E> Tey (X) 

Ss mY) 25 m(X) 4 m(F) 25 mY), 6.2.6) 
where up to the last two, all mappings are group homomorphisms. This sequence is 
referred to as the homotopy sequence of the fibration 2. Exactness of (3.2.4) implies 
the following. 


Theorem 3.2.8 The homotopy sequence of a Serre fibration is exact. | 


According to Corollary 3.2.5, this sequence applies in particular to a principal G- 
bundle z : P — M. In this case, one can identify z,,(F) with z,(G) by means of 
an equivariant diffeomorphism « : F — G sending the base point of F to the unit 
element 1. Under this identification, the boundary homomorphism reads 


0: In(M) > m-1(G), ICP) =[k o fra], (3.2.7) 


where f € C,((I", 91”), (M, {xu})) and f € C,((", a1”), (P, F)) is a lift of f 
through z. 

Recall that zo(G) can be identified with the set of connected components of 
G and thus carries a natural group structure. This group acts on 2,(G) by those 
automorphisms which are induced by the inner automorphisms of G: 


(aGo)- Cf) = (Ca)s (LF), (3.2.8) 


where a € Gand f € om (Fige aI”), (G, 1). Here, Go denotes the identity compo- 
nent of G and C, denotes conjugation by a. 

Recall further that 7,;(M) acts on z,,(M) from the right by automorphisms as 
follows. Given [y] € 7;(M) and [f] € z,(M), choose an extension fh: I” x I > 
M of the mapping 

h:(U" x {0}) U0} x I) > M 


defined by h(t, 0) = f(t) and A(O, t) = y(t) and put g,)([f]) := [g], where g(t) = 
h (t, 1). Then, ¢,,) is a group automorphism of 7, (M) for every [y] € 2; (M) and the 
assignment of @,] to [y] is a group anti-homomorphism 7\(M) — Aut (Tn (M)). 
For simplicity, we will write [y] -[f] := @,,(Lf]). 


Proposition 3.2.9 Let P be a topological principal G-bundle over M. For every 
[vy] € m1 (M) and[f] € m(M), 


That is, via the boundary homomorphism in dimension 1, the boundary homomor- 
phism in dimension n intertwines the action of 1;(M) on 1,(M) with the action of 
To(G) on 1y_-\(G). 
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Proof Let y and f be given and choose a representative g € CLU", aI”), (M, *m)) 
of [y]-[f] € 2n(M). There exists a homotopy H: J" x I > M satisfying 
H(O, t)=y(t) for all t.° Choose a lift 7 of f through z:P— M and let 
H:1"x1I—> P bealiftof H through z with initial condition ca Then, the curve 
y : I > P defined by n 

y(t) := H(0,t) 


is a lift of y and belongs to CAC, 01), (P, F)). Hence, according to (3.2.7), under 
the identification of 9(G) with the group of connected components of G, 


I(Ly]) =[k ofjar] =aGo, a:=«(P(1)). 
Thus, on the one hand, according to (3.2.7) and (3.2.8), we have 
Cy) - ALF) = (Ca ok o frarl. 


On the other hand, W,-1 o H; is a lift of g and belongs to C,((/", 31"), (P, F)). 
Hence, 


9([v]-Lf]) = Ag) = [ie 0 (1 0 Ah) pare] = [Rat 0K 0 (Ay) jared, 


where R,-: denotes right translation by a_'. Thus, to prove the assertion, we have to 
show that C, ok o fram is pointed homotopic to R,-1 ok o (A) bar 

To see this, consider the (topological) principal G-bundle y* P over J. Since y 
is a global section of y*P, it defines a global trivialization and hence a continuous 
equivariant mapping K : y* P — Gwhichsends y (ft) to 1 forallt € J. Since, by con- 
struction, 77 o H(t, t) = H(t, t) = y() for all t € 07”, we can define a continuous 
mapping 

h:dI"xI1>G, hit,t):=é (vo, A(t, 1)) 


Since kK (y (0), y (0)) =Ll=«k (7 (0)) , the equivariant mappings « and « coincide on 
the fibre over t = 0. Hence, 


ho =kOoO (Ho) tar =ko fram. 


Since K (7 (1)) =l=a'k (7 (1)) , the equivariant mappings « and L,-1 0 k coincide 
on the fibre over t = 1.° Therefore, 


hy = | eee OKO (Ai) jar. 


5A homotopy with this property is referred to as a homotopy along y. 


Note that we could write «(y()) =1= K(y())a7! as well. This does however not mean that 
k coincides with R,-1 o x, because the latter mapping is not equivariant. 
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Since, in addition, we have h(0, t) = K(y (t)) = 1 for every t € J, it follows that 
C, oh yields the desired homotopy. a 


Example 3.2.10 The exact homotopy sequence (3.2.6) can be used to compute the 
homotopy groups of the quotients of free group actions. Here, we give three examples. 


1 
1. Consider the complex Hopf bundle S? 2. S*, cf. Example 1.1.20. Here, (3.2.6) 
reads 
... > m(S!) > 1 (S°) > a(S?) > _1(8!}) > .... 


Since 2; (S!) = m;_1(S') = 0 for i > 2, we find z;(S*) = 7;(S*) for all i > 2, 
where the isomorphism is induced by the projection (the Hopf mapping). This 
implies, in particular, 

13(S°) = 13(S*) = Z, 


where the generator is given by the Hopf mapping itself, because the generator 
of 7r3(S*) is the identical mapping. 

2. Consider the action of the cyclic group of order two on S” generated by the 
antipodal mapping. The quotient manifold is the real projective space RP”. Since 
(Zz) = Z and m,(Z2) = 0 fork > 0, we find 7, (RP”) = 2;,(S") for allk > 1 
and 7,(RP") = 0 forn > 1. Fork = 1 andn = 1, we obtain the piece 


0—> Z—> 7 (RP!) > Z > 0, (3.2.9) 


so that the sequence does not give sufficient information about 7 (IRP'). However, 
we know that RP! is homeomorphic to S! and hence 2 (RP!) = Z. In fact, under 
this identification, the second arrow in (3.2.9) is induced from the mapping S! > 
S! defined by taking the square. 

3. By a similar analysis, using 77; (U(1)) = 7;(S') = Zfori = 1 andz; (U(1)) =0 
otherwise, one finds 


0 k= 0,1, 
m;(CP") = 4Z k=2, (3.2.10) 
m,(S2"t!) k > 2. 


The argument for RP” and CP” breaks down for HP”, because the group acting 
is Sp(1) which is homeomorphic to S? and thus has nontrivial higher homotopy 
groups (which are not even known in full). 

4. The exact homotopy sequence is also used to prove the vanishing of the lower 
homotopy groups of the Stiefel manifolds, see the proof of Theorem 3.4.10. 


Next, we discuss the path-loop fibration associated with a pointed Hausdorff space 
X. As before, let t = 0 be the base point of J. By definition, the path space of X is 


PX :=C,(I, X) 
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endowed with the compact-open topology. This space consists of the continuous 
curves in X starting at the base point «. As a base point of PX, we take the constant 
curve at *. By assigning to every curve its endpoint, we obtain a pointed mapping 


m:PX—>X, a(y):=yd). (3.2.11) 


This mapping is continuous, because the preimage of an open subset O C X is given 
by the open subset M({1}, O) of PX. 


Theorem 3.2.11 The mapping (3.2.11) is a Hurewicz fibration with fibre 
nm (*) = 


Therefore, the mapping (3.2.11) is referred to as the path-loop fibration of X. 


Proof Let Z be a topological space and consider the lifting problem for z defined 
by some f : Z x J — X and an appropriate initial condition fo : Z x {0} > PX. 
By Proposition 3.1.1/3, via the relation 


fen = CRIM, 


solutions f: Z x I — PX ofthe lifting problem correspond to continuous mappings 
f: ZxIxI-— X.Interms of if the condition that f maps Z x I to PX reads 


ft, 0) =, (3.2.12) 
the lifting condition z o f = f reads 
f@tD=f@n (3.2.13) 


and the initial condition f 1Zx{0} = fo reads 
F(z, 0,8) = (folz, 0))(s). (3.2.14) 


Hence, by passing from f to f , we have turned the lifting problem into an extension 
problem: the desired solution f is an extension to Z x I x J of the mapping 


(Z x I x {0, 1}) U(Z x {0} x IN — X 


defined by (3.2.12)-(3.2.14). Since the subset (J x {0, 1}) U ({O} x J) is a retract 
of J x I (Exercise 3.2.2), the subset (Z x I x {0, 1}) U(Z x {0} x J) is a retract 
of Z x I x I. Therefore, the existence of f , and hence of 7 , follows from the fact 
that if a topological space X is a retract of A C X, then every continuous mapping 
f :A-— Y toa topological space Y has a continuous prolongation to X. | 


Proposition 3.2.12 The path space PX is contractible. 


3.2 Fibrations 209 


Proof Consider the mapping 
F:PXxI— PX, (Fly, t))(s) = y( _ t)s). 


Using Proposition 3.1.1/3, one can check that F is continuous. Since it is a strong 
deformation retraction of PX to the constant curve at *, the assertion follows. |_| 


As aconsequence, the homotopy groups of PX are trivial. Thus, in view of Theorems 
3.2.8 and 3.2.11, Proposition 3.2.12 implies the following. 


Corollary 3.2.13 Forn > 1, the boundary homomorphism 0 : 1,(X) > my—-\(2X) 
is an isomorphism. | 


In fact, the boundary homomorphism coincides with the isomorphism provided by 
Theorem 3.1.5 (Exercise 3.2.3). 

Now, we turn to the discussion of pullbacks of fibrations.’ To begin with, let z : 
Y — X beacontinuous mapping (not necessarily a fibration). Let Z be a topological 
space and let f : Z — X be acontinuous mapping. Define 


FY ={ZyeEeZxYV: fz@=x(y)} 


with the induced topology. By restriction, the natural projections to the factors of 
Z x Y induce continuous mappings 


mp: f*Y>Z, Fre: f*Y > Y, 


fitting into the commutative diagram 


F 
f'y ~+y (3.2.15) 


“| | 


L,.——> X 


The mapping 7 ¢ is referred to as the pullback of z by f. Pullbacks have the following 
universal property. 


Proposition 3.2.14 Let W be a topological space. For every pair of mappings 
p:W- Zand F:W —-Y such that a o F = f 0 p, there exists a unique map- 
ping ie W — f*Y such that F = Fro F and p= ae) F and this mapping is 
continuous. 


7This generalizes the pullback construction for principal bundles, cf. Remark 1.1.9. 
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The situation can be summarized in the diagram 


|» | 


L > & 


with F being represented by the dotted arrow. 


Proof Since m o F = f o p, the mapping 


wWwawxweszxy 


takes values in the subset f*Y C Z x Y. Hence, it induces a continuous mapping 
F:w-> f*Y. It is immediate that F fulfils Fro F = F and Tf © F = p and that 
any mapping fulfilling these two relations must coincide with iD a 


Proposition 3.2.15 The pullback of a Serre fibration is a Serre fibration. An analo- 
gous statement holds for Hurewicz fibrations. 


Proof Since the argument does not depend on the type of fibration, we give it for 
Serre fibrations. Thus, assume that zr is a Serre fibration and consider the homotopy 
lifting problem for z+ defined by a mapping g : D” x J — Z and an appropriate ini- 
tial condition gp : D” x {0} > f*Y. Using (3.2.15), we check that the induced map- 
ping fog: D" x J > X and the induced initial condition Fy o g9 : D" x {0} > Y 
define a homotopy lifting problem for z. Let h:D" x I > Y bea solution. Then, 
nmoh= f ° g. Hence, application of Proposition 3.2.14to W =D’ x I, F= hand 
p = g yields a unique continuous mapping g : D” x J > f*Y suchthat Fy og = h 
and my o g = g. Then, 


Fr © Zip" x{0} = hyp»xt0) = Fr © 20, Tf © gy [D" x {0} = $}D"x {0} = WF © 2 


and hence, by uniqueness, 2p: x(0} = Zo. Since, furthermore, the second equation 
means that g is a lift of g through zy, it follows that g is a solution of the homotopy 
lifting problem under consideration. | 


To conclude this section, we show how to turn an arbitrary continuous mapping into 
a Hurewicz fibration. Given f : Y — X, define 


Ey :={(y,.v) €Y x CU, X): fO) =v O} (3.2.16) 


and the mappings 
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pr Es > X, ppv vy =v), sp: ¥ > Eps Jp) = 0, Vey): 
(3.2.17) 
where y,,) denotes the constant path at f(y). By construction, 


f = pf js. 


We endow E, with the relative topology induced from the product topology of 
Y x CU, X), where C(/, X) carries the compact-open topology. 


Proposition 3.2.16 The mapping pr is a Hurewicz fibration. The mapping jr is a 
homeomorphism onto its image and the image is a strong deformation retract of E +. 


Proof First, consider the mapping p. Let pr, and pr, denote the natural projections 
to the first and the second factor of Y x C(J, X), respectively. 

By Proposition 3.1.1/2, py is continuous. To see that it is a fibration, consider the 
lifting problem given by some g : Z x J — X and an appropriate initial condition 
8: Z x {0} > E;,.Then, pe o 80(z) = g(z, 0) forall z € Z, meaning that the curve 
Plz 08o(z) in X runs from f o pr, o¥o(z) to g(z, 0). Hence, for every t € J, we may 
take the concatenation with the curve 


Vast :I> X, Vz,t(S) = g(Z, St) 
running from g(z, 0) to g(z, t). That the curves y,,, are indeed continuous follows 


from point 3 of Proposition 3.1.1, because the mapping J x (Z x I) > X sending 
(s, (z, t)) to g(z, st) is certainly continuous. In addition, this point yields that the 


mapping 
ZxI—>Cd,xX), (Zt) Yet 
is continuous. Define 


@:Zx I> Ep, B(z,t) := (pr, o80(Z), pry 080(Z) - yz,1) - 


Clearly, py o 8(z,t) = ¥z4C1) = g(z, t), hence g is a lift of g. To see that g is con- 
tinuous, it remains to show that the mapping from the subset 


A := {(1, ¥2) € CU, X) x CU, X) > 1) = 72(0)} C CU, X) x CU, X) 


to CU, X) defined by concatenation is continuous. In view of point 3 of Proposition 
3.1.1, it suffices to check that the mapping 


AxI> xX, (%.%)0RPNn-n), 


is continuous. Continuity in ¢ for all fixed (7, 2) is obvious. Continuity in (71, v2) 
for each fixed t follows from point 2 of Proposition 3.1.1, because the image is either 
yi(2t) or y2(2t — 1). 
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Now, consider the mapping j;. For every subset A C Y, one has jf(A) = 
pr, (A)  jr(Y). Hence, if A is open, so is j¢(A) in j¢(Y). This shows that j; is a 
homeomorphism onto its image. Given y € C(J, X) ands € J, define y, e CU, X) 
by y;(t) := v((1 — s)t). Thus, yo = y and yy is the constant curve at y (0). Since the 
mapping J x (C(U, X) x I) > X sending (t, (y, s)) to y;(t) is continuous, Propo- 
sition 3.1.1/3 implies that the mapping C(/, X) x I — CU, X) sending (y, s) to ys 
is continuous. Hence, so is the mapping 


ErxI—> Ey, (0,7)8) O.%). 


It provides a strong deformation retraction of E'¢ to the subset j/(Y). | 


Remark 3.2.17 One can show that the fibres p~!(x) over a pathwise connected 
component of a fibration f : Y + X are all homotopy equivalent [288, Prop. 4.61]. 
The homotopy type of the fibres is usually referred to as the homotopy fibre of 
the fibration. Proposition 3.2.16 allows to extend this notion to arbitrary mappings 
f:Y— X by defining the homotopy fibre of f to be the homotopy fibre of the 
associated fibration p,. 4 


Exercises 


3.2.1 Complete the proof of Proposition 3.2.3/1 by showing that for all k > 1, the 
pair (D* x I, (D* x {0}) U (aD* x 1)) is homeomorphic to (D‘ x 1, DK x {0}). 
Hint. Solve the case k = 0 first. 


3.2.2 Complete the proof of Lemma 3.2.7 by showing that the subset (J” x {0, 1}) U 
({O} x I) is a strong deformation retract of I” x J. 


3.2.3 Prove that for every pointed Hausdorff space X, the boundary homomorphism 
0: y(X) > m,-1(82X) associated with the path-loop fibration of X coincides with 
the isomorphism provided by Theorem 3.1.5. 


3.3. The Covering Homotopy Theorem 


We are now addressing the classification problem of principal bundles. The final 
result will be that, for a given Lie group G and a given smooth base manifold M, the 
vertical isomorphism classes of smooth principal G-bundles over M are in bijective 
correspondence with the homotopy classes of continuous mappings from M to some 
topological space BG to be constructed. We will solve the classification problem for 
topological principal bundles under the additional assumptions that G is a Lie group 
with finitely many connected components and that the base space is paracompact 
Hausdorff and of CW-homotopy type, meaning that it is homotopy equivalent to a 
CW-complex. This situation is particularly simple, and it is all we need. 

We will proceed in three steps. First, in the present section, we prove the Covering 
Homotopy Theorem. Then, in Sect.3.4, we classify topological principal bundles. 


3.3. The Covering Homotopy Theorem 213 


Finally, in Sect. 3.6, we show that the vertical isomorphism classes of smooth princi- 
pal G-bundles over M are in bijective correspondence with the vertical isomorphism 
classes of topological principal bundles over M. 

Let X be a paracompact Hausdorff space and let J = [0, 1]. Since we want to 
relate bundle isomorphisms with homotopies of mappings defined on X, we need to 
know how topological principal bundles over X x I look like. One particular type 
is given by bundles of the form Q x J, where Q is a topological principal G-bundle 
over X and where G acts trivially on J. 


Theorem 3.3.1 (Topological principal bundles over X x J) Let G be a Lie group 
and let X be a paracompact Hausdorff space. Every topological principal G-bundle 
P over X x I is vertically isomorphic to Py x I, where Po = Pix x{o; is viewed as 
a bundle over X. The isomorphism can be chosen so that its restriction to Py C P 
coincides with the inclusion Py — Po x I given by po +> (po, 0). 


Under the assumption that X is a CW-complex, the assertion follows from Proposition 
3.2.3/1 and the fact that topological fibre bundles are Serre fibrations (Exercise 3.3.1). 
For the proof, we need the following fact. 


Lemma 3.3.2, Under the assumptions of Theorem 3.3.1, there exists a locally finite 
open covering {U; :i = 1,2,...} of X such that P is trivial over U; x I for alli. 


Proof of the Lemma. We proceed in two steps. First, we show that every x € X 
possesses an open neighbourhood U such that P is trivial over U x I. Second, from 
the open covering so obtained, we construct a locally finite and countable one. 

Let x € X be given. By local triviality, for every t € J, there exists an open 
neighbourhood V; of x and an open interval J; containing ¢ such that P is trivial 
over V, x I,. By compactness of J, we can find 0 < t) <--- < % < 1 such that 
I,,,..., 1, cover I. Denote V; := V;, and J; := J,, and define 


i 


U; =()Vi, Jj elie. 
j=l 


j=1 


Clearly, P is trivial over U; x J;. We will show that a trivialization x; of P over 
U, x J; and atrivialization ¥2 of P over Vz x J induce a trivialization x2 of P over 
U2 x Jy. We have 


(U, x Jy) AN (V2 x bb) = U2 xX (IV NN). 


If J; MN i, is empty, we can choose x2 = x; on Phy,xs, and x2 = X2 on Pryyx py. 
If J) C Lh or Ib C Jj, we can choose x2 = X2 or x2 = X1, respectively. Otherwise, 
consider the transition function p : Uz x (J, A I) > G defined by x;(p) = x2(p) - 
p(x(p)), where on the right hand side, p(z(p)) acts by right translation on the 
second factor. Choose c € J; M J, and a continuous function f : Ig > J, M Ip such 
that f(t) = ¢t for all t < c to define 
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p:U2xh->G, p(x,t):= p(x, f(t). 
By construction, p and ¢ coincide on U2 x ([0, c]N h). Hence, the mapping 
X2: Pruyxh > (U2 x tr) x G 


defined by 
_ | xi) | m(p) € U2 x [0, c] 
nip)=4. 7 
ee -p(x(p)) | x(p) €U2x h 
yields a trivialization of P over U2 x Jp. By iterating this argument, we finally obtain 
that P is trivial over U x I, where U = U,. As a result, we find an open covering 
U ={U,:a € A} of X such that P is trivial over U, x J for all a. 

Next, from Y, we construct an open covering whichis locally finite and countable. 
Since X is paracompact, we may assume that WY is locally finite. Since X is in 
addition Hausdorff, there exists a subordinate partition of unity { fy : aw € A}, that is, 
supp( fa) C Uy for all a. For a given finite subset S C A, define a subset Us of X by 


Us := {x €X: (fo — fo')(x) > 0 forall w € S,a’ ¢ S}. 


The subsets Us are open: for every x € Us, there exists an open neighbourhood V, 
of x in X such that fy (x) 4 0 for only finitely many a’. Hence, Us  V;. is the subset 
of V, where a given finite number of continuous functions take nonzero values. It 
follows that Us N V, is open in V, and hence in X. This shows that Us is open in X. 

Now, fori = 1, 2,..., let U; be the union of all Us with S C A having i elements. 
The family {U; :i = 1,2,...} covers X, because x € U;,, where i, is the number 
of elements a of A such that f, 4 0 in some neighbourhood of x. It is locally finite, 
because x ¢ U; for alli > i,. 

It remains to show that P is trivial over U; x I for each i. On the one hand, P is 
trivial over Us x I for all S, because Us C supp( fy) and hence Us C U, for every 
a € S. On the other hand, the Us with S C A having i elements form a disjoint 
decomposition of U;, because if S 4 S’, then S \ S’ contains an element a and S’ \ S$ 
contains an element a’. Elements x of Us Us, would fulfil fo(x) > fa (x) and 
tux) < fa (x), which is a contradiction. | 


Proof of Theorem 3.3.1. By Lemma 3.3.2, there exists a locally finite open covering 
WM ={U;:i =1,2,...} of X such that P is trivial over U; x J for all i. For each 
i, let x; be a trivialization of Pyy,x; and let x; denote the induced trivialization of 
(Popu;,) x I. 

Since X is paracompact Hausdorff, there exists a closed covering {W; :i = 
1,2,...} subordinate to Y, that is, W; C U;,® and this covering is locally finite, 
too. Consider the nested sequence of closed subsets covering X which is formed by 
the unions W; := Uj=1 W;. We will construct the desired isomorphism by induction 


8For example, one may choose W; = supp(f;) for a partition of unity subordinate to Y. 
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on i, that is, we will successively construct open neighbourhoods V; of W; and ver- 
tical isomorphisms ®; over V; x J. Since P;y,x; and hence (Pory,) x I are trivial, 
we may put V; = U; and choose a vertical isomorphism 


®,: Pryx1 > (Pory,) x L 


so that (P1) (Py y,) = 1d(r)y,)- Now, assume that we have found an open neighbour- 
hood V; of W; and a vertical isomorphism 


@; : Pivixt =. (Porv,) x1 


satisfying (Pi) 1Pory,) = 1d (Pp 1y,)- Via the trivializations x;,, and X;,1, ®; is repre- 
sented over (V; x 1) N (Uj41 X IT) = (V; N Ui41) x IT by a continuous mapping 


gi ViNUi41)xIl>G 


satisfying g(x, 0) = 1g forall x € V; N U;,,;. Since paracompact Hausdorff spaces 
are normal, there exist open subsets O;, O2 such that 


W,CO1, O1CO., OC V; 


and, by Urysohn’s Lemma, a continuous function h : V; U U;,; — I which takes 
the constant value | on O, and has support in O2. Using h, we define a mapping 


g(x, h(x)t) | x € Op, 


@:U4,xI>G, g(x, tis 
& +1 g(x, 1) iE | x ¢ Op. 


Via the trivializations x;,, and ¥;41, the mapping g represents a vertical isomorphism 


@: Prujsixt = (Potuiss) xT. 


Let Vj41 := O; UU;41. Since on (Uj41 x I) NCO; x TI) = (U;41N O71) x T, the 
mapping g coincides with g, the isomorphisms @ and (@;) \(p,,,,,,) coincide on their 
common domain. Hence, they combine to a vertical isomorphism 


Pit: Prvjgixt > (Potvin) x f. 


Finally, since g(x, 0) = 1g for all x € Uj+1, we have PrPyy,,1) = id(p),,,,,) and 
hence (®j+1)((Po;v,,,) = 14(rp4y,,,)- This proves the theorem. 

Remark 3.3.3 By analogy, the proof of Lemma 3.3.2 carries over to smooth principal 
G-bundles. 4 


There are two consequences of Theorem 3.3.1 which are important for what follows. 
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Corollary 3.3.4 (Covering Homotopy Theorem) Let X and Y be paracompact Hau- 
dorff spaces and let P and Q be topological principal G-bundles over X and 
Y, respectively. Let H: X x I — Y be a continuous mapping. Every principal 
G-bundle morphism P — Q covering Ho has a prolongation to a principal G- 
bundle morphism P x I — Q covering H. 


Since the projection Q — Y isa Serre fibration, we already know from Proposition 
3.2.3/1 that the lifting problem defined by the mapping H o (zp x id;): Px I > 
M and the initial condition Ap has a solution. What the Covering Homotopy Theorem 
states in addition is that the solution can be chosen to consist of principal G-bundle 
morphisms. 


Proof Let Hy: P > QO bea principal G-bundle morphism covering Ho. Then, 
according to Remark 1.1.9/1, the mapping 


A: P > HO, 2p) := (2(p), Ho(p)), 


is a vertical isomorphism over X. Moreover, by Theorem 3.3.1, there exists a vertical 
isomorphism 
®:H*Q>H;Qx!I 


over X x I satisfying P((x, 0), q) = ((x, q); 0). Together with the natural mor- 
phism pr, : H*Q — Q, the isomorphisms 4 and ® combine to a morphism 


2 -1 
Hepsi" pox woo 


covering H. Since 
Ai(p, 0) = pro"! ((x(p), Hop), 0) = pra ((x(p), 0), Ao(r)) = Ao(v), 


H isa prolongation of Hp. | 


The other consequence of Theorem 3.3.1 leads, in effect, to the idea of classifying 
principal bundles in terms of homotopy classes of mappings. 


Corollary 3.3.5 (Homotopy implies isomorphism) Let G be a Lie group and let 
Q be a topological principal G-bundle over a topological space B. Let X be a 
paracompact Hausdorff space and let f, g : X — B be continuous mappings. If f 
and g are homotopic, then the topological principal G-bundles f* Q and g* Q over 
K are vertically isomorphic. 


Proof Let H : X x I > B bea homotopy from f/f to g, that is, H(-,0) = f and 
H(-, 1) = g. Consider the topological principal G-bundle P := H*Q over X x TI. 
Let P; := Pix x(1, viewed as a bundle over X. Clearly, Pp = f*Q and P; = g*Q. By 
Theorem 3.3.1, P is vertically isomorphic to Pp x J. By restricting an isomorphism 
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to the subbundle P; C P, we obtain a vertical isomorphism from P;, viewed as a 
bundle over X, to Po. |_| 


Exercises 


3.3.1 Use Proposition 3.2.3/1 and the fact that topological fibre bundles are Serre 
fibrations to prove Theorem 3.3.1 under the assumption that the base space is a 
CW-complex. 


3.4 Universal Principal Bundles 


In this section, we classify topological principal bundles over paracompact Hausdorff 
spaces of CW-homotopy type up to vertical isomorphisms. 

For a Lie group G and a topological space X, let PFB(G, X) denote the totality 
of vertical isomorphism classes of topological principal G-bundles over X. As a 
consequence of Corollary 3.3.5, given a topological principal G-bundle Q over B, 
for every paracompact Hausdorff space X, the assignment of the pullback bundle 
f*@Q to acontinuous mapping f : X — B induces a mapping 


[X, B] > PFB(G, X). (3.4.1) 


Definition 3.4.1 (Zopological universal bundle) Let G be a Lie group and let E be 
a pathwise connected topological principal G-bundle over a paracompact Hausdorff 
space B of CW-homotopy type. 


1. E is called a universal bundle for G and B is called a classifying space for G 
if the mapping (3.4.1) is a bijection for all paracompact Hausdorff spaces X of 
CW-homotopy type. 

2. Forn=1,2,..., E is called an n-universal bundle for G and B is called an 
n-classifying space for G if the mapping (3.4.1) is a bijection for all paracompact 
Hausdorff spaces X of the homotopy type of a CW-complex of dimension n or 
less. 


In either case, given a principal G-bundle P overa space X, any mapping f : X — B 
such that P = f*E is said to be a classifying mapping for P. 


Clearly, a topological principal G-bundle is universal iff it is n-universal for all n. 

In what follows, we first discuss uniqueness and then existence of universal bun- 
dles. Uniqueness is a direct consequence of the fact that, by our definition, the base 
space of a universal bundle is paracompact Hausdorff of CW-homotopy type. 


Definition 3.4.2. Two topological principal G-bundles P; over X; and Pz over X2 
are said to be G-homotopy equivalent if there exist G-morphisms F; : P; — P and 
Fy: Py — P, such that Fy o F, and F{ o Fy are homotopic through G-morphisms 
to vertical automorphisms of P; and P3, respectively. 
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Clearly, G-homotopy equivalent principal G-bundles have homotopy equivalent base 
spaces. 


Proposition 3.4.3 Any two classifying spaces for G are homotopy equivalent. Any 
two universal bundles for G are G-homotopy equivalent. 


It is, therefore, common to speak of the universal bundle and the classifying space for 
G, and to write EG and BG for (representatives” of) the corresponding equivalence 
classes. 


Proof Let E; be universal G-bundles over B;, i = 1,2. Since E> is universal, and 
since B, is paracompact Hausdorff of CW-homotopy type, £; is vertically isomorphic 
to f| E> for an appropriate classifying mapping f; : Bj > Bo. By analogy, E> is 
vertically isomorphic to f; E, for an appropriate classifying mapping fo : Bs > By. 
Then, £; is vertically isomorphic to f;‘(f; £1) and hence to (fp 0 f))* £). Since Ey 
is universal, and since E, = id, EF}, it follows that f2 o f; is homotopic to idg,. 
An analogous argument shows that f| o f2 is homotopic to idg,. Hence, f; and fy 
provide a homotopy equivalence between B, and Bp. 

Now, consider the total spaces E; and E>. The natural G-morphism f/ E2, > E2 
combines with a vertical isomorphism E; — f; E) toa G-morphism F, : EF; > E> 
covering f;. Analogously, we obtain a G-morphism F,: FE, — E, covering fo. 
Then, F> o F; is a G-automorphism of EF; covering f2 o f\. Since fo o f; is homo- 
topic to idg,, by the Covering Homotopy Theorem 3.3.4, there exists a homotopy 
through G-morphisms from F2 o F; to some G-morphism of EF) covering idg,, that 
is, to some vertical automorphism of £,. An analogous argument shows that F| o Fy 
is homotopic through G-morphisms to a vertical automorphism of Ey. Thus, F, and 
F, provide a G-homotopy equivalence between F, and E. | 


Now, we are going to discuss the existence of universal bundles. Before entering the 
actual construction, we derive a criterion for universality in terms of the homotopy 
groups of the total space E. We start with a criterion for the extendability of sections!” 
in topological fibre bundles over CW-complexes. 


Lemma 3.4.4 (Prolongation of sections) Let K be a CW-complex and let L C K 
be a subcomplex. Let E be a topological fibre bundle over K with typical fibre V. If 
mi(V) =O for alli < dim K, then every section of Ey, can be extended to a section 
of E. 


Proof We give the argument for an infinite dimensional CW-complex. The finite 
dimensional case is then obvious. 

By possibly refining the CW-complex structure, we may assume that E is trivial 
over every cell of K. Fori =0,1,2,..., let K® denote the i-skeleton of K. We 
will prove the assertion by induction on i. Since K is discrete, the given section 
of E over L extends to a section so over L UK. Thus, for i > 0, assume that 


°A particular representative is called a model of the classifying space for G. 
'0Recall that sections in topological fibre bundles are assumed to be continuous. 
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s; is a section of E over LU K™ and let a: D't! > K be an (i + 1)-cell. Since 
a(dD't!) c K™, 5; induces a section 5; of (a* E) tapi+!. We have to show that 5; 
extends to a section of a* E. By the assumption that F is trivial over every cell of 
K, a*E is a trivial fibre bundle over D‘*! with typical fibre V. Hence, sections 
correspond to mappings D‘*! + V and we have to show that every continuous 
mapping f; : JD't! — V extends to acontinuous mapping fj; : D't! > V. Since 
mi(V) = 0, fj is homotopic to a constant mapping via H : dD'*! x I > V. Since 
H, maps dD‘t! to the base point of V, H induces a continuous mapping H from 
the cone over dD‘*! to V. Since the cone over 9D'+! is homeomorphic to D'*!, we 
obtain an extension fj+1. 

As aresult, we obtain a family of sections {s; : i = 0, 1, 2,...} over the skeleta. 
By Proposition 3.1.12, this family defines a continuous mapping s: K —> E. By 
construction, s is a section. | 


By applying Lemma 3.4.4 to the case where L consists of a single point, we obtain 
the following. 


Corollary 3.4.5 (Existence of sections) Let E be a topological fibre bundle over a 
CW-complex K with typical fibre V. If 1;(V) = 0 for alli < dim K, then E admits 
a section. | 


Now, we can formulate the criterion for universality announced above. 


Theorem 3.4.6 (Universality criterion) Let G be a Lie group and let E be a topo- 
logical principal G-bundle over a paracompact Hausdorff space B of CW-homotopy 
type. If ;(E) = 0 for alli <n, then E is n-universal for G. If ;(E) = 0 for alli,'' 
then E is universal. 


Proof Clearly, it suffices to prove n-universality. Let K be a CW-complex of dimen- 
sion dim(K) < n. First, we show that the mapping (3.4.1) is bijective for X = K. 

To check surjectivity, let P be a topological principal G-bundle over K.. It suffices 
to find a G-morphism P — E, because the pullback of E by the projection of 
such a morphism is vertically isomorphic to P. For that purpose, recall that the G- 
morphisms P — E correspond to the sections in the associated fibre bundle P xg E. 
Since this bundle has typical fibre E and since 7;(E) = 0 for alli < n, the assertion 
follows from Corollary 3.4.5. 

To check injectivity, let there be given continuous mappings fo, fi: K — B 
and assume that there exists a vertical isomorphism ©: fj E > ff E. Let F;: 
fE — E be the natural G-morphisms. Then, F, 0 ® : ff; E > EisaG-morphism 
covering /f;. It suffices to find a G-morphism H : fj E x I — E such that 


H(-,0) = Fo, H(.,1)=F,o®, 


because the projection h : K x I — B of H then satisfies 


'I That is, if E is weakly contractible. 
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hA(,0)= fo, AC D=Sfi 


and thus yields a homotopy from fp to f;. To find H, it suffices to find a section in the 
associated fibre bundle (f E x I) xg E whose restrictions to K x {O} and K x {1} 
correspond to the morphisms Fo and F; o ®, respectively. Since this bundle has 
typical fibre E, and since 2;(E) = 0 for alli < dim(K x J) <n + 1, the existence 
of such a section follows from the Prolongation Lemma 3.4.4. This proves injectivity. 

Now, let X be a paracompact Hausdorff space which is homotopy equivalent to 
K.Leth: X — K andk: K — X bea homotopy equivalence. 

To see that the mapping (3.4.1) is surjective, let P be a topological principal G- 
bundle over X. Then, k*P is a topological principal G-bundle over K and hence 
vertically isomorphic to f* FE for some continuous mapping f : K — B. It follows 
that we have the vertical isomorphisms 


(f oh)*E > h*(f*E) > h*(k*P) > (koh)*P = P, 


where the last one is due to Corollary 3.3.5. 

To see that the mapping (3.4.1) is injective, let there be given continuous map- 
pings f|, fo: X — Band assume that f;" E be vertically isomorphic to f;E. Then, 
the topological principal G-bundles k*(f/*E) and k*(f;E) over K are vertically 
isomorphic. Hence, f; ok is homotopic to fo ok and thus f; ok oh is homotopic 
to fook oh. Since k oh is homotopic to idx, then f| is homotopic to fo. | 


In addition to Theorem 3.4.6, we will also need a criterion which applies to universal 
bundles for closed subgroups of G. Let E be a topological principal G-bundle over 
B and let H C G be a closed subgroup. Recall that the action of G on E reduces 
to an action of H and that the latter makes E into a principal H-bundle over the 
topological quotient E/H. 


Lemma 3.4.7 Let G be a compact Lie group and let E be a topological principal 
G-bundle over a paracompact Hausdorff space B of CW-homotopy type. For every 
closed subgroup H C G, the quotient space E'/H is paracompact Hausdorff of CW- 
homotopy type. 


Proof We use that the induced projection E/H — B is a topological fibre bun- 
dle with typical fibre being the homogeneous space G/H. Since B and G/H are 
Hausdorff, so is E/H (Exercise 3.4.1). Since B is paracompact, by Proposition 3.2.6, 
the induced projection is a Hurewicz fibration. Since, in addition, B is pathwise con- 
nected and both G/H and B are of CW-homotopy type, Theorem 5.4.2 in [221] 
yields that E/H is of CW-homotopy type. 

To see that E/H is paracompact, let Y@ = {U; : i € I} be an open covering of 
E/H. We have to find a locally finite open refinement of Y. Since B is paracompact, 
xz admits a system of local trivializations {(Vy, Xa) : @ € A} such that the open 
covering ¥ = {Vy : a € A} is locally finite. For each a, we find an open subset 
W. C Vy such that the closure Wy C Vy and {W, : a € A} is an open covering 
of B; for example one may put W, = {x € B: fy(x) 4 0} for a partition of unity 
{fo 1 € A} subordinate to Y. By intersecting the members of Y with 27! (Wa), 
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we obtain an open covering %, of 1~!(W,,). Since this space is homeomorphic to 
the direct product of the paracompact space W,, with the compact space G/H, it 
is paracompact.'? Hence, %, admits a locally finite refinement. By intersecting the 
members of %, with 2~!(W,,), we obtain a locally finite family of open subsets of 
E/H covering z~'(W,,). By taking the union of these families over all a, we then 
obtain an open refinement of %. It is locally finite, because so is Y and hence the 
family {7 ~!(Wy) : a € A}. | 


In view of Lemma 3.4.7, Theorem 3.4.6 implies the following. 


Corollary 3.4.8 Let G be acompact Lie group and let H C G be aclosed subgroup. 
Let E be a topological principal G-bundle over a paracompact Hausdorff space B 
of CW-homotopy type. If m;(E) = 0 for alli <n, the induced principal H-bundle 
E > E/H is n-universal for H. If 1j(E) = 0 for all i, this bundle is universal 
for H. | 


Remark 3.4.9 If 2;(E) =0 for all i <n, the exact homotopy sequence (3.2.6) 
implies 


mw\(BG) =G/Go, (BG) =7;_\(G) for 2 <i <n, (3.4.2) 


where Go denotes the identity component of G. ¢ 


Now, we are going to prove that universal bundles exist for all Lie groups with a finite 
number of connected components. We start with discussing the classical compact 
Lie groups O(k), U(k) and Sp(k). 

Let K = R, C or Hand let k < / be positive integers. Consider the Stiefel bundle 


Sx(k, 1) > Gxtk, J), 


where Sx(k, /) denotes the Stiefel manifold of k-frames in K! and Gx(k, 1) denotes 
the GraBmann manifold of k-dimensional subspaces of K’ and the projection assigns 
to a frame the subspace spanned by that frame. According to Example 1.1.24, the 
Stiefel bundle is a smooth principal bundle with structure group O(k) in case K = R, 
U(k) in case K = C and Sp(k) in case K = H. 


Theorem 3.4.10 The Stiefel bundle Sx(k, 1) > Gk, 1) fulfils 17; (Sk(k, 1)) = Ofor 


alli <n and is thus n-universal 


1. for O(k) in case K= Randl1>n+1+k, 

2. for U(k) in case K = Cand! > n/2+k, 

3. for Sp(k) in case K = H and! > n/4 — 1/2 +k. 

Proof Since the base spaces are manifolds, they are paracompact Hausdorff of CW- 


homotopy type.!* Hence, according to Theorem 3.4.6, it suffices to check the homo- 
topy groups of the Stiefel manifolds. We claim that 


This argument is the reason why G is assumed to be compact. 
13Tn fact, Gx(k, 1) admits a canonical CW-complex structure, see Sect. 6 in [451]. 
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7;:(Sx(k,1)) =0 forall i<dU—k)+d—2, (3.4.3) 


where d denotes the dimension of K over R. From this, one obtains points 1-3 by 
plugging in n fori. 

Consider the case K = R. The exact sequence of homotopy groups (3.2.6) for the 
principal O(/ — k)-bundle 


Od) — O()/OW — k) = Sprtk, 1) 


contains the pieces 


mi (O(l — k)) + m:(OW)) > mi (Sak, D) > 2-100 — ) 4 13-1000), 
(3.4.4) 
where 


1:00 —k) > Of), Ua) = ki ak 


We decompose 1 into the sequence of embeddings 


U lg U 


Od —k) > O@ -k +) > --- > OW. 


Since 1; makes O(/ — k + 1) into a principal bundle over S'~* with structure group 
Od — k), from (3.2.6) we obtain exact sequences 


miz1(S'*) — a)(O0 — k)) > m(OU —k +1) > a(S", 


showing that; ,is anisomorphism fori < / —k — landsurjectivefori =/—k — 1. 
By replacing k by k — 1, ..., | in this argument, we obtain that the homomorphisms 
of the i-th homotopy groups induced by, respectively, t2,..., ¢, are isomorphisms 
for all i < / — k — 1. Consequently, 


ly = lpy Or Oley! 7; (O(I — k)) => 7; (O(1)) 


is an isomorphism for all i </—k-—1 and surjective for i =/—k — 1. Now, 
exactness of (3.4.4) implies that for i </—k-—1, we have 7; (Sr(k, 1)) = 0. 
This proves (3.4.3) for K = R. The arguments for K = C and K = H are similar 
(Exercise 3.4.2). | 


For the Lie groups O(1) = Z2, U(1) and Sp(1), Theorem 3.4.10 yields, respectively, 
the n-universal bundles 


S' > RP’, 1/>n+2, 
S441 _, CP, 1>n/2, 
S443 _, HP! 1 >n/4—1/2. 
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As a consequence of Corollary 3.4.8, by embedding the cyclic group Z, as 
7p OD, eee, (3.4.5) 


from the Stiefel bundle S2/+! —> CP’, we obtain the n-universal bundle 


Stl, a HZ, > 0/2, 


for Z,. The quotient manifold L?/*! is referred to as a lens space. It has the structure 
of a smooth principal bundle over CP! with structure group U(1)/Z, = UC). 

As another consequence of Corollary 3.4.8, for the subgroups SO(k) C O(k) and 
SU(k) C U(k), Theorem 3.4.10 yields, respectively, the n-universal bundles 


Sr(k, 1) > Grtk, 1) = Se(k,1)/SO(k), 1>nt+k+1, 
Sc(k, 1) > Getk, 1) = Sc(k, I) /SU(K), 1 >n/2+k. 


The quotient manifold Gg(k, /) has the structure of a smooth principal bundle over 
Gp(k, J) with structure group O(k)/SO(k) = O(1). Accordingly, the quotient man- 
ifold Gc (k,1) has the structure of a smooth principal bundle over Gc(k, /) with 
structure group U(k)/SU(k) = U(1). 


Remark 3.4.11 


1. The principal bundle structure in the classifying spaces of Z,, SO(k) and SU(k) 
observed here generalizes to arbitrary closed normal subgroups, see Proposition 
3.7.5 below. 

2. In the situation of a closed subgroup H of O(k), it is actually not necessary to 
use Lemma 3.4.7 to prove Corollary 3.4.8, because the action of O(k) on Sp(k, /) 
restricts to a smooth free proper action of H on Sp(k,/) and Corollary 6.5.1 
in Part I implies that the topological quotient Sp(k,/)/H is a smooth manifold. 
Hence, it is automatically paracompact Hausdorff of CW-homotopy type. A sim- 
ilar statement holds true for closed subgroups of U(k) and Sp(k). 4 


The existence of n-universal bundles for the orthogonal groups entails the existence of 
n-universal bundles for all Lie groups with a finite number of connected components 
by the following argument. 

First, by a theorem due to Iwasawa [341] and Malcev [420], there exists a maximal 
compact subgroup K C G andasubmanifold N Cc G, diffeomorphic to a real vector 
space, such that the mapping 


UM: KxN—>G, wk,n) :=kn, (3.4.6) 
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is a diffeomorphism.'* This generalizes the polar decomposition of GL(n, R) and 
GL(n, C), cf. Exercise 5.1.9 in Part I. In the case where G is simply connected, the 
theorem is due to E. Cartan [122]. 

Second, being compact, K admits a finite-dimensional faithful real representation, 
see Remark 3.4.14 below. By Proposition 5.5.6 in Part I, this representation admits 
an invariant scalar product. Thus, by choosing an orthonormal basis, we obtain a Lie 
subgroup embedding K — O(k) for some k. Then, the action of O(k) on Sp(k, /) 
restricts to a smooth free proper action of K, thus turning Sp(k,/) into a smooth 
principal K-bundle over Sp(k, /)/K. By extending the structure group from K to G, 
we finally obtain the smooth principal G-bundle 


Sr(k, 1) xx G > Sp(k,1)/K. (3.4.7) 


Corollary 3.4.12 Let G be a Lie group with finitely many connected components, let 
K be amaximal compact subgroup of G and let K C Ok) via a faithful orthogonal 
representation. For 1 >n-+k +1, the topological principal G-bundle underlying 
(3.4.7) fulfils 17; (Sp(k, 1) xx G) = 0 for alli <n and is thus n-universal for G. 


In particular, n-universal bundles exist for all Lie groups with a finite number of 
connected components and all n. 


Proof Denote E := Sp(k, 1). Since by Theorem 3.4.10, the assertion holds true for 
E, it suffices to show that E xx G is a deformation retract of E. In the following 
argument, details are left to the reader (Exercise 3.4.3). 

Let 7 = [0, 1] and let pry :G — K and pry : G > N denote the mappings 
obtained by composing the inverse of the diffeomorphism (3.4.6) with the natural 
projections in the direct product K x N. Since N is diffeomorphic to a vector space, 
there exists a strong deformation retraction gy : N x I — N of N onto the one-point 
subset {1}. Then, 


~o:Gx1I>G, 9¢(a,t):= pu (pre@), gn(pty(@),*)), 


is a strong deformation retraction of G onto K. For alla € G,k € K andt € I, we 
have pr, (ka) = k prx (a) and pry (ka) = pry (a), and hence gg (ka, t) = kgg(a, t). 
Therefore, gg induces a mapping 


g:(ExxG)xI>ExkG, g([,4)],t) :=[, gc(a,t))]. 
It is not hard to see that g is a strong deformation retraction of E xx G onto the 


subset E x x K = E. This proves the corollary. | 


Example 3.4.13 (Principal bundles over spheres) Consider the case where M = S" 
and G is aconnected Lie group. Let E — B be an n-universal bundle for G. Since 
E is pathwise connected, so is B. Since G is connected, (3.4.2) yields 7;(B) = 0. 


'4For a detailed proof, see Sect. 3.7 of [302] or Theorem XV.3.1 of [310]. 
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Since for a pathwise connected topological space X, the mapping z,(X) — [S”, X] 
induced by the natural inclusion mapping C,(S”", X) — C(S", X) descends to a 
bijection from z,,(X)/7(X) onto [S”, X], this implies [S”, B] = z,(B).'° On the 
other hand, according to (3.4.2), we have z,(B) = 2,_\(G). It follows that the ver- 
tical isomorphism classes of principal G-bundles over S” are in bijective correspon- 
dence with the elements of z,_|(G). This is consistent with the Cech cohomological 
description of these bundles in terms of transition mappings: we can cover S” by 
two contractible open subsets whose intersection can be retracted to the equator 
S"—|. Hence, according to Proposition 1.1.10 and Theorem 1.1.11, since G is con- 
nected, vertical isomorphism classes of topological principal G-bundles over S” are 
in bijective correspondence with homotopy classes of continuous mappings from 
Ss"! > G. 

For example, in case G = U(1), we obtain that nontrivial U(1)-bundles over S” 
exist for n = 2 only and that, in this case, they are classified by an integer. For a 
detailed discussion of principal bundles over spheres, we refer to [599]. 4 


Remark 3.4.14 The fact that every compact Lie group G admits a finite-dimensional 
faithful representation is a consequence of a central result in the theory of compact Lie 
groups, the Peter-Weyl Theorem. This theorem states that the representative functions 
form a dense subset of the Hilbert space L(G, v) of real or complex valued functions 
on G which are square integrable with respect to a bi-invariant volume form!® v, see 
for example [105, Theorem III.3.1]. Recall that a representative function is a linear 
combination of functions of the form 


G—>K, aw (n, p(a)v) (3.4.8) 


where v € V and 7 € V* for some C-vector space V carrying a finite-dimensional 
irreducible representation p : G — Aut(V). To conclude from this that G admits a 
finite-dimensional faithful representation, let a; € G such that a; ~ 1. Since the 
elements of L7(G,v) separate the points of G and since functions of the form 
(3.4.8) are dense in L?(G, v), there exists a function of this form satisfying f(a,) ~ 
f (1). This means that there exists a finite-dimensional irreducible K-representation 
p1: G — Aut(V,) such that a; ¢ ker(p;) and hence K; := ker( ) is properly con- 
tained in G. If e, is faithful, we are done. Otherwise, there exists a2 € K, such that 
a2 # 1. By the same argument as above, we can find a function f of the form (3.4.8) 
such that f (a2) # f (1), and hence a finite-dimensional irreducible K-representation 
fp2: G — Aut(V2) such that a2 ¢ ker(o2). Then, Kz := K;, Mker(p2) is properly 
contained in K. Iterating this argument, we obtain a sequence K;, K2,... of closed 
subgroups of G with K;,, being properly contained in K;. Since G is compact, so 
are the K;. By the Theorem on Invariance of Domain, "7 if K; and K i+1 have the same 
dimension, then K;+ is open in K; and hence is a union of connected components of 


The quotient 7, (X)/7(X) is the set of orbits of the natural action of 2; (X) on 2, (X). The latter 
was explained prior to Proposition 3.2.9. 


164 Haar measure, cf. Sect. 5.5 in Part I. 
'7See the footnote on page 159 in Part I. 
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K;. Thus, each K;4; must have smaller dimension or fewer connected components 
than K;. Since, by compactness, the number of connected components is finite, the 
sequence must be finite, and hence must end with the subgroup K, = {1}. Then, the 
representation 

pi X-++X pr: G > Aut (V; @--- PB V,) 


has kernel ker(p,) N---M ker(o,;) = Ki 1--- K; = {1} and is thus faithful. 


From the Stiefel bundles Sx (k, 1) — Gx(k, /) we can construct universal bundles by 
taking the direct limits ] + oo. To be definite, let us explain the construction for the 
case K= R. 

Let R° be the direct sum of countably many copies of R. Recall that R° is a 
real vector space whose elements are infinite sequences (x1, X2,...) with x; ~ 0 for 
only finitely many 7. It carries an obvious scalar product. Let Sp(k, 00) denote the 
set of orthonormal k-frames in R®™ and let Gp(k, 00) denote the set of k-dimensional 
subspaces of R°. Gp(k, 00) is known as the infinite GraBmannian. Every element of 
IR! can be made into an element of R® by appending zero entries. This way, we may 
identify R’ with a subset of R®, Sp(k, 1) with a subset of Sp(k, 00) and Gp(k, 1) 
with a subset of Gp(k, oo). By construction, then R’ is a subset of R't!, Sp(k, 1) 
is a subset of Sp(k,/ + 1) and Gp(k, /) is a subset of Gp(k,/ + 1) for every /. We 
topologize Sp(k, 00) and Gp(k, oo) by the final topologies defined by the natural 
inclusion mappings Sp(k, 1) > Sp(k, o) and Gp(k, 1) > Gp(k, oo), respectively. 
That is, a subset of Sp(k, 00) is open iff its intersection with the subset Sp(k, /) is open 
for all 7. An analogous statement holds for Gp(k, oo). Note that Sp(k, oo) may be 
identified with the direct limit of the directed system given by the topological spaces 
Sp(k, /) and the natural inclusion mappings Sp(k, 1) > Srp(k,/+1),/=1,2,.... 
Again, a similar statement holds for Gp(k, 00). To make Sp(k, oo) into a principal 
O(k)-bundle over Gr(k, 00), we define a mapping 


™ : Sp(k, 00) > Gp(k, co) (3.4.9) 
by assigning to a k-frame in R® the subspace spanned by this k-frame and a mapping 
W : Sp(k, ©) x O(k) > Sp(k, 00) (3.4.10) 
by letting O() act on the first k entries of the elements of R®. This is a free action. 
Then, denoting the natural projection Sp(k, 1) — Gp(k, 1) by x and the action of 
O(k) on Sp(k, 1) by W, we have 
O 


ThSekl) =H, Wiseckyxok = yo, (3.4.11) 


where we have omitted the natural inclusion mappings. This implies that z is con- 
tinuous and that W is a topological right action (Exercise 3.4.4). 
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Lemma 3.4.15 The tuple (Sp(k, 00), Gr(k, 00), O(k), 2, W) is a principal fibre 
bundle. 


This bundle is referred to as the infinite real Stiefel bundle. 


Proof Itremains to construct local trivializations. Thus, let Wo € Gp(k, oo) be given. 
We construct a local section in (3.4.9) at Wo as follows. There exists Jj such that 
Wo € Grek, lo). Define 


U;, := {W € Grtk, lo) : dim Pw(Wo) = k}, 


where Py : R’ — R” denotes orthogonal projection to W. Choose an orthonormal 
basis {e;} in R" whose first k elements span Wo. For every W € U;,, 


{ Pw(e1), tea Pw (ex), Pw. (€x+1); ae! Pwy+(en)} 


is a basis in R". By applying the standard orthonormalization procedure to this 
basis, we obtain an orthonormal basis {e;(W)} whose first k elements span W and 
thus define an element s;,(W) belonging to the fibre over W of the Stiefel bun- 
dle Sr(k, lo) > Gr(k, lo). To see that the mapping W +> s;,(W) is continuous and 
hence a local section in that bundle, we view Sp(k, lo) as the homogeneous space 
O(lo)/O(lo — k). Then, s;,(W) is given by the coset of the matrix built from the 
columns e;(W),..., e;,,(W). Using that Py(v) depends continuously on W for all 
v € R®, it is not hard to see that each of the vectors e;(W) depends continuously 
on W. Hence, so does the corresponding matrix and, therefore, its coset. Now, we 
view Wo as an element of Gr(k, Jo + 1), define U),; in the same way as before and 
construct a local section sj,41 : Uij41 — Sr(k, lo + 1) using an orthonormal basis 
in Rt! whose first Jp elements coincide with the elements of the basis used before. 
Then, U;, C Uj,41 and sj;,4; coincides with s;, on U;,. Continuing in this way, we 
obtain a family of continuous mappings s; : U; > Sp(k,/), 1 => lo, where U; is an 
open neighbourhood of Wo in Gp(k, /) and 


UC Ui41,)  Si41 pu, = SI 


for all 7. By Proposition 3.1.14, this family defines a continuous mapping s from 
U i>|, Ui to S(k, 00) and this mapping is a local section of the projection (3.4.9). i 


In a similar way, one constructs the infinite complex and quaternionic Stiefel bundles. 


Theorem 3.4.16 The infinite Stiefel bundle fulfils 1; (Sk(k, oo)) = 0 for all i. It is 
universal for O(k) in case IK = R, for U(k) in case K = C, and for Sp(k) in case 
K =H. 


Proof Again, we apply Theorem 3.4.6. The Grafimannian Gp(k, /) admits a canoni- 
cal cell decomposition consisting of a total of (/) cells [177, 451]. The cell complex 
structure so obtained has the property that Gp (k, /) is a subcomplex of Gp(k, / + 1) 
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for every / > k. It follows that the infinite GraBmannian Gp(k, oo) inherits a natural 
CW-complex structure.!* In particular, it is paracompact Hausdorff. To check that 
TT; (Sk(k, oo) = 0 for alli, let f: S' > Sx(k, 00) be a continuous mapping. Since 
S' and hence f (S’) is compact, there exists /p such that f(S‘) is contained in Sx (k, Jo) 
and hence in Sx(k, /) for any / > Ip. By (3.4.3), for large enough /, f is homotopic 
in Sx(k, /) to a constant mapping. Hence, it is so in Sx(k, oo). |_| 


Example 3.4.17 


1. For k = 1, Theorem 3.4.16 states that the bundle S*° — KP® is universal for 
O(1) in case K = R, U(1) in case K = C and Sp(1) in case K = H. 

2. In view of the fact that 7; (Sx(k, oo) = 0 for all i, Corollary 3.4.8 yields that via 
the embedding (3.4.5), from the case K = C we obtain the universal bundle 


S* > LY = S°/Z, 


for the cyclic group Z,. Here, L?° is the infinite lense space. Like in finite dimen- 
sion, L® is a topological principal U(1)-bundle over the infinite complex projec- 
tive space CP™. 

3. Corollary 3.4.8 yields the universal bundles 


Sr(k, 00) > Gr(k, 00) = Sp(k, 00)/SO(k), 
Sc(k, 00) > Ge(k, 00) = Sc(k, 00)/SU(k) 


for SO(k) and SU(k), respectively. Here, Gr(k, 00) is a topological principal 
O(1)-bundle over Gp(k, 00) and Gc(k, 00) is a topological principal U(1)-bundle 
over Gc(k, 00). 4 


As in the n-universal case, the existence of universal bundles for the orthogonal 
groups entails the existence of universal bundles for all Lie groups with a finite 
number of connected components. 


Corollary 3.4.18 Let G be a Lie group with a finite number of connected compo- 
nents, let K be a maximal compact subgroup of G and let K C O(k) via a faithful 
orthogonal representation. Then, the principal G-bundle 


Sp(k, 00) xk G > Sr(k, 00)/K 
is universal for G. In particular, universal bundles exist for all Lie groups with a 


finite number of connected components. 


Proof By Lemma 3.4.7, Sp(k, 0©)/K is paracompact Hausdorff of CW-homotopy 
type. By the argument used in the proof of Corollary 3.4.12, Sp(k, oo) xx Gisa 
deformation retract of Sp(k, co). | 


'8The number of r-cells of this structure coincides with the number of ways to write r as a sum of 
at most k positive integers. For a detailed description, see Sect. 6 in [451]. 
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Remark 3.4.19 According to Proposition 3.4.3, the classifying space BG may be 
chosen to be a CW-complex. 4 


Having constructed universal bundles, we can now show that the universality criterion 
given in Theorem 3.4.6 is sharp. By Proposition 3.4.3, every universal G-bundle 
E is G-homotopy equivalent to Sp(k, co) xx G for some faithful k-dimensional 
orthogonal representation of a maximal compact subgroup K. As was shown in the 
proof of Theorem 3.4.16, then 2;(E£) = 0 for all i. Hence, Theorem 3.4.6 implies 
the following. 


Proposition 3.4.20 Let G be a Lie group with finitely many connected components. 
A topological principal G-bundle E is universal iff m;(E) = 0 for all i. a 


In view of this, Corollary 3.4.8 translates into the following statement. 


Corollary 3.4.21 Let G be compact and let H C G be aclosed subgroup. Then, the 
induced bundle EG — EG/H is universal for H and the quotient space EG/H is 
a classifying space for H. Oo 


Remark 3.4.22 Let G; and G2 be Lie groups with a finite number of connected 
components. By Proposition 3.4.20, one has 


m;(EG, x EG») = 1;(EG;) x 1;(EG2) = 0 


for alli, and this implies that the topological principal (G; x Gz)-bundle EG; x EG2 
over BG; x BG? is universal. It follows that the classifying space B(G; x Gz) of the 
direct product of Lie groups may be realized by the direct product of the classifying 
spaces BG, x BG». For an alternative proof, see Exercise 3.4.5. 

Under this assumption, if P; and P) are principal G;-bundles over the same base 
space B and if f; — BG; are classifying mappings for P;, then (f; x f2)o Aisa 
classifying mapping for the principal (G; x G2)-bundle P; xg P» (fibre product). 
Indeed, one can check that the assignment (b, On, y2)) aa ((b, y1), (b, y2)) induces 
a vertical isomorphism from (( fix fayo A)" (EG, x EG2) onto the fibre product 
(fTEG) xp (fyEG2). 4 


Finally, let us summarize the discussion of this section. 


Theorem 3.4.23 (Classification Theorem) For every Lie group G with a finite 
number of connected components, there exists a topological principal G-bundle 
EG —> BG with the following property. For every paracompact Hausdorff topolog- 
ical space X of CW-homotopy type, the vertical isomorphism classes of topological 
principal G-bundles over X are in bijective correspondence with homotopy classes 
of continuous mappings f : X — BG. The correspondence is given by assigning to 
f the bundle f*EG. 
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Exercises 


3.4.1 Let E be a topological fibre bundle over B with typical fibre F’. Show that if 
B and F are Hausdorff, then EF is Hausdorff. 


3.4.2 Work out the proof of (3.4.3) for the cases K = C and K = H. 


3.4.3, Check that the mappings gy, @g and ¢ defined in the proof of Corollary 3.4.12 
are strong deformation retractions. 


3.4.4 Use the relations (3.4.11) to show that the mapping z defined by (3.4.9) is 
continuous and that the mapping W defined by (3.4.10) is a topological right action. 


3.4.5 Let G; and G2 be Lie groups and let P be a principal (G; x G2)-bundle over 
a smooth manifold M. By embedding G, and G2 in the obvious way into G; x Go, 
the action of G; x Gz on P induces actions of G; and Gz. Convince yourself that 
P/G, can be made into a principal G2-bundle over M, and vice versa. Show that 
P is vertically isomorphic to the principal (G; x G2)-bundle A*(P/G2 x P/G;1), 
where A : M — M x M denotes the diagonal mapping. Use this to prove that the 
classifying space of G; x Gz may be realized as the direct product BG; x BGo, cf. 
Remark 3.4.22. 


3.5 The Milnor Construction 


In this section, we discuss the Milnor construction, which provides a topological 
principal G-bundle whose total space is contractible rather than weakly contractible. 
While being less intuitive than the construction of the infinite Stiefel bundles, the 
Milnor construction has two advantages. First, it applies to any Hausdorff topological 
group. In particular, in the case of a Lie group there is no need to assume a finite 
number of connected components. Second, it classifies topological principal bundles 
over all paracompact Hausdorff spaces, and not just those of CW-homotopy type. 
In fact, it classifies all principal bundles admitting a system of trivializations with a 
subordinate partition of unity. Such bundles are called numerable. 

In a first step, we construct a topological principal G-bundle G(/) > B(/) for 
every positive integer /. Let J = [0, 1]. In what follows, elements of the direct prod- 
ucts G! and J’ will be denoted by a = (a,..., a ;) andt = (t),..., 4), respectively. 
The /-join G(/) is the topological quotient of the subset 


{at}eGx Il :n+---+4=1} (3.5.1) 
of G! x I' with respect to the equivalence relation 


(a, t) ~ (b,u) iff t=u and a; = b; forall i suchthat ¢; > 0. (3.5.2) 
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Elements of G(/) will be denoted by [(a, t)]. The free right action of G on G! x I! 
given by 
(g, (a, t)) ad ((aig, avs QS) hiyaaes t1)) 


leaves the subset (3.5.1) invariant and hence descends to a topological free right 
action YW of G on G(/). Let B(J) denote the topological quotient of this action and 
let x : G() > BD denote the natural projection to orbits. To see that Ww makes 
G(J) into a topological principal G-bundle over B(J), it suffices to cover B(/) by local 
sections of 2), that is, by continuous mappings s : U > G(1), where U C B(I) is 
open, satisfying mos = idy. Fori = 1,...,/, define subsets 


SO := {[a,t]:a=1,4 >0}, UY =7({a,t)]:4 > 0}) 


of G(/) and B(/), respectively. The subsets U. a cover B(/). They are open, because 
x is an open mapping.!° Since U{? = 1 (s), by restriction, 7 induces a 
continuous surjective mapping 


4 s > uo. 
is injective. We show that it is open. Let [(a, t)] € as”. We 


have to show that nl? maps neighbourhoods of [(a, t)] in so to neighbourhoods 


of m ([(a, t)]) in B(/). For an open neighbourhood W of 1 in G and « > 0, let 
V(W, e) denote the open subset of G(/) obtained by intersecting 


It is easy to see that my 


{(b,s)e Gx I’ : b €ajiW, 55 € Gi —8, 4 +e)NT} 


with the subset (3.5.1) and passing to classes with respect to the equivalence relation 
(3.5.2). Every neighbourhood of [(a, t)] in contains a neighbourhood of the form 
V(W,@)9 s © with appropriately chosen W and «. By continuity of the multipli- 
cation and inversion nie piage of G, we can find an open neighbourhood W c W 
of 1 in G such that WW—! C W. Then, Vviw, €)i a neighbourhood of [(a, t)] in 
G(/) and hence, since mt” is an Open mapping, 77; Ovw, €)) is a neighbourhood 


of mm” (Ea, t)]) in B(l). Then, so is m(V(W, é)N so , because 


mm (V(W, €)) Cm, (VWW', 2) S,”) Cm (V(W, 2) 9 S)). 


This shows that the mappings a are open and hence homeomorphisms. By inverting 
them, we obtain the desired local sections 


!9See Proposition 6.1.5/2 in Part I. The argument given there for Lie group actions applies to 
topological group actions as well. 


232 3 Homotopy Theory of Principal Fibre Bundles. Classification 
s? -u? + G®. 


As a result, for every /, G(/) is a topological principal G-bundle over B(/). 

In a second step, we use the bundles G(/) — B(/) to construct a topological 
principal bundle G-bundle G(co) — B(oo) in much the same way as the infinite 
Stiefel bundles. Let G® denote the set of infinite sequences a = (a), d2,...) with 
a; € G. Let I* denote the set of infinite sequences t = (f,, ,...) with ¢; € J and 
only finitely many ¢; > 0. Define the infinite join G(oc) to be the set of equivalence 
classes of the elements of the subset 


{(a,t)e Ge x I? sh tht+-:-=1]} (3.5.3) 


of G* x 1° with respect to the equivalence relation (3.5.2). The free right action 
of G onG! x I' given by 


(g, (a, t))  ((aig, ag,...), (tH, tr, ..-)) 


leaves invariant the subset (3.5.3) and hence descends to a free right action YW) of G 
on the set G(oo). Let B(oo) denote the set of orbits and let 2‘ : G(oo) > B(oo) 
denote the natural projection. To equip G(oo) and B(oo) with a topology, we observe 
that every element of G! can be made into an element of G® by appending an infinite 
sequence with entries 1 and every element of J’ can be made into an element of J© 
by appending an infinite sequence with zero entries. It is easy to check that, in 
this way, G(/) and B(/) are made into subsets of G(oo) and B(oo), respectively, for 
every n. Thus, we can topologize G(oo) and B(0o) by the final topologies defined by 
the corresponding natural inclusion mappings. These topologies coincide with those 
inherited from the final topology on G® x J induced by the family of natural 
inclusion mappings G! x I' + G® x I® by taking subsets and quotients. Then, 


the obvious relations 


() __W) yO) _ ay 
Ten => Vexen => 


holding for all / > i, imply that 2°) and W‘©) are continuous. To construct local 
sections of the projection 7°) : G(oo) > B(oo), for every positive integer i we 
define a subset 

U; := 2 ™({[(a, t)] € Goo) : t; > O}) 


of B(oco) and a mapping 
5; : U; > G(o) 


by assigning to 2©? ([(a, t)]) the unique representative with a; = 1. This mapping 
is continuous, because its restriction to U a coincides with ha for all / > i, and it 
satisfies 1‘ 0 5; = idy,. Since the subsets U; cover B(oo), this shows that G(oo) 
is a topological principal G-bundle over B(oo). 
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Theorem 3.5.1 The assignment (3.4.1) induced by the topological principal G- 
bundle G(co) over B(oo) is a bijection for all paracompact Hausdorff spaces X. 


Proof First, assume that we are given a topological principal G-bundle 7 : P > X. 
We aim at constructing a classifying mapping f : X — B(oo). 

By applying Lemma 3.3.2 to the bundle P x J, we find a locally finite open 
covering {U; :i = 1,2,...} of X such that P is trivial over U; for each 7. Since X 
is paracompact, there exists a subordinate partition of unity {g; :i = 1,2,...}. That 
is, supp(g;) C U; for all 7. 

Using a system of local trivializations {x;}, we can define the associated map- 
pings «; := prg ox; :7~'(U;) > G. Extending them to all of P by assigning to 
p ¢~'(U;) the value 1, we can define a mapping 


P—> G(co), pt> [((ki(p), k2(p), ---), (G19 2(p), 2 on(p),..-))]. 


It is easy to see that this mapping is continuous and a principal G-bundle morphism. 
According to Remark 1.1.9/1, the projection f : X — B(oo) yields the desired clas- 
sifying mapping. 

Conversely, let fo, f; : X — B(oo) be continuous mappings such that there exists 
anisomorphismA : fo G(oo) > fi'G(oo) andlet F; : f;G(oo) > G(oo),i = 0, 1, 
denote the corresponding natural morphisms. To prove that fo and f; are homotopic, 
we define mappings F’~ : G(oo) — G(oo) by 


F~([@,t)]) := [(@, 1, a, 1,...), (4,0, 2, 0,...))], 
F*((@; 0) = [(Gia@n, 1a, «,3, ©, 41, 0,%,4..))]. 


Since, for every /, the restriction of F~ to G(/) is a composition of the natural inclu- 
sion mappings G(/) — G(2l) and G(2/) — G(oo) with an intermediate mapping 
G(2l) — G(2l) induced by a simultaneous permutation of the entries of the elements 
of G~! x I7', the mappings F* are continuous. In fact, they are principal G-bundle 
morphisms. We show that they are homotopic through principal G-bundle morphisms 
to idg(oo), and hence that their projections f~ : B(oo) — B(oo) are homotopic to 
id g(00). Consider the mappings 


H*: G(oo) x 1 > G(oo), A*([(a, t)], s) = [@’, t)], 
where for any positive integer n such that s € [1 —2-", 1 —2-""1], 


(qj, ti) |i-n<1l 


ne (appcgr 2" 1-2" s)tyggss) | in > Land odd, 


(veers (2"*ts — antl + 2)¢ iy ) | i—n > 1 and even, 


n- 


in case of H~ and 
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(dj, ti) |i-n<0 
(ai, 1!) = (verre (atts — oath 2) tt) | i—n > Oand odd, 


19 t 2 


(4,498 (arth 2"*15)t, 412) | i —n > O and even, 


in case of H*. By anexplicit calculation one can check that the definition is consistent 
for s = 2", where n can be chosen as k or as k — 1. Continuity follows by observing 
that, for every /, the restriction of H~ to G(/) x I is a composition of a certain 
mapping G(/) x I — G(2I), which can be read off from the definition of H~ and 
which is obviously continuous, with the natural inclusion mapping G(2/) — G(oo). 
Since H~ is equivariant with respect to the action of G, it yields the desired homotopy 
through principal G-bundle morphisms between F~ and idg(o). 

As a result of these considerations, it suffices to show that f~ o fo is homotopic 
to f* o f\. For that purpose, we define a mapping H : fjG(co) x I > G(oo) by 


H(x, 8) :=[((a1, bi, a2, bo, ...), (A — 8)th, suy, (1 — 5)t2, su2,...))], 


where [(a, t)] = Fo(x) and[(b, u)] = F  o A(x). The definition makes sense, because 
if t; = Ooru; = 0(so that a; or b; are indeterminate), then, respectively, (1 — s)t; = 0 
or su; = 0. To see that H is continuous, we write it as a composition of the mapping 


(F~ 0 Fo) x (Ft 0 F, 0A) : G(o0) > Goo) x G(oo) 


with the mapping G(oo) x G(oo) — G(oo) which assigns to a pair ([(a, t)], 
[(b, u)]) the single element 


[( (a1, b2, a3, ba, ...), (1 —5)(t +b), say + ud), 
(1 — s)(t + 4), s(43 + u4),..-))] 


and check that the restriction to G(/) x G(/) of the latter mapping is continuous 
for all /. Since H is equivariant, it yields a homotopy through principal G-bundle 
morphisms between F~ o Fo and F* o F, oA and hence a homotopy between the 
respective projections, thatis between f~ o fy and f* o f;. This completes the proof 
of the theorem. | 


Remark 3.5.2 


1. From the construction of classifying mappings used in the proof of Theorem 
3.5.1, it is clear that none of the topological principal G-bundles G(/) > B(/) 
can be n-universal for some n > 1, in contrast to the Stiefel bundles. 

2. Let G be a Hausdorff topological group. On the one hand, the principal G-bundle 
G(co) — B(co) is numerable, because fori = 1, 2, ..., the assignment of t; to 
[(a, t)] descends to a continuous function f; on B(oo). Clearly, the family of these 
functions is a partition of unity. Moreover, G(oo) is trivial over Uj := 7 (0, 1], 
with trivialization given by 
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m~'(U;) > U; x G, [(a,t)] & (x([(a, t)]), a). 


On the other hand, it is not hard to see that the proofs of the Covering Homotopy 
Theorem 3.3.1 and of Theorem 3.5.1 work for numerable principal G-bundles 
as well. As a consequence, the assignment (3.4.1) induced by G(oo) > B(c) 
is well defined for all topological spaces X and it maps [X, B(oo)] bijectively 
onto the isomorphism classes of numerable topological principal G-bundles over 
X. Thus, for an arbitrary Hausdorff topological group G, and in particular for a 
Lie group, the principal G-bundle G(oo) — B(oo) is universal in the realm of 
numerable principal G-bundles. 

3. The total space G(oo) is contractible [628, Theorem 14.4.6]. + 


3.6 Classification of Smooth Principal Bundles 


In this section, we use the classification result for topological principal bundles 
to complete the classification of smooth principal bundles. In addition, from the 
classification of principal bundles, we derive the classification of vector bundles. 

We start with showing that for a given Lie group G, every topological principal G- 
bundle over a smooth manifold admits a compatible smooth structure. The argument 
is based on the following fact. 


Theorem 3.6.1 For smooth manifolds M and N, every continuous mapping M > 
N is homotopic to a smooth mapping. 


Proof This is an immediate consequence of the fact that C°(M, N) is dense in 
C°(M, N) in the strong topology”? and hence in the weaker compact-open topology 
(303, Theorem 2.2.6]. | 


Combining this with the observation that the n-universal G-bundle provided by 
Corollary 3.4.12 happens to be smooth, we obtain the following result. 


Proposition 3.6.2 Let G be a Lie group and let M be a smooth manifold. Every 
topological principal G-bundle over M is continuously vertically isomorphic to a 
smooth principal G-bundle over M. 


Thus, every topological principal G-bundle over a smooth manifold admits a com- 
patible smooth structure. 


0For given f € C°(M, N), a basis for the neighbourhoods of f in the strong topology is given 
by the following subsets. Let {(U;, «;) : i € I} be a locally finite atlas on M, let {K; :i € I} be 
a family of compact subsets of M satisfying K; C U; for all i, let {(V;, «;) : i € J} be an atlas 
on N satisfying f(K;) C V; for all i, and let {e; : i © 1} be a sequence of positive numbers. The 
neighbourhood of f defined by these data consists of all mappings g : M — N suchthat g(K;) C V; 
and SUP K, [pi 08 OK — Pj Oo f OK; | < &; for alli € J. See [303, Sect.2.1] for details. 
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Fig. 3.1 Smoothening a SS not admissible for Vg 
procedure for the mapping f; we 

in the proof of Lemma 3.6.3: 
admissible choices of the 
elements of the open 
covering {Vo :a=1,2,...} 
of U;1. The mapping is 
smoothened in step a1, but is | 
left unchanged in step a2 | 


Proof According to Corollary 3.4.12, there exists a smooth principal G-bundle 
E — B such that the mapping [M, B] — PFB(G, M) defined by fr f*E isa 
bijection for M. Hence, for every topological principal G-bundle P over M, there 
exists a continuous mapping f : M — B such that P is vertically isomorphic to the 
topological principal G-bundle f* E. By Theorem 3.6.1, f is homotopic to a smooth 
mapping g : M — B. Hence, P is continuously vertically isomorphic to the smooth 
principal G-bundle g* E. | 


Next, we show that smooth principal G-bundles over M are vertically isomorphic if 
so are their underlying topological principal bundles. The crucial step is the following 
smoothening result. 


Lemma 3.6.3 Let E be a smooth fibre bundle over a smooth manifold M. If E admits 
a continuous section, then it admits a smooth section. 


Proof Let F be the typical fibre of E. Let gp be a continuous section in E. By 
Lemma 3.3.2 and Remark 3.3.3, we can choose a locally finite open covering {U; : 
i=1,2,...} of M such that E is trivial over each U;. Then, there exists a closed 
covering {B; :i = 1,2,...} such that B; C U;; for example given by the supports 
of a partition of unity subordinate to the U;. Since manifolds are normal spaces, for 
every i, there exists an open subset W; such that B; C W; and W; Cc Uj. Starting 
with @o, by induction on i, we will construct continuous sections g; of E' which are 
smooth on a neighbourhood U; of B; = Uj=1 B; and coincide with g; outside W;. 
Clearly, @) may be chosen to be smooth. Thus, assume that we have constructed @;. 
Since FE is trivial over U;+, the restriction g; ;y,,, is represented by a continuous 
mapping f; : U;,; > F whichis smooth on U; M Uj. We choose a countable atlas 
for F and cover U;,; by open subsets V,,a@ = 1, 2,..., such that f;(V,,) is contained 
in the domain of a single chart of that atlas on F and such that either V, C Wj4+1 or 
Vy O Bi41 = SO; see Fig. 3.1. Now, we apply to f; the usual smoothening procedure 
by induction on @ from the proof that C°(U;+1, F’) is dense in C(Ui4i, F) in the 
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strong topology,”! with the following modification. If V, Q Bj; = @, the mapping is 
left unchanged in step a. This way, we obtain acontinuous mapping fj+1 : Ui41 > F 
which is smooth in a neighbourhood V;,., of B;,; and coincides with f;,; outside 
W;+1. This mapping corresponds to a continuous section +; in E}y,,, which is 
smooth on Visa and coincides with g; on Uj, \ Wyat- It follows that 


— |gim) | me M\ Wisi, 
Pit1(M) = 4. 
eae | m € Uj+1 
defines a continuous section in E which is smooth on the neighbourhood U4 = 
U, U Vig of Bist and which coincides with g; outside W;,;. This completes the 
proof of the existence of the sections ¢;. 

Now, letm € M.Since W; c U; foralli and since the covering {U; :i = 1,2,...} 
is locally finite, there exists a neighbourhood V of m in M such that VM W,; is 
nonempty for only finitely many 7. Out of these, let ij, ..., 7, be the numbers for 
which m ¢ W;. Then, Vi=V \ (Wj, U---U W;,) is an open neighbourhood of m. 
This shows that the function 


m+ i(m) := max{i e N: m € W;} 
is well defined and locally constant. We define a section g of E by 
g(m) = Pim) (™M), meM. 


Since the function m +> i(m) is locally constant, g coincides with j,) on some 
neighbourhood of any m. On the other hand, since B; C W; and m ¢ W,; for all 
i > i(m), every m belongs to some B; withi < i(m) and hence to Bim: Since iin) 
is smooth in a neighbourhood of B; (m), it follows that g is smooth in a neighbourhood 
of m for every m € M. This proves the lemma. a 


Let P and Q be smooth principal G-bundles over M. By Corollary 1.2.7, smooth ver- 
tical isomorphisms P — Q correspond bijectively to smooth sections of the smooth 
fibre bundle P xg,y Q over M. An analogous statement holds for continuous ver- 
tical isomorphisms and continuous sections of this bundle. Hence, Lemma 3.6.3 
implies 

Proposition 3.6.4 Let G be a Lie group, let M be a smooth manifold and let P and 
Q be smooth principal G-bundles over M. If P and Q are vertically isomorphic as 
topological principal G-bundles, they are vertically isomorphic as smooth principal 
G-bundles. | 


Remark 3.6.5 Using Proposition 1.2.6, one can prove a similar result for 
G-morphisms P — Q, where P and Q are smooth principal G-bundles over dif- 
ferent manifolds. Since we do not need this, we leave it to the interested reader to 


21 See, for example, [303, Theorem 2.2.6]. 
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work out a proof. The problem is that such morphisms need not be isomorphisms, 
so that one has to make sure that the smoothened morphism can be chosen to be an 
isomorphism. This requires the following arguments. 


1. The smoothened section of Lemma 3.6.3 can be chosen arbitrarily close to the 
original section in the strong topology induced from C°(M, P xg Q). 

2. The assignment of morphisms to sections is continuous in the strong topologies 
induced from C°(M, P xg Q) and C°(P, Q), respectively. 


The assertion then follows from the fact that the subset of homeomorphisms is open 
in C°(P, Q) in the strong topology [303, Theorem 1.1.7]. 4 


Now, we can prove that vertical isomorphism classes of smooth principal G-bundles 
over a smooth manifold M correspond bijectively to vertical isomorphism classes of 
topological principal G-bundles over M. 


Theorem 3.6.6 Let G be a Lie group and let M be a smooth manifold. Forgetting 
about the smooth structure defines a bijection from the set of vertical isomorphism 
classes of smooth principal G-bundles over M onto the set of vertical isomorphism 
classes of topological principal G-bundles over M. 


Proof Forgetting about the smooth structure clearly defines an assignment on the 
level of vertical isomorphism classes. By Proposition 3.6.2, this assignment is sur- 
jective. By Proposition 3.6.4, it is injective. | 


Combining this with Corollary 3.4.12, we obtain that, given a smooth manifold 
of dimension dim(M) <n, every n-universal bundle E — B for G establishes a 
bijection between vertical isomorphism classes of smooth principal G-bundles over 
M and homotopy classes of continuous mappings M — B. However, since smooth 
n-universal bundles exist, it makes sense to use them for directly classifying smooth 
principal G-bundles in terms of smooth classifying mappings, without taking the 
detour through topological bundles. 


Theorem 3.6.7 (Classification Theorem) Let G be a Lie group, let E > B be an 
n-universal bundle for G which is smooth, and let M be a smooth manifold with 
dim(M) <n. Then, the assignment of f*E to f : M > B induces a bijection from 
the set of (continuous) homotopy classes of smooth mappings to vertical isomorphism 
classes of smooth principal G-bundles over M. 


Proof The assignment induces a mapping of the classes: if f, g : M — Baresmooth 
mappings which are homotopic through a continuous homotopy, then f* E and g* E 
are vertically isomorphic as topological principal bundles. By Proposition 3.6.4, they 
are isomorphic as smooth principal bundles then. 

The induced mapping is surjective: let P be a smooth principal G-bundle over 
M. Since E is n-universal, P is vertically isomorphic, as a topological principal 
G-bundle, to f* E for some continuous mapping f : M — B. By Theorem 3.6.1, f 
is homotopic to a smooth mapping g : M —> B. By Corollary 3.3.5, then P and g* E 
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are vertically isomorphic as topological principal G-bundles. By Proposition 3.6.4, 
they are vertically isomophic as smooth principal G-bundles then. 

The induced mapping is injective: let f, g : M — B besmooth mappings. If f* FE 
and g* E are vertically isomorphic as smooth principal G-bundles, they are vertically 
isomorphic as topological principal G-bundles. Since EF is n-universal, then f and 
g are homotopic. | 


To conclude this section, we use the classification results for principal bundles 
obtained above to classify vector bundles. 

Let M be asmooth manifold and let k be a positive integer. As in Example 1.2.9/2, 
for K = R, C or H, let Ux(k) denote, respectively, the group O(k), U(k) or Sp(k). 
Given a principal Ug(k)-bundle P over M, one has the associated K-vector bundle 
of rank k given by P xv, K*, where Ux(k) acts on K* via the basic representation. 
This bundle carries a natural fibre metric, induced from the natural scalar product on 
Ik¥. 


Theorem 3.6.8 For IK =R, C, H, the assignment P +> P xuxk) K* induces a 
bijection between the isomorphism classes of principal Ug(k)-bundles over M and 
the isomorphism classes of K-vector bundles of rank k over M. 


Proof By Proposition 1.2.8/3, the assignment P +> P xy, x) Ik* induces a mapping 
of isomorphism classes. By Example 1.2.9/2, the induced mapping is surjective. 

The induced mapping is injective: it suffices to show that for every principal 
Ux (k)-bundle P over M, P is isomorphic to the orthonormal frame bundle O(E) 
of the associated K-vector bundle E = P xy,.«4) K*, equipped with its natural fibre 
metric. Consider the mapping 


P—> O(E), pt ([(p,e1)],---,[(p, ex)]), (3.6.1) 


where e;, ..., e; are the elements of the standard basis of K*. It is injective, because 
[(p, e1)] = L(g, e1)] implies p = q. It is surjective, because every ordered orthonor- 
mal basis in a fibre of P xy,(K) K* is of the form [(p, a/;e;)] = [(Y,(p), e;)] for 
some p € P andsomea € Ux(k) and hence is the image of Y%,(p). Finally, the local 
representative of (3.6.1) with respect to the local trivialization of P induced by a 
local section s and a local trivialization of P xy,,4) K* induced by the local frame 
mM [(s (m), e:) | is given by the identical mapping. Thus, (3.6.1) is an isomorphism 
of principal Ux (k)-bundles over M. This proves the theorem. | 


Combining Theorem 3.6.8 with Theorems 3.6.6 and 3.6.7, as well as Theorems 3.4.10 
and 3.4.16, we obtain the following. 


Corollary 3.6.9 Let K = R, C or H, let M be a smooth manifold of dimension n, 
let k be a positive integer and let d = dimp(K). 


1. Foreveryl > nie +k —1, theassignment f > f* (Sk(k, L) Xuxik) K*) induces 
a bijection between homotopy classes of smooth mappings M — Gx(k, 1) and 
isomorphism classes of smooth K-vector bundles over M of rank k. 
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2. Forgetting about the smooth structure induces a bijection from the set of iso- 
morphism classes of smooth K-vector bundles over M of rank k onto the set of 
isomorphism classes of topological K-vector bundles over M of rank k. 

3. The assignment f b> f* (Sk, OO) Xuxtk) K*) induces a bijection between 
homotopy classes of continuous mappings M — Gx(k, oo) and isomorphism 
classes of topological K-vector bundles over M of rank k. | 


Remark 3.6.10 


1. According to point 3 of Corollary 3.6.9, for every topological K-vector 
bundle E of rank k over B, there exists a classifying mapping, that is, a con- 
tinuous mapping f : B —~ Gx(k, oo) such that FE is vertically isomorphic to 
f* (Sk (k, ©) Xuxg) K*) , and this mapping is unique up to homotopy. According 
to Proposition 1.2.8/4, up to homotopy, a principal Ux (k)-bundle P has the same 
classifying mapping as the associated vector bundle P xv,,4) K*, and a K-vector 
bundle of rank k has the same classifying mapping as its orthonormal frame 
bundle O(E) with respect to some chosen positive definite fibre metric. 

2. The notions of n-universal principal bundle and universal principal bundle carry 
over in an obvious way to vector bundles of a prescribed rank. Using this, points 
1 and 3 of Corollary 3.6.9 may be restated as follows. 


1. For every / > a + k — 1, the associated vector bundle Sx(k, /) Xu) Kk 
is n-universal for K-vector bundles of rank k. 

3. The associated vector bundle Sx(k, 00) Xux(K K* is universal for K-vector 
bundles of rank k. 


If, on the other hand, one just wants to classify vector bundles, one may skip the 
detour through principal bundles and construct smooth n-universal vector bundles 
Ex(k, 1) > Gx(k, 1) of rank k directly by defining 


Ex(k, 1) := {(W, v) € Gx(k, 1) x K* : ve W}, 


where / > bie +k — 1. Incomplete analogy with the construction of the infinite 
Stiefel bundles, by taking the direct limit 1 — oo, one obtains a universal topo- 
logical vector bundle Ex(k, 0) — Gx(k, 00) of rank k, see Sect. 1.2 in [287]. 

4 


3.7 Classifying Mappings Associated with Lie Group 
Homomorphisms 


Throughout this section, let G, H be Lie groups with finitely many connected com- 
ponents and let X be a paracompact Hausdorff space of CW-homotopy type. We 
choose universal bundles EG — BG and EH —> BH. 
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Given a Lie group homomorphism A : G — H, wecan form the associated bundle 
EG"! = EG xg H, cf. (1.2.8). Right translation on H defines an action of H on 
EG"! and this action makes EG"! into a topological principal H-bundle over BG. 


Definition 3.7.1 The mapping BA : BG — BH associated with d is defined to be the 
classifying mapping of the principal H-bundle EG™!, that is, the mapping fulfilling 


EG"! ~ (BA)*(EH). (3.7.1) 


Clearly, the mapping BA is determined up to homotopy. In what follows, we discuss 
its properties. 


Proposition 3.7.2 Leti : G > H bea Lie group homomorphism. 


1. Let P be a topological principal G-bundle over X and let f be a classifying 
mapping for P. Then, Bd o f is a classifying mapping for P|, 

2. Let Q be a topological principal H-bundle over X and let g be a classifying 
mapping for Q. The vertical isomorphism classes of topological principal G- 
bundles P over X having the property that P™! is vertically isomorphic to Q 
correspond bijectively to the homotopy classes of mappings f : X — BG such 
that BX. o f is homotopic to g. 


Proof 1. By definition of BA, the principal H-bundle (BA)*EH over BG is ver- 
tically isomorphic to EG"!, Combining this with Proposition 1.2.5, we obtain the 
vertical isomorphisms 


(BA o f)*EH = f*(BA)*EH = f*(EG") = (f*EG)!! = PM. 


2. It suffices to show that for a continuous mapping f : X — BG, the composi- 
tion BA o f is homotopic to g iff (f*EG)"! is vertically isomorphic to Q. By point 
1, BA o f is aclassifying mapping for (f*EG)"!. Hence, the assertion follows from 
the universality of EH. | 


Point 2 of Proposition 3.7.2 applies in particular to Lie subgroup embeddings. 


Corollary 3.7.3. The vertical isomorphism classes of reductions of a topological 
principal H-bundle Q over X to a Lie subgroup } : G — H correspond bijectively 
to the homotopy classes of mappings f : X — BG such that Bd o f is a classifying 


mapping for Q. | 
Next, we discuss the functorial properties of BA. 


Proposition 3.7.4 Up to homotopy, the following holds true. 


1. Ford, : G > H and )h2: H — K, one has B(A2 0 41) = BAzd o BA. 

2. One has Bidg = idgg. More generally, if X is an inner automorphism of G, then 
BA = idge. 

3. For the constant homomorphism, Bd is homotopic to a constant mapping. 
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Proof 1. By definition, B(A2 0 A,) isaclassifying mapping for EG’2*"!, By Propo- 
sition 3.7.2/1, BAz o BA, is aclassifying mapping for (EGM1]) Bal We leave it to the 
reader to check that the mapping 


EG x K > (EG x H)x K, (y,k) + ((, 15), 4) (3.7.2) 


descends to a vertical K-morphism, and hence isomorphism, from EG’?! onto 
(EG"!)P2l (Exercise 3.7.1). 

2. The action mapping W : EG x G — EG descends to a vertical isomorphism 
EGli4cl _, EG. More generally, let A be given by conjugation by b € G, that is, 
d(a) = bab~'. We leave it to the reader to prove that the mapping EG x G > EG 
defined by (y, g) +> W-1g(y) descends to a vertical isomorphism from EG"! onto 


3. The mapping z x idy : EG x H — BG x H descends to a vertical isomor- 
phism EG"! + BG x H. | 


In the special case where A: G — H is a Lie subgroup embedding, BA inherits a 
bundle structure. 


Proposition 3.7.5 Let G be a compact Lie group. 


1. If: H > Gis a Lie subgroup embedding, then the classifying mapping BA : 
BH — BG can be realized as the projection in the topological fibre bundle 
EG/H — BG with typical fibre G/H. 

2. IfX.: H — Gis anormal Lie subgroup embedding, then BH can be realized as a 
topological principal bundle over BG with structure group G/H and projection 
BA. This bundle has classifying mapping B p, where p : G > G/H is the natural 
projection. 


Proof 1. By Corollary 3.4.21, the induced bundle EG — EG/H, with H acting 
via 4, is universal for H. Hence, EH = EG up to H-homotopy equivalence and 
BH =EG/H up to homotopy equivalence. Moreover, the induced projection f : 
BH =EG/H — BG is a topological fibre bundle with typical fibre G/H. To see 
that f realizes BA, it suffices to check that the principal G-bundles f*EG and EH"! 
are vertically isomorphic. We leave it to the reader to show that the mapping 


EG x G+ BH xEG, (y,h) 6 (2(y), MaQy)) (3.7.3) 


where 27: EG ~ EG/H = BH denotes projection to orbits and © denotes the 
action of G on EG, induces a vertical isomorphism EH"! — f*EG (Exercise 3.7.2). 

2. The first assertion follows from point | by recalling that, in the present case, 
the induced projection EG/H — BG has the structure of a principal bundle with 
structure group G/H. For the second assertion, we observe that the mapping EG — 
EG x (G/H) descends to a vertical G/ H-morphism, and hence isomorphism, from 
BH to EG"), a 
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Proposition 3.7.6 Let P, Q be topological principal bundles over topological 
spaces Bp, Bg with structure groups G, H, respectively, and let F: P > Q bea 
morphism with Lie group homomorphism d.: G — H and projection f : Bp > Bg. 


1. If fp : Bp > BG and fg: Bg — BH are classifying mappings for P and Q, 
respectively, then fg o f is homotopic to BX o fp. That is, the diagram 


fe 


Bp —————> BG 


‘| |» 


By: —_>-_ sf 


commutes up to homotopy. 
2. If f isa homeomorphism, then the mapping P x H — Q, (p,h) te W,° (F(p)) 
descends to a principal H-bundle isomorphism P! + Q projecting to f. 


Proof 1. Consider the associated principal H-bundle P!. One can check that the 
mapping 
Px H—- BpxQ, (p,h) (mp(p), WE(F(p))) (3.7.4) 


takes values in f*Q C Bp x Q and that it descends to a vertical isomorphism of 
principal H-bundles from P™! to f* @ (Exercise 3.7.3). Hence, according to Propo- 
sition 3.7.2/1, BA o fp : Bp > BAH is aclassifying mapping for f* Q. It is therefore 
homotopic to fg o f. 

2. The mapping under consideration is the composition of (3.7.4), viewed as a 
mapping to f*Q C Bp x Q, with the natural principal bundle morphism f*Q — Q 
given by projecting to the second entry. Since the latter is an isomorphism if f is a 
homeomorphism, the assertion follows. | 


Finally, recall from Remark 3.4.22 that the universal bundle and the classifying space 
for a direct product G; x G2 of Lie groups with finitely many connected components 
may be realized by the direct products EG; x EG2 and BG, x BGz, respectively. 
Under this assumption, we have the following. 


Proposition 3.7.7 Up to homotopy, the following holds true. 


1. For i=1,2, let G;, H; be Lie groups with finitely many connected 
components and let 4; : G; — H; be Lie group homomorphisms. Then, 


BQ, x A2) => BA, x BA». 


2. For the diagonal mappings Ag : G > G x Gand Agg : BG — BG x BG, one 
has BAG = Age. 


Proof 1. By Proposition 1.2.5/3, we have the vertical isomorphisms 
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(EG, x EG) 41%] = BG, 4 x BG! 
(BA,)*EH x (BAz)*EH> 
(BA, x BA2)*(EH x EA), 


~~ 
~~ 


where the last one is induced by the rearrangement 
(BG, x EH) x (BG, x EH2) > (BG, x BG) x (EH; x EH). 


2. Let ¥: EG x G — EG denote the principal action mapping. We leave it to 
the reader to check that the mapping 


EG x (G x G) > EG x EG, (y,(@,b)) & (aly), %Q)), 


descends toa principal (G x G)-bundle morphism from EG!4! toEG x EG covering 
Agc. Then, the assertion follows from Remark 1|.1.9/1. |_| 


Exercises 


3.7.1 Show that the mapping (3.7.2) induces a vertical G-morphism EG’??? > 
(EGMl)Pa), 


3.7.2. Show that the mapping (3.7.3) induces a vertical H-morphism, and hence 
isomorphism, from EG"! onto f*EH. 


3.7.3, Complete the proof of Proposition 3.7.6 by showing that the mapping defined 
in (3.7.4) takes values in f* Q and that it descends to a vertical morphism of principal 
H-bundles from P'! to f*Q. 


3.8 Universal Connections 


In this section, we extend the discussion of n-universal objects from bundles to 
bundles with connections. 


Definition 3.8.1 A connection wo on an n-universal principal G-bundle E — B is 
called n-universal if for every connection w on a principal G-bundle P — M with 
dim(M) < n there exists a G-morphism 3? : P > E such that w = 0* ap. 


Necessarily, the projection of # is then a classifying mapping for P. We will proceed 
in two steps. 


(a) We present the classical result of Narasimhan and Ramanan [476] for compact 
Lie groups, see also [560] and, for an algebraic reformulation, [396]. In particular, 
the natural connections on the Stiefel bundles, given in Example 1.3.20, provide 
n-universal connections for the classical compact Lie groups. 
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(b) For the case of an arbitrary Lie group, there are at least two different approaches. 
The one of Narasimhan and Ramanan [477] is, similarly to their method used 
in the compact case, by patching together local solutions. The one presented in 
[81] is more geometric and uses the tautological connection on the section jet 
bundle of an n-universal G-bundle.”” This is the approach we follow here. 


Unfortunately, the result in the compact case seemingly cannot be obtained directly 
as a special case of (b). 
To start with, recall the canonical connection w° on the Stiefel bundle 


Sk(k, 2) = Uk()/Ux(n — k) > Gx(k, n) = Ux(n)/(Ux(n — k) x Ux(k)), 


cf. Example 1.3.20. According to (1.3.19), in terms of the matrix-valued function u 
which assigns to the k-frame built from ug = ai ye j the (n x k)-matrix a/y, it reads 


wo = u'du. (3.8.1) 


By Theorem 3.4.10, the Stiefel bundles are n-universal for the classical compact Lie 
groups. We will show that w° provides universal connections for these groups. In 
our presentation we follow [476]. To be definite, we restrict attention to the unitary 
group, that is, K = C. The starting point is the following technical lemma. For the 
proof we refer to Sect. 3 in [476]. 


Lemma 3.8.2. Let U C R" be an open subset and let V C U be a relatively compact 
subset whose closure is contained in U. Let | = (2n + 1)k?. For every 1-form a with 
values in u(k), there exist smooth mappings fi,..., fi: V — Mx(C) such that 


l 1 
Sek, See 
i=l i=1 
| 


Lemma 3.8.3 Let P be a principal U(k)-bundle over a manifold M of dimension 
< nand let w be a connection form on P. Let V C M be a relatively compact open 
subset whose closure is contained in a coordinate neighbourhood U over which P 
is trivial. Then, there exists a bundle morphism 0 : Py — Sc(k, 1k) such that 


va = arp,, 
where Py is the restriction of P to V. 


Proof Recall that the matrix-valued function u on Sc (k, /k) mentioned above realizes 
Sc(k, /k) as the subset of the vector space of complex (/k) x k-matrices which is 


»2This point of view has already been outlined before in [169]. 
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defined by the relation A‘A = 1,. In this realization, the action of the structure group 
U(k) is given by right multiplication. 

Let z : P — M denote the canonical projection. Choose a local trivialization of 
P over U, let k : Py — U(k) be the corresponding equivariant mapping and let s : 
U — P be the associated local section. Consider the local representative < := s*w. 
By Lemma 3.8.2, using a chart on U, we can find smooth mappings /fi,..., fi: 
V — M,(C) satisfying 


1 


7 1 ¢ 
aa fi Si = 1, Dod fidf; = ae 


Define a mapping 


fi(x(p))K(p) 
0: Py > Sclk, lk), O(p):= 


fil (p))«(p) 


This makes sense, because 


Hp) O(p) = «(WY (S_, (Fie(P)))" fie») «(P) = Le 


so that 3 takes values in Sc(k, /k), indeed. It is easy to see that ? is equivariant 
and hence a morphism of principal U(k)-bundles. Using (3.8.1) and k os = x, we 
finally compute 


* i i D 
soo = s*(0'dd) = (008) d@os)= >) fds = o&. 


Hence, 3*w° = w over V. | 


Theorem 3.8.4 Let P be a principal U(k)-bundle over a manifold M of dimension 
< nandletm := (n + I)kI. For every connection form w on P, there exists a bundle 
morphism 3 : P — Sc(k,m) such that 3*w* = w. 


Proof According to [480], there exists an open covering {W),..., W,+1} of M such 
that each W; decomposes into a disjoint union of relatively compact open subsets Vj; 
whose closure is contained in a coordinate neighbourhood over which P is trivial. To 
each V;;, we can apply Lemma 3.8.3. For each fixed i, the resulting U(k)-morphisms 
Di; : Py, > Sc(k, /k) combine to U(k)-morphisms 3; : Py, > Sc(k, /k) satisfying 


@)p,, = 0; @°. Extend the 0; arbitrarily to smooth mappings from P to the space of 
complex (/k x k)-matrices. Choose a partition of unity {@,..., @n41} subordinate 
to the covering {W,,..., W,+1:} and define a mapping 


Vy (7(p)) HCP) 
V/ Pn+1 (x(p)) On+1 (p) 


0: P > Sc(k, (a+ Dik), O(p):= 
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This makes sense, because 


B(p)' BCD) = -" gile(D)) Bi(D)'8i(D) = Ie, 


i 


as 0;(p)'3;(p) = 1, whenever v(x (p)) # 0. Finally, we compute 
e n+l + n+l +. 
Fok = Hdd = D0 gi) 8) di + DY 0/8) JG; dT Gi. 


Since (0 *Q;) odd; = 0 w° = w whenever 2*g; # 0, the first term yields w. Since 
0} 0; = 1, whenever 2*y; 4 0, and since 


n+l n+l 
baa Vm; d/n*g; = 5d > x*gi) =0, 


i=l 
the second term vanishes. |_| 


Corollary 3.8.5 Let G be a compact Lie group and let P be a principal G-bundle. 
There exists a principal G-bundle E — B and a connection form wo on E such 
that for every connection form w on P, there exists a bundle morphism 3 : P > E 
fulfilling 0* wo = o. 


Proof By (105, Theorem 4.1], G admits a faithful unitary representation on C* for 
some k. Leta : G — U(k) be the corresponding Lie subgroup embedding. Consider 
the principal U(k)-bundle P™! and let j : P > P™! be the induced mapping, given 
by j(p) =L(@, 1x)]. By Corollary 1.3.14, there exists a unique connection @; on 
Pl! such that j*w, = dow. By Theorem 3.8.4, there exists a positive integer 
m and a U(k)-morphism # : P'! + Sc(k,m) such that 0m° = a. Via A, the 
structure group G acts freely and properly on E := Sc(k, m) and thus turns E into 
a principal G-bundle over the quotient manifold B := E/G. On the one hand, there 
exists a unique G-morphism 3 : P —> E satisfying 3 o j = %. On the other hand, 
since U(k) is compact, we have a reductive decomposition u(k) = dA(g) ® m. Let 
pr, : u(k) — dA(g) — g denote the corresponding projection. One can check that 
Wo ‘= pr, ow® is a connection form on the principal G-bundle E — B (Exercise 
3.8.1, cf. also Example 1.3.19). We compute 


D* wo = pry o(0*w*) = pry o(j*P{@*) = pry o(j*@1) = prgodAow =a. 
a 


Now, we turn to the discussion of universal connections for arbitrary Lie groups. 
Let P be a principal G-bundle over the base manifold M with action W and 
projection z. By point 2 of Remark 1.3.3, every connection w on P defines a hor- 
izontal lift €° : Tx(p)M — T,P for every p € P. It is evident that the assignment 
pre aad defines a smooth section in the vector bundle Hom(z*TM, TP) over P and 
that this section takes values in the subset 
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J'P := {£, € Hom(x*TM, TP) : m, 0 fp = idt,,m} (3.8.2) 


where the lower index p means that £, belongs to the fibre over p. We show that 
J'P inherits the structure of a fibre bundle over P from Hom(z*TM, TP). There are 
natural surjective mappings 


zm, :J'P > P, (Lp) = Pp, mo :J'P > M, mo:= 707, 


called the target projection and the source projection, respectively. For p € P and 
m € M, denote 
LPaa py JP Hay OO: 


Consider the vertical vector bundle morphism 
t: Hom(z*TM, TP) > End(x*TM),  t(€,) := 1), of). 


According to Example 2.7.7 of Part I, kert is a vertical vector subbundle of 
Hom(z*TM, TP) of rank r = dim(M) - dim(G). It is not hard to see that, for every 
p € P, the subset iP is an affine subspace of Hom ((2*TM),, TP} with trans- 
lation vector space given by the linear subspace ker t,. Given po € P, we find an 
open neighbourhood U Cc P, a local frame {s|,...,5,}in ker t over U C P anda 
local section s in Hom(x*TM, TP) over U taking values in J'P (for example, the 
section defined by a connection on P). Then, the mapping 


wiUxR > 7'U), VR.» = 5(p) + Do x'si(p), (3.8.3) 


i=1 


is a bijection. We leave it to the reader to check that the transition mappings between 
two such bijections are smooth (Exercise 3.8.2). Hence, the collection of mappings 
(3.8.3) defines on J'P the structure of a smooth manifold. With respect to this struc- 
ture, J'P endowed with the projection 2, : J‘'P — P isa fibre bundle with typical 
fibre R”. More precisely, it is an affine bundle with translation vector bundle ker t 
and an affine subbundle of Hom(z*TM, TP). Note that J'P is a concrete realization 
of the first jet manifold of sections in P. It is therefore referred to as the first section 
jet bundle of P. 

Next, we are going to endow J'P with the structure of a principal G-bundle. Recall 
from Example 6.1.2/5 of Part I that the action YW of G on P induces an action of G 
on TP by the tangent mappings (W,)’, a € G. Moreover, G acts on the vector bundle 
m*TM by (a, (p, X)) a (Wa (—p), X). Since both these actions cover W, they induce 
a smooth action of G on Hom (x*TM ‘ TP) by assigning to an element £, in the 
fibre over p the element (Yay, o £, in the fibre over Y,(p) (Exercise 3.8.3). Since 
for £, € J'P we have 


/ ; _ } _: 
Ty, (p) © (Wa), ° Lp = Ip ° Ly —_ idq,.,)M> 
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the submanifold J'P is invariant under this action. Since J'P is a vertical sub- 
bundle of Hom(z*TM, TP), an argument similar to that for vertical vector sub- 
bundles in Example 2.7.2 of Part I shows that J'P is an embedded submanifold 
of Hom(z*TM, TP) (Exercise 3.8.4). Hence, by restriction, the action of G on 
Hom(z*TM, TP) induces the action 


eG P IP, We) = Cx), oo (3.8.4) 


of G on J'P. By construction, the action YW! covers Y. By Remark 6.3.9 of Part I, 
this implies that it is free and proper. As a consequence, the orbit space 


CP = (T/C 
carries a unique smooth manifold structure such that the natural projection 
prlr—= Cp 
to classes is a submersion. With respect to this structure, J'P is a principal G-bundle 
over C!P with action W! and projection p, cf. Sect. 6.5 of Part I. 
Another consequence of the fact that YW! covers W is that the projection z! : 
J'P — P isa morphism of G-bundles. The induced mapping of the base manifolds 
5:C'P > M 


is a surjective submersion. To summarize, we have the commutative diagram 


jip ——_~"—__+ p 
| ee | 
5 
c!p —————> M 


Using the mappings (3.8.3) and local sections o of P over V C M, one can cover 
C'P by local diffeomorphisms of the type 


poxo(o x ide): V xR’ 35 '(V). 
Hence, C!P inherits from J'P the structure of a fibre bundle over M with typical fibre 


R’ (Exercise 3.8.5). In fact, one can show that it inherits the structure of an affine 
bundle with translation vector bundle Hom(TM, Ad(P)). 


Lemma 3.8.6 Jf (U, x) is a local trivialization of P, then 
Kim!) > 8 'U)x G, XO = (e(0), pre ox om (O) 


is a local trivialization of p. 
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Proof As in Chap. 1, we denote « := prg ox. It suffices to show that the subset 
S:={£én,'UW): com =1} 


of my d (U) is an embedded submanifold transversal to the fibres of p, because, then, 
p induces a diffeomorphism from S onto 5~'(U). Obviously, the inverse of this 
diffeomorphism is a local section of p over 5~'(U) and X is the corresponding local 
trivialization. 

Since « and zr, are submersions, « 0 7; is a submersion, too. Hence, by Corollary 
1.8.3 of Part I, S is an embedded submanifold and T;S = ker(« 0 71)/ forall € € S. 
To check that S' is transversal to the fibres of p, let A € g and let Al denote the 
Killing vector field on J'P generated by A. We have to show that (k © 77)/(Aj)e = 0 
implies (Al)¢ = 0. Since z and « are equivariant, we have 


(kom) (ALe = (Leon), A- 


Since left translation by « o 7; (€) is a diffeomorphism of G and hence (Lam, is 
bijective, it follows that A = 0 and hence (Al)e = 0, as asserted. |_| 


Now, we will relate connections on P to sections of 7; and 6. As noted above, every 
connection @ on P defines a section @ of zr; by assigning to p € P the horizontal 
lift € : Tx(p)M — T>,P. By the equivariance property of connections, we have 


£2 


Ya(p) CAR 


pep? 

Therefore, @ is equivariant and hence a morphism of principal G-bundles. As a conse- 
quence, it projects to a smooth mapping ® : M —> C!P and we have the commutative 
diagram 


 _—_— ay 6, 


wo 
M ———— C!P 
Since @ is a section of 7, @ is a section of 6. 


Proposition 3.8.7 Let P be a principal G-bundle over M. 


1. The assignment w ++ @ defines a bijection between connections on P and G- 
equivariant sections of 1 : J'P — P or, equivalently, principal G-bundle mor- 
phisms P + J'P satisfying 1 0 @ = idp. 

2. The assignment w +> @ defines a bijection between connections on P and sections 
of 6: C'P > M. 


Proof 1. Every G-equivariant section o of z, defines an equivariant distribution on 
P by assigning to p the subspace im (o (p)) CT,P. Since X, oo(p) = idr,,,.M, 
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this distribution is complementary to V P and hence defines a connection a7. We have 
o =o anda =a. 

2. Given a section o of 5, we define a section c : P > J'P by assigning to p the 
unique representative of the class o (xr( p)) in the fibre (J'P),,. Since W' projects to 
W, this section is equivariant. Let x be a local trivialization of P. Composing 6 with 
the induced local trivialization x of p provided by Lemma 3.8.6, we obtain 


xX 06(p) = (o on(p), prg ox(p)). 


Hence, 6 is smooth. This shows that for every section o of 6 there exists a 
unique equivariant section of zr; projecting to o. In view of point 1, this yields the 
assertion. |_| 


As a consequence of point 2 of Proposition 3.8.7, C'!P is usually referred to as 
the bundle of connections. However, more appropriately, it could also be called the 
manifold of equivariant tangent lifts of P. Accordingly, the jet manifold J'P could 
also be called the manifold of tangent lifts of P. 

Our next aim is to show that the principal G-bundle p : J'P > C!P carries a 
tautological connection. The key observation is that we have a tautological mapping 


h: TP) —> TP, h(X,) = (0) X:). (3.8.5) 
Associated with h, we have the mapping 
v:TO'P) > TP, vi=aj—h. (3.8.6) 


Lemma 3.8.8 The mappings h and v are equivariant” vector bundle morphisms 
covering 7. 


Proof It suffices to prove the assertion for h, because, then, both h and zr} project to 
zt; and the assertion for v follows. 

Obviously, h preserves fibres, projects to 7, and is fibrewise linear. To see that it 
is smooth, we decompose it into the smooth mapping 


TO'P) > UP x n*TM, Xp (€,2(0/ Xo), 
restricted in range to the embedded submanifold J 'P x p x*TM, and the evaluation 
mapping 
Hom(z*TM, TP) xp2a*TM > TP, (€,X)r LX). 
For a proof that the latter is smooth, see Exercise 3.8.6. Equivariance is obvious. 


The vector bundle morphisms h and v satisfy the obvious relations 


23W.r.t. the actions induced by W! and W on the tangent bundles T(J'P) and TP, respectively. 
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h+v=7}, w/oh=7, z’ov=0. (3.8.7) 


According to the last relation, vy maps T(J'P) to the vertical subbundle VP C TP. 
Hence, we can view it as a mapping v : T(J'P) > VP and thus compose it with the 
mapping K : VP -—> g defined on the fibre over p € P as the inverse of ie to obtain 
a smooth mapping 

wo = Kov: T(J'P) > g. (3.8.8) 


Since v and K are fibrewise linear, so is wp. Hence, it defines a 1-form on J'P with 
values in g. This 1-form will be denoted by the same symbol. 


Proposition 3.8.9 The 1-form wo defined by (3.8.8) is a connection form on the 
principal G-bundle p : J'P > C'P. 


Proof According to Proposition 1.3.6, we have to check conditions 2 and 3 of 
Proposition 1.3.5. First, let a € G. Since v and K are equivariant, one has wo o 
(wy = Ad(a7!) o wp. If we interpret wp as a g-valued 1-form, this equation reads 
(W!)*awo = Ad(a™!) 0 wp. 

Now, let A € g and let A! and A, denote the Killing vector fields generated 
by A on J'P and P, respectively. Since 7» o W} = mo, for every € € J'P, we have 
m4(A,.(€)) = 0 and hence v(A}(¢)) = 2; (Aj(€)). Since 77, is equivariant, the trans- 
formation property of Killing vector fields”* yields 


v(AL(£)) = Ax (771 (8). 


Applying K to both sides of this equation, we obtain wo(Aj(¢)) = A. a 


Definition 3.8.10 The connection defined by wp is called the tautological connection 
of the principal G-bundle p : J'P > C!P. 


The most important property of wo is that via pullback it can reproduce every con- 
nection on P. 


Proposition 3.8.11 For every connection w on P and the corresponding equivariant 
section (or principal G-bundle morphism) ® : P — J'P, one has &*wp = o. 


Proof Let be given and let p € P and X € T,,P. Then, w'(X) is a tangent vector 
of J'P at oe Using this and the obvious relations 7 0 @ = idp and mj 0@ = 7, we 
calculate 


(c*wo)(X) = K 0 v(w'(X)) 
= K (1 0 &)',(X) — £8 0 (119 0 &)/, (X)) 
— K(X — hor, X) 
= 0(X). 


24 See Proposition I/6.2.4. 
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Remark 3.8.12 The tautological connection q is the unique connection on the prin- 
cipal G-bundle p : J'P — C!P with the property stated in Proposition 3.8.11, see 
Exercise 3.8.7. That is, one may define it by that property. 4 


With the tautological connection of p : J'P + C!P we have a connection at hand 
which is universal for the connections on P.. To obtain the desired n-universal connec- 
tion, we apply the above construction to the following principal G-bundle. By Corol- 
lary 3.4.12, there exists a smooth principal G-bundle z; : E — B with 7;(E) = 0 
for all i < n. Define 

B:=BxR™”, E:=E x R™ 


and let G act on E by acting on the first factor. Obviously, Eisa principal G-bundle 
over B, where the projection is given by the direct product of 2 with the identical 
mapping of R2”. It is not hard to see that the mapping 


E> prp EL, (e,x)h (zg (e), x) 


is a principal G-bundle isomorphism over B. 
Theorem 3.8.13 


1. The principal G-bundle p : NE > ClE is n-universal. 
2. The tautological connection on p : SE > C'E is n-universal. 


Proof 1. Since J 1 > E isa fibre bundle with contractible fibres, the exact homo- 
topy sequence (3.2.6) yields 7; (J IE )= 7; (E ) for all i. Since R?” is contractible, we 
have mj(E) = 7;(E) for all i. Since 2;(E£) = 0 for all i < n, Theorem 3.4.6 yields 
the assertion. 

2. Denote the tautological connection on J 'E by wo. Let 7: P > M bea prin- 
cipal G-bundle over M with dim(M) < n and let w be a connection on P. We have 
to construct a morphism of principal G-bundles 3 : P > J 'E such that 3*wo = o. 

By Corollary 3.4.12, there exists a smooth mapping f; : M — B such that 
P= fi E. By the strong Whitney Embedding Theorem,” there exists a smooth 
embedding fy : M — R?”. Define 


f:M>B, f(m):=(flm), film). 


Since f> is an embedding, so is f. Hence, by the Tubular Neighbourhood Theorem 
for embedded submanifolds,”° there exists a diffeomorphism x from an open neigh- 
bourhood U of f(M) in B onto an open neighbourhood of the zero section sq in the 
normal bundle NM c f *TB such that x o f = So. Define 


H:Ux([0,1J>U, H,t):=x7'(A—-)xQ)). 


>>Every smooth n-dimensional manifold can be smoothly embedded into R” [7, Theorem II.2.2]. 
6See Remark 6.4.7 in Part I. 
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This mapping is a smooth strong deformation retraction of U to the subset f(M). 
There exists a unique mapping g : U — M suchthat f o g = Hj. Inthe terminology 
of Part I, g is the restriction in range of H; to the embedded submanifold (M, f). 
By Proposition 1.6.10 of Part I, g is smooth. Consider the pullback bundle g* P over 
U. Using g* P, we will construct three morphisms 7), 2 and #3 whose composition 
will yield the desired morphism 7. 

First, since g o f = idy,wehaveg o f om = m. Hence, wecan define a mapping 


0: P > @*P, 1(p):=(fox(p), p). 


This mapping is easily seen to be a principal G-bundle morphism projecting to f. 
Second, let E y denote the restriction of E to U. We claim that there exists an 
isomorphism 
Oo: g°P > Ey. 


To see this, let pr, : BR-+B denote the projection to the first factor. It is easy to see 
that pr, E is isomorphic over B to E. Using this and prg of = f, we find that 


P= ffE=f*pr,eE= fre 


over M. Viewing f as a mapping to U rather than to B, we may replace E by Ey 
on the right hand side. Taking now the pullback by 9, using that fog = H, is 
homotopic to Hp = idy and applying Corollary 3.3.5, we find that 


over U, as asserted. 

Third, via the natural bundle morphism @ : g* P — P given by ®(x, p) = p, 
the connection w on P induces the connection ®*w on the pullback bundle y* P and 
hence the connection (3; *D*w on Eu: Let 


03: By => fee Ec JE 


be the corresponding principal G-bundle morphism provided by Proposition 3.8.7. 
Finally, we compose 31, 2 and #3 to obtain the principal G-bundle morphism 


2. By ene JE. 


To check that it has the desired property, using Proposition 3.8.11 and the obvious 
identity ® o 3}, = idp, we compute 


D* wy = VF 9305 oy = 0} 03 ((O7')*B*o) = a. 


This completes the proof of Theorem 3.8.13. a 
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Exercises 


3.8.1 Let P be a principal G-bundle and let H C G be aclosed subgroup admitting 
areductive decomposition g = h © m with associated projection pr, : g > h. Show 
that for every connection form w on P, the h-valued 1-form pr, ow is a connection 
form on the principal H-bundle P > P/H. 


3.8.2 Complete the construction of a smooth manifold structure on the jet manifold 
J'P by showing that the transition mappings between the inverses of the mappings 
(3.8.3) are smooth. 


3.8.3 Prove the following. For i = 1,2, let E; be vector bundles over a smooth 
manifold M and let WY be actions of G on E; by vector bundle automorphisms. If 
both these actions project to the same action W of G on M, they define an action of 
G on Hom(£), E2) by 


(2) (1) 
(a, lm) re es be 2 lm (Pees 


and this action projects to W. 
Hint. To prove smoothness, use that Hom(E), E2) = E7 ® EY. 


3.8.4 Use the argument for vertical vector subbundles in Example 2.7.2 of Part I to 
show that a vertical subbundle is always embedded. 


3.8.5 Show that C!P inherits from J'P the structure of a fibre bundle over M. 


3.8.6 Let E,, Ey be vector bundles over M. Prove that the evaluation mapping 
Hom(E), E2) xy E, > Eo, (u, x) + (x), is smooth. 

Hint. Use the local trivializations of E,, Ey and Hom(£;, E2) induced by a local 
frame in FE; and a local frame in E>, both defined over the same open subset of M. 


3.8.7 Prove that the tautological connection wp on the principal G-bundle p : J'P > 
C'P associated with a principal G-bundle P is uniquely determined by the property 
that @*@po = @ for all connections w on P. 

Hint. Show that for a vector bundle z : E — M, the tangent space at a point e € E 
is spanned by vertical vectors and by tangent vectors of the form o’ X, where o is 
a (global) section of E' with e in its image and X € Tz,(e)M. Use a section in the 
affine bundle 5 : C'P — M to carry over this statement from the translation vector 
bundle. Use this and Proposition 3.8.7/2 to prove that for every € € J'P, the subspace 
of T,(J'P) spanned by vectors of the form a@’(X), where w is a connection on P and 
X € Tx,(e) P, contains a complement of the tangent space of the G-orbit through ¢. 
Since connections on p : J'P + C!P necessarily coincide on the latter subspace, 
this proves the assertion. 


Chapter 4 
Cohomology Theory of Fibre Bundles. 
Characteristic Classes 


In Chap. 3, we have seen that principal bundles with a given structure group and 
a given base manifold are classified up to vertical isomorphisms by the homotopy 
classes of continuous mappings from the base manifold to the classifying space of the 
structure group. While this description is complete in that it provides exact labels for 
the isomorphism classes, for many problems it is ineffective. Characteristic classes, 
on the other hand, allow for applying the machinery of algebraic topology. The price 
one has to pay for this is that they are only able to distinguish between the isomor- 
phism classes to the extent to which cohomology can resolve homotopy. We will 
view characteristic classes as being defined by generators of the cohomology ring 
of the classifying space, rather than being defined axiomatically. Accordingly, we 
proceed as follows. In Sect.4.2, we study the cohomology rings with coefficients 
in Z or Zp of the classifying spaces for the classical compact Lie groups and use 
their generators to define the Chern, Pontryagin and Stiefel—Whitney classes. The 
main tool here is the Euler class of an oriented real vector bundle and the corre- 
sponding Gysin sequence. Then, in Sects. 4.3 and 4.4, we derive the main properties 
of the characteristic classes so constructed, including the Whitney Sum Formula, 
the Splitting Principle and the relations induced by field extension and field restric- 
tion. In Sect.4.6, we discuss the Weil homomorphism, which provides a geometric 
description of characteristic classes in terms of de Rham cohomology. In Sect. 4.7, 
we deal with genera and the Chern character as examples of formal power series 
in the characteristic classes. Finally, in Sect.4.8, we explain a method to construct 
an approximation of the classifying space in terms of Eilenberg—MacLane spaces, 
known as the Postnikov tower. It allows for proving, for example, that the Chern 
classes classify U(n)-bundles over manifolds of small dimension. This method will 
also be used in the discussion of gauge orbit types in Chap. 8. 
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4.1 Basics 


We assume the reader to be familiar with the basics of homology and cohomology 
theory. To fix the notation, let a topological space X be given. We denote 


e the group of singular k-chains in X by C;,(X), 

e the k-th singular homology group of X by A; (X), 

e the k-th singular cohomology group with coefficients in the commutative ring R 
by Hy(X), 

© Ai(X) = Bey HE). 


Recall that H i (X) is a module over R and that H;(X) is a ring with respect to the cup 
product. The cup product of a, 8B € Hp(X) will be denoted by a u B or simply by a. 
We use the convention Hk (X) = 0 for k < 0. Given a subset A C X, let Cy (X, A), 
HH, (X, A), H (4 (X, A) and H;,(X, A) denote the corresponding relative objects. We will 
use a number of basic tools from algebraic topology, notably 


e the Hurewicz Theorem, cf. Sect. VII.10 in [104], 
e the Universal Coefficient Theorems, cf. Sect.5.5 in [598], 
e the Kiinneth Theorem for cohomology, cf. [598, Theorem 5.5.11]. 


In the first part of this section, we introduce the notion of characteristic class and 
discuss its basic properties. While characteristic classes can be defined for general 
fibre bundles, we restrict our attention to the case of principal bundles and vector 
bundles. 


Definition 4.1.1 Let G be a Lie group and let R be a commutative ring. An R-valued 
characteristic class for principal G-bundles assigns to every topological principal G- 
bundle P + B acohomology class a(P) € H;(B) such that the following holds. For 
every continuous mapping f : B’ — B one has 


a(f"P) = f*a(P). 


Characteristic classes for vector bundles are defined by analogy. 

First, let us discuss characteristic classes for principal G-bundles. These are 
closely related to the cohomology of the classifying space BG. Let € € H;(BG). 
For a topological principal G-bundle P over B, define 


a(P) := fre (4.1.1) 


with some classifying mapping fp : B > BG for P. This makes sense, because fp 
is determined up to homotopy, and homotopic mappings induce the same homo- 
morphism in cohomology. For the same reason, by the universality of the principal 
G-bundle EG — BG, one has a(P;) = a(P2) whenever P; and P> are vertically 
isomorphic. 
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Proposition 4.1.2 For every cohomology class € € Hp(BG), the assignment (4.1.1) 
defines an R-valued characteristic class for principal G-bundles. Every R-valued 
characteristic class for principal G-bundles arises in this way. 


Proof To see that a defined by (4.1.1) is a characteristic class, let f : B’ > B be 
given. If fp : B > BG is a classifying mapping for P, then fp of : B’ > BG isa 
classifying mapping for f*P. Hence, 


a(f*P) = (fpof)"§ =f* ofp(é) =f" (a(P)) . 
Conversely, let @ be a characteristic class for principal G-bundles. Define 
— := a(EG) € H,(BG) 


and let a denote the characteristic class defined by & via (4.1.1). Since @ is a char- 
acteristic class, for any principal G-bundle P with classifying mapping fp, we have 


&(P) = fga(EG) = fee = a(P). 


Since the cohomology elements of the classifying space BG correspond bijectively 
to the characteristic classes for principal G-bundles, they are often referred to as the 
universal characteristic classes for G. 


Proposition 4.1.3. Let 4: G; — Gy be a Lie group homomorphism and let € € 
H;(BG2). Let a be the characteristic class for G2-bundles defined by & and let a be 
the characteristic class for G\-bundles defined by (BA)*— € Hz(BG1). Then, given 
topological principal G;-bundles P; over B; and a morphism 0 : P; — P2 whose 
group homomorphism coincides with 2, we have 


a(P)) = f*a(P2), 


where f : B, — By denotes the projection of 0. 
Proof Let f; : B; > BG; be classifying mappings for P;, i= 1,2. According to 
Proposition 3.7.6, then f of is homotopic to BA o f,. Hence, 


Poy =P CH =f (Bays) =o). 


In the special case where P) = P,! and 9 : P} — P2 is the natural morphism send- 
ing p to [(p, l1g,)], Proposition 4.1.3 yields the following. 


Corollary 4.1.4 Let 4: G,; — G2 be a Lie group homomorphism and let & € 
H}(BG2). Let a be the characteristic class for G2-bundles defined by — and let 
a be the characteristic class for G,-bundles defined by (BA)*— € Hy(BG,). Then, 
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Pear} 
for every topological principal G,-bundle P. Oo 


Now, let us turn to characteristic classes for vector bundles. Let K = R, C, H and 
let Ux(n) denote O(n) for K = R, U(n) for K = C and Sp(n) for K = H. Let € € 
H;(BUx(n)). For a K-vector bundle E of rank n over a topological space B, define 


a(E) := figé (4.1.2) 


with some classifying mapping fr : B > BUK(n) = Gx(n, oo) for E, cf. Remark 
3.6.10/1. By the same argument as in the case of principal bundles, this makes sense 
and one has w@(E£)) = a@(E2) whenever E, and E are vertically isomorphic. 


Proposition 4.1.5 For every € € Hy(BUK(n)), the assignment (4.1.2) defines an 
R-valued characteristic class for K-vector bundles of rank n. Every R-valued char- 
acteristic class for K-vector bundles of rank n arises in this way. 


Proof The argument proving that a defined by (4.1.2) is a characteristic class is 
analogous to that for principal bundles. To see that every characteristic class arises 
in this way, let @ be a characteristic class for K-vector bundles of rank n. Define 


& := & (EUK(n) Xugi K") € Hi(BUg(n)) 


and let a denote the characteristic class defined by & via (4.1.2). Since @ is a charac- 
teristic class, for any K-vector bundle E of rank n with classifying mapping fg, we 
have 


G(E) = fir (EUk(”) Xu K") =f2§ = aE), 
because E is vertically isomorphic to f; (EUx (N) XUxin) K"). oO 
Remark 4.1.6 


1. Let & € HR(BUx(n)) and let @ stand for both the corresponding characteristic 
class for principal Ug (n)-bundles and the corresponding characteristic class for 
K-vector bundles of rank n. According to Remark 3.6.10/1, for every principal 
Ux(n)-bundle P, one has a(P) = a(P Xym K") and for every K-vector bundle 
E of rank n one has a(E) = a(O(E)), where the orthonormal frame bundle is 
taken with respect to some chosen positive definite fibre metric. 

2. Since a trivial principal G-bundle P over M has constant classifying mapping, 
for any characteristic class of degree k > 0, one has a(P) = 0. An analogous 
statement holds for trivial vector bundles. 4 


In the second part of this section, we discuss the main tools needed for the study 
of the characteristic classes for the classical compact Lie groups. Our discussion is 
based, in effect, on the Leray—Hirsch Theorem, which we cite here for completeness. 
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Given a topological fibre bundle F over B with projection z and a commutative ring 
R, we can define a mapping 


Hy(B) x AR(E) > ARE), (ay) (majuy. 


This yields an action of the ring Hz(B) on the Abelian group Hz (£) and thus makes 
H,(E) into a module over Hz(B). For b € B, let j, : E, > E denote the natural 
inclusion mapping of the fibres. Recall that a finitely generated module 90 over a 
ring R is said to be free if it is isomorphic to the Cartesian product R’ for some r, 
and that a basis of 90 is said to be free if it corresponds to such an isomorphism. 


Theorem 4.1.7 (Leray—Hirsch) Let E be a topological fibre bundle over B with 
projection m and typical fibre Fand let R be a commutative ring. Assume that Hp(F) 


is a finitely generated free R-module and that there exist elements Tt, ..., T, € Hi (E) 
such that j,1,...,j,t, form a free basis of Hy(E») as an R-module for every b € B. 
Then, T,..., 7, form a free basis of Hy(E) as a HR(B)-module. o 


For the proof we refer to [287]. Explicitly, this theorem states that the mapping 


(Hx(B))" > ARE), (on...) > rte) ut, (4.1.3) 


i=1 


is an isomorphism of H;(B)-modules, and thus in particular of Abelian groups. As a 
consequence of the Leray—Hirsch Theorem, Hj (E) is isomorphic, as an R-module, to 
HR (B) @r AR(F). Thus, the cohomology of a topological fibre bundle whose typical 
fibre meets the assumption of the theorem is completely determined by that of the 
base and the typical fibre and does not depend on the topological type of that bundle. 

As we have seen above, to determine the characteristic classes for the classical 
compact Lie groups, we have to determine the cohomology of the corresponding 
classifying spaces. This will be done by induction on the rank. Without loss of 
generality, for given n, we choose the inclusion j,_1,, : Uk(n — 1) ~ Ux(n) to be 
induced by the inclusion mapping 


kK"! > Kk", (%1,..-,%n—1) > (11, .. 5 Xn-1, 0). 
According to Proposition 3.7.5/1, the classifying space BUx(n — 1) can be realized 
as a topological fibre bundle over BUx(n) with projection Bj,_1,, and typical fibre 
Ux (n)/Ux(a — 1). Since 
Ux(n)/Ux@a— 1) = S*", 
where d is the dimension of K over R, the typical fibres are spheres. For sphere 


bundles, the Gysin sequence, to be discussed below, connects the cohomology groups 
of the base space with those of the total space, and it does so using the Euler class. 
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Both the Euler class and the Gysin sequence are provided by the Thom Isomorphism 
Theorem, which we will give now without proof. 

Let B be a topological space and let EF be a Riemannian vector bundle of rank n 
over B with projection z. For e € E, let ||e|| denote the corresponding fibre norm. 
Define subsets 


DE:={eeE: lel <1}, SE:={eeE: lel =. 


In the respective relative topology, DE is a vertical subbundle of E with typical fibre 
D" and SE is a vertical subbundle of DE with typical fibre S’~!. Let 


Tp:DE>B, my:SE>B 


denote the corresponding projections, induced from z by restriction. Thus, DE is a 
disk bundle and SE is its boundary sphere bundle. Recall that an orientation of E is 
given by a covering by local trivializations whose transition mappings have positive 
determinant. Via these local trivializations, an orientation of E defines an orientation 
of every fibre E, of E. The latter defines a generator of H7(DE», SE») as follows. 
By the Universal Coefficient Theorem, H7(DE,, SE,) = Hom (H,(DE,, SE,), Z). 
The desired generator corresponds to the homomorphism which assigns the value 1 
to the generator of H,,(DE,, SE,) represented by the orientation preserving homeo- 
morphisms of the n-simplex to DE, C Ep. 

In what follows, let p : C,(DE) — C;(DE, SE) denote the natural projection to 
classes. Recall that the cup product induces a bi-additive mapping 


U : Hi(DE) x Hi(DE, SE) > Hi (DE, SE) 


by the condition that 
Dp (auB) =aup*B (4.1.4) 


for all a € Hy(DE) and B € H,(DE, SE). Note that j, induces a pair mapping 
(DE,, SE;,) — (DE, SE) denoted by the same symbol. 


Theorem 4.1.8 (Thom Isomorphism Theorem) Let E be a Riemannian vector bun- 
dle of rank n over a connected topological space B with projection 1. Let R = Zp, 
or let R = Z and assume that E is oriented. 


1. There exists a unique element t € Hy(DE, SE) such that for every b € B, j,t 
is the generator of Hy(DEp, SE) (defined by the induced orientation in case 
R=Z). 

2. The homomorphism Hk(B) > HE" (DE, SE) defined by a+ (aha) ut is an 
isomorphism for all k > 0 and Hy (DE, SE) = 0 for all k <n. 


Proof The proof uses a relative version of the Leray—Hirsch Theorem, see Theorem 
4D.10 and Corollary 4D.9 in [287]. o 
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Point 2 states that the single element t forms a free basis of the module Hy (DE, SE) 
over H;(B). For further use, we note that the theorem implies, in particular, that 
Fee HE(DE, SE) > HE (DE,, SE;,) is an isomorphism in dimension k < n for all 
beB. 


Definition 4.1.9 (Thom class and Euler class) Let E be a Riemannian vector bundle 
of rank n over a connected topological space B. Let R = Z», or let R = Z and assume 
that E is oriented. 


1. The class t € HR(DE, SE) provided by Theorem 4.1.8 is called the Thom class 
of E. 

2. Let sp : B > DE denote the zero section. The class e(E) := sf o p*(t) in HR(B) 
is called the Euler class of E. 


Thus, every Riemannian vector bundle has an Euler class in Z2-cohomology. If it is 
oriented, it has in addition an Euler class in Z-cohomology. 
For a topological space X and a commutative ring R, let 


5 : Hom (C,(X), R) > Hom (C,41(X), R) 


denote the coboundary operator and let Zz (X) Cc Hom (Ck (X), R) denote its kernel 
(that is, the subgroup of closed singular cochains in X with coefficients in R). 


Theorem 4.1.10 (Gysin sequence) Let E be a Riemannian vector bundle of rank n 
over a connected topological space B. Let R = Zp, or let R = Z and assume that E 
is oriented. Then one has a long exact sequence of Abelian groups 


where k € Zand the connecting homomorphism ¢ is defined by the condition 
gly ])ve(é) = sp [sy]. 


Here, y € Zp" (SE) and y € Hom(Cx4,(DE), R) is some extension of y from 
Cran(SE) to Cran(DE). 


Proof Consider the long exact cohomology sequence of the pair (DE, SE), cf. [287, 
Sect. 3.1] 


... > HE(DE, SE) &% HE(DE) 5 HE(GE) & HEE, SE) >». (4.1.5) 


where, on the level of representatives y € ZUSE), the connecting homomorphism 
@ is determined by 


Poly) = [67], (4.1.6) 
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with y € Hom(C;(DE), R) being some extension of y from C;,(SE) to C,(DE). 
According to the Thom Isomorphism Theorem, we can replace H*(DE , SE) by 
H a (B). Since DE is homotopy equivalent to B via the mappings zp and sp, the 
induced homomorphisms sj : Hk(DE) > HK(B) and zy: HK(B) > H*(DE) are 
mutually inverse isomorphisms. Hence, we can furthermore replace Hj} (DE) by 
Ht ‘ (B). Thus, from (4.1.5), we obtain the long exact sequence 


--» —> H-"(B) * Ak(B) > HE(SE) > HEB) — --- 
with the homomorphisms ¢ , ¢2 and @ given by, respectively, 
Qi@)=spop*(mpaut), M(a=jom, mp(vdy))ut =v) 
for alla € nS (B) andy € ZK(SE). Clearly, g2 = mg. According to (4.1.4), 
g(a) = Sp ((7Ha) Up*t) =aue(E£). 


To read off @ from the last equation, we apply sj 0 p* to both sides. By (4.1.4) and 
(4.1.6), we obtain 
gly) ve(Z) = sp[sy]. 


This yields the asserted formula for g. Oo 


Remark 4.1.11 The Euler class and the Gysin sequence exist for any sphere bundle 
(fibre bundle with typical fibre a sphere). In the general case, the role of DE is 
played by the mapping cone of the projection of that sphere bundle. While the Thom 
class depends on the fibre metric of F, the Euler class does not. The latter follows by 
observing that the disk bundles DE defined by different fibre metrics are deformation 
retracts of each other. 4 


Proposition 4.1.12 (Properties of the Euler class) 


1. If the rank of a connected oriented real vector bundle E is odd, then 2e(E) = 0. 

2. The Z2-Euler class of a connected oriented real vector bundle coincides with the 
Z-reduction of the integral Euler class of that bundle. 

3. Let E,, E, be connected real vector bundles over B,, Bo, respectively. Let F : 
E\ — E) be a vector bundle morphism and let f : B,; —> By be its projection. 
Let R = Zp or let R= Z and assume that E, and E, are oriented and that F 
preserves the orientations. If the fibre mappings of F are isomorphisms, then 
fre(Er) = e(E)). 

4. Let E, and E be connected real vector bundles over B. Let R = Z» or let R = Z 
and assume that E, and E, are oriented and that E, ® E> carries the orientation 
induced by concatenation of frames. Then, e(E, ® Ex) = e(E)) ue(E2). 


Proof 1. This holds trivially true in the case R = Z,. Thus, assume that E is oriented 
and that R = Z. Choose an auxiliary Riemannian fibre metric on E and let t denote 
the corresponding Thom class. Multiplication by —1 defines an isometric vertical 
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vector bundle automorphism of EF and, thus, a vertical bundle automorphism F of 
DE. Since F is vertical, for all b € B, we have j; o F*(t) = Fj oj;(t). Since n is 
odd, F reverses the orientation of the fibre (DE),. Hence, Fy 0 j}(t) = —j}(t). By 
uniqueness of t, this implies F*t = —t. Using F 0 sp = Sp and p* o F* = F* op*, 
we finally obtain e = —e. This yields the assertion. 

2. It suffices to show that the Z-Thom class of an oriented connected vector 
bundle coincides with the Z2-reduction of the integral Thom class. In view of the 
Thom Isomorphism Theorem, this follows from the fact that the Z.-reduction of a 
generator of HZ ((DE)>», (SE)») is a generator of Hz, ((DE)p, (SE)p). 

3. Since F is fibrewise a vector space isomorphism, F, and £2 must have the 
same rank n. We can choose Riemannian fibre metrics on E, and £2 such that F 
is isometric (Exercise 4.1.1). Then, F induces a bundle morphism F : DE; — DE, 
denoted by the same symbol, which sends SE, to SE, and whose fibre mappings are 
homeomorphisms. Let t; ¢ Hy(DE;, SE;) denote the Thom class of E;, i = 1, 2. For 
every b € By, 


ih ° F*(t) = Fy © frp (T2) 7 


As a consequence of the Thom Isomorphism Theorem, Ff) is a generator of 
HR ((DE2) 4), (SEz) (py). Since Fy is a homeomorphism, F; maps this generator to 
a generator of Hz((DE))», (SE),). Since Fy preserves the orientations, the latter 
coincides with j;t,. Since j; is an isomorphism in dimension n, we conclude that 
F*(t2) = t, . The assertion now follows by observing that the zero sections s; : Bj; > 
DE£; fulfil F o 5; = s2 of. 

4. We give the proof for R = Z. The proof for R = Z, can be obtained by forgetting 
about the orientation. 

Denote Eg := E; ® Ex. We choose auxiliary Riemannian fibre metrics on E, and 
E, and equip Eg with their direct sum. For i = 1, 2, ®, let n; denote the rank of 
E;, write D; := DE; and S; := SE;, and let 1; € H; (D;, S;) denote the Thom class 
of E;. Moreover, define D,. := D, xp Dy» and S,, := (8S; Xp D2) U (Dy XB S2). For 
i= 1,2, 0, x,letj;,, : Dj, — D; denote the natural inclusion mappings of the fibres. 

Define a mapping 


max{|le; |, lle II} 
een (el, e1, 2 0 > 
F: Ee Ee » Fe, e2) = l(e1,e2)I] (€1,€2) (¢1, €2) * 
: 0 (€1,€2) =0. 


Since 
max{|lei ||, lleall} < ll(e1, e2)I| < V2 max{lleill, lel}, 


F is ahomeomorphism and thus a fibre bundle isomorphism. Since 
I|F(e1, €2)|| = max{llei|l, lleall} . 


it maps D,, onto Dg and S, onto Sg and hence induces a pair homeomorphism 
(D,., Sx) — (Dg, Se), denoted by the same symbol. For every b € B, we have 


266 4 Cohomology Theory of Fibre Bundles. Characteristic Classes 
F 0 jx.b = jab ° Fo, (4.1.7) 


and hence 
iio F*te) = FE (i5Te) - 


Since the fibre mappings Fy, are pair homeomorphisms and since they preserve 
orientations, the class on the right hand side is the generator of HY (Dx..b, Sx,b) 
corresponding to the product orientation. On the other hand, consider the relative 
cohomology cross product! 


TI XRDE AyD x Dz, S; x D2 UD, x S2) 


and the natural inclusion mapping . : D, — D, x D2. One can check that one has 
Jib X joo = 60 jy,» and that j;,, x j2,, and induce pair mappings from (D,.,, Sx») 
and (D,,, S,.), respectively, to (D, x Do, 8S; x D2 UD, x 52). As a consequence, 


Ka (@@ x &)) = Git) x Gym). 


Since HE (Dip, Si») 1s finitely and freely generated over Z for all k, the relative 
Kiinneth Theorem for cohomology yields that the right hand side provides a gener- 
ator of Hy (Dx..», Sx,p). Clearly, this is the generator corresponding to the product 
orientation. Thus, 

eg * @)) Sow): (4.1.8) 


According to (4.1.7), since F and F), are pair homeomorphisms and since jz, ,, is an 
isomorphism in degree ng, so is j; ,. Therefore, (4.1.8) implies 


U(t, Xm) = F*ta. (4.1.9) 
Now, fori = 1, 2, ®, x, let pj : Cy,(Di) > Ch, (Di, S;) denote the natural projections 
to relative chains (with n, = ng) and let s;: B — D;, i= 1,2, @ denote the zero 
sections. We apply s%, o p%, to (4.1.9). Using F os, = Sg, for the right hand side, we 


obtain 
s\ ops (F*te) = 8% 0 Pa(te) = e(E1 @ Ep). 


Using los, = (s| X S2) 0 A, where A : B > B x B denotes the diagonal mapping, 
for the left hand side we obtain 


sy 0 Py (U°(t1 X t2)) = A*((S} © py (t1)) x (83 © p3(t2))) = C(E1) ve(E2) . 


This yields the assertion. Oo 


‘Fora ¢ HK(X,A)and B ¢ HL (Y, B),a x B = (prea) u (pr¢B) € Het (X x Y,A x YUX x B). 
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Exercises 


4.1.1 Complete the proof of point 3 of Proposition 4.1.12 by showing that one can 
choose Riemannian fibre metrics on E; and E) such that the vector bundle isomor- 
phism F under consideration is isometric. Hint. Choose an arbitrary Riemannian 
fibre metric on FE and pull it back to f* Ey. Then, show that the vertical vector bundle 
morphism F : E; — f*E> defined by F(e) = (771 (e), F(e)), where 2 : E; > B is 
the bundle projection, is an isomorphism. 


4.2 Characteristic Classes for the Classical Groups 


In this section, we determine the integral cohomology rings for BU(n), BSU(n) and 
BSp(n) and the Z2-cohomology rings of BO(”) and BSO(n). All of these rings will 
turn out to be polynomial. The integral cohomology of BO(n) and BSO(n) is more 
involved and will be given without proof in Theorem 4.2.23. 

To begin with, let us introduce some terminology and notation. Given a finite 
set X = {x,,..., xy} and an Abelian group A, the ring of formal polynomials in the 
commuting variables x; with coefficients from A will be referred to as the polynomial 
ring generated over A by X. 

For a K-vector space V and a subfield L C K, let V, denote the L-vector space 
obtained from V by field restriction, that is, by restricting multiplication by scalars to 
the subfield LL. The same notation will be used for vector bundles. For details about 
field restriction and field extension we refer to Appendix A. For our construction of 
characteristic classes for U(n) and Sp(7), we will use the concrete real vector space 
isomorphisms R” —> Ch given by 


(X1,- +25 Xan) He (X1 + X2i, ..., Xon—1 + X2ni) , (4.2.1) 
and R*” — Hi, given by mapping (x), ..., x4) to 
(x, + X21 + x35 + xak, ... , X4n—3 + X4n—2i + X4n—1j + X4nk) , (4.2.2) 


as well as the complex vector space isomorphism C2” > Hg given by 

(21, seed Z2n) Fe (z1 + jz, sey Z2n-1 + jzon) : (4.2.3) 
By further field restriction to R, the isomorphism (4.2.3) yields a real vector space iso- 
morphism C2" — H,. Composition of the latter with the isomorphism R*" + C2" 


given by (4.2.1) yields the isomorphism R*” — HI, given by sending (x1, ..., X4n) 
to 


(x1 + X21 + x35 — x4k, ... , X4n—3 + X4n—2i + X4n—1J — Xank) . (4.2.4) 


This isomorphism does not coincide with the one defined by (4.2.2). 
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Given a complex vector bundle EF, the real vector bundle Eg obtained from E by 
field restriction is called the realification of E. We endow Eg with an orientation” as 
follows. If (e;,...,e,) is an ordered local frame in E, then 


(e1, iey, eee en» 1€y) (4.2.5) 


is an ordered local frame in Eg. Clearly, the transition mapping between two local 
frames of the form (4.2.5) is given by the composition of the transition mapping 
between the original frames in E with the Lie subgroup embedding GL(n, C) > 
GL(2n, R) defined by the isomorphism (4.2.1). Since the latter takes values in 
the identity connected component, the transition mapping has positive determinant. 
Thus, the ordered local frames in Ep of the form (4.2.5) define an orientation in ER. 
We will refer to this orientation as the orientation induced by E.? In terms of local 
trivializations, the induced orientation is given by the family of local trivializations 
of Eg which are obtained from local trivializations of E by composition with the 
isomorphisms (4.2.1). 

An analogous argument applies in the case where F is a quaternionic vector 
bundle. Here, the induced orientation of the realification Ep is defined by the ordered 
local frames of the form 


(e1, 14, e1j, e1k, ..., Cn, Eni, ens nk) , (4.2.6) 


for some ordered local frame (e;,..., @,) in E. 

Both for complex and quaternionic vector bundles, the induced orientation on the 
realification has the property that every real vector bundle morphism (£))z — (E2)z 
which is obtained by field restriction from a complex or quaternionic vector bundle 
morphism FE; — E, automatically preserves the orientations. Moreover, in case Ej 
and E> have the same base, the induced orientation in (E; ® £2)p coincides with the 
orientation in (E;)p © (E>) defined by the induced orientations in (E))p and (F2)p 
and by concatenation of ordered local frames. 


Now, we are prepared to discuss the characteristic classes of the classical groups. 
We start with the integral characteristic classes for the unitary groups U(n). Define 


E, = (EU() xu@ C’),: 


where U(n) acts on C” in the basic representation, and endow E with the induced 
orientation. From the characterization of this orientation in terms of local trivial- 
izations it is clear that, fibrewise and via the isomorphism (4.2.1), this orientation 
corresponds to the standard orientation of IR". Let Co € He (BU(n)) denote the 
corresponding Euler class, that is, 


Recall the notion of orientation of a K-vector bundle from Example 1.6.6/1. 
3Note that E itself need not be oriented here. 
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co? = e (E,). 


For 0 < k <n, let 
Jin . Uk) ~ UC) 


denote the Lie subgroup embedding induced by the linear subspace embedding 
CSO Cio PSS Celi, Os (4.2.7) 
By construction, forO <k <1 <n, 
Fin Fit = isn (4.2.8) 


Theorem 4.2.1 (Integral cohomology of BU(n)) Fork = 1,...,n —1, there exists 
a unique element c,” of HZ (BU(n)) such that 


* oo — AU 
(Bix, ae —_ Cy 3 


U(n) 


The ring HZ (BU(n)) is the polynomial ring over Z in the generators C,"",..., C,"”. 


Proof As explained earlier, the strategy of the proof is to relate the cohomology of 
BU(a — 1) with that of BU(n) by means of the Gysin sequence. Taking the real part 
of the standard scalar product on the complex vector space C”, we obtain a scalar 
product on the real vector space Cj and thus a Riemannian fibre metric on the real 
vector bundle E)’. Then, 


DE,, = EU(n) XU(n) D2" 5 SE; = EU(n) Xun) g2n-1 


where D?” and S*"~! stand for the unit disk and the unit sphere in Cy. The sphere 
bundle SE is related to the sphere bundle Bj,_, ,, : BU(n — 1) > BU(n) as fol- 
lows. By Proposition 3.7.5/1, in the latter, the total space BU(n — 1) is realized as 
EU(n)/U(n — 1).4 By point 1 of Example 1.2.4, there exists a vertical fibre bundle 
isomorphism 

F : BU(n— 1) > SEX, 


for all n= 1,2,... Using this isomorphism, in the Gysin sequence of E;, we 
can replace HSE?) by HE (BU(n —1)), the homomorphism zg by F* omg = 
(Bj;_1,,)" and the connecting homomorphism ¢ by ¢ o (F *)—! which we continue 
to denote by gy. This way, for / € Z and n = 1, 2,..., we obtain the exact sequence 


Biy-1n)” 
Ul Bin ln 


es Hi, (BU(n)) —> & a2@um) | Hy?" (BU(n — 1)) Bis Hi! (BUN) > + 
(4. 


2.9) 


Now, we can prove the assertion of the theorem by induction on n. 


4This holds also for n = 1, provided we define U(0) as the trivial group consisting of one element. 
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For n = 1, we have to show that H7(BU(1)) is the free polynomial ring in the 
generator cy”. Since U(0) is the trivial group, the total space BU(0) coincides with 
EU(1) and Bio coincides with the bundle projection EU(1) — BU(1). Since EU(1) 
is contractible, Hk (EU(1)) = 0 for k € 0. Hence, (4.2.9) yields that multiplication 
by Ge defines an isomorphism from HL (BU(1)) onto Hy? (BU(1)) for all 7 A —2. 
It follows that He (BU(1)) = 0 for odd J. Moreover, since BU(1) is connected and 
hence ce (BU(1)) is the free Abelian group generated by 1 gu 1), it follows that for 
every non-negative integer k, Hz 2k (BU(1)) is the free Abelian group generated by 


U(1) 


(c eye Thus, H7(BU(1)) is the free polynomial ring in the generator c,’’, indeed. 

Now, assume bat the assertion holds for n — 1. We aim at showing that it holds 
true for n. First, we construct the classes c.” fork =1,...,n—1.If, for suchk, we 
plug / = 2(k — n) into (4.2.9), we find that (By,_1.n)* is an isomorphism in degree 
2k. Hence, there exists a unique element i of He (BU(n)) such that 


U * U(n) __ ,U(-1) 
(Bir-1n) "=O". 


By the induction assumption, ce ” is the unique element of Hz 2k (BU(n — 1)) fulfill- 
ing (Ba) oe ” = ce). Now, the relation (4.2.8) yields the first assertion. 

It remains to prove that H;(BU(n)) is the polynomial ring in the generators 
cy”, ..., c&. For that purpose, we first show that g = 0 in (4.2.9). By the induction 
assumption, H7 ! (BU(n — 1)) is the free Abelian group generated by all monomi- 
als of degree / in cy""”,...,¢,";. Since (Bj’_,,) preserves products, each of 
these monomials is the image under (Bes) of the corresponding monomial in 
ci”, ..., 64). Therefore, (Bj'_,_,,)" is surjective. By exactness of (4.2.9), it follows 


that g = 0, indeed. As a result, (4.2.9) splits into the short exact sequences 


(By, 1.1 
Bint, HiY"(BU(n— 1)) > 0. 


(4.2.10) 
We use this sequence to show that, for all k, H k 7(BU(n)) is the free Abelian group 
generated by the monomials of degree k inc;"’,..., co”. 

For | < 0, (4.2.10) implies that (BjL_ a is an fi eomorphiGat in degree k < 2n. 
Hence, here the assertion follows from the induction assumption and the fact that a 
monomial of degree k < 2n cannot contain c). 

For / > 0, since we know Hy}?"(BU(n — 1)), the sequence (4.2.10) allows for 
reconstructing a (BU(n)) from He (BU(n)). As aconsequence, it suffices to show 
that if the assertion holds in degree /, then it holds in degree / + 2n. Thus, assume that 
the assertion holds for /. Then, by exactness, H, ! 7(BU(n)) Uc, is the free Abelian 
group generated by the monomials of degree / + me incy”,..., cl with at least one 
factor c;”. On the other hand, consider the subgroup A of Hz pron (BU(n)) generated 
by the monomials of degree / + 2n in cy”, ..., ¢,",. These mohomialé are mapped 
.,¢,"). By the induction 


via (Byt_ ia) to the corresponding monomials inc)”, 


1 Ven +2 
0> AL (BU) —> AY?"(BUCM)) 


assumption, the latter are free generators of a (BU Ge. — 1)). Hence, the former are 
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free generators of A and (espa) * maps A isomorphically onto i (BU(n — 1)). 
This finally implies that a (BU(n)) is the direct sum of Hi, (BU(n)) Uc; and A. 
Thus, the assertion is true for / + 2n. It follows that the assertion holds for all k > 2n. 

| 


Definition 4.2.2. (Chern classes) For k = 1, ...,n, the element c;” of H7‘(BU(n)) 
provided by Theorem 4.2.1 is called the k-th universal Chern class of U(n). The 
element 

CM Tt of Bees eo 


of H;(BU(n)) is called the total universal Chern class of U(n). 
Remark 4.2.3 
1. For / < n, one has 


(Bin) cy” (4.2.11) 


7 ¢ L2h27, 
~ 10 l<k<n. 


Indeed, if k < /, due to (4.2.8), the element (Beye of HE (BU(J)) fulfils 


(Bi) ((Biin)"et") = 02". 
Hence, by Theorem 4.2.1, it coincides with c;”. If k > 1, we may use (4.2.8) to 
write 


(pe = (Be pai) ° (Bi 44) o (By) (e,”) . 


By exactness of the Gysin sequence (4.2.9), 


(Bit_1x) e (By) (eo) = (By ee) ee = 0. 


In view of Theorem 4.2.1, equation (4.2.11) implies that (Bj;’,,)* is surjective and 
that its kernel coincides with the ideal in H7(BU(n)) generated by Gis ng CO 
In particular, (Bj; ;)* is injective in degree less than 2/ + 2, so that, for k < 1, c 
is the only element of He (BU(n)) satisfying (4.2.11). 

2. Owing to the Universal Coefficient Theorem for cohomology in the form of 
Theorem 5.5.10 of [598],° Theorem 4.2.1 implies that Hy (BU(n)) is the poly- 
nomial ring over R in the Chern classes. and that Hz, (BU(n)) is the polynomial 
ring over Z in the mod 2 reductions of the Chern classes. 4 


The classes c;”’ and c’” define characteristic classes for principal U(n)-bundles and 


complex vector bundles. The latter are denoted, respectively, by c,(P), c(P), c,(E) 
and c(£). By construction, 


>The assumption made there that Hy (X) be finitely generated for every k is met by all topological 
spaces of CW-homotopy type. 
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cP) =1+e(P)+---+e,P), ce) =1+e(F)+---+¢,(£). 


Moreover, 
6, = & (EUG) =e (EUG) xi C)) K= Tec: 
Remark 4.2.4 
1. The top Chern class c,(£) of a complex vector bundle E of rank n coincides 


with the Euler class of the real vector bundle ER obtained by field restriction and 
endowed with the induced orientation, 


c,(E) = e(ER). (4.2.12) 


To see this, let B be the base space of E and let f : B ~ BU(n) be a classifying 
mapping for E. By definition of c?”, 


C,(E) = fre,” = fre(E,,) . 


Let F : E > EU(n) Xum) C” be the complex vector bundle morphism obtained 
by composing a vertical isomorphism E — f*(EU() xuqm C") with the natural 
morphism associated with the pullback. The morphism F projects to f. By field 
restriction, it induces a real vector bundle morphism Eg — E,. Since the latter 
preserves the induced orientations, Proposition 4.1.12/3 yields e(ER) = f*e(Ey). 
This proves (4.2.12). 


. In view of Remark 4.1.6, it follows from point | that the top Chern class c,,(P) of 


a principal U(n)-bundle P coincides with the Euler class of the real vector bundle 
obtained by field restriction from the complex vector bundle P x y,) C” associ- 
ated with P via the basic representation, endowed with the induced orientation: 


c,(P) = e(P xuq CR) - (4.2.13) 


. Let P be a principal U(n)-bundle over a manifold M. Via the natural surjective 


homomorphism ee (M) > Hom(Hx,(M), Z), the Chern classes c,(P) define 
homomorphisms H>,(M) — Z. Given a set of generators {s,,..., 5,} of H2,(M), 
the integers obtained by evaluating c;,(P) on the s; are called the Chern indices 
of P and are denoted by cx,1(P), ..., ¢x,-(P). Accordingly, one defines the Chern 
indices c,,;(E) of a complex vector bundle E. 4 


Next, we discuss the special unitary groups SU(n). Let j5°" : SU(n) — U(n) denote 
the natural inclusion mapping. Since SU(n) is a normal subgroup of U(n), 


By" : BSU(n) > BU(n) 


is a principal bundle with structure group U(n)/SU(n) = U1), cf. Proposition 
3.7.5/1. 
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Theorem 4.2.5 (Integral cohomology of BSU(n)) One has (Bj””)*c}” = 0. The 
ring H>(BSU(n)) is the polynomial ring over Z in the generators 


sum .__ SU,U)* rere = 
Cc," := (Bj, )*c k=2,...,n 


Proof Let Be denote the real vector bundle obtained by field restriction from the 
associated vector bundle EU(”) xu) C, where U(n) acts on C via the determinant, 
and endow E** with the induced orientation. 

We claim that the Euler class of E%* is given by c}”’. For n = 1, this holds 
trivially, because E**t = E as oriented vector bundles. For n > 1, we realize BU(1) 
as EU(n)/U(1), where U(1) acts on EU() via j;,,,. Then, EB = EU(n) xyq) Cr, 
and the natural projection to classes EU(n) x Cg > E** descends to an orientation- 
preserving vector bundle morphism Ee _ EY det Which projects to Bj¥ Ln and whose 
fibre mappings are isomorphisms. Hence, Bspogiion 4.1.12/3 yields that (Bit. zy 
maps the Euler class of BS to that of net, that is, toc}. Then, Theorem 4.2.1 yields 
the assertion. 


Next, similar to the proof of Theorem 4.2.1, we use the vertical isomorphism 
BSU(n) = SE** provided by Example 1.2.4 to replace SE** by BSU(n) in the 


det. 
Gysin sequence of Er": 


U(n) UU) x 
--& HL (BU(n)) ae Hi? (BU(n)) on, Hy? Bsu(n)) & AE (BUM) > --- 


(4.2.14) 

For / = 0, exactness implies (Bjs” oo = 0. Second, Theorem 4.2.1 yields that 

multiplication by c} is injective. By exactness, then y = 0 and, therefore, (Bj*"")* 

is surjective in acti degree. Third, Theorem 4.2.1 yields that the monomials of 

degree /+ 2 inc,”,...,c0” freely generate a subgroup of H. 7° (BU(n)) which is 
U(n) 


complementary to ALUN) Uc,”. By exactness again, (Bj*”")* maps that sub- 
group isomorphically onto H7, +2 (BSU(n)). This proves the theorem. D 


Definition 4.2.6 For k = 2,...,n, the element c;"”” of H3*(BSU(n)) is called the 
k-th universal Chern class of SU(n). The element 


rs Pe oo eer ose) 


of H7(BSU(n)) is called the total universal Chern class of SU(). 


By construction, ; * oy 
(Bis) cum = coum (4.2.15) 


The Chern classes and the total Chern class of SU(n) define characteristic classes for 
principal SU(n)-bundles, denoted by c;(P) and c(P), respectively. By construction, 


c(P) =1+c(P)+---+0¢,(P). 
Moreover, ¢;""” = c,(ESU(n)) = c; (ESU(n) xsui C”) for k = 2,...,n. Let us 


add that, for convenience, we sometimes use the notation c}"” = 0 and, for principal 
SU(n)-bundles, c,(P) = 0. 
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Remark 4.2.7 


1. According to Theorem 4.2.5, (Bj>"")* is surjective and its kernel is the ideal in 
H;(BU(n)) generated by c}"”. 

2. For! <n, let j;", : SU() + SU(m) denote the Lie subgroup embedding induced 
by (4.2.7). Then, 


Da OF; =i; Oye 

n na Jin if 
and (4.2.11) remains valid if we replace j/,, by j;\, and c;° by ¢;°°. In view 
of Theorem 4.2.5, this implies that (Bj;",)* is surjective and that its kernel is 
the ideal in H3(BSU(n)) generated by c;\"),...,¢;°". In particular, (Bj;‘,)* is 
injective in degree less than 2/ + 2, so that, in this case, c;"”” is the only element 
of H3*(BSU(n)) satisfying (4.2.11). 

3. Point 2 of Remark 4.2.3 carries over to the present case in an obvious way. @ 


Corollary 4.2.8 (Obstructions to orientability in the complex case) 


1. Let P be a principal SU(n)-bundle and let Q be the extension of P to the structure 
group U(n). Then, 
c(Q) =c(P). 


In particular, if a principal U(n)-bundle Q admits a reduction to the structure 
group SU(n), then c;(Q) = 0. 
2. Ifa complex vector bundle E is orientable, then c,(E) = 0. 


In Sect. 4.8 we will prove that the vanishing of the first Chern class is also sufficient 
for a principal U()-bundle to admit a reduction to the structure group SU() and 
for a complex vector bundle to be orientable, cf. Corollary 4.8.2. 


Proof 
1. Let f be a classifying mapping for P. According to Proposition 3.7.2/1, then 
Bj,” of is a classifying mapping for the extension Q. Hence, (4.2.15) yields 


c(Q) = f* eS (B erie) = f*or = c(P) . 


If now Q is a principal U()-bundle and P is a reduction of Q to the structure group 
SU(n), then Q is vertically isomorphic to the extension of P to the structure group 
U(n). Since vertically isomorphic principal bundles have the same characteristic 
classes, c(Q) coincides with the total Chern class of the extension. As was just 
shown, then c(Q) = c(P) and, therefore, c;(Q) = 0. 

2. This follows from point | by observing that if E is orientable, then the orthonor- 
mal frame bundle of FE with respect to some auxiliary fibre metric admits a reduction 
to the structure group SU(7) (Exercise 4.2.1). o 


Next, we pass to the discussion of the compact symplectic groups Sp(n). The argu- 
ments are largely analogous to those for U(n). Let 
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Ex = (ESp(n) xspi H"), » 


where Sp(7) acts on HI” in the basic representation, and endow E*? with the induced 
orientation. Let p>? € Hy (BU(n)) denote the corresponding Euler class, that is, 


pr” =e (E,") . 


For0 <k <n, let Ts : Sp(k) — Sp(n) denote the Lie subgroup embedding induced 
by the linear subspace embedding 


HY +H", (q1,--., 4) > (Gis---5 9, 0,...,0). (4.2.16) 


By construction, for0 <k <1 <n, 


Stn Ode = deen (4.2.17) 


Theorem 4.2.9 (Integral cohomology of BSp(n)) Fork = 1,...,n — 1, there exists 


Sp(n) 


a unique element p;, of Hy (BSp(1)) such that 


“Sp \ .Sp(n) _ Sp(k) 
(Bi,) Pr =Pe - 


Sp(m) Sp(n) 


The ring H5(BSp(n)) is the polynomial ring over Z in the generators p\", ..., P; 


Proof By taking the real part of the standard scalar product on HI”, we obtain a scalar 
product on the real vector space HI, and thus a Riemannian fibre metric on the real 
vector bundle E*’. Then, 


DE® = ESp(n) xspin) D™”, SES = ESp(n) Xspin) S82"! 


where D*” and S*"~! stand for the unit disk and the unit sphere in HI”. By an 
argument analogous to that for U(m), one can show that the fibre bundle By iz : 
BSp(n — 1) > BSp(n) is vertically isomorphic to SE¥ for all n = 1,2..., where 
Sp(0) is defined as the trivial group. Under this isomorphism, the Gysin sequence of 
E* translates into the exact sequence 


Sete) Bi) 
--- 4& ALBSpin)) meee HIS" BSp(n)) ——> HL" (BSpam— 1) & HIF BSpin)) > --- 


where / € Z. Now, the assertion is proved by induction on n in a similar way as for 
U(n) (Exercise 4.2.2). o 


Definition 4.2.10 (Symplectic Pontryagin classes) For k = 1,...,n, the element 
p of iy (BSp(n)) provided by Theorem 4.2.9 is called the k-th universal Pontrya- 
gin class of Sp(n) and the element 


pe = 1 + ei By ea + pe” 


of H>(BSp(n)) is called the total universal Pontryagin class of Sp(n). 
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Remark 4.2.3 carries over in an obvious way to the present case (Exercise 4.2.3). 
The classes p;"” and p*” define characteristic classes for principal Sp(n)-bundles 
and quaternionic vector bundles. The latter are denoted, respectively, by p,(P), p(P), 


px (E) and p(£). By construction, 
p(P) =1+pi(P)+---+ PrP), P(E) =1+pi(E)+---+ pr(Z). 


By means of the natural homomorphism hy (M) — Hom(A4;(M), Z), for every 
principal Sp(n)-bundle P and every quaternionic vector bundle one can define the 
Pontryagin indices p,; ;(P) and p; ;(E), respectively, relative to a chosen set of gen- 
erators of H4;,(M). 


Finally, we discuss the orthogonal groups O(n) and the special orthogonal groups 
SO(n). The standard action of O(n) on R", n = 1, 2,3,..., defines the associated 
real vector bundle 

EC = EO(n) X O(n) R". 


Since E? is universal for real vector bundles of rank n, it cannot be orientable, because 
otherwise every real vector bundle of rank n would be orientable. It is known that 
this is not true. An argument will be given below. Thus, E? has an Euler class in 
Z2-cohomology only, and the Gysin sequence of EP can provide information about 
the Z2-cohomology of BO(n) only. Nevertheless, Gysin sequences allow for deriving 
the integral cohomology of H7(BSO(n)) and H7(BO(n)). The arguments involved 
are sophisticated though. 
Let we” denote the Z2-Euler class of E?, that is, 
we” = e (EP) € HZ, (BO(n)). 

For 0 <k <n, let j?,, : O(k) + O(n) denote the Lie subgroup embedding induced 
by the linear subspace embedding 


Ré > R", (,...,%)  (%1,..-, xe, 0,...,0). (4.2.18) 
By construction, forO <k <I <n, 
Ren Ode = Sen: (4.2.19) 


Theorem 4.2.11 (Z -cohomology of BO(n)) Fork =1,...,n—1, there exists a 


O(n) 


unique element W,, of Hf, (BO(n)) such that 


70), O(n) __y, OLK) 
(Byx.,) Wy = Wy . 


The ring Hz, (BO(n)) is the polynomial ring over Zz in the generators Wi ceeag Wes 


Proof The standard scalar product on R” defines a Riemannian fibre metric on E?. As 
in the case of U(), one can show that the sphere bundle j?_, , : BO(n — 1) > BO(n) 


4.2 Characteristic Classes for the Classical Groups 277 


is vertically isomorphic to SE? forn = 1, 2,..., where O(0) is defined as the trivial 
group. Under this isomorphism, the Gysin sequence in Z-cohomology of E? with 
the chosen Riemannian fibre metric translates into the exact sequence 


wo”) Bi Ln” 
4 At, Bom) iy H75" (BO(n)) elt HA"(BO(n = 1) S HE BOM) > + 


where / € Z. Now, the assertion is proved by induction on n in a similar way as for 
U(n) (Exercise 4.2.4). o 


Definition 4.2.12 (Stiefel-Whitney classes) For k = 1,...,n, the element w,” of 
H a (BO(n)) provided by Theorem 4.2.11 is called the k-th universal Stiefel-Whitney 
class of O(n) and the element 


wo”) = 1 + wi” + fats + we” 


of H7, (BO(n)) is called the total universal Stiefel-Whitney class of O(7). 


The classes wy” and w®” define characteristic classes for principal O(1)-bundles 


and real vector bundles, denoted by, respectively, w;,(P), w(P), w,(E) and w(E). By 
construction, 


w(P) = 1+wi(P)+-+-+wi(P), wk) = 1+wi(E)+---+wr(E). 


Remark 4.2.13 
By analogy with Remark 4.2.3, one can check the following (Exercise 4.2.5). 


1. For / < n, one has 
we 1L<k <i, 


(By, We” = -| ns pe (4.2.20) 


Moreover, (B iP)” is surjective and its kernel is the ideal in HZ, (BO(n)) generated 

by we"|,.--, We”. In particular, for k < 1, w,"” is the only element of Hk (BO(n)) 
satisfying (4.2.20). 

2. The top Stiefel—-Whitney class w,,(£) of a real vector bundle F of rank n coincides 
with the Z,-Euler class of that vector bundle. 

3. The top Stiefel—Whitney class w,,(P) of a principal O(n)-bundle P coincides with 
the Z2-Euler class of the real vector bundle P x on) R” associated with P by 
means of the basic representation of O(n). ¢ 


Now, we turn to the discussion of the special orthogonal groups SO(n). We derive 
the Z2.-cohomology of BSO(n) from that of BO(n) in complete analogy with the dis- 
cussion for SU(n). Let j5°° : SO(n) — O(n) denote the natural inclusion mapping. 
Since SO(n) is a normal subgroup of O(), the fibre bundle 


Br? : BSO(n) > BO(n) 
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is a principal bundle with structure group O(n) /SO(n) = O(1) = Zo. 


Theorem 4.2.14 (Z-cohomology of BSO(n)) One has (By 0) wi s = 0. The ring 
Hy; ak is the polynomial ring over Zz in the generators w,” := (Bj;°°)*we”, 
k=2,. 


As a consequence, the homomorphism (B f° ey" : Hz, (BO(n)) > Hz, (BSO(n)) is 
surjective. 

Proof The proof is completely analogous to that of Theorem 4.2.5. Starting with the 
real line bundle EO(1) x on) R, with O(7) acting via the determinant, one just has to 


carry out the obvious modifications and forget about orientations. This leads to the 
exact sequence 


er) ioe 
- 5, Hf, (BO) —— HIS! Bom) ony, HGS! (BSOM) > HEE! BOm) > + 


to which the rest of the argument can be adapted easily. Oo 


Definition 4.2.15 Fork = 2,...,n, the element w,”” of By (BSO(n)) is called the 
k-th universal Stiefel-Whitney class of SO(7). The element 


wsom se |p ws cirpers 8 w3on) 


of Hy, (BSO(n)) is called the total universal Stiefel-Whitney class of SO(n). 


By construction, 


n 


(Bj 3 * yoo) yySOn (4.2.21) 


The classes w,"”” and w**” define characteristic classes for principal SO(n)-bundles, 


denoted by w;(P) and w(P), respectively. One has 
w(P) = 1+ wa(P) +--+ + Wwa(P). 
Moreover, 
We” = We (ESO(n)) = Wr (ESO(n) X s(n) R") ee ees 


As for the Chern classes, for convenience, we sometimes use the notation wi” = 0. 
Remark 4.2.16 


1. Point 1 of Remark 4.2.13 carries over to the case of SO(m) in an obvious way. 
2. According to Theorem 4.2.14, (Bj*°°)* is surjective and its kernel is the ideal in 
Hz, (BO(n)) generated by wr”. ry 


The proof of the following corollary of Theorem 4.2.14 is completely analogous to 
that of Corollary 4.2.17 and is left to the reader. 
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Corollary 4.2.17 (Obstructions to orientability in the real case) 


1. Let P be a principal SO(n)-bundle and let Q be the extension of P to the structure 
group O(n). Then, 
w(Q) = w(P). 


In particular, if a principal O(n)-bundle Q admits a reduction to the structure 
group SO(n), then w1(Q) = 0. 
2. Ifa real vector bundle E is orientable, then w,(E) = 0. a 


In Sect.4.8, we will prove that the vanishing of the first Stiefel-Whitney class is 
also sufficient for a principal O(m)-bundle to admit a reduction to the structure group 
SO(n) and for a real vector bundle to be orientable, cf. Corollary 4.8.4. 


Example 4.2.18 We determine the Chern class of the canonical U(1)-bundle P,, = 
Sc(,2+ 1) over Gc(1,n+ 1) = CP”, cf. Remark 1.1.21/3 and Example 1.1.24. 
Let L, denote the tautological line bundle over CP”, obtained by attaching to each 
point of CP” the subspace of C”*! represented by this point. One can check that the 
mapping 

Pr Xuav)\C > ly, [@,o)] oz, 


is a vertical isomorphism. Hence, c(P,,) = c(L,,). We show that c, (L,,) is a generator 
of He (CP"). For that purpose, we write down the integral Gysin sequence of the 
realification (L,)R endowed with the induced orientation and with the Riemannian 
fibre metric induced from the standard scalar product on ana 


Ue((Ly)r) 
——— 


... > HE(CP") HE? CP") “SHE SL,) S HE (CP") > - 


By Remark 4.2.4/1, we can replace e((Ln)e) = C;(L,). Since 
SL, = {(p,z) € CP” x C"t! : zeEp, ||z|| =1} = {(p,z) € CP"xS*"! : ze p}, 
we can define mutually inverse continuous mappings 
SL,>S'"*!, (parez, S"!>SL,, 2 ([zl,2). 


That is, SL, is homeomorphic to S?"+! Hence, fork < 2n — 1, the Gysin sequence 
splits into the pieces 


0 HECCP") PO, Hye Cpry 75 0, (4.2.22) 


By setting k = 0, we obtain that c;(Z,) = c;(P,,) is a generator of He (CP”). Thus, 
H7(CP") is the free Abelian group generated by 1, Cc; (Ln), ..., Ci (Ln)". As a special 
case, we obtain that the first Chern class of the complex Hopf bundle is a generator 
of the second integral cohomology group of CP! = S?. 
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The arguments given for CP” can be adapted to RP” and HP”. This leads to the 
following results (Exercise 4.2.18). 


1. The first Stiefel-Whitney class of the canonical O(1)-bundle Py (canonical real 
line bundle i) over RP” is a generator of He. (RP”) and hence Hz, CRP”) is 
the Z2-module freely generated by 1, wy (EP), ee wi (LE). In particular, the 
first Stiefel-Whitney class of the real Hopf bundle is a generator of the first 
Zy-cohomology group of RP! = S!. 

2. The first Pontryagin class of the canonical Sp(1)-bundle P™ (canonical quater- 
nionic line bundle i) over HIP” is a generator of Ht (HIP”) and hence H7(HIP”) 
is the free Abelian group generated by 1, p:(L™), ..., pi (L¥)”. In particular, the 
first Pontryagin class of the quaternionic Hopf bundle is a generator of the fourth 
integral cohomology group of HP! = S*. 4 


To conclude this section, we give a survey of the integral cohomology of BO(n) and 

BSO(n). This was worked out independently in [107, 193]. We will confine ourselves 

to citing the result and adding a comment on how to derive it using Gysin sequences. 
For x € R, let |x] denote the integer part of x. Define 


dn = [+]. Kn {Laces Gah: dn = Leds K,, = {5}u{1,..., Gn}. 


One type of generators of H7(BO(n)) and H7(BSO()) is given by the Chern classes 
of U(n). 


Definition 4.2.19 (Pontryagin classes) For k = 1,..., Gn, the element 
pee = (DEBE Yop 

of He (BO(n)) is called the k-th universal Pontryagin class of O(n). The sum 
per = 1+ pi +- + Pz” 


is called the total universal Pontryagin class of O(n). By analogy, one defines the 
Pontryagin classes of SO(n) via the embedding j*°". 


The other type of generators is related to the Stiefel-Whitney classes. Recall that, 


for every topological space X, the exact sequence of coefficient groups 


(38 7-37 > Z1 —> 0 


induces a long exact sequence in cohomology, 
ioe HO BE) a ss, 


where (2 denotes reduction modulo 2. The connecting homomorphism £ is usually 
referred to as the (integral) Bockstein homomorphism. 
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Definition 4.2.20 (Integral Stiefel-Whitney classes) Given a nonempty subset J C 


K,,, the element 
Om). O(n) 
W, = A(] [ ws") 


lel 


of Hy tae *(BO(n)) is called the universal integral Stiefel-Whitney class of type 
I of O(n). By analogy, given a nonempty subset J C K,, one defines the universal 
integral Stiefel-Whitney class of type J of SO(n), denoted by W;””. 


For SO(n), there will be one further generator, the universal integral Euler class 
e” := e (ESO(7) xsow R") € HZ(BSO(n)) , 


where the orientation is given fibrewise by the standard orientation of R”. 
Remark 4.2.21 


1. As aconsequence of (4.2.11), for / < n, one has 


OU) a 
(Bi? ye” = Px Lees qi; (4.2.23) 
wn k 0 a <k < dn ; 


and an analogous formula for SO(n). Moreover, by construction, 


(B Mad oe = pom ; (4.2.24) 
2. By the naturality property® of the Bockstein homomorphism £, for J < n and 
I C Ky, one has - 
Wr T ‘@ K, , 


x (4.2.25) 
0 TICK), 


ena =| 


and an analogous formula for SO(7). Using in addition (4.2.21), as well as the 
fact that for even n the mod 2 reduction of B(w?"”) is given by wy we, cf. [598, 


p. 281],’ we obtain 


ws T K, 
(Bj°)"wom = PS (4.2.26) 
0 IC K, 
for all C Ky. 
3. By Proposition 4.1.12/1, one has 2e°°” = 0 if n is odd. © 


That is, 6 intertwines the homomorphism induced by a continuous mapping in Z2-cohomology 
with that induced in integral cohomology. 

7Composition of mod 2 reduction with the integral Bockstein homomorphism yields the Steenrod 
square. 
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The universal Pontryagin and integral Stiefel—-Whitney classes define characteristic 
classes for principal O(n)-bundles, principal SO(7)-bundles and real vector bundles. 
These are denoted, respectively, by p,(P), p(P), W7(P), px (E), p(E), and W;(E). In 
addition, the universal Euler class defines a characteristic class for principal SO(n)- 
bundles and for oriented real vector bundles, denoted by e(P) and e(£), respectively, 
where the latter is due to the fact that ESO(n) <so0in) R" is universal for oriented real 
vector bundles. 


Remark 4.2.22 


1. In terms of the integral cohomology class Wry = B(w;”), the necessary ori- 
entability condition of Corollary 4.2.17 reads as follows. If a principal O(7)- 
bundle P admits a reduction to the subgroup SO(n), then W, 1) (P) = 0. If a real 
vector bundle E is orientable, then W, 4 (E) = 0. : 

2. By analogy with the structure groups U(n) and Sp(n), using the natural homo- 
morphism Hy (M) — Hom(A4;,(M), Z), for every principal O(n)-bundle P and 
every real vector bundle E one can define the Pontryagin indices py, ;(P) and 
p,,;(E), respectively, relative to a given set of generators of Ha, (M). 4 


The following was proved independently in [107, 193]. 


Theorem 4.2.23 (Integral cohomology of BSO(n) and BO(n)) Let n > 2. 


1. The ring H;(BSO(n)) is generated by pe” with k = 0,...,4n, by W” with 
IC K, nonempty and, in case n is even, by e&. The subring generated by 


Be sates pj” and, in case n is even, by e©, is torsion-free. 
2. The ring Hz(BO(n)) is generated by p,” with k = 0, ..., Gn and by W;"” with 
I C K,, nonempty. The subring generated by p\°",..., py,” is torsion-free. li 


For the corresponding torsion ideals and the free quotient rings, we read off the 
following. 


Corollary 4.2.24 


1. The torsion ideals of HZ(BSO(n)) and H7(BO(n)) are generated by the corre- 
sponding integral Stiefel-Whitney classes. In particular, every torsion element 
has order 2. 

2. The free quotient ring of H7(BSO(n)) is the polynomial ring over Z in the Pon- 
tryagin classes py”, ..., p;,” and, ifn is even, the Euler class e°”. The free 
quotient ring of H7(BO(n)) is the polynomial ring over Z@ in the Pontryagin 
classes p}”,..., Pz”. | 
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Remark 4.2.25 


1. In addition, in [107, 193], the following was shown. For J C K, and i € K,, 
denote J; := /\{i}. For I,J Cc K,, let TUS := TUJ)\T AJ) (exclusive ‘or’). 
PutWe” = We =Oand py” = YW, 1) . The defining relations between the gen- 
erators of HF (BSO(n)) are 


weer” = > (warwiss rl of) for all I, J C Ky, 1 x ©, 


iel JELAS 


SO(n) 


with the convention that [je poy Pj} = L incase J; J = ©. The defining rela- 
tions between the generators of H7(BO(n)) are 


Wow; = > (war wis, I] v") for all I, J Cc Ki, I x ©, 


iel FELNS 
holding for all n, and 
O(n) a O(n) O(n) O(n) O(n) as O(n) O(n) 
Wa aaur MiaaWe > Way Wigu = Pap Wit forally C Kn, 


holding for even n only. 

2. Theorem 4.2.23 and the relations given in point | can be proved by fairly elemen- 
tary means, using the Gysin sequence with integral coefficients of the oriented 
universal vector bundle ESO(n) x son) R" to derive H7(BSO(n)) and the Gysin 
sequence with local coefficients for the (non-oriented) universal vector bundle 
EO(n) Xo R" to derive HZ (BO(n)) from HF (BSO(n)). 

3. In view of the Universal Coefficient Theorem for cohomology in the form of 
Theorem 5.5.10 of [598], point 1 of Corollary 4.2.24 implies that it suffices to 
control the real and the Z)-valued cohomology of BSO(n) and BO(n). While the 
latter is given by Theorems 4.2.11 and 4.2.14, the former can be read off from 
point 2 of Corollary 4.2.24. Thus, Hz (BSO(n)) is the polynomial ring over R in 

SO(n) 


the Pontryagin classes py", ..., pS” and, if n is even, the Euler class e®°”’, and 
n 


Hz (BO(n)) is the polynomial ring over R in the Pontryagin classes p{”, ..., p"”. 
4 


Exercises 


4.2.1 Complete the proof of Corollary 4.2.8/2 by showing that if a complex vector 
bundle is orientable, then its orthonormal frame bundle with respect to some auxiliary 
fibre metric admits a reduction to the structure group SU (7). Prove a similar statement 
for real vector bundles and the structure group SO(n). 


4.2.2 Complete the proof of Theorem 4.2.9 by adapting the induction argument 
given for U(n) in the proof of Theorem 4.2.1 to Sp(). 
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4.2.3 Carry over the statements of Remark 4.2.3 to the case of the symplectic groups. 


4.2.4 Complete the proof of Theorem 4.2.11 by adapting the induction argument 
given for U(n) in the proof of Theorem 4.2.1 to O(7). 


4.2.5 Prove the statements of Remark 4.2.13. 


4.2.6 Adapt the arguments given for CP” in Example 4.2.18 to RP” and HP” to 
prove points | and 2in that example. 


4.3, Whitney Sum Formula and Splitting Principle 


We start with deriving the Whitney Sum Formula. This formula expresses the char- 
acteristic classes of the direct sum of vector bundles in terms of the characteristic 
classes of the constituents. 

In the course of the discussion, we will use that the classifying space of a direct 
product of Lie groups G; x G2 can be realised by BG, x BG). Recall that for ele- 
ments a; € Hi (BG), the cohomology cross product a x a2 € AE (BG, x BG?) 
is defined by 

1 X G2 t= (prj a) U (prs a2), (4.3.1) 


where pr; : BG; x BG, — BG; for i = 1,2 denotes the natural projection to the 
i-th factor. For further use, we note that 


(a1 x @2)u (Br x Ba) = (— 1) 2F) (UB) x (@Q2Uf2). (4.3.2) 
Moreover, for the diagonal mapping Ag : B > B x B, 
AR (a1 X 2) = ay UQD. (4.3.3) 


The Whitney Sum Formula will be a consequence of the following. 


Theorem 4.3.1 
For the standard blockwise embeddings 


Jo: O11) X O(172) > O(1, + 12), 
ju + Um) xX U2) > UM + 12), 
Js: Sp(m1) X Sp(m2) > Sp( + 12), 


one has 


(Bjo)*wo"'?? =— wou x we?) : 

(Bjy)*c"r? =_ faa x cu) : 
+ \ > A Spiny+n2) __ pASpiny) Sp(nz) 

(Bjsp) p ad p x p * 
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Analogous formulae hold for the special orthogonal and the special unitary groups 
(Exercise 4.3.2). 


Proof To be definite, we give the proof for the unitary groups and leave the rest to 
the reader. Let us write j = j, and n = n, + np and let us put c;” := 0 for all k > n. 
We have to show that 


k 
Syre= > ewe (4.3.4) 


i=0 


for all k = 0,...,7. For that purpose, we will fix k and let n run. That is, we will 
prove (4.3.4) by induction on n, starting with n = k. Thus, let k be chosen and let 
n1, Nz be such that n = k. Consider the pullback principal U(n)-bundle (Bj)*EU(7). 
By definition of Bj, it is vertically isomorphic to the associated principal U(n)- 
bundle P := (EU(n;) x EU(nz))"!. By Proposition 1.2.8, this isomorphism induces 
a vertical isomorphism 

P XU(n) Cc. = (Bj)*E, : 


On the other hand, by Proposition 1.6.7, P xun) CR is vertically isomorphic to the 
associated vector bundle 


(EU(n) x EU(n2)) xix) CR 


where U(n,) x U(n2) acts on C” via the composition of j with the basic representation 
of U(m). One can check that this vector bundle, in turn, is vertically isomorphic to 
the direct sum (prj EY) ® (pri EY) (Exercise 4.3.1). Putting all this together, we 
end up with a vertical isomorphism 


(pri En.) ® (pry Ey) = Bp*kE,. (4.3.5) 


In local trivializations induced from local trivializations of the corresponding prin- 
cipal bundles, this isomorphism is given fibrewise by the obvious identification 
R*" @ R*” = R". Hence, it preserves the orientations. Now, using points 3 and 
4 of Proposition 4.1.12, for the Euler classes we find 


oe 


(Bj)*E}) 

(pri Ey.) ® (pr3 Ey,)) 
pry E;,) €( pr3 E,,) 

ry e(E,,)) (pr3 e(E;,)) 
v) x e(E). 


ny 


—~ 


—_~ oO 


This proves (4.3.4) for k =n. 
Now, let 11, m2 be such that n > k and assume that (4.3.4) holds for all mm ,, m2 
such that m, + m2 <n. Since, as a module over Z, els (BU (nz)) is finitely and freely 
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generated for all /, the Ktinneth Theorem for cohomology yields that the group 
homomorphism 


Hz (BU(n1)) ® H7(BU(n2)) > HZ(BU(n) x BU(n2)) (4.3.6) 


defined by a; @ a@2 +> a X a2 is an isomorphism of Abelian groups. By restricting 
to degree 2k, and by using that the cohomology of BU(m) is trivial in odd degree, 
we obtain an isomorphism 


k 
CD HZ (BU(n)) @ Hz (BU) > HG (BU(1y) x BU(m)) . 
j=0 


The inverse of this isomorphism combines with the natural projections associated 
with the direct sum to homomorphisms 


pj | HZ‘ (BU(m) x BU(m)) > Hz] (BU(m)) @ Hz! (BU(m)). 
Consider a given i withO <i<k. Sincek <n =n, + ny, eitheri < nj ork -—i < 
ny. Without loss of generality, we give the argument for the first case and leave it to 


the reader to adapt this to the second case. Replacing n, by i in the above argument, 
we obtain homomorphisms 


pj : H3k(BU@ x BU(m)) > Hz (BU) @ He (BUM) . 


Let 7 
J: U@ x U(m) —~ UG+ nm) 


denote the standard blockwise embedding and let g : U(i+n2) — U(n) denote the 
embedding induced by the vector subspace embedding 


cm +C", (Zi, peg SbbnaD) Fe? (Zyoin obs Qiesceg ORE is 0 9 SE) 


Then, the diagram of Lie group homomorphisms 


U(i) x UG) ——> U(i + m2) 


Feng “| |« 


U(n) x U(m) ——2—= Un) 


commutes. It induces a commutative diagram 
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H3k(BU(n)) OP" = H2*(BU(n1) x BU(m)) 


(By)* | |, xid)* 


H3 (BUC + m)) “> H3(BU() x BU(m)) 


Since g and Teen dH differ by an inner automorphism of U(7), and since U(n) is 
connected, By and Bj; ,, ,, are homotopic and hence induce the same homomorphism 
in cohomology. Using this and composing (B/)* and ( Bj)* with p; and p;, respectively, 
we obtain the commutative diagram 


pio(Bj)* 


Hz‘ (BU(n)) 
(Bit ny)” | 


HZ‘ (BUG + n)) 


H2! (BU(n)) @ HZ (BU(n2)) 
| (Bip, * Bid 


pio(Bj)* 


H2!(BU(i) @ Hz 7 (BU(2)) 


U(n) 


Applying this toc," and using (4.2.11), we find 


(Bj, )* ® id) (p:((BA)*ey”)) = pi o (BA)*(e¢""”) . 


Since i +n <n, by the induction assumption, (4.3.4) holds with n; replaced by i 
and j replaced by j. Hence, 


(Biz,,)* ® id) (pi(BA*ey”)) = EF” @ Cf"? . 
On the other hand, by (4.2.11), 
(Biiin,)* @ id) (7° @ &,2}) = C7” @ CK"? . 
Thus, 
(Bjin,)* @ id) (Pi(B*ey")) = (Brin )* @ id) (G'"" @Q") 4.3.7) 


Since i < n,, Theorem 4.2.1 yields that (Bye. )* is injective on He (BU(n,)). Hence, 
(Bji’,,)* ® id is injective on H7!(BU(n)) ® Hz ~(BU(m)). Therefore, (4.3.7) 
implies 

Pi((Bi)*e,”) = oj" @ ok}. 


Since this holds for all i= 0,...,k, and since the p; sum up to the inverse of the 
isomorphism (4.3.6), formula (4.3.4) follows. This proves the theorem. | 


Theorem 4.3.2. (Whitney Sum Formula) For K-vector bundles E, and E over the 
same base space, 
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a(E) ® Ex) = a(E))a(E2), 


where a stands for the total Stiefel-Whitney class w in case IK = R, for the total 
Chern class ¢ in case IK = C and for the total symplectic Pontryagin class p in case 
K=H. 


Proof As before, we give the proof for the complex case. Let n; be the rank of E; and 
let n = n, + nz. Choose auxiliary fibre metrics on E; and E>. Their orthogonal direct 
sum defines a fibre metric on FE; @ E>. Let P; and Pg denote the corresponding ortho- 
normal frame bundles of E; and E; @ Ep, respectively. P; has structure group U(n;) 
and Pe has structure group U(). Choose classifying mappings f; : B — BU(n;) for 
P; and fg : B ~ BU(n) for Pg. By definition, 


c(E;) = fic, cE ® Ey) =fec™. (4.3.8) 


Consider the principal (U (n,) x U(ny)) -bundle P; xz P2. Ithas the classifying map- 
ping (fi x f2) o A, where A: B > B x B is the diagonal mapping. By combining 
orthonormal frames in (£) ), with orthonormal frames in (£2), to orthonormal frames 
in (E; ® Ex), = (E1)» © (E2)p, we obtain a vertical morphism of principal bundles 
P, Xp P2 — Pe with associated Lie group homomorphism given by the standard 
blockwise embedding j : U(n,) x U(n2) ~ U(n). Hence, Proposition 3.7.6 yields 
that fg is homotopic to Bj o (f, x fz) o A. Using this, together with formula (4.3.8) 
and Theorem 4.3.1, we find 


c(E; @ Ey) = fac” 
= A* o(fi x fi)’ Bi" (e) 
=A of xn ie” xe”) 
= A* (Gem) x Ge) 
= A*(c(E)) x c(E2)) 
= C(E))c(E2). 


Recall that two K-vector bundles E,, E2 over a topological space B are said to be 
stably equivalent if there exist non-negative integers 71, r2 such that E; @ (B x K") 
is vertically isomorphic to Ey @ (B x K”). 


Corollary 4.3.3 Stably equivalent real (complex, quaternionic) vector bundles have 
the same Stiefel-Whitney (Chern, symplectic Pontryagin) classes. 


Proof We give the argument for the complex case. Let E; and Ey be complex vector 
bundles over B. If the vector bundles E; @ (B x C") and E, @ (B x C”) are ver- 
tically isomorphic, they have the same Chern class. By Remark 4.1.6/2, we have 
c(M x C”) = 1. Hence, the Whitney Sum Formula implies 
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c(E; @ (Bx C"))=c(E), i=1,2. 
This yields the assertion. im 


Corollary 4.3.3 implies that the Chern (Stiefel—-Whitney, Pontryagin) classes yield 
invariants in complex (real, quaternionic) K-theory. 
Another important consequence of the Whitney Sum Formula is the following. 


Let 0% (x1, ...,Xn) denote the elementary symmetric polynomial of order k in the 
indeterminates x, ..., X,, that is, 
OK Kiperag hn) = o> Xi Xi, 
Ip <1 <i 
Corollary 4.3.4 Let K = R, C or H and let L\,..., L, be K-line bundles over a 


topological space B. Then, 
ay (Ly @ +++ ® Ly) = ox (011 (Li), ---, 1 (Ln) , 


where a = w incase K= R, a = Cc incase K= C anda = p incase K = H. 


Proof Let E := L; ®---@L,. In the complex case, by the Whitney Sum Formula, 
c(E) = ry c(L;) . 
i=l 


By plugging in c(L;) = 1 + c,(Z;) and expanding the product, we obtain 
c(E) = 1+ 0; (c1(L1),...,¢1(LZn)) ++ ++ + on(C1 (Li), --.,.¢1(Zn)). 


The real and the quaternionic case are analogous. Oo 


The characteristic classes c;(L)),..., C;(Z,) are referred to as the Chern roots of E. 
By analogy, one speaks of the Stiefel-Whitney roots of E in the real case and the 
Pontryagin roots of E in the quaternionic case. Thus, Corollary 4.3.4 states that if a 
complex vector bundle splits into a sum of line bundles, its Chern classes are given 
by the elementary symmetric polynomials in the first Chern classes of its factors, 
and that analogous statements hold for real and quaternionic vector bundles. 

Behind Corollary 4.3.4, there is a relation between the corresponding universal 
characteristic classes, which we now derive from Theorem 4.3.1. We show that by 
iterated application of this theorem, we can embed H7(BU(n)) into H7(BU(1)"), 
Hz, (BO(n)) into HZ (BO(1)") and H7(BSp(n)) into H7(BSp(1)”). By the Kiinneth 
Theorem for cohomology, H7(BU(1)") is the polynomial ring over Z in the genera- 
tors 


U1) 


Cy 


M1 Mere 1, Tee RI 5 1, cig Lees KIO. 
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This ring contains the symmetric polynomials as a subring. Using (4.3.1), the gen- 
erators can be rewritten in terms of the natural projections pr, : U(1)” — U(1) as 


GC) eT re Ke TS Bpay ss. weep oe x Ie, = Bee, 


Similar statements hold for Hy, (BO(1)") and H7(BSp(1)"). 


Proposition 4.3.5 For the standard diagonal embeddings 


J, : O01)" > OM), jy: UG)" > UM), i? Sp)” > Spm), 


one has 
(Bye) "we = o% ((Bpr,)*wi”, ..., (Bpr,)*wy”) , 
(Bin) cy” = o% ((B or, tet”, -(Bpr,)"er") » 
(B Vea = Ox ((B or)*p””,. ..,( pr,)*ps””) 


In particular, the homomorphisms (Bj,)*, (Bj, )* and (Bj;?)* are injective and their 
images are the subrings of symmetric polynomials. 


Proof As usual, we give the argument for the complex case and leave the other cases 
to the reader. By iterated application of Theorem 4.3.1, we obtain 


(Bry e™ = CU) XY Lee QU, 
By plugging i ine = 1-46)” 
(B ye i. equals the sum over all cross products having a factor c} 
a factor ce inn — k places. By (4.3.2), this sum coincides with 


and evaluating the product in degree k, we find that 
«? in k places and 


Ok (co 


x1lxeeex low, x: INR | 4 

Rewriting the generators in terms of the natural projections pr,, we obtain the asserted 
formula. Finally, since the ring of symmetric polynomials in n indeterminates with 
coefficients in Z coincides with the polynomial ring generated over Z by the elemen- 
tary symmetric polynomials [399, Sect. IV.6], it follows that (Bj;))* is injective and 
that its image is the subring of H7(BU(1)”) of symmetric polynomials. D 


In view of Corollary 4.1.4 and the fact that a principal G-bundle P admits a reduction 
Q toaLie subgroup; : H > G iff it is vertically isomorphic to QY!, Proposition 4.3.5 
entails the following. 


Corollary 4.3.6 If P is a principal Ux(n)-bundle which admits a reduction Q to the 
subgroup Ug(1)", then 


a (P) = ox (a (OP), 2, (OP!)) , 
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where a = w for K = R, a =c for K= Canda =p for K = H. oO 


Taking up the terminology for vector bundles, in case of the structure group U(n), 
the characteristic classes ¢,(Q!?"!), ..., ¢;(Q!?™!) of a reduction @Q are referred to 
as the Chern roots of P. By analogy, one speaks of the Stiefel-Whitney roots of P in 
case of the structure group O(n) and the Pontryagin roots of P in case of the structure 
group Sp(n). 

Next, we prove that the situation of Corollaries 4.3.4 and 4.3.6 can be achieved 
for every vector bundle and every principal bundle with structure group O(), U(n) 
or Sp(n) by passing to an appropriate pullback bundle. This result is known as the 
Splitting Principle. We treat the case of principal bundles first. 


Theorem 4.3.7 (Splitting Principle for principal bundles) Let G = O(n), U(n) or 
Sp(n) and let H denote, respectively, the subgroup O(1)", UC)” or Sp(1)". Let P be 
a principal G-bundle over a topological space B and let p : P/H — B denote the 
induced projection. Let R = Zy for G = O(n) and R = Z for G = U(n) or Sp(n). 


1. The principal G-bundle p*P over P/H admits a reduction to the subgroup H. 
2. The induced homomorphism p* : Hp(B) > Hp(P/H) is injective. 


Proof 1. Let pr: P — P/H denote the natural projection to classes. One can check 
that the mapping 


P— p*P, pt» (pr(p),p), 


is well defined and yields a reduction of p*P to the subgroup H. 
2. The proof boils down to another application of the Leray—Hirsch Theorem. To 
be definite, we give it for G = U(n). Let W denote the action of U(n) on P. Define 


Qo = P/((}x UM—), Yo:= P/(UC) x U@— 1). 


Clearly, Qo is a principal U(1)-bundle over Yo and Yo is a fibre bundle over B with 
typical fibre 
U(n)/(U() x Um—1)) = CP". 


Let po : Yo — B denote the induced projection. Choose p € P and letm = m(p). The 
mapping WY, : U(n) — P induced by W is equivariant with respect to the action of 
UC) x U(a — 1) on U(r) by right translation and thus descends to a mapping 

J oCe = 


of CP”! onto the fibre (Yo). Consider the induced principal U(1)-bundle j* Qo over 
CP"~!. One can check that the mapping 


Un) > CP"! x Qo, at (lal, [Ya(p)l), (4.3.9) 
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induces a vertical isomorphism from the canonical U(1)-bundle over CP’~!, which 
has U(n)/({1} x U(n — 1)) = S”"~' as its bundle space,® onto j* Qo (Exercise 4.3.3). 
According to Example 4.2.18, then the cohomology classes 


1 Cit Oo), + -:5216G" Oey” 


form a free basis of H¥(CP”~') as a Z-module. Since c¢;(j*Qo) = j*c1(Qo), the 
Leray—Hirsch Theorem 4.1.7 implies that the cohomology classes 


1, €1(Qo), .--,¢1(Qo)" 


form a free basis of H7(Yo) as a module over H7(B). In particular, the mapping 
H7(B) > HZ(Y%) given by a+> a - | is injective. Since a- 1 = poa, this means 
that the induced homomorphism pj : HZ (B) > H7(Yo) is injective. 

Now, in the above argument, we replace the principal U(n)-bundle P over B by 
the principal U(n — 1)-bundle P; := P/ (UCL) x {1,-1}) over Yo. This yields a fibre 
bundle over Yo with bundle space 


Y, := P\/(U() x U(n — 2) = P/(UC? x UM — 2)) 


and typical fibre CP’~?, whose projection p; : Y; > Yo induces an injection py: 
H3(Yo) + H7(Y1). Iterating this, we finally arrive at a bundle projection 


Pn-2 ? Yn-2 = P/U(1)" > Y,-3 = P/(U(1)”"* x U(2)) 
with fibre CP!, inducing an injection 
Pn-2 ? H7(Yn—3) > Hz (Yn-2) = Hz (P/U(1)"). 


Since Pp 0 +++ © Py-2 = /, this proves point 2. Oo 


From the Splitting Principle for principal bundles we can derive the Splitting Principle 
for vector bundles. 


Corollary 4.3.8 (Splitting Principle for vector bundles) Let K = R, C or H and let 
R = Z, for K = R and R = Z for K = C or Hy. For every K-vector bundle E over a 
topological space B, there exists a fibre bundle p : Y —> B such that 


1. p*E is vertically isomorphic to a direct sum of line bundles, 
2. the induced homomorphism p* : Hy(B) > HR(Y) is injective. 


Proof As before, to be definite, we give the proof for K = C. Let n denote the rank 
of E. Choose a fibre metric on E and consider the corresponding orthonormal frame 
bundle O(E), which is a principal U(7)-bundle over B. Define Y := O(E)/U(1)” and 


8n fact, this is the Stiefel bundle Sc (1, n) > Gce(1, n). 
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let p : Y — B denote the induced projection. Then, Y is a fibre bundle over B, with 
typical fibre U(n)/U(1)”. Point 2 of Theorem 4.3.7 yields point 2 of the corollary. 
By point 1 of that theorem, p*O(E) admits a reduction Q to the subgroup U(1)”. 
Then, on the one hand, using Propositions 1.6.7 and 1.2.5/2 and Theorem 3.6.8, we 
obtain the vertical isomorphisms 


Q xu)" (on (p*O(E)) XU(n) c= p* (O(E) XU(n) (om) = PE. 
On the other hand, 


O xuay C" = (Q xuay Ci) ®--- ® (Q xuay Cr), 
where U(1)” acts on C; via multiplication by the i-th entry. Oo 


Remark 4.3.9 According to the proof of Corollary 4.3.8, if E has rank n, the fibre 
bundle p : Y — Bof Corollary 4.3.8 can be chosen to have typical fibre O(n) /O(1)” 
in case K = R, U(n)/U(1)” in case K = C and Sp(n)/Sp(1)” in case K = H. > 


The Splitting Principle implies that for proving an algebraic relation between the 
Chern (Stiefel-Whitney, Pontryagin) classes of complex (real, quaternionic) vec- 
tor bundles, it suffices to prove this relation under the assumption that all bundles 
involved are sums of line bundles. Let us illustrate this by deriving a formula for the 
total Chern class of a tensor product of complex vector bundles. 


Define a polynomial 7, ,, in the real variables x;,..., x, and yj, ...,Ym by 
Tham (1, see yXny V15--s ae) = I[[[e + Xi + yj) . (4.3.10) 


i=1 j=l 


Since T;,,» is symmetric under separate permutations of the x; and the y;, it can be 
written in the form 


Thm (x1, see5Xns V1; +s Ym) 


=Pamloi sees Xn)y eee, On(X1,-+-,Xn), C101, +s Vm), +++ Om, ee) | 


with a unique polynomial in n + m variables P,, »,. For the explicit form of P,,,, see 
Remark 4.3.12. 


Proposition 4.3.10 For complex vector bundles E of rank n and F of rank m over a 
topological space B, one has 


C(E ® F) = PrmlCitE), rr) C,(E), c\(F), tees om) : 
Proof By the Splitting Principle, it suffices to prove the assertion under the assump- 


tion that E = @j_, Li and F = @j_, Kj for appropriate line bundles L; and Kj. 
According to Corollary 4.3.4, then 
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GB) = 2G Ea)y.onx, CHEy)) > CEES Oe (CHK) +5 C1) > 
Thus, we have to show that 
OE OF) = Tg Gia lyo+0s Gill), CHK) y ssi): 


By the Whitney Sum Formula, 


n 


cE@F)=|[][[cie@X). 


i=1 j=l 


Hence, the proof boils down to showing that for arbitrary line bundles L and K, one 
has 
c(L@K)=c(L)+ (Kk). (4.3.11) 


To prove this, we use that L ® K can be written as an associated vector bundle as fol- 
lows. We may assume that L and K are associated with principal U(1)-bundles P and 
Q, respectively, via the basic representation of U(1) on C. Consider the fibre product 
P xz Q. This is a principal (U(1) x U(1))-bundle over B. Since U(1) is Abelian, 
the multiplication mapping jz : U(1) x UC) > UCL) is a group homomorphism. 
Hence, we can form the associated principal U(1)-bundle (P xz Q)'4 and, in turn, 
the associated line bundle 


E = ((P xz Q)""!) xuqayC, 


where U(1) acts on C in the basic representation. We leave it to the reader to show 
that the mapping (P x C) xg (Q x C) > ((P xp Q) x U(1)) x C defined by 


(2), @w)) > ((@, 9), 1), zw) (4.3.12) 


descends to a vertical vector bundle isomorphism L ® K — E (Exercise 4.3.4). It 
follows that 
e(L @K)=¢ (P xz.0)™) . 


According to Remark 3.4.22 and Proposition 3.7.2/1, if P and Q have classifying 
mappings f, g : B > BU(1), respectively, then (P xz Q)'“! has classifying mapping 
Buo(f x g)o A. Hence, 

c(L@K)=A* o(f* x g*)o (Bu)*(c;"”) : (4.3.13) 


An easy computation yields (Exercise 4.3.4) 


(Buy oH" «1+1 xe". (4.3.14) 
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Plugging this into (4.3.13), we obtain (4.3.11). o 
From the proof we extract the formula for the Chern class of the tensor product of 
complex line bundles Z; and Ly over B, 


c(L; @ Ly) = 14+ ce (Li) +e; (Ly). (4.3.15) 


In combination with the Splitting Principle, this formula allows for computing the 
Chern class of the dual vector bundle. To formulate the result, define the conjugate 
universal Chern classes and the conjugate total universal Chern class by, respectively, 


Co = (1), OM rH 14 FM 4° +O. (4.3.16) 
There correspond the conjugate Chern classes of principal U()-bundles and of com- 


plex vector bundles. 


Corollary 4.3.11 For the dual bundle E* of a complex vector bundle E, one has 
c(E*) = C(E). 


Proof By the Splitting Principle, it suffices to prove the assertion for the case where 
E is a sum of line bundles, E = L; ®--- @ Ly. Then, E* = Li ®--- @L;. By the 
Whitney Sum Formula, 


c(E) = (1+¢)(L)))---(1+ei(Z,)),  c(E*) = (1+ e)(Z7))--- (1+ (2). 


To compute c;(L;), we observe that L; @ L = End(L;) and that End(Z;) is trivial, 
because the identity homomorphisms of the fibres of L; combine to a global nonzero 
section. Hence, c;(L; ® L;) = 0 and (4.3.15) implies 


CE) =—c10), Poly isy hs 


Thus, the Chern classes of E and E* built from an even number of factors c, (Z;) 
coincide and those built from an odd number have opposite sign. Oo 


Remark 4.3.12 In concrete situations, the polynomial P,, ,, may be read off directly 
from T,,,, by expanding the product and expressing everything in terms of elementary 
symmetric polynomials. For example, for m = 1, one finds 


n 


Tait, ---%ny) =] ] (1 +y) +4) = Doo...) t+y)*, 


i=l k=0 


from which we read off 


n 


Ppi(@i, ++ +s @n, b1) = > ax(1 + bi)*. (4.3.17) 
k=0 
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Hence, for a complex vector bundle F of rank n over B and a complex line bundle L 


over B, we obtain 
n 


c(E @L) = > cy (E)c(L)* . 


k=0 


By a similar argument one finds that the first and the second Chern classes of E © F 
are given by 


C(E@F) = me (FE)+nc(F), (4.3.18) 
0)(E @ F) = mon(E) + ney(F) + ("ei (E)? + (tei (F)? 
+ (mn — 1)e(E)ei(F), (4.3.19) 


where n and m denote the ranks of E and F, respectively (Exercise 4.3.5). 
For general n and m, the polynomial P,,,, can be expressed in terms of Schur 
functions, see Example 5 in Sect. 1.4 of [418]. + 


Example 4.3.13 As an application, we consider a principal SU(n)-bundle P and 
determine the second Chern class of the complexification of the adjoint bundle 
Ad(P) = P Xsun su(n). We have 


(Ad(P)). = P Xsum sU(n, C), 


where the action of SU() on sI(n, C) may be viewed as being induced from the repre- 
sentation of SU(2) on the vector space End(C”) defined by conjugation. The natural 
isomorphism End(C”) = C” @ (C")* intertwines this representation with the tensor 
product of the basic representation of SU(n) with its dual representation. Hence, this 
natural isomorphism embeds s[(n, C) as an invariant subspace of codimension | in 
C” ® (C")*. By complete reducibility, the representation of SU() on sl(n, C) thus 
differs from that on C” @ (C”)* by taking the direct sum with a one-dimensional 
representation. Since the latter is necessarily trivial, it follows that (Ad(P)).. dif- 
fers from P Xsuin) (C" ® cy) by taking the direct sum with a trivial line bun- 
dle. By Corollary 4.3.3, the two bundles have the same Chern classes then. Now, 
P Xsuqn) (c” ® (C")*) is vertically isomorphic to E ® E*, where E = P Xsyiny C” 
with SU(n) acting in the basic representation. Thus, formula (4.3.19), Corollary 
4.3.11 and the identity c(E) = c(P) imply 


c)(Ad(P)c) = 2nep(P) (4.3.20) 


and hence 
p; (Ad(P)) = —2nc,(P). (4.3.21) 


4 
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Exercises 


4.3.1 Complete the proof of Theorem 4.3.1 by showing that the mapping 
(pry E;) ® (pr3 EY) — (EU(n) x EU(m)) xuin)xuim CR 
defined by 


((x1, x2), (LO, 21)], (02, 22)]))  [(O1, y2), (Zi, 22)) |, 


where z; € C”, x; € BU(n;) and y; € EU(n;) in the fibre over x;, i = 1, 2, is a vertical 
vector bundle isomorphism. 


4.3.2 Use the formulae for (Bj,.)* and (Bj,)* given in Theorem 4.3.1 to calculate 
(Bjso)* and (Bjsy)* for the standard blockwise embeddings 


Jso : SO(n) x SO(n) > SO(n + 12), 
Jsu : SU) x SU(M2) > SU +72). 


4.3.3, Show that the mapping (4.3.9) induces a vertical isomorphism from the canon- 
ical U(1)-bundle over CP”! onto the principal U(1)-bundle j* Qo defined in the proof 
of Theorem 4.3.7. 


4.3.4 Complete the proof of Proposition 4.3.10 by showing that the mapping (4.3.12) 
descends to a vertical vector bundle isomorphism from L @ K to E and by proving 
formula (4.3.14). 


4.3.5 Prove the formulae for the first and the second Chern class of a tensor product 
given in (4.3.18) and (4.3.19) by expressing the contributions of first and second 
order in the polynomial Ty, mn (%1,---;Xn»Y1,+++> Ym) defined in (4.3.10) in terms of 
elementary symmetric polynomials. 


4.4 Field Restriction and Field Extension 


First, we analyze how the Chern classes behave under complex conjugation z +> Z. 
For a € M,(C), let @ denote the matrix obtained from a by taking the complex 
conjugate of every entry. The mapping 


k:U(n)> U(n), K(@:=a4, 


is a Lie group isomorphism. Given a complex vector bundle FE, we may redefine the 
multiplication by scalars as 


Zyi=Zy, zeEC, yee. 
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With this new multiplication and the original fibrewise additive structure, E is a 
complex vector bundle of the same rank. It is called the conjugate vector bundle of 
E and is denoted by E. Let us point out the following. While the real vector bundles 
Ep and Ep obtained by field restriction from FE and E, respectively, are identical, 
their induced orientations coincide only if the rank of E is even, and are opposite 
otherwise. The reason is that the induced orientation of Ep is defined by ordered local 
frames of the form (e), ie), ..., én, ié,), whereas that of Ep is defined by ordered 
local frames of the form 


(€1,1- 1, 2589 €ny 1 vn) = (é1, —ie}, oer ens —ien), 


where in both cases, (€1,..., €,) is an ordered local frame in E (and hence in E). 
Recall that ¢ denotes the conjugate Chern class, cf. formula (4.3.16). 


Proposition 4.4.1 (Complex conjugation) 


1. One has (Bk)*c& = ce. = 
2. For every complex vector bundle E, one has c(E) = C(E). 


Proof 1. By definition, Bk : BU(k) > BU(k) is the classifying mapping of the asso- 


ciated principal U(k)-bundle P := EU(k) xug@ U(k), where U(k) acts on itself by 
left translation via «. Hence, 


(Beye =a): 


By Remark 4.2.4/1, 
c(P) = e(ER). 


Here, Eg denotes the oriented real vector bundle induced by the complex vector 


bundle E := P xy) C* with U(k) acting on C* in the basic representation. We 
leave it to the reader to check that the mapping 


F:Exg> &, F(U({0,4)], z)]) :=[0.49)], 
is well defined and that it yields a vertical real vector bundle isomorphism. If 


(€,,..., €) is an ordered local frame in E, then (F(e1), bats F(e)) is an ordered 
local frame in E;’ and 


(F(e1), Fie), ..., F(ex), F(iex)) = (F(e1), ~iF(e1), ..., F(ex), —iF (ex) - 
It follows that F preserves the orientations iff k is even. Hence, 
e(Er) = (—1)*e(EZ) 


and thus 
(Beyer =(-1'e =r. (4.4.1) 
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Putting k = n, we obtain the assertion for the top Chern class c;. For the classes 
ce,” with k <n, we use k oj, = j;,, 0 « and (4.4.1) to obtain 
(Bil,)" © (Bxy* (ch) = (Bey (Bif,)"(e2") = Ber*ek =o". 


Then, the assertion follows from Theorem 4.2.1. 

2. Choose an auxiliary fibre metric h on E. Composition of h with subsequent 
complex conjugation yields a fibre metric h on E. An h-orthonormal frame in E 
is, at the same time, an h-orthonormal frame in E. Hence, as a set, O(E) coincides 
with O(E), and the identical mapping defines a vertical isomorphism of principal 
U(n)-bundles with Lie group homomorphism x. Then, Corollary 4.1.4 and point 1 
imply c(O(E)) = C(O(E)). This yields the assertion. For an alternative proof, see 
Exercise 4.4.1. Do 


If E is a real vector bundle, the complex vector bundles Ec and Ec are vertically 
isomorphic via (A.12). Hence, point 2 of Proposition 4.4.1 implies the following. 


Corollary 4.4.2 For a real vector bundle E one has 202,41; (Ec) = 0. Oo 


Remark 4.4.3 Comparing point 2 of Proposition 4.4.1 with Corollary 4.3.11, we see 
that c(E) = c(E*). This is not surprising, because for every Hermitean fibre metric 
h on E, the mapping E — E* defined by assigning to y € E,, the linear functional 
on E,, given by y’ +> h(y, y’) is a vertical isomorphism of complex vector bundles. 
In fact, one may use this argument to deduce either one of the two assertions from 
the other one. 4 


Now, we turn to the discussion of the relations between real, complex and quater- 
nionic characteristic classes. In effect, this amounts to calculating the homomor- 
phisms induced in cohomology by the classifying mappings of the Lie subgroup 
embeddings 


iy? Un) > O(n), f°: Sp(n) > O(4n), FP": Sp(n) > Un) (4.4.2) 


defined by field restriction and the isomorphisms (4.2.1)—(4.2.3), and by the classi- 
fying mappings of the Lie subgroup embeddings 


in | O12) > Un), fs O(2) > Sp), f° UM) > Spin) (4.4.3) 


defined by field extension. For the conventions we use and for some standard facts 
about field restriction and field extension needed below, we refer to Appendix A. 

We start with the case of field restriction, that is, with the homomorphisms induced 
by the classifying mappings of the embeddings (4.4.2). For G = O(n) and G = 
Sp(n), define the conjugate universal Pontryagin classes and the conjugate total 
universal Pontryagin class by, respectively, 
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py = (—1)*p¢ , k=1,...,9, 0rn, respectively, 
p°:= 1+ pt + By +--+ = 1— pr + pz — 


There correspond the conjugate Pontryagin classes of principal O(n) or Sp(n)- 
bundles and of real or quaternionic vector bundles. Recall that p2 denotes reduction 
modulo 2. 


Proposition 4.4.4 Forn = 1,2,3,..., one has 


(B jw On) __ = po (c oe), (Bj?°)*woe = p2(p™”) ; (4.4.4) 
( Bj i cue) = pr ; (4.4.5) 
(Bj "5 o2m — Qungum | iB) = (p%)? : (4.4.6) 
(Bj, ou wre” =0, (Bj;” i wre” =0, (4.4.7) 
(Bj )*@ Qe = gl”, (ee) a = psp) : (4.4.8) 


Since j,°(U(n)) C SO(2n) and j*°(Sp(n)) C SU(2n), there follow analogous for- 
mulae with O(n) replaced by SO(n) and/or U(n) replaced by SU(n). 


Proof To prove the first formula in (4.4.4), we have to show that fork = 1,...,7, 


(Bie?) w wee”, =0, (Bj 0 we On) __ = pr(c c,") : 


The first formula is due to the fact that the integral cohomology of BU(”) vanishes 
in odd deeree. To prove the second formula, we realize EU(k) as EO(2k), with U(k) 
acting viaj,’°, and view E; as the real vector bundle obtained from the complex vector 
bundle EO(2k) xu) Cé hy field restriction. Then, by taking the direct product of 
the identical mapping of EO(2k) with the real vector space isomorphism C* — IR* 
given by (4.2.1) and passing to quotients, we obtain a real vector bundle morphism 
F : E; — E, which projects to Bj,’° and whose fibre mappings are isomorphisms. 
Hence, point 3 of Proposition 4.1.12 yields that (Be) maps the Z-Euler class 
W5,) Of jee to the Zz-Euler class of E;’. By point 2 of that proposition, the latter is 
given by the mod 2-reduction of the integral Euler class of E;. Thus, 


(Bit?) (whe) = 22 (Ch). (449) 
Putting k = n, we obtain the assertion for the top classes. For k < n, using 
Sn? Odin =Dokan Se? 
and Theorem 4.2.11, we find 


(Bil,)* (B82) WS") = (Bi) (Ban) WE") = (BIR) WER”. 
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By (4.4.9), the right hand side equals p2(c ). Now, the assertion for k < n fol- 
lows from Theorem 4.2.1. The proof of the second formula in (4.4.4) is completely 
analogous to that for j/’° and is therefore left to the reader. 
To prove (4.4.5), we have to show that fork = 1,...,7, 
(Een = =0, (Bj eon U(2n) =(- 1)*p; Spe) 
The first formula is due to the fact that the integral cohomology of Bae vanishes in 
degree 4k — 2. The proof of the second formula is similar to that forj\’°, cen for the 
fact that we have to keep track of the orientations here. By analogy with/,°, we use the 
real vector space isomorphism H* —> C* given by (4.2.3) to construct a real vector 
bundle morphism F : E;’ > E5, which projects to Bj,”" and whose fibre mappings 
are isomorphisms. F preserves the orientations iff so does the isomorphism R** > 
k _, ©k _, R* defined by composition of the isomorphisms (4.2.2), (4.2.3) and 
(4.2.1). According to (4.2.4), this isomorphism is given by 


(X1, 6-5 X4k) > (1, X2,.X3, —X4, .. , Xak—3, X4k—2, X4k—1, —Xak) - 
Hence, F preserves the orientations if k is even, and Proposition 4.1.12/3 yields 
*Sp,U\ * —U(2k kL Sptk 
(Be), = 1)'p” 


This proves the assertion for the top classes. The case k < n then follows by the same 
argument as for j\’°. 
To prove the first formula in (4.4.6), we recall that, by definition of p?°”, 


(Bay BR” = (BEY off))"ohe”. 
One can check that there exists b € U(2n) such that 
ro Co = Cy oj ° (idui XK) ° Av 


with the diagonal mapping A,,,, : U(n) > U(n) x U(n), the complex conjugation 
mapping « : U(n) > U(n), the standard blockwise embedding j, : U(m) x U(n) > 
U(2n) and the inner automorphism C, : U(2n) — U(2n) defined by b (Exercise 
4.4.2). By points 1 and 2 of Proposition 3.7.4, then B(j5;” 0 j"°) is homotopic to the 
mapping Bic © (idyuy XK) © Aigo) By Proposition 3.7.7, then 

(Bi°)"B2"" = Ay,,, © (Bids, xBr)" 0 (Bijs)"(o8") 
Using Theorem 4.3.1, Proposition 4.4.1 and (4.3.3), for the right hand side we obtain 


(arcs oe . Since by (4.4.15), c&™e"” has contributions in degree 0 modulo 4 only, 
summation over k yields c%™c"™”. 
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To prove the second formula in (4.4.6), we use j**° =j;"° oj’ and the 
first formula to obtain (Bj?°) “po = (By? ")" (cXe"”). By (4.4.5), we have 
(Bj?")"c Un) (Bis “)*E ZU(2n) = pr, Hence, 


(Bi ‘) "oe = (6%)? . 


A direct calculation shows that (6); — (—1)k (pr), for all k. This yields the 
assertion. 
Formula (4.4.7) is due to H7(BU(n)) and H7(BSp(7)) having no torsion. 
Finally, to prove (4.4.8), by analogy with the proof of (4.4.4), we construct a vector 
bundle morphism F : E — E5° covering Bj;*° whose fibre mappings are induced 
by the inverse of the jeombiphian IR?” — C” given by (A.1). Then, F preserves the 
orientations and hence Proposition 4.1.12/3 yields 


(Bj?) "eso —_ (Bij, %)"@ (Ep) =e (EX) _ cum . 
The second formula then follows by means of (4.4.5). o 
In view of Corollary 4.1.4, Proposition 4.4.4 implies the following. 


Corollary 4.4.5 


1. For the principal SO(2n)-bundle Q obtained from a principal U(n)-bundle P by 
extension of the structure group via j,°°, one has 


w(Q) = po(c(P)), P(Q)=c(P)c(P), e(Q) =c,(P). 


2. For the principal SO(4n)-bundle Q obtained from a principal Sp(n)-bundle P. by 
extension of the structure group via j*’*°, one has 


w(Q) = p2(p(P)), p(Q)=p(P)’, e(Q) = PrlP). 


3. For the principal SU(2n)-bundle Q obtained from a principal Sp(n)-bundle P by 
extension of the structure group via j°*°", one has c(Q) = P(P). Oo 


From Corollary 4.4.5, we read off the following obstructions to the existence of 
bundle reductions. 


Corollary 4.4.6 For a principal SO(2n)-bundle to admit a reduction to the sub- 
group U(n), its Stiefel—-Whitney classes must vanish in odd degree. For a princi- 
pal SO(4n)-bundle to admit a reduction to the subgroup Sp(n), its Stiefel-Whitney 
classes must vanish in any degree not divisible by 4. For a principal SU(2n)-bundle 
to admit a reduction to the subgroup Sp(n), its Chern classes must vanish in degrees 
2 mod 4. oO 


For vector bundles, Proposition 4.4.4 implies the following. 
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Corollary 4.4.7 


1. For the real vector bundle Ep obtained from a complex vector bundle E by field 
restriction, one has 


w(Er) = p2(c(E)), PER) =c(E)\C(E), e(ER) = C.,(E). 


2. For the real vector bundle Eg obtained from a quaternionic vector bundle E by 
field restriction, one has 


w(Er) = (2(p(E)), p(Er) = p(E)*, e(Er) = Bup(E) 


3. For the complex vector bundle Ec obtained from a quaternionic vector bundle E 
by field restriction, one has c(Ec) = p(E). 


Proof We give the proof for point 1. The other points are analogous. Choose an 
auxiliary fibre metric on EF and consider the induced fibre metric on Ep, defined 
fibrewise by (A.9). According to Lemma A.1/2, there exists a vertical morphism 
of principal bundles O(E) — O(Ep) with Lie group homomorphism jy : U(n) > 
O(2n). Hence, Corollary 4.1.4 yields 


((Bj2°)*w) (O(E)) = a(O(ER)), w=w,p,e, 


and the assertion follows from Proposition 4.4.4 and Remark 4.1.6/1. im 


From Corollary 4.4.7, we read off the following obstructions to the existence of 
complex or quaternionic structures. 


Corollary 4.4.8 For a real vector bundle to admit a complex (quaternionic) struc- 
ture, its Stiefel-Whitney classes must vanish in odd degree (any degree not divisible 
by 4).° For a complex vector bundle to admit a quaternionic structure, its Chern 
classes must vanish in degrees 2 mod 4. Oo 


Now, we turn to the discussion of the relations between Chern, Pontryagin and 
Stiefel-Whitney classes which arise by field extension. That is, we calculate the 
homomorphisms induced by the classifying mappings of the embeddings (4.4.3). 
Denote 
(n) .__ O(n) O(n) 
We s= Wii} SP eeiee oe Win} : 


Proposition 4.4.9 Forn = 1,2,3,..., one has 


p> ((Bi2”)*c2) = (wo)? , (4.4.10) 


°In view of Corollary 4.2.17/2, the vanishing of w; follows also from the fact that a real vector 
bundle admitting a complex or quaternionic structure is necessarily orientable. 
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(Bj? “y*¢ Un) = p+ wis} po + (wo)? (4.4.1 1) 
p2 ((Bj° *)"p ae (w wr) (4.4.12) 
(Bj° »)*p Spin) __ = (p om)? (wri)? (pe)? + (w)* ; (4.4.13) 
(Bie?) *p? = cha | (4.4.14) 


By an explicit calculation, one may convince oneself that 


(wo)? =| ae (wi)? ae (w5'”)? ee : 
(we)? = 1+ (wo”)4 hs (w;”)4 sees 


and that c(E)c(E) has contributions in degrees 0 modulo 4 only, given by 


k 
ome) U(n) .U(n) U(n) U(n) 
-ye C5 (KI) -dioye 1°2(K—)+ (4.4.15) 


In particular, the contributions to the right hand sides of (4.4.10), (4.4.12) and (4.4.14) 
do indeed vanish in the degrees required by the corresponding left hand sides. 


Proof To prove (4.4.10), we check that there exists b € O(2n) such that 
Jn? Odin” = Co ojo 0 Aow 


with the diagonal mapping Aom : O(n) — O(n) x O(n”) and the standard blockwise 
embedding jo : O(m) x O(n) — O(2n). By the same argument as in the proof of 
formula (4.4.6) in Proposition 4.4.4, this implies 


(Bj°’)* o (Bi Fw On) __ (wo)? ? 


Now, the assertion follows from the first formula in (4.4.4). A similar argument 
applies to (4.4.12) and (4.4.14), where for the latter, we have to check that 


°Sp,U 


Jn 


pUSp 


dn Cy ° Ju ° (iduin) XK) ° Avi) 
with the complex conjugation mapping « : U(n) + U(n) (Exercise 4.4.2). 

Now, consider (4.4.11). In degree 4k, this reproduces the definition of the Pon- 
tryagin classes. In degree 4k + 2, it reads 


Wry k —_ 0 
cr eo wee 4.4.16 
( Jn ) 2k+1 ~~ weir Pe” + (wr)? O<k < Z ( ) 
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According to Theorem 4.2.23, ha (BO(n)) consists of torsion elements of 
order 2. Therefore, it suffices to check (4.4.16) under reduction mod 2. The lat- 
ter can be verified by an easy computation using (4.4.10) and the fact that p o 6 is 
the Steenrod square and thus fulfils [598, p. 281] 


(wo)? k=1, 


0 1<k<n odd 
o B(w™) = = : 4.4.17 
p2 B( k ) we, + wwe” 1 <k <n even, 


wr?wo k =n even. 
Finally, to prove (4.4.13), we use that (4.4.14) implies 
(Bj?) *psr = (Bj°”) * (cv) 
and apply (4.4.11). Oo 


Remark 4.4.10 Formula (4.4.16) may be interpreted as an extension of the definition 
of the Pontryagin classes. Accordingly, the classes on the right hand side of (4.4.16) 
are sometimes referred to as the torsion Pontryagin classes [622]. 4 


In view of Corollary 4.1.4, Proposition 4.4.9 implies the following. 
Corollary 4.4.11 


1. For the principal U(n)-bundle Q obtained from a principal O(n)-bundle P by 


extension of the structure group via jo’, one has 


p2(c(Q)) = w(P)?, ¢(Q) = BYP) + Wi1,(P)p(P) + WP)’. 


2. For the principal Sp(n)-bundle Q obtained from a principal O(n)-bundle P by 
extension of the structure group via j;**, one has 


p2(P(Q)) = w(P)*, p(Q) = BCP)” + Wit, (P)’p(P)” + WEP)? 


3. For the principal Sp(n)-bundle Q obtained from a principal U(n)-bundle P by 
extension of the structure group via j,’*°, one has p(Q) = c(P)C(P) . o 


For vector bundles, Proposition 4.4.9 implies the following. 
Corollary 4.4.12 


1. For the complex vector bundle Ec obtained from a real vector bundle E by field 
extension, one has 


p2(c(Ec)) = W(E)”, (Ec) = BCE) + Wii, (E)p(E) + WEE)’. 
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2. For the quaternionic vector bundle Ey obtained from a real vector bundle E by 
field extension, one has 


p2(P(Ex)) = WE)", p(Ex) = BE)’ + Wy (E)’ py + WE). 


3. For the quaternionic vector bundle Ey, obtained from a complex vector bundle E 
by field extension, one has p(Eq) = C(E)C(E) . 


Proof We give the argument for point 1. Choose an auxiliary Riemannian fibre 
metric h on E and let hc be the induced Hermitean fibre metric on Ec, defined by 
(A.13). According to Lemma A.2/2, there exists a vertical principal bundle morphism 
O(E) — O(Ec) with Lie group homomorphism j?". Now, the rest of the proof is 
analogous to that of Corollary 4.4.7. i 


Combining point | of Corollary 4.4.12 with the Whitney Sum Formula for the 
Chern class of complex vector bundles, we obtain a Whitney Sum Formula for the 
Pontryagin class of real vector bundles. 


Corollary 4.4.13 For real vector bundles E, and Ey over M, one has 


p(E; © Ep) 


= p(Ei)p(E2) + (Wy Er)p(E1) + WE?) (Wy E2)PE2) + WEE2)”) 
(4.4.18) 


Proof According to Corollary 4.4.12/1, Theorem 4.3.2 implies 
p(E1 ® Ep) + Wit, (E1 © E2)p(E1 © Er) + W(E1 © Ep)” 


= (BED + Wy Ep + WE”) (BE) + Wy E2)PE2) + WE)’) 


Taking this equality in degree 0 mod 4 and changing signs in degree 4 mod 8, we 
obtain the assertion. oO 


Remark 4.4.14 In the case where FE; and E> are orientable, according to Remark 
4.2.22/1, the Whitney Sum Formula (4.4.18) reads 


P(E; ® Ez) = p(Ei)p(Ex) + W(E1)W(E3)’ . (4.4.19) 

In the general case, by passing to real coefficients, from (4.4.18) we obtain 
P(E ® Ex) = p(E;)p(E2) in Hg(M). (4.4.20) 
Alternatively, this can be read off directly from the Whitney Sum Formula for the 


Chern class with real coefficients as follows. The argument proving point | of Corol- 
lary 4.4.12 shows that 6, (E) = Cx (Ec) in H7(M). Combining this with Corollary 
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4.4.2, we obtain 6(E) = c(Ec) in Hy (M). Hence, the Whitney Sum Formula for c 
yields P(E; ® E2) = P(E) p(E2), which entails (4.4.20). 

Let us add that this argument may be complemented as follows to provide an 
alternative proof of (4.4.18), which uses computations in real and Z2-valued coho- 
mology only. Since every torsion element of H7(BO(n)) has order 2, in addition to 
(4.4.20), it suffices to prove (4.4.18) under reduction mod 2. Using the first formula 
in Corollary 4.4.12/1, from 


Bx(E) ® Er) = cx ((Ei)c ® (Er)c) = [e((Enc)e((Er)c) J, » 


one obtains 
p2(p(E; © Ex) = 2 (p(E1)p(E2)) + Woda(E1)?Woaa(E2)” , (4.4.21) 


where Woda (FE) = Wi (E) + w3(E) + --- (Exercise 4.4.3). This is the mod 2 reduction 
of (4.4.18), indeed. 4 


Finally, we find the following. 


Corollary 4.4.15 Stably equivalent real vector bundles have the same Pontryagin 
and integral Stiefel—Whitney classes. 


Proof For the Pontryagin classes, this follows from the corresponding statement 
about the Chern classes in Corollary 4.3.3 by taking the second formula in point 1 
of Corollary 4.4.12 in degree 4k. For the integral Stiefel-Whitney classes, it follows 
from the corresponding statement about the ordinary Stieffel-Whitney classes in the 
same corollary and naturality of the Bockstein homomorphism. im 


Exercises 


4.4.1 Let P bea principal U(n)-bundle and take E = P xy) C” with U(m) acting in 
the basic representation. Show that E is vertically isomorphic to the complex vector 
bundle associated via the basic representation with P x uin) U(1), where U(7) acts 
on itself by left translation via« : U(n) > U(n), k(a) = a. Use this and Proposition 
1.2.8/3 to prove point 2 of Proposition 4.4.1. 


4.4.2 Show that there exists b € U(2n) such that for all a € U(n), 
jpy 0jn°(@) = b E | bt. 


Prove a similar statement for the composition j*"" o j/*?. (This complements the 
proofs of formula (4.4.6) in Proposition 4.4.4 and formula (4.4.14) in Proposition 
4.4.9.) 


4.4.3 Prove formula (4.4.21) and show that it coincides with the mod 2 reduction 
of the Whitney Sum Formula (4.4.18) for the Pontryagin class. 


308 4 Cohomology Theory of Fibre Bundles. Characteristic Classes 


4.5 Characteristic Classes for Manifolds 


Via the tangent bundle, the characteristic classes for real or complex vector bun- 
dles define characteristic classes for manifolds. If M is a smooth real manifold of 
dimension n, the Stiefel—-Whitney classes of M are defined by 


wi(M) :=wi(TM), i=1,...,n, 
and the Pontryagin classes of M are defined by 
pi(M) :=p(TM), i=1,...,¢,= 15]. 
If M, and thus TM, is oriented, we can define the Euler class by 
e(M) := e(TM). 


By summing over the Stiefel-Whitney and Pontryagin classes, we obtain the total 
Stiefel—-Whitney class w(M) and the total Pontryagin class p(M), respectively. 

If the tangent bundle of M carries an additional structure, like a complex or a 
quaternionic structure, one can define further characteristic classes and apply the 
appropriate relations of the previous section. In particular, if dim(M) = 2n and if 
TM carries a complex structure, and thus M is an almost complex manifold, we can 
define the Chern classes of M by 


c(M) :=c (TM), i=1,...,n, 
where TM is viewed as a complex vector bundle. Then, Propositions 4.4.4 and 4.4.9 
yield 
W2i-1(M) =0, w2(M) = po(e(M)), i=1,...,0. 
In particular, this applies if M is a complex manifold of complex dimension n. 
Analogously, if dim(M) = 4n and if TM carries a quaternionic structure, we can 
define the symplectic Pontryagin classes of M by 


p*"(M):=p(TM), i=1,...,n, 


where TM is viewed as a quaternionic vector bundle. Here, for i= 1,..., and 
d = 1,2, 3, Propositions 4.4.4 and 4.4.9 yield 


Wai-a(M) =0, waj(M) = p2(p;"(M)) . 


Example 4.5.1 For a parallelizable manifold, TM is trivial and hence w,(M) = 0 
and p,(M) = 0 for all k > 0. This applies in particular to Lie groups. > 
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Example 4.5.2 Consider M = S", realized as the unit sphere in R"*!. Recall that the 
tangent space of S” at x can be realized as the subspace of R”*! orthogonal to x. Thus, 
by attaching to x € S” the subspace of R”*! spanned by x, we obtain a realization 
of the normal bundle NS” of the submanifold S” Cc R"*!. This bundle is trivial, 
because by assigning to each point x € S” the vector x € NxS”, we obtain a nowhere 
vanishing section. Hence, TS” is stably equivalent to the trivial vector bundle TS” © 
NS’ = (TR"*') jg» = S” x R"t!. By Corollaries 4.3.3 and 4.4.15, then w,(S”) = 0 
and p;(S”) = 0 for all k > 0. + 


Example 4.5.3 We determine the characteristic classes of M = KP". First, we com- 
pute the Chern classes of CP”. For that purpose, recall that we may view CP” both 
as the manifold of one-dimensional subspaces of C”*! and as the quotient manifold 
of the action of U(1) on the submanifold S?”+! c C”t! of unit vectors. Moreover, 
recall that the tangent space of S?”*! at x can be realized as the real subspace of C”*! 
orthogonal to x with respect to the scalar product (A.9) induced on the real vector 
space Cc by the standard scalar product on C”*!. 

We start with deriving a description of the tangent bundle T(CP”). Let L,, denote 
the tautological line bundle over CP”, viewed as a vertical vector subbundle of 
the trivial complex vector bundle CP” x C”*!. Let E be the vector subbundle of 
CP" x C”*! given by the orthogonal complements of the fibres of L, with respect to 
the standard complex scalar product on C”*!. Let p € CP” and let A: (Ln)p > Ep 
be a linear mapping. Choose an element x of the subspace p such that ||x|| = 1. 
Then, x € S?”+! c C"*! and A(x) € T,S?"*!, because orthogonality in C”+! implies 
orthogonality in Gugn and so Ey C T,S7"*! Let pr : S?”+! —> CP” denote the natural 
projection to U(1)-orbits. Then, pr’ oA(x) € T,CP”. If y is another element of the 
subspace p with ||y|| = 1, there exists a € U(1) such that y = ex. Then, by linearity 
of A, 

pr’ oA(y) = pr’ (wA(x)) = pr’ (A(x)) . 


Hence, the assignment of pr’ oA(x) to 4 defines a mapping 
® : Hom(L,, E) > T(CP”) 


and this mapping is a vertical complex vector bundle morphism. It is not hard to 
see that E,, together with the value at x of the Killing vector field of 1 € u(1) span 
T,S*"*! over the reals. Hence, ® is fibrewise surjective. By counting dimensions, 
we then find that @ is a vertical isomorphism of complex vector bundles. 

Now, since E @ L, = CP” x C"*t!, we have 


n+l 
Hom(L,, E) ® End(L,) = Hom(Ly, E ® Ln) =Hom(L,, CP”xC"t!) = Ba Baa 
k=1 


Since the endomorphism bundle of a line bundle is always trivial, because the identi- 
cal mappings of the fibres define a nowhere vanishing section, it follows that T(CP”) 
is stably equivalent to the (n + 1)-fold direct sum of the dual bundle L*. As a result, 
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the Whitney Sum Formula and Corollaries 4.3.3 and 4.3.11 yield 


n+l 


c(CP”) = (1 - C1 (Ln)) (4.5.1) 
Finally, by Example 4.2.18, c,(Z,) is a generator of HACeS and hence a ring 
generator of H7(CP”). Thus, if we choose a = —c;(L,) = C;(L;) as a generator, 
then (4.5.1) reads 

c(CP”) = (1+ a)""!. (4.5.2) 


Since a has degree 2 and CP” has dimension 2n, the highest order term of the right 
hand side is (n + 1)a” and not a”t!. 
We leave it to the reader to adapt the arguments given for CP” to RP” (Exercise 
4.5.1). As a result, 
w(RP”) = (l+a)""!, (4.5.3) 


where a is the first Stiefel-Whitney class of the canonical (real) line bundle over 
IRP”. According to Example 4.2.18, a is a generator of Hj, (RP”) and hence a ring 
generator of H7, (IRP"). 

For HP”, the argument is slightly different. This has to do with the fact that the 
linear mappings between quaternionic vector spaces form a real vector space only. 
This applies in particular to the dual space, although the latter may be endowed witha 
natural left quaternionic vector space structure. By analogy with the complex case, we 
take the tautological quaternionic line bundle over HP” and construct the quaternionic 
orthogonal complement E together with the mapping ® : Hom(L,, EF) > T(HP”). 
As already mentioned, here Hom(L,, E) is just a real vector bundle and @ is an 
isomorphism of real vector bundles. Accordingly, T(HIP”) is stably equivalent to the 
sum of real vector bundles Bri L*. Then, Corollary 4.4.15 implies 


p(T(HP")) = p(iyy"*". 


Using that L* is vertically isomorphic to the real vector bundle obtained from L,, by 
field restriction, '° as well as Corollary 4.4.7/2, we obtain 


p(T(HP")) = (1+ pi((Zn)e))"" = (1+ 2pi(Z,))". 


(4.5.4) 
Thus, 
p(HP”) = (1+a)""!, (4.5.5) 


where a is the first Pontryagin class of the real vector bundle obtained from the 
tautological (quaternionic) line bundle over HIP” by field restriction, or twice the first 
Pontryagin class of the tautological line bundle itself. According to Example 4.2.18, 
the latter generates H7(HIP"). 4 


'0Every quaternionic Hermitean fibre metric on L, provides an isomorphism. 
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Remark 4.5.4 In case n = 1, the tautological line bundle L; over KP! is associated 
with the K-Hopf bundle, which we denote by Px here. We use this and the results 
of Example 4.5.3 to compute the first Chern index ¢; (Pc) of the complex Hopf bun- 
dle Pc and the first Pontryagin index of the quaternionic Hopf bundle Py. First, 
consider the complex Hopf bundle. Here, the base space is CP!. The second homol- 
ogy group H>(CP') is generated by a single element, which may be chosen to be 
represented by the diffeomorphism s : S? + CP! defined in Remark 1.1.21/3. To 
compute c;(Pc), we have to evaluate the integral cohomology class c(Pc) = c(L}) 
on [s]. On the one hand, according to Example 4.2.18, the class c;(Z;) generates 
H2(CP') and hence the corresponding homomorphism H2(CP!) + Z generates 
Hom(H>(CP'), Z). Therefore, (c;(Pc), [s]) = +1. On the other hand, by (4.5.1), 
we have c,(T(CP!)) = —2c;(L;). Since c,;(T(CP!)) is the top Chern class of the 
complex vector bundle T(CP!), according to Remark 4.2.4/1, it coincides with the 
integral Euler class of the oriented real vector bundle obtained by realification. Since 
the pullback of this orientation under s coincides with the standard orientation of 
S* defined by the outward coorientation as a submanifold of R*, we conclude that 
(c,(T(CP')), [s]) is positive. As a result, 


¢1(Pc) = (¢1 (Pc), [s]) = —1. 


The argument for the quaternionic Hopf bundle Py is similar. We choose the generator 
of H4(HP') to be represented by the diffeomorphism s : S* — HP! defined in (B.1). 
In contrast to the complex case, this diffeomorphism reverses the natural orientation 
of HP! defined by the quaternionic structure on T(HIP!). The reason behind is that 
the latter is inherited from multiplication of elements of Hi* by conjugate quaternions 
from the left. However, the sign we pick up here cancels against the different sign in 
(4.5.4), so that, in the end, we obtain an analogous result, 


pi(Pu) = (Pi (Pu), [s]) = —1. 


For the Chern indices, this yields c;(P) = 0 and ¢2(PH) = 1. © 
Exercises 


4.5.1 Adapt the arguments given for CP” in Example 4.5.3 to RP” to prove (4.5.3). 


4.6 The Weil Homomorphism 


In the present section, we give a geometric description of characteristic classes using 
connection theory. This will be accomplished via the Weil homomorphism, which 
allows for constructing characteristic classes in de Rham cohomology from polyno- 
mial invariants of the structure group. Necessarily, we have to restrict attention to 
smooth principal bundles P(M, G). 

The Weil homomorphism will be defined on the algebra Polg(g) of real-valued 
Ad-invariant polynomials on the Lie algebra g of G. Recall that a function€: g > R 
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is said to be polynomial if it can be written as a polynomial in the expansion coeffi- 
cients of its argument with respect to some basis in g. That is, relative to a basis {ty} 
in g, the function & is a sum of functions & of the form 


Ex(A) = Ex (A“ta) = §a)..qA" ...A“ (4.6.1) 


(summation convention) with &,.4, € R. Here, A = A“t,. The system &g,..a, may be 
assumed to be symmetric under permutation of indices. It is then uniquely determined 
by & and transforms like a tensor under a change of basis. Clearly, the Ad-invariant 
polynomial functions form a subalgebra of C°°(g), denoted by Polg(g). As a vector 
space, 


CO 
Pola(g) = GD Pol (a) . 
k=0 


where Polk, (g) C Polg(g) denotes the subspace of homogeneous polynomial func- 
tions of order k. 

To construct the Weil homomorphism, we have to turn homogeneous polynomials 
into symmetric multilinear forms. Let Sym (g) denote the vector space of real-valued 
symmetric k-linear forms on g which are invariant under the adjoint action of G and 
let 


Symg(g) = PD Symi (g) . 
i=0 


With the product defined on homogeneous elements f of order k and g of order / by 


(f - g)(A1,..-, Ak4z) 


1 
= oq Da f Anas ++ Arm) 8 Anat... Anaty) + (4.6.2) 
 weSk41 


Sym, (g) is an infinite dimensional real associative algebra.!! Every f € Sym‘, (g) 
defines an element f of Polg(g) by 


é 1 
f(A) := Ge sagA).: (4.6.3) 


It is easy to see that the assignment f b> f extends to a homomorphism of algebras 
from Sym, (g) to Polg(g) (Exercise 4.6.1). This homomorphism is referred to as the 
polarization homomorphism. One has the polarization formula 


The factor cn in this definition is dictated by our choice of the wedge product of differential 
forms, see formula (2.4.17) in Part I. In many textbooks, the coefficient in (4.6.2) is em which 
corresponds to the other common choice of the wedge product. These different conventions lead to 
different combinatorial factors on the way, but the final formulae for the Chern classes will be the 


same. We will comment on this at the end of this section in Remark 4.6.10/2. 
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0 a 4 
Pf Atgoa Ae) = Se" 57 Ae FGA) (4.6.4) 
oral Oty 


which holds in general for all symmetric k-linear forms on g, invariant or not (Exercise 
4.6.2). In other words, (4.6.4) states that f(A, ..., Ax) coincides with the coefficient 
of the monomial f, --- & in the expansion of if (t;A, +---+t,A,) as a polynomial 
in the indeterminates 1;. 


Lemma 4.6.1 The polarization homomorphism is an isomorphism. 


Proof Injectivity follows at once from the polarization formula (4.6.4). To prove 
surjectivity, let § ¢ Polg(g) be homogeneous of degree k. Choose a basis and write 
&€ in the form (4.6.1) with symmetric coefficients &,,..a,. Define a k-linear form on g 
by 

f Gigs AER aA BAD 


This form is symmetric and fulfils f = &. Finally, by the polarization formula (4.6.4), 
invariance of € implies invariance of f. Oo 


The inverse of polarization is referred to as multilinearization. Given € € Polg(g), 
the multilinearization of € will be denoted by &. By (4.6.4), 


% 0 r) 
E(Ai,..., Ag) = +++ § (HAL + +++ + Ax) . (4.6.5) 
Oty Ot, 


The further analysis uses invariant horizontal forms on P(M, G). Such forms con- 
stitute a subalgebra of 2*(P), denoted by 26 hor (P). They are related to forms on 
M as follows. 


Lemma 4.6.2 Let P be a principal G-bundle over M with projection 1. 


1. The homomorphism x* maps 82*(M) isomorphically onto 26 1,(P). 
2. For allo € 26 no (P), one has da € 26 po (P). 
3. For alla € Q6& 4.(P) and all connections w on P, one has Doa = da. 


Proof 1. Since z is a surjective submersion, z* is injective. To see that 2* maps 
Q*(M) onto all of 26 jo.(P), let a € 26 yo.(P) be given. It suffices to give the 
argument under the assumption that @ is a 1-form. Choose a covering of M by 
local sections s; in P over U; and consider the local k-forms s*a@ on M. Let pj : 
U; 1 U; — G denote the transition mappings. They fulfil 5;(m) = Yp,¢n) (si (m)) for 
all m € U; N Uj. Thus, 


(si), = (Pad scm 2 (Sin + (Yom). 2 (0%) , y 


where a = p;j(m). Since the second term in this formula is vertical, horizontality and 
invariance of @ yield 
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(siq),, (X) = As:(m) (s; X) _ Aw, os,(m (VW, ° si(X)) = (spa) (Xx) 


for all X € T,,M. Hence, the local forms s*a combine to a global form @ on M. It 
remains to show that 1*& = a. For given i, let «; : 7~'(U;) > G be the mapping 
defined by (1.1.1). Then, forall p € 2~!(U;), one has p = W.,(p) 9 S; © 10(p) and hence 


(Si)iep) 0%, = (Yr), + (Wp), © Cinve oxi), 


where invg : G > G denotes the inversion mapping and b = x;(p)~!. Since the 
second term is vertical, for Y € T,P we obtain 


(1*)p(Y) = Osom(py (s; 0 1’ (Y)) = ow, q (WY) = ap(Y), 


as asserted. 

2. This follows from point | and the fact that the exterior differential commutes 
with taking pullbacks. 

3. By point 2, the form da is horizontal. Hence, for p € P and Yo,..., Yx ¢ T,P, 
we find (Dow) (Yo, ..., Ye) = da (hor, Yo, +++ , hory Yx) = do(Yo,..., Ye). o 


Now, leta € 2?(P, g). Using multilinearization, we can assign to every € € Polk, (g) 
a 2k-form ha(é) on P by 


hy) (X1, was , Xx) 


1 . . 
.— ma > sign(p) € (a (Xp): Xp) fo tag (Xpc2k—1) Xp2w))) a (4.6.6) 
* peESrx 
The assignment & +> h,(&) extends to a linear mapping hy, : Polg(g) > 2*(P). 


Remark 4.6.3 Let {tg} be a basis in g and let a“ € 27(P) denote the corresponding 
coefficient 2-forms, defined by a(Y1, Yo) = a“(%, Y2) ta for all p € P and Yj, Y2 € 
T,P. By plugging this expansion into the definition of hy(p) for § € Polf, (g), we 
obtain 

bea? Sig OO Av ha™, (4.6.7) 


where &,, a, are the symmetric coefficients of € defined by (4.6.1). This implies 


h(E) = 2*E* (a), (4.6.8) 


where &” means that all products in the polynomial & are replaced by the exterior 
product. 4 
Lemma 4.6.4 Let a € 27(P, g). 


1. The mapping hy, : Polg(g) > &2*(P) is an algebra homomorphism, that is, 


Ng (EF) = ha(E) \ha(S) forall §,¢ € Pole(g). 
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2. Forallé € Polg(g), the following holds true. 


a. Ifa is of type Ad, then ha (&) is invariant. 
b. Ifa is horizontal, then h,(&) is horizontal. 
c. If 2 is the curvature form of a connection, then hg (&) is closed. 


3. If F : Q — P is amorphism of principal G-bundles, then, for all € € Polg(g), 
F*hg(&) = hr-a(&) . 


Proof Points 2b and 3 are immediate. Point 2a follows from point 3 by using that a 
is of type Ad and é is invariant. Point 1 is straightforward (Exercise 4.6.3). It remains 
to prove point 2c. Assume that € is homogeneous of degree k. If (2 is the curvature 
form of a connection @, it is horizontal and of type Ad. Then, points 2a and 2b imply 
that hg (&) is horizontal and invariant. Hence, Lemma 4.6.2/3 yields 


d(he(€)) = Da (he). 


Choose a basis {t,} in g and decompose hg (é) according to (4.6.7). Then, 


se 
Since the forms {2° are horizontal, 

Du (Q% A+++ A 2%) = (Dy Q™) A+ AQ 40-6 + Q7 A+ A (De®). 
By the Bianchi identity, (D,,.2“)t, = D,,2 = 0 and hence D,,@¢ = 0 for alla. 
In view of points 2a and 2b of Lemma 4.6.4, if a is horizontal of type Ad, we 


may compose fg with the inverse of the isomorphism z* : 2*(M) > 926 hor (P), 
provided by Lemma 4.6.2/1, thus obtaining an algebra homomorphism 


hy : Polg(g) > @*(M). 
By construction, iy is determined by 


m* ohy = Ny - (4.6.9) 


By point 2c of Lemma 4.6.4, if {2 is the curvature form of a connection, then ho 
takes values in the closed forms on M and thus induces a homomorphism 


twp : Polg(g) > Hig(M), twp(é) = [ho(€)]. (4.6.10) 


Lemma 4.6.5 If Qo and §2; are the curvature forms of connections on P, then 
he, (€) — ha, (&) is exact for all € € Polg(g). 
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Proof Let wo and @; be connection forms on P and assume that € is homogeneous 
of degree k. Define 8 := w, — wo and a; := wo + tf. Then, 6 is horizontal of type 


Ad and w, is a connection form for all t. Let 2, denote the curvature of w,. Choose a 
basis {t,} in g and let 6“ and 92“ denote the corresponding coefficient forms. Define!” 


where &j,,...a, denote the symmetric coefficients of € defined by (4.6.1). We claim 
that @ is a potential for hg, (§) — hg, (€). One has 


1 
dé = i d@, dr. (4.6.11) 
0 


Since 6 and §2, are horizontal and of type Ad, so is ¢;. Hence, by Lemma 4.6.2/3, 
d¢; = Do, ¢:. By horizontality, 


+ B™ A (Du, 2?) A+++ A QM + BT AQP AA (D.,2")). 
By the Bianchi identity, D,,,@/ = 0 for all a. Thus, 
db: = Dah = 2k bn,,..4, (Du B™) ARB A+ AQP. (4.6.12) 


Using B = La, and the Structure Equation (1.4.9), we find 


Do,B")ta = Do,B =d fay ais aie 
(Dap IG= oo, B= B+ lon I= 5 (doy + Steno) = 5 t 


and hence D,, B“ = 408, Plugging this into (4.6.12) and using (4.6.7), we obtain 


d = 
do; = 2k Ea oy (527) A 22 K+ AQ = = ho,(é). 


Consequently, (4.6.11) yields d@ = hg, (€) — ha, (€) and hence the assertion. Oo 


As a result, the homomorphism (4.6.10) depends on the principal bundle P only and 
not on the specific connection whose curvature form is used in the definition. 


Definition 4.6.6 The homomorphism tvp is called the Weil homomorphism of P. 


!2See Remark 4.1.10/1 in Part I for the definitions of the integral and the derivative of a 1-parameter 
family of differential forms and for the corresponding calculus. 
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Let us study how the Weil homomorphism behaves under bundle morphisms. 
For a Lie group homomorphism 4: G — H, let dA: g > h denote the induced 
homomorphism of Lie algebras. It is elementary to check that (di)* maps Pol; (4) 
to Polg(g). 


Proposition 4.6.7 Let P and Q be principal bundles over M and N with structure 
groups G and H, respectively, and let 3 : P — Q be a morphism with Lie group 
homomorphism X.: G — H and projection f : M — N. Then, 


tupo (dA)* =f* og. 
Proof The morphism ? can be written as the composition of the vertical morphism 


®:P>f*'O, D(p):= (me(p), 0(—p)) 


whose Lie group homomorphism is given by A with the natural principal H-bundle 
morphism F' : f*Q — Q covering f. It suffices to prove that tup o (dA)* = twr«g and 
toro =f" 0 tg. 

To prove the first formula, let @ be a connection form on P. By Proposition 
1.3.13, w induces a connection w on f*@Q such that *@ = dd o w. Then, by Remark 
1.4.10/2, 

B*Q=drok. 


Using this, for € € Polk, (h) and X),..., Xox € X(P), we obtain 
D* (hg (&)) Xi, .--, Xa) = hg EMP! oX1,..., B! 0 Xr) 


= 7 >) sign(x)é (o*2 (Xn), Xn) »-- -) 


” weES, 
1 ¥ 
— a > sign (zr )&é (da 0 (Xx); Xz(2)) Sessile 


: WES, 


= (hg o (dA)*(E)) (Xi, ..., Xan). 


Thus, D* (he (€)) = hg o (dA)*(&). Since @ is vertical, formula (4.6.9) implies 
mp (hia 0 (dA)*()) = &* op (ha) = mA(hal)). 


It follows that hg o (da)*(£) = hg (é) and hence twp o (da)*(E) = top (E). 

To see that twe+g = f* 0 tug, let wm be a connection form on Q and let 2 be its 
curvature. By Corollary 1.3.16, F*w is a connection form on f*Q and by Remark 
1.4.10/2, the curvature of this connection form is given by F* 2. By Lemma 4.6.4/3, 
for € € Pol, (b), then hpxg(€) = F* (he (é)). Using (4.6.9) and 79 0 F =f 0 mg, 
we thus obtain 
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Tg (hroalE)) = F* on§ (ha®) = mfg of* (ho®) . 


This implies he-o(£) = f* (i (é)) and hence top-9(E) = f*tog(E). rs 
Corollary 4.6.8 


1. Vertically isomorphic principal G-bundles define the same Weil homomorphism. 

2. For every & € Polg(g), the assignment of top(&) to P defines a characteristic 
class for principal G-bundles with values in the de Rham cohomology. 

3. If P is aprincipal G-bundle and X.: G — H is a Lie group homomorphism, then 


Wpri = wWpo (dd)* @ 


Proof Point | is immediate. 

2. For a principal G-bundle P over M, write a(P) := top(é). If f: N > M is 
a smooth mapping, we have a natural morphism F : f*P — P covering f. Hence, 
Proposition 4.6.7 yields twp«p(€) = f*(top(&)) and thus a(f*P) = f*(a(P)). 

3. This follows by observing that the mapping ¢; : P > Pl! defined by ty (p) := 
[(p, 1)], together with the Lie group homomorphism A, provides a vertical morphism 
of principal bundles over M. Oo 


Recall that in Sect.4.2 we have constructed characteristic classes in singular coho- 
mology for the classical compact Lie groups. We are now going to analyze how 
these are related to the characteristic classes in de Rham cohomology provided by 
the Weil homomorphism. We start with briefly recalling the relation between de 
Rham cohomology and singular cohomology, cf. Sect. 4.3 of Part I. 

By the de Rham Theorem [104, Sect. V.9], there exists an isomorphism between 
the de Rham cohomology ring Hip (M) and the singular cohomology ring with real 
coefficients Hz (M). This isomorphism is referred to as the de Rham isomorphism. It 
is obtained as follows. Let C?° (M) denote the free Abelian group generated by smooth 
k-simplices. Together with the ordinary boundary operator, the groups C?°(M) form 
a chain complex. Recall that He (M) may be thought of as being the (co)homology 
groups of the corresponding cochain complex Hom(C?°(M), IR). Let 6 denote the 
coboundary homomorphism. Given a k-form a on M, we may define a homomor- 
phism & : C?°(M) — R by assigning to each smooth simplex o : Ak —> M the inte- 


gral 
a(a) =i o*a. 
Ak 


By linearity of pullback and integration, the assignment a +> @ defines a group 
homomorphism 92*(M) > Hom(C;?°(M), R). By Stokes’ Theorem, one has da = 
5a. It follows that the mapping w +> @ induces a group homomorphism a (M) > 
Hk (M). This homomorphism is the de Rham isomorphism in degree k. One can show 
that the induced group isomorphism Hj, (M) — HZ (M) isin fact aring isomorphism, 
see [652, Theorem 5.45]. 
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Thus, by means of composition with the de Rham isomorphism, we may view the 
Weil homomorphism as a mapping 


wp : Polg(g) > Hg(M). 
We do not distinguish in notation between these viewpoints. 


Next, we determine a system of generators of the algebra Pol, (g) for the classical 
compact Lie groups. For that purpose, we consider a maximal Abelian subalgebra 
t C g. We denote the normalizer and the centralizer of t in G by 


No() = {ae G: Ad(a)t Ct}, Ce(t) = {ae G: Ad(a) = id}, 


respectively, and define 
W := Ne(t)/Ce(t). 


Since Cg(t) is anormal subgroup of Ng(t), W is a group. It is called the Wey! group 
of g. The adjoint representation induces an action of W on t. Let Poly (t) denote the 
algebra of polynomial functions on t which are invariant under the action of W. In 
the theory of compact Lie groups!® it is shown that W is finite and that the mapping 


b:Gxtog, wa, B):= Ad(@B, (4.6.13) 


is a surjective submersion. The latter implies, in particular, that any two maximal 
Abelian subalgebras are conjugate to one another under Ad(G). As a consequence, 
W does not depend on the choice of t. Another consequence is that every orbit of 
the adjoint representation in g intersects t, because, obviously, every element of g 
is contained in a maximal Abelian subalgebra. It is furthermore shown that any two 
elements of t belong to the same G-orbit in g iff they belong to the same W-orbit 
in t. Thus, more precisely, each orbit of the adjoint representation intersects t in a 
W-orbit. It follows that restriction to t defines ahomomorphism Polg(g) — Polw(t). 


Lemma 4.6.9 The restriction homomorphism Polg(g) — Polw(t) is an isomor- 
phism. 


Proof To prove injectivity, let p;, p2 € Polg(g) be such that p;;, = poy, andletA € g. 
Since the orbit of A under the adjoint representation intersects t, there exist B € t 
and a € G such that A = Ad(a)B. By Ad-invariance, 


pi(A) = p;(Ad(@)B) = p(B), i=1,2. 


Since p;(B) = p2(B), we conclude p;(A) = p2(A) and hence p; = po. 


'34 standard reference is [105]. The arguments for the classical compact Lie groups are elementary 
though, see the discussion below. 
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To prove surjectivity, let g € Polw(t) be given. Since for each A € g, the orbit 
of A under the adjoint representation of G intersects t in a W-orbit, there exists 
Bet such that A = Ad(a)B for some a € G and any two such B are mapped to 
one another by an element of W. Since g is W-invariant, we can define a mapping 
p:g— R by p(A) = q(B). By construction, p is invariant. It remains to show that 
p is polynomial. We may assume that g is homogeneous of degree k. Then, so is p. 
Since (4.6.13) is a surjective submersion and since submersions admit local sections, 
for every A ¢€ g, there exists an open neighbourhood U of A and a smooth mapping 
s:U — Gx gsuch that composition of (4.6.13) with s yields idy. Hence, on U, p 
coincides with s* o pr{(q), where pr, : G x t > t denotes the natural projection to 
the second factor. This shows that p is smooth. Now, we choose a basis {e,} in g and 
consider the corresponding partial derivatives, given by 


DP iis phates 
== €q) - 
gA4 dig? 


One can check that the functions 


0 0 


dav aAai 


p 


are homogeneous of degree k—/ for 1<k and that they vanish for 
1 >k (Exercise 4.6.4). It follows that p coincides with its k-th order Taylor poly- 
nomial centered at the origin. Thus, p is polynomial. oO 


Now, we are going to determine Polg(g) for the classical compact Lie groups explic- 
itly. We start with the case G = U(n). A maximal Abelian subalgebra t, C u(n) is 
given by the subalgebra of diagonal matrices. Since every element of u(n) is skew- 
adjoint, it admits an orthonormal eigenbasis. Hence, it is conjugate under the adjoint 
representation to an element of t,. Since the spectrum of an element of u(7) is invari- 
ant under the adjoint representation, if two elements of t, are conjugate under the 
adjoint representation, they have the same eigenvalues and hence they differ by a per- 
mutation of entries. In particular, the normalizer Ny, (ty) acts on t, by permutation 
of entries. Since every permutation can be represented in this way, the Weyl group 
W, coincides with S,. Thus, in the present example we see explicitly that the Weyl 
group is finite and that every orbit of the adjoint representation intersects a maximal 
Abelian subalgebra in a Weyl group orbit. 

Let Symp[x1,...,X,] denote the algebra of symmetric polynomials with real 
coefficients in the real variables x;, ..., X,. Since the elements of t, are skew-adjoint, 
they have purely imaginary entries. Hence, every p € Symp[x1,...,X,] defines a 
W.-invariant polynomial function p" on ty by’? 


'4We will see below that the normalization factor 47 will make the cohomology classes obtained 
via the Weil homomorphism match the Chern classes. In many textbooks, the factor is 27. This 
will be explained in Remark 4.6.10. 
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i 


PAs ap (Ace Beals (4.6.14) 
An An 


and the assignment pt~p” yields an algebra isomorphism Symp[%1, ...,%n] = 
Poly, (t). By Lemma 4.6.9, the W,-invariant polynomial functions p” extend to Ad- 
invariant polynomial functions on u(n), denoted by the same symbol, and the assign- 
ment p +> p” defines an isomorphism of algebras Symp[X1, ..- , Xn] = Poly (u()). 
Clearly, 

p(A)=p(ai,..-,An), (4.6.15) 


where A; are the eigenvalues of iA, counted with multiplicity. 

Since the algebra Symg[x1, ...,X,] is generated by the elementary symmetric 
polynomials oo, ..., O,, the algebra Poly) (u(7)) is generated by the corresponding 
invariant polynomial functions o7,...,0,' defined by (4.6.15). Thus, in order to 
control the Weil homomorphism for a given principal U(n)-bundle P over M, it 
suffices to know (the cohomology classes of) the forms hg(o,’) for the curvature 
form {2 of some connection on P. To compute these classes, we recall that the 


eigenvalues 4; of 7A are the zeros of the characteristic polynomial 


1 
i,(A) =det{ Al, ——A]. 
Xia) at( ae ) 


Thus, the characteristic polynomial has the factor decomposition Tj — Aj). 
Expansion yields 


X ead) = DVEV on, sya = > CD*of A) A {46 16) 
k=0 k=0 


On the other hand, one can check that the characteristic polynomial of an arbitrary 
n-dimensional complex square matrix C satisfies 


xc(A) = Yep! tr (A‘ c) ae (4.6.17) 


k=0 
where \“C : AC" > (A‘C” denotes the endomorphism induced by C via 
(A‘C) (a Ao Am) = (Cai) Av A Cru) 


for all z,,...,Z, € C” (Exercise 4.6.5). Comparing (4.6.16) with (4.6.17), we thus 


read off er 
of(A) = (=) tr (A‘4) 
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One can further check that tr ( Ac) = D,(C), where D; denotes the polynomial 
function on complex square matrices defined by 


tr(C) k-1 0 nee 0 
w(C*) wiC) k-2 
D(C) = pet _ . 7 0 (4.6.18) 
rit) cee Cy eC} 
re). HC") -5 -(C*) tr(C) 
Finally, using (4.6.8), we obtain 
i\é 
hg (ox) = 2*(oz)(2) = 2 (.) De(@), 
I 
that is, 
hg(o,) = ES pha =p Le, (4.6.19) 
ee Ne ND ; - 
In particular, we have 
hg(og) = 1, (4.6.20) 
ho(o%) = — tr(2), (4.6.21) 
2m 
1 
hg(oz) = a2 (tr(2 A $2) — tr(Q2) A tr(2)) : (4.6.22) 
a 


Here, 2 A --- A Q denotes the exterior product of gl(n, C)-valued forms induced 
by the associative matrix product, cf. Remark 1.4.8/1. We obtain the same formulae 
for hg(o,) by viewing the right hand sides as forms on M. 


Remark 4.6.10 


1. According to (4.6.19), the Weil homomorphism is formally given by plugging in 
the matrix elements of 2 relative to some local frame in Ad(P), viewed as local 
2-forms, into the polynomial given and replacing all products by wedge products. 
Therefore, it is common to write 


1 m 
1 (52) show), k=O hs 


although the actual scaling factor is 47 and not 277, because of the factor 2* one 
acquires by rewriting products as wedge products, cf. (4.6.8). 


2. If for the wedge product of a k-form and an /-form on M one uses the convention 
to multiply by a factor aii instead of a as is done for example in [383], the 


construction of the Weil homomorphism has to be modified as follows. 
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a. The product of a k-linear form with an /-linear form on g is defined with a 
1 


factor Cane 


b. Polarization reads (A) = &(A,..., A). 
c. Fora polynomial function € of order k on g, the form hy (&) is defined with a 


factor ean 
d. The polynomial function p" on g induced from p € Symg[x1,..., Xn] is 
defined by p(A1,..., An) where ; are the eigenvalues of 5—A. 


Under these modifications, the mapping hy is ahomomorphism for every 2-form 
a and formulae (4.6.19)-(4.6.22) hold true. + 


Now, we can compare the cohomology classes top(o;’) with the Chern classes of P. 


Theorem 4.6.11 For every principal U(n)-bundle P over M and everyk = 0,...,n, 
there holds top(o,) = Cx (P) under the de Rham isomorphism. 


Proof Clearly, the assertion holds for k = 0, so that we may assume k > 1. Our proof 
is along the lines of [451]. We proceed by showing the following. 


1. The assertion holds if it holds for all smooth principal U(1)-bundles. 

2. The assertion holds for all smooth principal U(1)-bundles if it holds for the 
complex Hopf bundle. 

3. The assertion holds for the complex Hopf bundle. 


1. Assume that the assertion holds for all principal U(1)-bundles. First, we use 
the Splitting Principle to argue that we may restrict attention to bundles P admit- 
ting a reduction to U(1)”. Indeed, given an arbitrary P, let p : P/U(1)” ~ M 
denote the induced projection. Since twp(o,’) and cx are characteristic classes, 
one has t,+p(o;’) = p*tp(o,) and cx(p*P) = p*cx(P). By Theorem 4.3.7, then 
1 pxp (0, ) = Cx(p*P) implies tup(o,) = c,(P) and p*P admits a reduction to U(1)”. 
This shows that without loss of generality we may assume that P itself admits a 
reduction to U(1)”. 

Now, if Q is a reduction of P to U(1)”, then P is vertically isomorphic to 
QO", where j:U(1)" > U(m) denotes the natural inclusion mapping. By 
Corollary 4.6.8/3, then 

wp(o,) = 109 ((dj)*o;’) : 


We have 
(dj)*of = ox(pri oy, ...,prray), 


where pr; : U(1)” — U(1) denotes projection to the i-th factor and o7’ on the right 
hand side is defined on u(1). Using that tog is a homomorphism, we thus obtain 


wp(o,) = of (tog (prj O;), +++, WQ(pr> o7)) : (4.6.23) 
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Applying Corollary 4.6.8/3 once again, fori = 1,...,7, we find 
wo(pr; o7') = We (o7) . 
Since Q!P"! is a principal U(1)-bundle, by assumption, 
etm (o;) = c, (QP) 


under the de Rham isomorphism. Let f : M — BU(1)" be a classifying mapping for 
Q. By Corollary 3.7.3, then B pr; of is a classifying mapping for Q!"!, Hence, 


oI (o;) =f* 0 (B pe) Gy : 
Plugging this into (4.6.23), we obtain 
wp(o;,) = f* (o% ((B pe Cy aera pee) . 
By Proposition 4.3.5, then 
top(o;,) = f* 0 (Bj)* (c”) . 


Since Bj of is a classifying mapping for Q"! and QW is vertically isomorphic to P, 
we finally obtain the assertion. 

2. Let P,, denote the canonical U(1)-bundle over CP” (Stiefel bundle), cf. Remark 
1.1.25 and Example 4.2.18. Recall that P; is the complex Hopf bundle and that P,, is 
(n — 1)-universal, cf. Theorem 3.4.10. Thus, it suffices to prove that if the assertion 
holds for P;, then it holds for P,, for all n. Let 2, denote the curvature form of the 
canonical connection on P,,, cf. Example 1.3.20. 

The standard embedding of C? into C”*! induces a morphism of principal U(1)- 
bundles F : P; > P, covering the standard embedding f : CP! - CP”. Composi- 
tion of f with the mapping 


s:D?>S2CP!, s(z):= (2, Ji= i?) , (4.6.24) 


yields the 2-cell of the standard cell complex structure of CP”, which is obtained 
by successively attaching to CP’ = {[(zo,--- , z;,0,--- ,0)] : z € S*"} C CP" the 
2(i + 1)-cell given by the mapping 


DY cpr, ars [(co.-- a, T= lal? 0,--,0)], 


see for example [104, Example IV.8.9]. Thus, the homology class [f 0 s] represents 
a generator of the singular homology group H2(CP”) = Z. Under the identification 
pak (CP”) = Hom(A2(CP"), R) provided by the Universal Coefficient Theorem, the 
de Rham isomorphism maps the cohomology class twp, (o;’) to the homomorphism 
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H>(CP”) — R which assigns to this generator the value 


| s*f*he, (o?) = i f*ho, (or). 
D2 cP! 


Here, we have used that s preserves the orientations (Exercise 4.6.6). Thus, what we 
have to show is 


[fr he. (a7) = (ci (Pn), If osl), (4.6.25) 


where c)(P,,) stands for the corresponding homomorphism H(CP”) > R. By 
Lemma 4.6.4/3 and formula (4.6.9), fthg, (o7) = hina. (o/). Via the vertical iso- 
morphism P, — f*P, provided by F, the form F* £2, corresponds to 2;. Hence, for 
the left hand side of (4.6.25), we may write 


| ho, (eo). 
CP! 


Since P; and f*P, are vertically isomorphic, the right hand side of (4.6.25) can be 
rewritten as (C;(P;), [s]). Thus, (4.6.25) holds for all n if 


| he, (of) = (cP). Ls) . (4.6.26) 
CP! 


that is, if it holds forn = 1. 
3. It remains to prove (4.6.26). By Remark 4.5.4, evaluation of the right hand side 
yields 
(c:(P1), [s])} = —-1. 
To compute the left hand side of (4.6.26), we identify CP! with S? via the diffeo- 
morphism of Remark 1.1.21/3 and the bundle manifold of P; with S? via the natural 


diffeomorphism S? + Sc(2, 1) induced from the embedding S? — C?. Under these 
identifications, the bundle projection is given by the mapping 


$+ S?, 24+ (Reza), ImQ2z~), (la? — lal?)’) (4.6.27) 


and the canonical connection form is given by w; = Z;dz; + 22422, cf. Example 
1.3.22. For the curvature, we obtain 


92) = dz A dz; + dz Adz. 


Define coordinates 7, y, x on SccC by 


0 ; v 
z, = e/2%-#) cos a 2 = e249) sin a (Euler angles) 
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and coordinates 6, @ on 27 cR by 
x; =sindcos@, x. =sin@sing, x3; =cosd (spherical coordinates). 


We leave it to the reader to check that, in these coordinates, 


(a) the fibres are parameterized by x, 
(b) the bundle projection (4.6.27) is given plainly by (7, g, x) (0,6) = (V, 9), 
(c) hg, (cf) = -z~ sin? dd A dg. 


Points (b) and (c) yield 
ho (co?) = _s sind dt A dg = = Vs2 
oe 4a 4n 


with the natural volume form vg? on S?. Thus, 


1 he, (c°) — fv 1 
oy) => i ae Ba 
cP! ma : An err 


This proves (4.6.26) and thus completes the proof of the theorem. B 


Corollary 4.6.12 Let P be a principal U(n)-bundle over a manifold M. The Chern 
indices cx ;(P) of P relative to a chosen set of generators {s;} of H2(M) are given by 


Ck,i(P) = / wp(o;). 
Sj 
Proof We have the commutative diagram 


H;‘ (M) ————> H7*(M) @R Hy‘ (M) 


| 


Hom (H2;(M), Z) Hom (H;(M), R) 


where the first upper horizontal arrow sends [a] to [a] ® 1, the lower horizontal arrow 
is defined by composition with the natural inclusion mapping Z C R and the vertical 
arrows are given by the natural homomorpisms. Theorem 4.6.11 implies that integra- 
tion of tup(o;,’) over a closed 2k-cycle s in M yields the same result as evaluation of 
cx (P), viewed via the homomorphism a (M) > He (M) = Hom(A2,(M), R) asa 
homomorphism H2;,(M) — R, on the homology class [s]. According to the diagram, 
this is the same as evaluating the homomorphism H>,(M) — Z defined by c;,(P) via 
the left vertical arrow on [s]. oO 


Next, we discuss the groups O(7) and SO(n). We start with O(7). Ifn = 2/7, a maximal 
Abelian subalgebra t, is given by the block diagonal matrices with blocks 
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0 Xj i 
Be a 2) eee 


The Wey] group W, is generated by the permutations of the blocks and by the opera- 
tions of taking the transpose of individual blocks. Hence, every p € Symp[x1,..., x7] 
defines a W,-invariant polynomial function p®° on to by 


v(ane([ 23). 3))) =0((2) (2). 


and the assignment p +> p° defines an isomorphism Symp[X1, ... , 47] = Polw, (to). 
By analogy with the case of U(n), the W.-invariant polynomial function p° extends 
to an Ad-invariant polynomial function on o0(n), denoted by the same symbol and 
given by 


PA) =P Giss..3%)) (4.6.28) 
where ix), —ix;,...,1X;, —ix; are the eigenvalues of 7 TA, counted with multiplici- 
ties.!° The assignment p +> p° defines an algebra isomorphic Symp 1, ...,x7] = 
Poloin (o(n)). Consequently, Poloyn)(o(m)) is generated by of, ..., a7. 


In case n = 21+ 1, the induced homomorphism Gis) o141 : 0(21) > 0(27+ 1) 
embeds the maximal Abelian subalgebra t, of 0(2/) into 0(2/+ 1) as a maximal 
Abelian subalgebra of 0(2/ + 1). Moreover, it translates the Weyl group actions into 
one another. As a consequence, pullback by dj5, 5,, ; defines an algebra isomorphism 
Poloai+1)9(2! + 1) = Polo o(2/). Via this isomorphism and the construction for 
O(2/),eachp € Symg[x1, ..., x7] defines an element p° of Polo2i+1)9(2/ + 1). As for 
n = 21, the assignment p +> p® defines an algebra isomorphism Syma[n, a 
Poloiai41)0(2! + 1) and thus Poloy2/+1)0(2/ + 1) is generated by of, ..., a/. 

Now, consider the group SO(n). Since so(7) = o(m), we may use ihe same maxi- 
mal Abelian subalgebra, tp. In case n = 2/ + 1, the group O(2/ + 1) is generated by 
its center and SO(2/ + 1). Hence, in this case, there is no difference in the adjoint 
actions of O(2/ + 1) and SO(2/ + 1) and thus there is no difference in the Weyl 
groups, Ws, = Wo. Therefore, 


Polso 2/41) $0 (21 +1)= Poloai+1)9(21 +1). 


Incase n = 21, however, Wg, is generated by the permutations of the blocks and by the 
operations of simultaneously taking the transpose of two distinct blocks. Therefore, 
Wso C Wo and hence Poly, (to) is a subalgebra of Polyw,, (to) and Poloy2n (o(2/)) is 
a subalgebra of Polso.2i) (so(21)). As a matter of fact, Poly, (to) is generated by the 
subalgebra Poly, (t.) and the polynomial function 


. 0 x 0 x — X] 
© (aia (@ |] = eins Ee 31) ae ee (4.6.29) 


'SSince A is real and the eigenvalues are purely imaginary, they come in conjugate pairs. 
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which is W,,-invariant but not W,-invariant. Hence, Polso2/) (so(21)) is generated 
by of,..., o; and the Ad-invariant extension of (4.6.29), which we denote by the 
same symbol. Thus, for A € s0(2/), ¢(A) is given by the right hand side of (4.6.29), 
where A is conjugate under SO(n) to the block diagonal matrix on the left hand 
side of this equation. Note that the overall sign of the product of the x; is fixed by 
requiring conjugacy under SO() rather than O(n). Note further that ¢ is related to 
the Pfaffian'® pf : so(21) > R by 


A ) __ pf) 


ea Et (+ ~ (ny 


Let us compare o, with the pullback of the functions o,’ under the Lie algebra 
embedding dj?" : o(n) — u(n) induced by j?". Recall that g, and g, denote the 
integer part of a and 5, respectively. 


Lemma 4.6.13 Fork =0,..., qn, one has 
(dpo"yo8.., =0, Gpr”)*o¥, =(-1)* of. 


Proof It suffices to consider the case n = 2/, because the case n = 21+ 1 follows 
by the identity j5, 2+ oy, = dor © fy 9441. Let A € o(2/) and assume that A has 
eigenvalues ix}, —ix,,..., ix;, —ix;. Then, 


((dip)*o;) (A) = of (A) = 


1 
(42 GeO sey —X), X1) : 
To the sum ox (—X1,X1,..., —X7, x), only the terms containing all x; in even order 


contribute, because all other terms appear pairwise with opposite signs. Hence, 
(djn’)*05,,,(A) = 0 and 


i 1 k x1 \? x \? 
(dj,")*05,(A) = Ga Gaye HO aes —7/)= = (-1l)*o, ((=) Pees (=) ) : 
The right hand side coincides with (-1)‘op (A). oO 


Theorem 4.6.14 Under the de Rham isomorphism, for every principal bundle P 
with structure group O(n) or SO(n), one has 


wp(o,) =Pe(P), k=0,.-.,4n- 


If n is even and the structure group is SO(n), in addition, one has, 


top (e) = e(P). 


'6By definition, pf(A) = 37 Des, Mint AoQi-),0 020): 
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;SO,U 


Proof Denote j = j?” or j* 
isomorphism, 


, respectively. By Theorem 4.6.11, under the de Rham 
Pk(P) = (—1)'cx (PY!) = (—1)'twpui (ox). 


By Corollary 4.6.8/3, the right hand side coincides with (—1)* top ((dj)*o3,) . Accord- 
ing to Lemma 4.6.13, this equals tup(o;). 

For the assertion about the Euler class in the case where the structure group is 
SO(2/), one may give an argument which is essentially analogous to that for the 
Chern classes in the proof of Theorem 4.6.11. Let us sketch this. 

By Theorem 3.4.10, it suffices to prove the assertion under the assumption that 
P is a Stiefel bundle. Thus, take P = Sp(2/, m) and M = Gp(2!/, m) for some m. By 
embedding U(/) via j;*° into SO(2/), we can form the quotient manifold P/U(J). It 
has the structure of a locally trivial fibre bundle over M with typical fibre SO(2/)/U(/). 
Let 

f:P/UOD-M (4.6.30) 


be the induced projection. One can show that the homomorphism induced in coho- 
mology with real coefficients, f* : H,(M) > Hz (P/U(J)), is injective. For example, 
according to Theorem 4.2 and Lemma 4.5 in [452], this follows from the fact that the 
Serre spectral sequence of the fibre bundle (4.6.30) collapses which, in turn, is due to 
the fact that the cohomology with real coefficients of both the base M = Gpg(2/, m) 
and the fibre SO(2/)/U(/) vanish in odd degree, see [90, 621] and [452, Theorem 
6.11], respectively. Thus, it suffices to prove the assertion for the principal SO(2/)- 
bundle f*P over P/U(/). Since this bundle admits a reduction to the subgroup U(/), 
we conclude that it suffices to prove the assertion for all principal SO(2/)-bundles 
which admit a reduction to the subgroup U(/). 

Thus, denote « = j;*° and let P be a principal SO(2/)-bundle such that P = Q"! 
for some principal U(/)-bundle Q. By Corollary 4.6.8/3, 


top(€) = twg((du)*e) . 


Using (A.6), for x;,..., x; € R we compute 
* : . : = 7 0 a, 9 | 0 —XiI 
(de) e(diag(ix,, aves ixy)) =6 (ciae ({. 0 stacs bh 0 )) 
1 
= Gait Ca) 


= of (diag(ix1,..., ix)). 


It follows that tp(e) = tog(o;’). By Theorem 4.6.11, tog(o/’) = c;(Q). By Propo- 
sition 3.7.2/1 and formula (4.4.8), the latter equals e(P). o 


By analogy with Corollary 4.6.12, from Theorem 4.6.14, we obtain the following. 


330 4 Cohomology Theory of Fibre Bundles. Characteristic Classes 


Corollary 4.6.15 Let P be a principal O(n)-bundle over a manifold M. The 
Pontryagin indices p,,i(P) of P relative to a chosen set of generators {s;} of Ha,(M) 
are given by 


pe(P) = / rop(oe). 


i 
o 


Finally, let us discuss the case of G = Sp(n). Elements of sp(m) are skew-adjoint 
quaternionic matrices of dimension n, where taking the adjoint means taking the 
transpose of the matrix and the quaternionic conjugate of every entry. Hence, the 
entries of diagonal elements of sp(n) are linear combinations of the quaternionic 
units i, j and k. To obtain a maximal Abelian subalgebra t;, we have to stick to one 
of these. Let us choose 


t= f diag Get ies 5 4d) 3 My cen gn E R}. 


The Weyl group W,, is generated by the permutations of the entries and the oper- 
ations of taking the quaternionic conjugate of an individual entry, which amounts 
to multiplying one of the x; by —1. Hence, every p € Symag[X), ..., X,] defines an 
element p* of Poly,, ts, by 


2 2 
p” (diag (xi, era , Xni)) S Pp ((#) eeeet (=) ) : 


and the assignment p +> p* yields an isomorphism Symag[%1, ... , Xn] = Polyg, (ts,). 
By Ad-invariant extension, we obtain an element p* of Polspin)(sp(m)), and the 
assignment pt> p** defines an isomorphism Symp[x,..., Xn] = Polspon (sp(1)). 
Asaconsequence, Pols, (sp (7)) is generated by o,”, ... , 05". By the same argument 
as for O(n) in the proof of Lemma 4.6.13, we obtain 


Gin Yon 41 =O, Gin’ )on = (—1)'o;” 
A similar calculation as in the proof of Theorem 4.6.14 then yields the following. 


Theorem 4.6.16 For every principal Sp(n)-bundle P and every k =0,...,n, one 
has to p(o;,") = px(P) under the de Rham isomorphism. | 


By analogy with Corollary 4.6.12, Theorem 4.6.16 implies the following. 


Corollary 4.6.17 Let P be a principal Sp(n)-bundle over a manifold M. The Pon- 
tryagin indices p,x,i(P) of P relative to a chosen set of generators {s;} of Ha,(M) are 
given by 


piiP) = f woto,’). 


oi 
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To conclude this section, we carry over the above concepts to vector bundles. The 
Weil homomorphism for principal bundles induces a Weil homomorphism for vector 
bundles as follows. Given a K-vector bundle E of rank n over M, choose a fibre 
metric on E and let O(E) denote the corresponding orthonormal frame bundle. This 
is a principal bundle with structure group G = O(n) in case K = R, G = U(n) in 
case K = C and G = Sp(n) in case K = H. Thus, we can define 


Wr = Wo): Sym, (g) —> Hip(M). 


If K = R and E is orientable, O(E) admits a reduction O,(E) to the subgroup 
G = SO(n). In this case, we can define the oriented Weil homomorphism of FE by 


We = 100, B) : SYMgoqy(S0(n)) > Hig(M). 


Now, Theorems 4.6.11, 4.6.14 and 4.6.16 imply that under the de Rham isomorphism, 
for K = C, R, H, one has 


e we(o”) = G(E) fork =0,...,n, 
© we(o2) = py(E) fork =0,..., In 
e wz(0,") = px(E) fork =0,...,n. 


Moreover, Theorem 4.6.14 implies that in case K = R, if E is orientable and has 
even rank n, one has, in addition 


we(e) = e(£). (4.6.31) 


More generally, a part of the construction of the Weil homomorphism carries over 
to vector bundles. This allows for defining genuine characteristic classes of vector 
bundles, notably the twisted Chern character of a graded vector bundle and the 
relative Chern character of a graded Dirac bundle, to be discussed in Sect.5.8. For 
a real vector bundle E, let Pol(Z) and Sym(E) denote the algebra bundles whose 
fibres over m € M are, respectively, the algebra of real polynomial functions on E,, 
and the algebra generated by the real symmetric multilinear forms on E,,,. Fibrewise 
polarization and multilinearization define mutually inverse vertical algebra bundle 
isomorphisms 


“:Sym(E) > Pol(E) and ~: Pol(E) > Sym(E). (4.6.32) 


The spaces of sections in Pol(Z) and Sym(£) form real algebras with respect to 
pointwise multiplication 


(f - g)(m) = fm) - g(m), 


where on the right hand side the product is taken in the corresponding fibre over 
m, that is, in Pol(E,,) and in Sym(E£,,), respectively. The vertical isomorphisms 
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(4.6.32) defined by fibrewise polarization and multilinearization induce mutually 
inverse algebra isomorphisms 


“= rr (Sym(E)) > r® (Pol(E)) and ~: I (Pol(E)) > rr (Sym(E)) : 
Given a € 27(M, E), we can define a mapping 
hy: D*(Pol(E)) —> Q*(M) 
by assigning tox € I" =(Pol” (E)) the 2k-form 


(ha (k)) (Xi, -.., Xx) 


1 ; “ 
= mT > sign(z )K (a (Xz (1), Xx(2)), eis (Xz (2k-1)5 Xx(2k))) . (4.6.33) 


” WES» 


Note that the construction directly produces forms on M, so there is no need to project 
here. 


Lemma 4.6.18 


1. The mapping (4.6.33) is a homomorphism of algebras. 
2. Let ® : E; > Ey be a vertical vector bundle morphism and let a € 927(M, E) 
and q € Pol(E2). Then, Boa € 2? (Ed), qo® € Pol(E)) and 


Neoalq) = ha(go ®). 
Proof Exercise 4.6.7. D 


Generally, the forms h,(f) need not be closed and hence they need not represent 
cohomology classes. Thus, if one wants to construct a characteristic class this way, 
one has to ensure closedness separately. Let us discuss a special situation where 
closedness is granted. In what follows, for a complex Hermitean vector bundle E, let 
u(E) C End(£) denote the vertical subbundle of skew-adjoint endomorphisms. Let 
P be aprincipal bundle over M with compact structure group G and let o be a unitary 
representation of G on a finite-dimensional complex Hilbert space V. Then, P xg V 
is acomplex Hermitean vector bundle over M. We apply the construction of forms 
hg, («) just explained to the real vector bundle EF = u(P xg V). Recall from Remark 
1.2.9/2 that u(P xg V) is naturally vertically isomorphic to P xg u(V), where G 
acts on u(V) via the induced representation 


(a, A) > o(a)oAoa(a'). (4.6.34) 
The isomorphism is given by 


®:PxguVvV)—> u(PxGgV), P([(p,A)]) :=toAo Pa : (4.6.35) 
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Let Polg (u(V)) C Pol(u(V)) and Symg (u(V)) Cc Sym(u(V)) denote the subal- 
gebras consisting of elements invariant under the induced representation (4.6.34). 
Under the identification (4.6.35), every x € Polk, (u(V)) defines a section « in 
Pol‘ (u(P xg V)) by 


K»(P ([p, A})) :=K(A), meM, (4.6.36) 
where p is some point in P,,,. This extends to an algebra homomorphism 


Polg(u(V)) > I (Pol(u(P xg V))) . 


Lemma 4.6.19 Let P be a principal G-bundle over M and let (V,o) be a uni- 
tary representation of G. Let $2 be the curvature of a connection on P and let 
Re 2? (M, UP XG V)) be the curvature endomorphism form of the corresponding 
connection induced on P xg V. Then, 


ha(k) = he ((do)*«) (4.6.37) 


forallk € Polg (u(V)). In particular, dh_(k) = 0. 


Proof Since o is unitary, the induced representation do takes values in u(V). More- 
over, do is equivariant with respect to the adjoint representation of G on g and the 
representation (4.6.34). Hence, if « € Polg(u(V)), then (do)*« € Polg(g), so that 
he ((do)*«) is well defined. For the proof, we assume that « is homogeneous of 
degree k. By definition of R, cf. (1.5.13), for p € P and X,, X2 € T,,P, one has 


Reap) (20'X1, 1'Xo) = @([p, o'(2) p(X, X)]) « 


Hence, form ¢ M, p € Pm, Y1,..., Yor € TnM and X1,...,X2, € T,P such that 
m'X; = Y;, we find 


(ha (K)) (Vis -+ +s Yor) = (hatk)) ,X, enep ae) s 


By plugging inhg(k) = n*hg (x), we obtain the assertion. Oo 


As a result, in the present situation, the assignment k +> ha(«) defines a homomor- 
phism 
Polg(u(V)) > Hip(M). 


Now, consider the special situation where E is a Hermitean K-vector bundle of rank 
n over M. For K = R, C, H, let G denote, respectively, the Lie group O(n), U(n), 
Sp(n) and let g denote the corresponding Lie algebra. Recall that we have a natural 
vertical isomorphism E = O(E) xg K" and hence a vertical isomorphism 


u(E) = u(O(E) xg K"). (4.6.38) 
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Corollary 4.6.20 Let E be a K-vector bundle of rank n over M endowed with a 
positive definite fibre metric and let R be the curvature endomorphism form of a 
compatible connection V. If a section k in Pol(u(E)) corresponds under the natural 
vertical isomorphism (4.6.38) to the section x' defined by some x’ € Polg(g), then 
hr(k) is closed and represents tog (k’). 


Proof Denote the vertical isomorphism E — O(E) xg K" by ©. That « corresponds 
to x’ under W means 


Km (A) = Ky 


—m 


(Y,ocAoW,'), meM, Ac(u(é)). (4.6.39) 


Via W, the connection V on EF induces a connection V’ in O(E) xg K”. One has 
Vys' = Wo(Vx(Wo'os')), s'€ F™(O(E) xg K"), X € X(M). 
For the curvature endomorphism form RP’ of V’, this implies 
R'(X,Y)=WoR(X,Y)oW!, X,Y eX(M). (4.6.40) 
In turn, V’ corresponds to a connection on O(E£) with curvature form $2’. By 
Lemma 4.6.19, we have hp (k’) = hg (k’), hence hp (k’) represents toz(«’). On the 
other hand, (4.6.39) and (4.6.40) imply hp (k’) = h_(k). o 


Remark 4.6.21 For a given complex vector bundle FE of rank n and some chosen 
Hermitean fibre metric on E, consider the section of in Pol(u(E)) given by 

iA4 An 
4m? An 


(G2) m(A) = oF ( ) , AEuwEk,), meM, 


where A, are the eigenvalues of A, counted with multiplicities. Under the isomorphism 
(4.6.38), af corresponds to the section 0," induced by the Ad-invariant polynomial 
o, on u(n) defined by (4.6.15). Hence, Theorem 4.6.11 and Corollary 4.6.20 imply 
that, under the de Rham isomorphism, c; (E) is represented by the form hp (of ), where 
R is the curvature endomorphism form of some connection on E compatible with 
the fibre metric. Finally, we observe that the computation yielding the trace formulae 
(4.6.19)-(4.6.22) for the forms representing the Chern classes of a principal bundle 
carries over to ha(of ). As a result, we obtain the corresponding formulae for c; (FE) 
with @ replaced by R. 

We leave it to the reader to derive analogous statements for the Pontryagin classes 
of real and quaternionic vector bundles and for the Euler class of an oriented real 
vector bundle. For the latter, one finds that under the de Rham isomorphism, e(£) is 
represented by the form hp(e"), where e” denotes the section in Pol(o(£)) defined by 
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rs A 
&,(A) := pf{—]. Aco(En), meM. 
Aa 


4 
Example 4.6.22 We derive a trace formula for the first Pontryagin class of the 
adjoint bundle Ad(P) associated with a given principal bundle P with compact 
structure group G over some manifold M. Recall that, by definition, pj (Ad(P)) = 
—C(Ad(P)c). By choosing a G-invariant scalar product on gc, we can turn the 
complexification Ad(P)c = P <q gc into a Hermitean vector bundle. Let §2 be the 
curvature of some compatible connection on P and let R € 2°(M ; End(Ad(P))) 
be the corresponding curvature endomorphism form induced on Ad(P). By prolon- 
gation to the complexification, R defines a form Roe 27(M ; End(Ad(P)c)) and 
the latter is the curvature endomorphism form induced by £2 on Ad(P)c. Thus, by 
Remark 4.6.21 and (4.6.22), 


1 
c2(Ad(P)c) = eo tradp).(R© A R®). 


Obviously, traacP). (RE ARS) = ttaapy(R A R). Computation of the pullback of 
trade (RA R)) under the projection of P yields trg(ad@2 A adS2). As a result, we 
may write 


1 
pi (Ad(P)) = ——~ trg(ad@ A ad), (4.6.41) 
8x2 


where the right hand side is viewed as a form on M. 4 
Exercises 

4.6.1 Check that the mapping Sym, (g) —> Pole(g),f re va defined by (4.6.3) sat- 
isfies fg =fg. 

4.6.2 Prove the polarization formula (4.6.4). 


4.6.3 Prove that the mapping h, defined by (4.6.6) is a homomorphism, cf. point | 
of Proposition 4.6.4. 


4.6.4 Let f be a smooth function in 7 real variables which is homogeneous of 
degree k. Show that the functions 


are homogeneous of degree k — / for / < k and that they vanish for / > k. 


4.6.5 Prove formulae (4.6.16) and (4.6.18) for all n-dimensional complex square 
matrices C. 


4.6.6 Verify that the mapping s defined in (4.6.24) preserves the orientations. 
4.6.7 Prove Lemma 4.6.18. 
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4.7 Genera 


The discussion in the previous section carries over without change from polynomials 
to formal power series. For a vector space V, let FPS(V) denote the vector space 
of formal power series on V. For a vector bundle E, let FPS(Z) denote the vector 
bundle whose fibre at m € M is given by FPS(E£,,). 
Given a principal G-bundle P over M, the Weil homomorphism tup extends to a 
homomorphism 
top : FPSg(g) > Hig(M). 


Similarly, given a complex vector bundle E,, the Weil homomorphism of EF extends 
to a homomorphism 
tor : FPSuq(u(n)) > Hig(M), 


and a similar statement holds for real and quaternionic vector bundles. More gener- 
ally, given a € 927(M, E), the homomorphism h, defined by (4.6.33) extends to a 
homomorphism 


hy : P™(FPS(E)) > 2*(M). 


This gives rise to genera of vector bundles. Let us explain this in detail for the case 
of complex vector bundles. Assume that we are given a formal power series 


qx) = doa 
l 


in one real variable x with real coefficients a; and constant term ag = 1. This series 
defines a symmetric formal power series in n real variables x1, ..., X, by 


G1, -+++Xn) = G1) +++ G@n) (4.7.1) 
Being symmetric, the latter defines an element g” of FPSy(,)u(1) by (4.6.15). Then, 
q (A) = q(a1)-++ qn), (4.7.2) 


where Aj,..., A, denote the eigenvalues of 4. 
Given a complex vector bundle EF of rank n over a manifold M, we can define 


y(E) := tz (q°) € Hig(M). 


The class y(E) is called the genus of the complex vector bundle E defined by the 
formal power series q, or the g-genus of E for short. In the spirit of Remark 4.6.10, 


we write 
iQ 
v(E)=q(—}. 
20 
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where £2 is the curvature form of some connection on E. 

Let us express y in terms of the Chern classes. Being symmetric, every homo- 
geneous component q, of g can be expressed as a polynomial in the elementary 
symmetric polynomials, 


aK (1, ia Xn) = Ki (oi, ae Xn), BARS On(X1, eee ia) . (4.7.3) 
The following argument shows that the polynomials K;, do not depend on the number 


of independent variables n. For clarity, let us display this number by writing q” and 
x, For / < n, we have 


i 
Ge Gigs cng 0).2 OHO Ci ne KD 


and 
: 27: 
oj(x1,...,%,0,...,0) = oi(x1, , Xx) is 
0 i>l. 
Hence, 
Ge Cais = Cy ese 80) 2050) 


SR aii o205 Me Ops) ent ceeg ht iy 0) 
= Ky” (ora, ..., 41) +++, O71, -.-, 4p), 0,..., 0). 


This shows that K, a can be obtained from K, - by setting the last n — / entries to 0. 
Thus, if we extend the notation of elementary symmetric polynomials in n variables to 


arbitrary order by setting o;(x1,...,X,) = 0 fori > n, then oh = joi , as asserted. 
Since K, can depend on o; with/ < k only, irrespective of the number of independent 
variables we thus have qx, = K;(o1, ..., 0%) and hence 


qe = Kk(oy,.-.,0,), &=O0,1,2,.... 
Applying the Weil homomorphism and using Theorem 4.6.11, we obtain that 
y(E)=1+yn4)+n(A)+-:- (4.7.4) 


with 
Vi(E) = K,(ci(E),..., Ce(E)) € Hig) (4.7.5) 


under the de Rham isomorphism. That is, in effect, 4(E) is obtained by replacing 
the elementary symmetric polynomials in K; by the Chern classes. 

By analogy, the formal power series g defines a genus for real vector bundles and 
a genus for quaternionic vector bundles. In the above construction, we just replace 
gq; by g? and q;”, respectively. Thus, for a real or quaternionic vector bundle E£, the 
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genus defined by g is given by (4.7.4) with 
v(E) = K;(Pi(E),..., Pe(E)) € Hag). (4.7.6) 


According to (4.7.5) and (4.7.6), sometimes, the g-genus for complex vector bundles 
is referred to as the Chern g-genus and the g-genus for real or quaternionic vector 
bundles is referred to as the Pontryagin q-genus. 


Proposition 4.7.1 Let q be a formal power series in one real variable with constant 
coefficient | and let y be the corresponding genus for K-vector bundles, K = R, C 
or HH. 


1. The assignment E +> y(E) defines a characteristic class for vector bundles. 

2. For K-vector bundles E,, Ey over M, one has y(E\ ® Er) = y(E))y (£2). 

3. If E has rank |, then y(E) = 1 in the real case, y(E) = q(ci(E)) in the complex 
case and y(E) = q(Pi (E)) in the quaternionic case. 


Proof 1. This follows from Corollary 4.6.8/2. 


2. First, we show that if aj,..., a, and b;,..., by are independent variables, and 
if 
C= > ajb; , 
i+j=k 
then 
K (cq, ...5 Ck) = >. K;(a1,..., a;)Kj(b1, ..., bj). (4.7.7) 
i+j=k 


By uniqueness of the polynomials K;, it suffices to check this for a; and b; being 
the elementary symmetric polynomials in the independent variables x;, ..., x, and 
Y1,--+5 Ye, respectively. Clearly, then cj = o;(%1,...,Xk, 1,---, Ye) - Hence, 

Ky (C1, «- +, Ck) = Qk, ++ Xe Vis ++ Ved - 


Since g(x, .-- Xk, V1,---, Ye) = G1, ---, XEIGON1,---, Ye), We obtain 


GE Ci cak tees <8 = > Cy ss GOs see) 
i+j=k 


= Py K;(a1,..., a) Kj(b1, ..., Bj). 
+j=k 


i 


This proves (4.7.7). Now, we use this to prove the assertion. In the complex case, 
we plug in c;(£,) for a; and c;(E2) for b;. Then, K;(a,,...,a;) = y;(E;) and 
Kj(by,...,b)) = yj (Ex). Moreover, by the Whitney Sum Formula, c, = c,(£, ® E2) 
and hence Kx(c1,..., Ck) = ¥%e(E1 ® Ez). Thus, (4.7.7) yields the assertion. The 
quaternionic case and the real case are analogous, cf. (4.4.20) for the latter. 
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3. The real case is obvious, because p(Z) = 1 if E has rank 1. Consider the complex 
case. The quaternionic case is analogous. For one variable x, one has o)(x) = x and 
o,(x) = 0 for all k > 1. Hence, 


q(x) = 1+ Ky (x) + Ko(x,0)+---. 
Plugging in c; (£) for x, we obtain 
q(c\(E)) = 1+ Ki (ci(E)) + K2(ci(E),0) +++. 
Since c,(E) = 0 for all k > 1, the right hand side equals y (E). | 


Remark 4.7.2 


1. In view of the Splitting Principle (Theorem 4.3.7), in the complex and the quater- 
nionic case, y is completely determined by points 2 and 3 of Proposition 4.7.1. 

2. For each k, the k-th q-genus 7 for complex vector bundles is the characteristic 
class defined by 


pe Ee cst) eh BUM), 


(n) U(n) 


where, as usual, c;” = 0 in case i > n. One may call y;“” the k-th total genus of 
U(n) defined by q. Clearly, the family y;“”, k = 0, 1,2,... does not define an 
element of Hz (BU(7)) unless g is just a polynomial. Similarly, the k-th genus y, 
for real or quaternionic vector bundles is the characteristic class defined by 


ye := Ky (po, ..., p”) € He BOM), 
yer = Ke (PP, ..., pe”) € He (BSpn)), 
respectively. 4 


The following genera will appear in Sects.5.8 and 5.9. 


Example 4.7.3 (Genera of vector bundles) 


1. The Todd genus is the genus of complex vector bundles defined by the Taylor 
series of the function 


x 
f@) = 
—e- 
about x = 0. One has 
x sae B 
| 1 k+1 ?2k ok 
I=1+5 +2 Gp? 


where B; are the Bernoulli numbers, given by 


340 4 Cohomology Theory of Fibre Bundles. Characteristic Classes 


1 1 1 
Bo=1, Bo=-, Bya=-—, Bo=-—, ete. 
‘ BG a = ag OS 
The first terms are 
Oe a 
x)= _ — —. nee 
@ 2 12° 720 
By expressing the k-th order term of g(x}, ...,%,) in terms of o),..., 0%, we 
obtain 
oO 02 +07 0102 


1 
K\(o1) = z K3(0\, 02) = K3(01, 02,03) = ——, 


2° 24 
Thus, writing T = y, for a complex vector bundle E we read off 


Cc, (E) 


TE) =, (4.7.8) 
2 

T(E) = aS (4.7.9) 

Ty(E) = Ne (4.7.10) 


The Todd genus occurs in the Riemann—Roch Theorem 5.9.8. 
2. The L-genus is the genus of real vector bundles defined by the Taylor series of 
the function 


x 
fx) = es 
tanh ./x 
about x = 0. One has 
Boy FE x x 2x3 
q@) 2 Gor °° 3 as oa 
which leads to 
coal 
K\(o1) = 3° 
Ky ) 702 — 0; 
01, 02) = ——_—_,, 
2(01, 02 45 
6203 — 130100 + 20? 
K3(01, 02, 03) = 2 as : = 


etc. Thus, writing L = y, for a real vector bundle E we read off 


4.7 Genera 341 


L\(E)= ad : (4.7.11) 
= 2 
In(E) = a ae (4.7.12) 
62p3(E) — 13p;(E)p2(E) + 2pi(E)? 


[3(E) = 


; 4.7.13 
945 ( ) 


etc. The L-genus appears in the Hirzebruch Signature Theorem 5.9.6. 
3. The A-genus is the genus of real vector bundles defined by the Taylor series of 
the analytic function 
ef? 


x)= 4.7.14 
Fe) sinh (./x/2) ¢ 
about x = 0. One has 
CO 
1- 27k-| Bop - x Tx? 
= — 1 sen 4 
q@) 2d PI-T(2k)! > 24+ 5760+ 
which leads to 
Oo! 
Ki (01) _ yi ’ 
—40.+ To? 
K: ’ = "——_SSsza- | 
2(01, 02) 5760 
etc. Thus, writing A= y, for areal vector bundle E we read off 
a pi (FE) 
A\(E) = — ; 4.7.15 
1(E) 7A ( ) 
7 —4p.(E) + 7p) (E)* 
igo Pe (4.7.16) 
5760 
etc. The A-genus appears in the Atiyah—Singer Index Theorem 5.8.14. 4 


Via the tangent bundle or its complexification, the genera for vector bundles define 
genera for manifolds. The latter will play a role in the discussion of the Atiyah—Singer 
Index Theorem and its applications in Sects. 5.8 and 5.9, as well as in the discussion 
of the instanton moduli space in Sect. 6.5. In what follows, we derive the properties 
needed there. 

Let us start with expressing the A-genus of a real vector bundle FE of even rank 
n = 21 in terms of a determinant. Let g be the Taylor series of the analytic function 
(4.7.14). By construction, for A € 0(2/), 


q°(A) = g(xq) +: Q7), 
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where ix), —ix},...,1x7, —ix; are the eigenvalues of A/(47). We may assume 


x; > 0. Hence, 
V3? V#P 


g°(A) = = 
sinh (Js 2) sinh (/3?/2) 
_ x, /2 x; /2 
~~ sinh (x}/2) sinh (x//2) 
_(  -a/2— m/2 —n/2 — mf2_\3 
= (= (—x,/2) sinh(x/2) sinh (—x,/2) sinh fs) 


iA 

iA 
= det? { —*__ }, 4.7.17 
(aati) es 


where the matrix under the determinant is defined by plugging 4 as an argument into 
the Taylor series about y = 0 of the analytic function y b> aa AS a consequence, 
for a given real vector bundle E, we may write symbolically — 


iQ 
A(E) = det? | —*=_ 4.7.1 
a (sty) a 


with {2 being the curvature of some connection on £, and with the convention 
that the right hand side is obtained by formally plugging 2 into the polynomial 


det!/?(x/ sinh(x)) and replacing all products by wedge products, cf. Remark 4.6.10. 


, 


Next, let us discuss the Chern character. The formal series g’, g° and g* can 
be assigned to an arbitrary symmetric formal power series in several variables. For 
example, given a formal power series q in one variable, instead of taking the product 
(4.7.1) to produce a formal power series in several variables, one may as well take 
the sum q(x,) + --- + q(x,). This way, one may produce, for example, the series 

X(X,---5X%) =O te-- te”. 


The corresponding Ad-invariant formal power series x" on u() is given by 


x (A) = tr (exp (=)) , AeEu(n). (4.7.19) 


It defines the Chern character for principal U(m)-bundles P and for complex vector 
bundles E of rank n, 


ch(P) := twop(x"), ch(E) := twz(x"). 
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According to (4.7.19) and Remark 4.6.10, we write 


ch(P) = tr (exp (=)) ; (4.7.20) 


where £2 is the curvature of some connection on P. 


Remark 4.7.4 The Chern character of a complex vector bundle E can be expressed 
directly in terms of a connection on E as follows. Choose a fibre metric on E and a 
compatible connection V and let R denote its curvature endomorphism form. Con- 
sider the section q in FPS (u(E )) defined by 


Qm(A) = tr (c*) , AE (u(E)) , . 


Via the homomorphism hp» : °° (FPS (u(E))) — §2*(M) defined by (4.6.37), it ren- 
ders a form fa(g) on M. A discussion analogous to Remark 4.6.21 yields that this 
form represents ch(£). Therefore, we can write 


ch(£) = tr (exw (=)) : (4.7.21) 


4 


Since ch(£) is a characteristic class, it can be expressed as a polynomial in the Chern 
classes. To find this polynomial, we have to rewrite the power sums x +--- +2 in 
terms of the elementary symmetric polynomials 07. This leads to 


CO 
x= > PE Gigs gp) (4.7.22) 


with the polynomials 


ky t---+h—-1 
ijieaala 


! 
PRO...) = (DE DO -(=y1)" +++ (=yn)*, (4.7.23) 


where the sum runs over all sequences /;, ..., J, of non-negative integers such that 
Li +2bh+---+kk=k, 


see [437] or Example 8 in Sect. 1.2 of [418]. As a result, we obtain 


a 
ch(E) = » i PE GY 95x CEE) (4.7.24) 
k=0 
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In low orders, instead of using the general formula (4.7.23), it is easier to read off 
P, directly from (4.7.22). This way one finds (Exercise 4.7.2), for example, that in 
case dim(M) < 7, 


1 1 1 1 
ch(E) =n+c,(E) + 5o1(E) — Co(E) + gout) = 501 (E)e2(E) + 7o3(€) 5 
(4.7.25) 


Lemma 4.7.5 For complex line bundles Ly, ..., Ly over a manifold M, 
ch(L} ®:.--@ Ly) = eciLy Ae asels efi (Ln) . 


Proof Denote E := L; ®---@ L, and x; := c;(L;). By (4.7.24) and Corollary 4.3.4, 


ch(E) = PEG) y.xe4 OED) 


I 
k! 


Me 


> 
ll 
o 


I 
Ms 
PE] 


Pe (o (ci(L4); ney C1 (Ln)), amos ox (C1 (Li), ace 5 c1(Ln))) : 
P : 


ll 
o 


Now, (4.7.22) yields ch(E) = x (ci (Li), ...,¢1(Zn)) and hence the assertion. 
Proposition 4.7.6 For complex vector bundles E, and Ey over a manifold M, 


ch(E, ® E>) = ch(E}) + ch(E>), (4.7.26) 
ch(E, ® E>) = ch(E;) ch(E2). (4.7.27) 


Proof By the Splitting Principle, it suffices to prove the assertions under the assump- 
tion that E, and E) split into sums of line bundles, 


nz 


n 
Ey = Qi. Ey = QD Ly. 
i=l i=1 


In this case, (4.7.26) is an immediate consequence of Lemma 4.7.5. Moreover, then 


ny n2 


2, ®@E=PBOLieb; 


i=l j=l 
and the lemma implies 


ny ny 


ch (E; @ Ey) = ss > et Lila) | (4.7.28) 


i=l j=l 
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Since each Lj; ® Ly; is a line bundle, (4.3.15) yields 


efi Lui @L2j) C1 (Lj) +; (Lyj) C1 (L1i) 4&1 (Lai) 
’ 


— eo) =e 
where we have used that the ring multiplication in Hy (M) is commutative in even 
degree. Plugging this into (4.7.28) and using the lemma once again, we obtain the 


assertion. o 
Exercises 


4.7.1. Compute the genus y of real, complex or quaternionic vector bundles defined 
by the polynomial g(x) = 1+ x. 


4.7.2 Express the Chern character of a complex vector bundle E over a manifold of 
dimension dim(M) < 7 in terms of the Chern classes (formula (4.7.25)). 


4.8 The Postnikov Tower and Bundle Classification 


Recall from Sect. 3.4 that, given a Lie group G, principal G-bundles over a manifold 
M are classified up to vertical isomorphisms by homotopy classes of mappings from 
M to the classifying space BG. In this section, we explain how to extract information 
about principal G-bundles over manifolds of low dimension from an approximation 
of BG by means of Eilenberg—MacLane spaces. The necessary facts about these 
spaces are collected in Appendix G. Let us just state here that for every Abelian group 
Aand every positive integer k, there exists a CW-complex having homotopy group A in 
dimension k and trivial homotopy groups in all other dimensions. This CW-complex 
is unique up to homotopy equivalence and is referred to as the Eilenberg—MacLane 
space K(A,k). 

First, we discuss two cases where BG happens to coincide with an Eilenberg— 
MacLane space, so that no approximation is needed. The first case is that of structure 
group U(1). 


Theorem 4.8.1 The assignment P — c,(P) induces a bijection from the set of ver- 
tical isomorphism classes of principal U(1)-bundles over a manifold M onto the 
cohomology group He (M). 


Proof Since the only nontrivial homotopy group of U(1) is z;(U(1)) = Z, from 
the exact homotopy sequence of the universal U(1)-bundle bundle we read off that 
the only nontrivial homotopy group of BU(1) is z2(BU(1)) = Z. Thus, BU(1) = 
K(Z, 2) and (G.1) implies that for every manifold M we have a bijection 


[M,BU(1)] > HZ), fr f*y, 
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where y is a characteristic element!” of HZ(K (Z, 2)). Since cia is a generator and 
thus is characteristic, we may choose it for y. This proves the theorem. Oo 


Theorem 4.8.1 allows for complementing Corollary 4.2.8 on the orientability of 
complex vector bundles. 


Corollary 4.8.2. A principal U(n)-bundle P admits a reduction to the structure group 
SU(n) iffc;(P) = 0. A complex vector bundle E is orientable iff c,(E) = 0. 


Proof We give the argument for principal bundles. By Corollary 1.6.5, a reduction 
of P to SU(n) exists iff the associated bundle Q := P Xyjm U(n)/SU(n) is triv- 
ial. Combining the embedding j = j;,, : U(1) > U(n) with the natural projection 
to classes p : U(n) > U(n)/SU(n), we obtain an isomorphism g = poj : U(1) > 
U(n)/SU(n), which we use to view Q as a U(1)-bundle. Then, by Theorem 4.8.1, Q 
is trivial iff cj(Q) = 0. 

It remains to show thatc;(Q) = c;(P).Iff : M — BU(n) isaclassifying mapping 
for P, then B(g™! 0 p) of is a classifying mapping for Q. Thus, 


¢(Q) =f* oB@! op)*c”. (4.8.1) 
Since g~! 0 poj = idyay, we have (Bj)* o (B(g"! o p))*c; = cc; and hence, by 
Theorem 4.2.1, (B(g7! 0 p))*c} = c}. Thus, (4.8.1) yields c)(Q) = c1(P), as 
asserted. B 


The second case where BG is an Eilenberg—MacLane space is that of structure 
group Z,, where g = 2,3,.... According to Example 3.4.17/2, the action of Z, as 
a subgroup of U(1) on S® turns S*° into the universal principal Z,-bundle over L?, 
the infinite lens space of order g. Thus, L&° may be taken as is classifying space 
BZ,. On the other hand, since S* is s weakly contractible and the only nontrivial 
famnetopy, group of Zz is mo(Zg) = Ze, from the exact homotopy sequence of the 
bundle S* — L® we ied off that L?° is a model of the Eilenberg—MacLane space 
K(Z,, 1). Accordingly, Hz, (L=°) is generated by a single element 6, and this element 
is characteristic. We will denote the corresponding Z,-valued characteristic class for 
principal Z,-bundles by the same symbol. A similar argument as in the proof of 
Theorem 4.8.1 yields the following. 


Theorem 4.8.3 The assignment P — 6,(P) induces a bijection from the vertical 
isomorphism classes of principal Z,-bundles over a manifold M onto Hz, (M). 


In case g = 2, we have Z) = O(1) and 59 is just the Stiefel-Whitney class w/"” 
Thus, by analogy with Corollary 4.8.2, Theorem 4.8.3 allows for complementing 
Corollary 4.2.17 on orientability of real vector bundles (Exercise 4.8.1). 


Corollary 4.8.4 A principal O(n)-bundle P admits a reduction to SO(n) iff 
w,(P) = 0. A real vector bundle E is orientable iff w\(E) = 0. o 


'7An element of HK(K (A, k)) is called characteristic if under the bijection HK(K (A, k)) = 
Hom (Ak (K(A, k)), A) it corresponds to an isomorphism H;(K(A, k)) > A. 
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YI 
Y —————-} /, 


Fig. 4.1 The Postnikov tower of a pathwise connected CW-complex 


As a consequence, every simply connected manifold is orientable. 

Now, we turn to the general situation where BG is not just an Eilenberg—MacLane 
space, so that an approximation makes sense. In our presentation, we follow [287]. 
Recall that a continuous mapping f : X — Y of topological spaces is called an n- 
equivalence if the induced homomorphism f;, : 2%.(X) — 2,(Y) is an isomorphism 
for k <n and a surjection for k =n. An oo-equivalence is the same as a weak 
homotopy equivalence. 


Theorem 4.8.5 (Postnikov tower) Let Y be a pathwise connected CW-complex. For 
n=1,2,..., there exist CW-complexes Y,, and continuous mappings y, : Y — Y,, 
and dn: Yn+1 — Yn such that, for every n, 


1. y, is an n-equivalence, 


2: dn O° Yn+1 = Yns 
3. Y, is contractible and m(Y,) = 0 fork => n. 


The assertion can be summarized by saying that one has an infinite commutative 
diagram as shown in Fig. 4.1, with the spaces Y,, being CW-complexes having prop- 
erty 3. 


Proof Let n be given. Since Y is a CW-complex, z1,,(Y) is finitely generated. Hence, 
there exists a finite number of mappings 


fi: (S",e1) > (Y, yo) 


whose homotopy classes generate 7r,(Y). We use these mappings as attaching map- 
pings for (n + 1)-cells to construct from Y a CW-complex X,. Consider the natural 
inclusion mapping j : Y — X,. Being cellular, by the Cellular Approximation Theo- 
rem,!® the induced homomorphism j,, : 7;,(Y) — 2,(X,) depends on the restriction of 
j to the (k + 1)-skeletons Y*+ — xX“) only. Fork <n, we have Y&+) = xX) 
and hence j,. is an isomorphism here. For k = n, by the Cellular Approximation The- 
orem, up to homotopy, every mapping f : S” — X may be chosen to take values in 


'8Every continuous mapping between CW-complexes is homotopic to a cellular mapping [287, 
Theorem 4.8]. 
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X(”” = Y, which implies that j, is surjective here. Thus, j is an n-equivalence. In 
particular, z7,(X,) is generated by the homotopy classes of the mappings j 0 f;. Since 
through the cells attached, the latter are homotopic to the constant mapping at yo, 
we have z,(X;) = 0. Now, we repeat the procedure with Y replaced by X; and n 
replaced by n+ 1 to embed X; via an (n + 1)-equivalence into a CW-complex X2 
with 7,41(X2) = 0. Iterating this, we finally obtain a CW-complex Y,, which con- 
tains Y as a subcomplex such that the natural inclusion mapping y, : Y > Y, is an 
n-equivalence and z;,(Y) = 0 for all k > n. 

To see that Y; is contractible, we observe that due to z;,(Y,) = 0 for all k, the con- 
stant mapping Y; — x is a weak homotopy equivalence. Since Y; is a CW-complex, 
the Whitehead Theorem [598] yields that this mapping is in fact a homotopy equiv- 
alence. Hence, Yj is contractible, indeed. 

It remains to construct the mappings g,. Since y,;; is the natural inclusion 
mapping of the subcomplex Y of Y,,41, the mapping g, must be the extension of 
Yn: Y — Y,, to the ambient complex Y,;. Since Y,,;\Y consists of cells of dimen- 
sion n + 2 and larger, whereas 2; (Y,,) = 0 for all k > n, such an extension exists and 
can be chosen to be cellular (Exercise 4.8.2). o 


Remark 4.8.6 From the construction in the proof we read off that the CW-complexes 
Y,, can be chosen so that ¥“) = ¥“ for all k <n. ry 


While the cellular construction of the spaces Y,, is elementary, it requires concrete 
knowledge of the cell structure of Y and is therefore hardly manageable in the case 
where Y is a classifying space of a Lie group. On the other hand, in order to use 
the Postnikov tower for bundle classification, there is no need to know the spaces Y,, 
and the mappings q,, in detail. If one replaces the spaces Y,, by homotopy equivalent 
spaces and redefines the mappings y, and q, appropriately, then y, is still an n- 
equivalence and the relations gy © Yn41 = yy, continue to hold up to homotopy. Thus, 
it is sufficient to know the homotopy types of the spaces Y,,. The following theorem 
provides information on that. 

Recall that a CW-complex Y is said to be simple if it is pathwise connected and 
if the natural action!® of 2, (Y) on 2;(Y) is trivial for all k. 


Theorem 4.8.7 (Postnikov tower for simple CW-complexes) Let Y be a simple CW- 
complex. Forn = 1,2,3,..., the CW-complex Y,4; provided by Theorem 4.8.5 is 
weakly homotopy equivalent to the total space of the pullback of the path-loop fibra- 
tion over the Eilenberg—MacLane space K(x,(Y),n+ 1) under some continuous 
mapping 0, : Y, > K(a,(Y),n+ 1). 


Let us add that according to the exact homotopy sequence of the path-loop fibration 
over K(z,(Y),n + 1), the homotopy fibre of this fibration is a K(z,(Y), n). More- 
over, since the homotopy type of the total space of a pullback fibration depends on the 
homotopy class of the mapping only [287, Proposition 4.62], it suffices to determine 
the homotopy classes of the mappings 6). 


!9Explained prior to Proposition 3.2.9. 
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Proof By passing to the mapping cylinder”? of g,, which is homotopy equivalent 
to Y,, we may assume that Y,,4; is a subcomplex of Y,, and that g, is the natural 
inclusion mapping. 

First, we prove that 


_ fm) k=n41, 
(Yn, Ynsi) = 0 kén+1 (4.8.2) 


Consider the exact homotopy sequence (3.2.4) of the pair (Y,, Yn41), 


nx a nx 
melee mK(Yn+1) aa mK (Yn) =e (Nn, Yn41) > Te-1(Yn41) ee TKe-1(Yn) a aaa 


with the connecting homomorphism 0. By Remark 4.8.6, for k <n, we have 
Ps Or ye Hence, in this case, the Cellular Approximation Theo- 
rem yields that both q,, in this sequence are isomorphisms. By exactness, then 
(Vn, Yn+i1) = 0. For k = n, the right qg,,. is still an isomorphism, but now 2; (Y;,) = 
0. Hence, still, 7,(X,, Xn41) = 0. For k > n+ 1, we have 2, (VY,) = me-1(Y,) = 0 
and thus 0 is an isomorphism here. Putting k = n + 1, we obtain 7,4;(Yn, Yn41) = 
Tn (Yn41) = 1,(Y), because y,,; is an (nm + 1)-equivalence. For all higher k, we 
obtain 7% (Vn, Yn41) = We-1(Vn41) = 0. This proves (4.8.2). 
Next, we show that 


mY) k=n+1, 
(Vn /Vnsi) = ®) — (4.8.3) 


That 7% (¥n/Yn+1) is trivial for all k <n follows from the fact that due to Y” = 
yo = ae the quotient space Y,,/Y,+1 consists of cells of dimension n+ 1 and 


higher only. As a consequence, the absolute Hurewicz Theorem yields 


Tn+1(Yn/Yn4 1) = Ans 1Yn/Yn4 1). 


On the other hand, 0 is equivariant with respect to the actions of 71(Y,41) on 
Tn+1(Vn, Yn41) and 2,(Vn41). Since y,+1 is an n-equivalence, 71 (Vn41) = 71 (VY) and 
Tn(VYn+1) = 1,(Y). It follows that simplicity of Y implies that the action of 771 (Yn41) 
ON Wn41(Vn, Yn+1) is trivial. Hence, in view of (4.8.2), the relative Hurewicz The- 
orem”! yields Tn4 ihn, Yn4 1) = Ans ihn, Yn4 1) and thus Ansi(Yn, Yn+1) = Tn(Y). 
Since Hyii(Yn/Vno1) = An+i (Yn, Yni1), this proves (4.8.3). 

Now, by the procedure of attaching cells used in the proof of Theorem 4.8.5 to 
construct Y, from Y, we can construct a CW-complex K,, from Y,,/Y,+1 which has 
trivial homotopy groups in dimension n + 2 and larger and is thus a model of the 


20The mapping cylinder of f : X —> Y is the quotient space of (X x J) UY obtained by identifying 
each pair (x, 1) € X x J with the point f(x) € Y. 
21 See for example [287, Theorem 4.37]. 
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Eilenberg—MacLane space K(z,(Y),-+ 1). As a base point, we choose the point 
ko € Yn/Yn+1 C K, to which Y,,,; is contracted. Define 


On : Yn =F Yn/Yn+1 —> Ki > 


where the first mapping is the natural projection to classes and the second mapping is 
the natural inclusion mapping. Our next aim is to show that Y,,,; is weakly homotopy 
equivalent to the homotopy fibre of 6,,. 

According to Proposition 3.2.16, 6,, decomposes as 


0.2 %os BES; 


where j is a homotopy equivalence and p is a fibration. Since, by construction, 
On © dn sends Y;,41 to ko, the composition j o g, sends Y,,4; to the fibre F = p (ko). 
The exact homotopy sequences of the pairs (E, F) and (Y,, Y,41) combine to the 
following commutative diagram with exact rows and with the vertical arrows given 
by inclusion: 


Ket (Vn) ——> evi (Vn, Yn.) ——> me Vn41.) ——> (Vn) ——> (Vn, Yn41) 


| ; | 


Tk-1(E) ———> mp1 (E, F) ———> 1 (F) ———> 1 (E) ———> ™ (E, F) 


Since Y, is a strong deformation retract of F, the first and the fourth vertical arrow 
are isomorphisms for all k. By Lemma 3.2.7, 1, (E, F) = 1, (K,,). Comparing this 
with (4.8.2), we find that the second and the fifth vertical arrow are isomorphisms 
for all k, too. Now, the Five Lemma22 implies that the central vertical arrow is an 
isomorphism for all k. This proves that Y,,,, is weakly homotopy equivalent to F, 
indeed. 

Finally, we prove that F' is homeomorphic to the total space of the pullback 
fibration 0*PK,. We have 


A; PKn = {(V, ¥) € Ynti X CU, Kn) : yO) = ko, VL) = 0} , 


where C(J, K,,) carries the compact-open topology. On the other hand, from the proof 
of Proposition 3.2.16 we read off 


F={(Q,¥) € Yns x CU, Kn) : yO) = 0), YC) = Ko} . 
Thus, the assignment (y, y) +> (y, y~!) yields a bijection between 6*PK,, and F. 


Since the mapping y +> y~! is continuous relative to the compact-open topology, 
this bijection is a homeomorphism. This completes the proof of Theorem 4.8.7. li 


Tf the diagram is commutative, if the rows are exact and if the vertical arrows except for that in 
the middle are isomorphisms, then the arrow in the middle is an isomorphism, too. 
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As an application, we use Theorems 4.8.5 and 4.8.7 to classify principal U(n)-bundles 
over manifolds of dimension dim M < 4. This argument belongs to Avis and Isham 
[43]. 

Denote Y = BU(n). Since 2,(BU(n)) = mo(U(n)) = 0, the space Y is trivially 
simple and the assumption of Theorem 4.8.7 is fulfilled. We use the option to replace 
the spaces Y,, provided by Theorem 4.8.5 by homotopy equivalent spaces, cf. the 
discussion prior to Theorem 4.8.7. 

At stage 1, Y; is contractible and may thus be replaced by Y; = x. 

At stage 2, Y2 is weakly homotopy equivalent to the total space of the pullback of 
the path loop fibration over K (zr (Y), 2) under a mapping 6; : Y; — K(z)(Y), 2). 
Since Y; = *, Y2 coincides with the corresponding homotopy fibre, which is a 
K(7(Y), 1). Since 2;(Y) = 0, we obtain that Y2 is weakly homotopy equivalent 
to *. Being a CW-complex, it is then homotopy equivalent to * and may thus be 
replaced by Y2 = x. 

At stage 3, Y3 is weakly homotopy equivalent to the total space of the pullback of 
the path loop fibration over K(7r2(Y), 3) under a mapping 62 : Y2 ~ K(z2(Y), 3). 
Since Y) = * and m2(Y) = m,(U(n)) = Z, we obtain that Y3 is weakly homotopy 
equivalent to K(Z, 2). Thinking of K(Z, 2) as being realized by a CW-complex, 
it follows that Y3 is homotopy equivalent to K(Z, 2) and thus may be replaced by 
Y3 = K(Z, 2). 

At stage 4, Y4 is weakly homotopy equivalent to the total space of the pullback of 
the path loop fibration over K (7r3(Y), 4) under a mapping 63 : Y3 — K(z3(Y), 4). 
Since 73(Y) = m2(U(n)) = 0, we have K (713(Y), 4) = «. Thus, Y4 is weakly homo- 
topy equivalent to Y3; and may thus be replaced by Y4 = Y3 = K(Z, 2). 

At stage 5, Y5 is weakly homotopy equivalent to the total space of the pullback of 
the path loop fibration over K(r4(Y),5) under a mapping 64 : Y4 — K(z4(Y), 5). 
Since 74(Y) = 23(U(n)) = Z and Y, = Y3 = K(Z, 2), we have 64: K(Z, 2) > 
K(Z, 5). Thus, we have to determine [K(Z, 2), K(Z, 5). According to (G.1), we 
have a bijection 

[K(Z, 2), K(Z, 5)] = H3(K(Z, 2)). 


According to Appendix G, K(Z, 2) may be realized as CP™ and thus has trivial 
cohomology groups in odd dimension. It follows that 64 is homotopic to a constant 
mapping and thus Ys is weakly homotopy equivalent to the direct product of K (Z, 2) 
with the homotopy fibre, which is a K(Z, 4). Thus, realizing K(Z, 4) as a CW- 
complex, we finally may replace 


Y5; = K(Z, 2) x K(Z, 4). (4.8.4) 


Let us use this to classify principal U(m)-bundles over a manifold M of dimen- 
sion 4 or less. By the very definition of the classifying space BU(n), vertical 
isomorphism classes of such bundles are in bijective correspondence with homo- 
topy classes [M, BU(n)]. Composition with the 5-equivalence ys yields a bijection 
[M, BU(n)] — [M, Ys]. Using in addition (4.8.4), Corollary 3.1.3 and, once again, 
(G.1), we obtain a bijection 
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[M, BU(n)] > Hz(M) x Hz(M), f+ ((pr, oys of)*y2, (Pra oys of)*y4) . 


where y, is a generator of He (K (Z, k)). Since ys is a 5-equivalence, (pr; oys)* 2 is a 
generator of He (BU(n)) and (pr, oys)*y4 is a generator of H; (BU(n)). By possibly 
redefining y2 and ys, we can achieve that (pr, oys)*y2 = ¢; and (pr, oys)* v4 = 5”. 


As a consequence, we obtain a bijection 
[M, BU(n)] > HZ(M) x HZ(M), fr (fre, feos”) . 
This translates into the following classification result. 


Theorem 4.8.8 For a manifold M of dimension <4, the assignment 
P +> (c1(P), c2(P)) 


induces a bijection from the set of vertical isomorphism classes of principal U(n)- 
bundles over M onto the direct product He (M) x Hy (M). o 


As an immediate consequence, the assignment P +> C2(P) induces a bijection from 
the set of vertical isomorphism classes of principal SU(n)-bundles over M onto 
He (M). Clearly, Theorem 4.8.8 carries over to complex vector bundles over M. 

In Sect. 8.6, we will present another application of the approximation method 
described here. 


Exercises 
4.8.1 Adapt the proof of Corollary 4.8.2 to the situation of Corollary 4.8.4. 


4.8.2 Prove the following statement, known as the Extension Lemma. Let X, Y be 
CW-complexes and let A C X be a subcomplex. If 2, (Y) = 0 for every k such that 
X\A contains (k + 1)-cells, then every cellular mapping A — Y admits a cellular 
extension. 


Chapter 5 
Clifford Algebras, Spin Structures 
and Dirac Operators 


In this chapter we study the theory of Dirac operators in a systematic way. In 
Sects.5.1-5.3, we present the algebraic basics: we discuss the theory of Clifford 
algebras and spinor groups, together with their representations. Next, in Sect.5.4, 
we study spin- and Spin‘-structures on Riemannian manifolds including a num- 
ber of relevant examples. The basic geometric structure of this chapter is that of a 
Dirac bundle, that is, a Riemannian (or Hermitean) Clifford module bundle over a 
(pseudo-)Riemannian manifold endowed with a Clifford connection. Associated with 
a Dirac bundle, one has a natural first order differential operator acting on sections of 
that bundle, called the Dirac operator. In Sect. 5.5, all these structures are discussed 
in a systematic way. In Dirac operator theory, one of the basic technical ingredi- 
ents are Weitzenboeck type formulae. These will be derived in Sect.5.6. Next, in 
Sect.5.7, we give a short introduction to the theory of elliptic differential operators 
in the context of Sobolev spaces. We prove that the Dirac operator and its square 
are elliptic and Fredholm and we give a proof of the Hodge Decomposition Theo- 
rem. Finally, we discuss the classical elliptic complexes. Section 5.8 is devoted to 
the Atiyah—Singer Index Theorem. We give a complete proof of this theorem via 
the heat kernel method using Getzler rescaling. We also discuss the generalization 
of this theorem to families of Dirac operators in some detail, but we do not give a 
proof for that case. Finally, in Sect.5.9, we outline how the index theorems for the 
classical elliptic complexes follow from the general Atiyah—Singer Index Theorem. 
For the Gau8—Bonnet Theorem we give a full proof. 


© Springer Science+Business Media Dordrecht 2017 353 
G. Rudolph and M. Schmidt, Differential Geometry and Mathematical Physics, 
Theoretical and Mathematical Physics, DOI 10.1007/978-94-024-0959-8_5 


354 5 Clifford Algebras, Spin Structures and Dirac Operators 


5.1 Clifford Algebras 


Let us consider a finite-dimensional vector space! V over a commutative field K of 
characteristic zero endowed with a quadratic form q. The pair (V, q) will be called 
a quadratic space. Let 


7) =@(Qv) 


be the tensor algebra over V and let .%,(V) be the two-sided ideal in .7 (V) generated 
by elements of the form {v ®@ v — q(v)1} where v € V. 


Definition 5.1.1 The Clifford algebra C/(V, q) of the quadratic space (V, q) is the 
quotient algebra defined by 


CIV, q) = F(V)/-A{V). (5.1.1) 


By this definition, the canonical projection p : 7(V) — CI(V,q) is an algebra 
homomorphism endowing C/(V, q) with the structure of an associative algebra with 
unit. First, note that the inclusion K — 2(V) obviously descends to an inclusion 
K —> CI(V, q). Next, since the elements of V generate .7(V) multiplicatively, they 
also generate C/(V, q). Moreover, there is a natural linear mapping j : V — C/(V, q) 
given by the restriction of p to the vector subspace V C .7(V). By construction, j is 
injective and fulfils 

joy =q0)l, vev. (5.1.2) 


Therefore, we may view V as a linear subspace of C/(V, q). By (5.1.2), C1(V, 0) 
coincides as an algebra with the exterior algebra /\*V. Since the characteristic of K 
is by assumption different from 2, 


J@) JM) +I) JW =2nU,v), uvev, (5.1.3) 


where 2n(u,v) = q(u+ v) — q(u) — q(v) is the unique symmetric bilinear form 
obtained by polarizing q. 
The Clifford algebra has the following universal property. 


Proposition 5.1.2 (Universal property) Let F : V — 2 be a linear mapping into a 
unital associative K-algebra fulfilling 


F(vy> =qQ)l, veV. (5.1.4) 


'Most of the statements of this section hold for infinite-dimensional V as well, see e.g. [407]. 
2 If there will be no danger of confusion, we will sometimes omit the symbol . 
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Then, F extends to a unique K-algebra homomorphism F: Cl(V,q) > 2 fulfilling 
F=Foj. 


By analogy, in case K = C, every anti-linear mapping extends uniquely to an anti- 
homomorphism. 


Proof Every linear mapping F : V — 2 extends to a unique algebra homomorphism 
F: Z(V) > Aand, by (5.1.4), F vanishes identically on .4,(V). Thus, F descends 
to a homomorphism F:cly, q) > 2 fulfilling 


Foj(v) =Fop(v) =F”) =F(v), vev. 


This property implies the uniqueness of F,, because it uniquely determines F on the 
set j(V) generating C1(V, q). |_| 


Corollary 5.1.3. For a quadratic space (V,q), the Clifford algebra Cl(V,q) is 
unique up to an isomorphism. That is, any unital associative K-algebra 8 such 
that 


(a) there exists a linear mapping i: V > B, 

(b) for a unital associative K-algebra 2, any linear mapping F : V + & fulfilling 
(5.1.4) extends to a unique algebra homomorphism F : ® — 2 fulfilling F = 
Fou 


is isomorphic to CI(V, q). 


Proof For simplicity, let us denote € = C/(V,q). Putting 21 = € and F = j, we 
conclude that j extends to a unique homomorphism j : 8 > € fulfilling 7 = j ol. 
By the same arguments, i extends to a unique homomorphism i :€— §& fulfilling 
i= joj. Thus, we obtain 


i=(iof/oi, j=Goioj, 


that is, the restrictions of i oj :B> 8 and j oi: € > Cto i(V) and j(V), 
respectively, coincide with the restrictions of the identical mappings ids and ide. 
Thus, again by the uniqueness property of extensions, i oj = idy and j oi= ide 
showing that j : B — Cis an algebra isomorphism. Oo 


We note that the properties (a) and (b) in Corollary 5.1.3 may be taken as an axiomatic 
definition of the Clifford algebra. Each of the subsequent propositions of this section 
is a consequence of the universal property. 


Proposition 5.1.4 (Parity automorphism) Every Clifford algebra Cl(V, q) admits a 
unique involutive automorphism induced from the linear mapping 


F:V—>ClV,q), FO) :=-jQ). 
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Proof By definition of F, for every v € V, we have Fy = (-j(v))? = qv) - l. 
Thus, there exists a unique algebra homomorphism p : C/(V, q) — CI(V, q) such 
that p o j(v) = —j(v). Since, for any v € V, 


popoj(v) = —poj(v) =J(), 


p’ is the identity on the generating set j(V) and, therefore, on the whole of C/(V, q). 
In particular, p is bijective. Oo 


The element p € Aut(C/(V, q)) will be called the parity automorphism of C/(V, q). 

Given an algebra 2, by definition, the opposite algebra 217 is the unique algebra 
which coincides with 2l as a vector space and whose multiplication « is induced from 
the multiplication - of 2l by reversing the order. Thus, the identical mapping yields 
an isomorphism of algebras y : 2 — 27 fulfilling 


g(a-b)= (a) * o(b) =b-a. 


Proposition 5.1.5 (Canonical anti-automorphism) Any Clifford algebra CI(V, q) 
admits a unique involutive anti-automorphism induced from the linear mapping 


F:V—>Cl(V,q)', FW) :=oj(). 
Proof Let * be the multiplication in CI(V, q)'. Since, for every v € V, 
F(v) * F(v) = eG) * 9G) =JM) JM) =a) - I, 


there exists an algebra homomorphism F : C1(V,q) > CIV, q)! fulfilling Foj =F. 
Then, . 
t:=o !oF:Cl(V,q) > CI(V,q) 


fulfils t o 7 = j and, thus, it is an involution. Moreover, for any a, b € CI(V, q), 
t(a-b) = g7! 0 F(a-b) =| (F(@ * F(b)) = | 0 F(b))- g! oF@), 
that is, t(a- b) = t(b) - t(a) showing that t is an anti-automorphism. o 


The mapping t will be called the canonical anti-automorphism. Occasionally, we will 


write t(a) =a". 


Remark 5.1.6 


1. The parity automorphism p induces a Z2-grading of C1(V, q). Indeed, since p* = 
id, we may decompose the Clifford algebra into an even and an odd part: 


Cl(V, q) = CI°(V, q) @ Cl'(V,q), (5.1.5) 
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where Clk(V,q) = {a € Cl(V,q) : p(a) = (—Lka}, k = 0,1, are the eigen- 
spaces of p corresponding to the eigenvalues +1. Clearly, 


CPV, a) Cl, ge CPV za), 


where the indices are taken modulo 2. In particular, C/°(V, q) is a subalgebra. 

2. The canonical anti-automorphism t is obtained more directly as follows. The 
tensor algebra carries a unique involutive anti-automorphism given by v; @. . .@v, 
+> v; @...@ v,. Note that this mapping coincides with the identity on V C 
ZF (V) and that it leaves the ideal .%,(V) invariant. Thus, it descends to an anti- 
automorphism of C/(V, q) which coincides with t on j(V) and, thus, on the whole 
of C1(V, q). 

3. Clearly,pot=top. + 


Proposition 5.1.7 The Clifford algebra of the direct sum (V; ® V2, q,1 ® 2) of 
two quadratic spaces (V\,q,) and (V2, 42) is isomorphic to the Z2-graded tensor 
product? of their Clifford algebras, 


CIV; ® V2, G1 ® G2) = Cl(Vi, qi) ® Cl(Va, qa) . 
Proof Consider the linear mapping 
F:V, @V2 > CUVi, g1) @Cl(Vo, 42), FV, v2) = fi) @1+1.@ jor). 
Then, omitting the symbols j; and j2, we calculate 
(FM, v2)” = (11 @1 +18 v2)? = v7 @1 +18; = Gi) +H))-d@ 1. 


That is, (F(1, v2))? = (qi ® q2)(11, v2) - 1 and, thus, there exists a unique algebra 
homomorphism F : Cl(V, @ Vo, qi ® G2) > CI(V1, q1) ® Cl(V2, q2). Clearly, F 
is surjective, because its image is a subalgebra containing C/(V;, q,) © 1 and 1 @ 
Cl(V2, 2). It is also injective, because it is one-to-one on elements of V; @ V2 
generating C/(V; ® V2, qi ® q2). o 


This proposition implies the following. 


Corollary 5.1.8 Let (V,q) be an n-dimensional quadratic K-vector space. Then, 
the vector space Cl(V, q) has dimension 2”. 


3Let 2 and B be two Z9-graded unital K-algebras with decompositions 2% = 2° @ 2! and B = 
8° © B!. Then, 2@% is the Z-graded algebra whose even and odd parts are given by 


(ABB)? := (W @ B) © A’ @ B!), (ASB)! = (A! @ B’) © @ B'), 
and whose multiplication law reads as follows: 


(a@b)- (a @b) :=(-Dia-a)@(b-b’), aeA, beBadeA WeDB. 
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Proof By a classical Theorem of Lagrange, every finite-dimensional bilinear form 
can be diagonalized. Thus, the quadratic form q may be viewed as the sum of n 
one-dimensional quadratic forms, q = q; ®...®q,,. Clearly, the tensor algebra of a 
1-dimensional vector space W coincides with the polynomial ring generated by one 
element, 7(W) = K[a]. Thus, the Clifford algebras of the 1-dimensional quadratic 
forms q; on K are given by 


Cl(V;, 4;) = Klal/ {a —aiv)1}, fj) =a, 


that is, they are 2-dimensional. Now, Proposition 5.1.7 implies the assertion. D 
Remark 5.1.9 (Basis of a Clifford algebra) Let (V, q) be an n-dimensional quadratic 
space. Since V C CI(V, q) generates C/(V, q) multiplicatively, any basis e;,..., en 
of V generates C/(V, q) multiplicatively as well. Viewed as elements? of the Clifford 
algebra, the elements e; are subject to the following relations: 

ej “ej +e *@; = 2n(ej, ej) . (5.1.6) 
Here, 7 is the bilinear form of q, cf. formula (5.1.3). Thus, the 2” elements 


1,ej, +... +e; , 1l<ijp <...<i <n, l<k<n, 


span C/(V, q) and, by Corollary 5.1.8, they form a vector space basis. In conclusion, 


the relation (5.1.6) is defining for C1(V, q). 4 
Given a q-orthogonal basis e;, ..., e€, of V, by the above remark, the mapping 
lr l, Qj, +... Oy Fe ei, AN NO; (5.1.7) 


yields a vector space isomorphism C/(V, q) = /\V, where /\ V denotes the exterior 
algebra over V. We show that this isomorphism does not depend on the choice 
of a basis. For that purpose, recall from Remark 2.7.9 the contraction mapping 
u: V* — End(/\V) and the operation of exterior multiplication «. 


Proposition 5.1.10 As vector spaces, the Clifford algebra CI(V, q) and the exterior 
algebra /\V are canonically isomorphic. 


Proof Consider the mapping 
F:V—>End(AV), FW)a:=vAa+tn(v)u0, (5.1.8) 
where 7 is viewed as a mapping 7 : V > V*. One easily shows (Exercise 5.1.1): 


Fvya=qva, we fv. (5.1.9) 


4We omit the mapping j. 
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Thus, the universal property implies the existence of an algebra homomorphism 
F : Cl(V,q) ~ End(AV) which, composed with the evaluation mapping at the 
identity 1, of AV, yields a linear mapping 


a:Cl(V,q) > AV, o(a):=F@(I,). (5.1.10) 
It is easy to check (Exercise 5.1.1) that for a chosen orthogonal basis e;,..., e, of 
V, this mapping coincides with the mapping (5.1.7). Thus, o is an isomorphism of 
vector spaces. o 


Remark 5.1.11 


1. The isomorphism o will be called the symbol mapping. Via o, the parity auto- 
morphism p and the canonical anti-automorphism t are transported to AV in an 
obvious way. The inverse c : \V — CI(V,q) of o will be referred to as the 
quantization mapping. By (5.1.7), for a chosen q-orthogonal basis e;,..., €, of 
V, itis given by c(1) = | and 


C(e;, A+++A@,) = €, 7... <i <... <i <n, 1<k <n. 6.1.11) 


In particular, we see that the Z-grading of /\V defined by the form degree cor- 
responds to the vector space Z-grading of C/(V,q) inherited from the tensor 
algebra. 
2. The Clifford algebra has a natural increasing filtration C/(V, q) = U; Cli(V, q) 
defined by 
cl(V.q) = PBe(\‘Vv), 


k=0 


see [72] and [407] for further details. 
3. For q = 0, c and o are algebra isomorphisms. 4 


In the remainder of this section, we study the special case of the real vector space 
V =R'*, endowed with the pseudo-Euclidean quadratic form 


q(x) =axp +... $2 - 274, -...-27,,, (5.1.12) 


where x = (x1, ..., X;+5) in the standard basis of R’*’. In the sequel, this quadratic 
space will be also denoted by R’’. For the corresponding Clifford algebra, we write 
Cl,,; and we call it the pseudo-orthogonal Clifford algebra of type (r, s). In particular, 
we put Cl, := Cl,,9 and Cl} := Clon. 


Remark 5.1.12, By Remark 5.1.9, Cl,.; is multiplicatively generated by any q- 
orthonormal basis e;, ..., €-+; of R’** under the relations 
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_ 26; for i<r, 
i ll Oe ca —25; for i>r. hy 


4 


Let K(n) denote the algebra of n x n-matrices with entries in K. This is a real algebra 
for IK = R, H and a complex one for K = C. 


Example 5.1.13 (Low-dimensional Clifford algebras Cl,,;) By the universal prop- 
erty, an associative algebra 21 of dimension 2”** is isomorphic to Cl,., if there exists 
a linear mapping F : R’* > 2 fulfilling 


26; for i<r 


PIR EMG) PG ENG) oo toe Se 
y 


Thus, to present Cl,., explicitly as matrix algebras, it is enough to find such a mapping. 
This way, for the cases r + s < 2, one obtains the isomorphisms 


Cli=C, Cho=ROR, Cl2=H, Cho=RQ), Chi =RQ), 


(5.1.14) 
with F given as follows: 
Cloi: F(ei)=i, Cho: F(i)=d,-]), 
i 0 Oi 
Cl2: F(e) = E 4 , Fle) = i ‘| ; 
01 0-1 
Cha: Fen =|\ Al , Fe) =|\ a , 
01 1 0 
Ch 7 F(e,) => i 4 ‘ F(e2) => F *,| ' 
The reader can check the condition (5.1.4) in each case (Exercise 5.1.2). + 


Together with the Clifford algebras Cl,.;, let us consider their complexifications 
Cl,.,s @r C. 


Proposition 5.1.14 Let (V,q) be a real quadratic space and let (Vc, qc) be its 
complexification.> Then, the following isomorphism of complex algebras holds: 


Cl(Vc, dc) = CHV, gq) @rC. (5.1.15) 


Here, qc(v @ z) = z2q(v). 
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Proof Consider the mapping 
F:V@pC—> ClV,q) @eC, FV @zZ) :=j(v) @z. 


Then, 
FVv@z’ =jV’ @2 =qv)2-1@1=q(v@z)-1, 


and, thus, the universal property yields the assertion. Oo 


We denote Cit := Cl(C”, qc). Since every non-degenerate quadratic form q over C 
can be written in some orthonormal basis as Q(z), ..., Zn) = ra +e. t ci we have 
CIS = Clo @p C = Cly_1,1 @p C=... = Clon ORC, (5.1.16) 
that is, all Cl,.; are real forms of CIf,.. 
The first of the following two propositions allows for an explicit calculation of 
the algebras Cl,.,; as matrix algebras over R, C or H, the second one is useful in 
representation theory. 


Proposition 5.1.15 For the pseudo-orthogonal Clifford algebras, the following iso- 
morphisms hold: 


Clio ® Clo2 = Clon42. (5.1.17) 
Clon ® Clo = Clr42,0 ’ (5.1.18) 
Cl,,5 ®@ Ch) = Clhryis4i - (5.1.19) 


Proof We give the proof of the isomorphism (5.1.17). The proof of the remaining 
two assertions is similar and is, therefore, left to the reader (Exercise 5.1.3). Let 
€1,..., p42 be a g-orthonormal basis of ROnt+2 generating Clo,,42. Then, the first n 
of these vectors generate the algebras Clo,, and Cl,,9. Viewed as generators of Clo, 
they are denoted by e},, ..., e/,. We define 

F Ro"? 5 Cho @Cl, Fe) :=1@e;, Flex) :=e,_,@e1-e2, 
fori =1,2and3 <k <n+2. We calculate, for i = 1, 2, 

F(e)’ = (1 @e;) -(1@e) =1@e? =-1, 

and, for3 <k <n+2, 


F(ex)? = (ey @ €1 2) - (Cy @ 1 -€2) = (5)? @e1-€2-e1- &. 


Since (e,_,)* = | ande; -e2- e; - e27 = —e; -e5 = —1, we get F(e,)” = —1. Thus, 
by the universal property, there exists an algebra homomorphism 
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F : Clong2 > Cho ® Clo. 
fulfilling Fo j = F, which is obviously surjective. By Corollary 5.1.8, dim Clo,n+2 = 


dim(Cl;,,9 ® Clo,2) and, thus, F isan isomorphism. o 


Proposition 5.1.16 The following isomorphism holds: 
CO 4 «= Chr: (5.1.20) 


Proof Let q and q be the quadratic forms in Cl,1),, and Cl,,, respectively. Let 
€1,..-, €-4541 be a q-orthonormal basis of R’+'t! fulfilling q(e;) = 1 for 1 <i < 
r+1andq(e;) = —1 fori > r. Let R’*’ = span {e; : i 4 r + 1}. We define 


F:R'* Ch, Fe) = erie 


foriAr+1.Letx = Doig p1 Hiei € R'*®. Using e7, = +1 ande,,,e; = —e,e,+) 
for any i A r+ 1, we calculate 


F(x)’ => SD mixers. 1€1 41) = > mixeie; => —q(x)1 => q(x)1 . 
ij 


ij 


Thus, by the universal property, there exists an algebra homomorphism F: Cly 5 > 
ce '+1,5 Which is easily seen to be an isomorphism. Oo 
Remark 5.1.17 Similarly, as in Proposition 5.1.16, one shows (Exercise 5.1.4) 


ce 


rst1 = Clys. (5.1.21) 


We conclude that C/? , and C/?,, are isomorphic. + 


Remark 5.1.18 (Classification of pseudo-orthogonal Clifford algebras) Recall the 
following elementary isomorphisms: 


Rin) ® R(m) = Rm), R(n) @eC ZC(n), Rr) @RHZ Hn), (5.1.22) 


and 
CSreC=COC, COreH=C2), HReH= RGA). (5.1.23) 


Now, using Proposition 5.1.15, together with (5.1.16) and the above isomorphisms, 
one may calculate iteratively all Clifford algebras C7/,.;, starting from the isomor- 
phisms given in (5.1.14). On the way, one finds the following periodicity isomor- 
phisms (Exercise 5.1.5), which make the classification table finite: 


Cli+s,0 = Clio @ Cleo, Clonts = Clon ® Clo,s . (5.1.24) 


For the final result, we refer the reader to Table 2 in Sect. 1.4 of [407]. 4 
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As a simple consequence of the above discussion, we obtain the following. 


Proposition 5.1.19 The following isomorphisms hold: 


cle 


es CE @eCQ), Ch =CO’), CE. =COVSCO”).. 6.125) 


Proof By (5.1.16) and (5.1.17), 
Chiao = Clon+2 @R C = (Clh.o @ Clo2) @x C = (Clno @r C) Wc (Clo,2 @r C) 


and, thus, Cl", = Cl? ®c CIs. In particular, by (5.1.14), we obtain 


n+2 — 
CI, = Cho @g C = R(2) @p C = C(2), 


and, thus, C7). = CI, @cC): indeed. Now, again by (5.1.14), we have Cl} = C@C. 
Using this, together with Cl; = C(2), and iterating Cl", = Cl, @c C(2) we obtain 


Ch. ~@ ca) ~ End (Qc) ~ End (C”’), 
and 
Ch. = (ca) e (ca) = ~ End (C”’) @ End (C”’). 
o 


We note that the formulae contained in (5.1.25) in fact yield representations of Cl; 
by endomorphisms on a complex vector space. These will be systematically studied 
in Sect. 5.3. 


Remark 5.1.20 An explicit formula for the first of the isomorphisms in (5.1.25) can 
be easily deduced from the proof of Proposition 5.1.15. For later use, we provide 
explicit formulae for the second and the third one in terms of generators e; fulfilling 
(5.1.13), see also [59]. Given R”*, we denote 


_ {10 | 01 _ {07 . |i forj<r 
eee Cal ok ae Ona. 


Then, forn = r+s = 2k, we define the mapping yx, : R"* > End (C”’) = @” C(2) 
by 


yu(e7-1) = T27-NW®...PeWOUG1I®...@1, 
V2K (€2;) =T2QW®...®eWeVE1®...@1, 


where the matrices U and V are at position, respectively. It is easy to check (Exercise 
5.1.6) that the matrices y(e;) fulfil the relations (5.1.13). Thus, by universality, y 
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extends to the algebra isomorphism under consideration. Analogously, forn = 2k+1, 
we set 


Yor+ (ej) = (Yrx(@), yx(e)) , 1 <j < 2k, 
Yor41(€n) = (W®...@W,-iW®@...@W). 


We stress that the above explicit presentation of the isomorphisms (5.1.25) is by no 
means unique. 4 


Example 5.1.21 (Clifford algebra of Minkowski space) Recall the Minkowski space 
(M,n) from Example 1/4.5.9. In the above notation, M = R'3 and Nu = 
diag(+1,—1, —1,-1), wu, v = 0, 1, 2, 3, in the standard basis {e,,} of R*. Thus, the 
Clifford algebra of the Minkowski space coincides with Cl; 3. By Proposition 5.1.19, 
we have Cl, = Cl,,3 ®p C = C(4). Thus, passing to the complexification, we can 
represent the generators of Cl,,3 explicitly in terms of complex 4 x 4-matrices. One 
of the most convenient choices for the isomorphism y : Cli — C(4) = End (c*) is 
as follows: 


y:M—End(C*), y(e,):= Bs "| = Vu (5.1.26) 
o, O 
where 69 = og and 6; = —o;, i = 1, 2,3. Here, oo is the identity matrix and 0; 


denote the Pauli matrices. It is easy to check (Exercise 5.1.6) that 


Yury + Wp = 2M (5.1.27) 


Thus, y extends to the unique algebra isomorphism Cl; — End (As) given by 
Proposition 5.1.19.° We note that, associated with (5.1.26), we have the following 
presentation of the generators of Cl4.0: 


a 0 00 a 0 10, = 
e, = , = Ba | », k=2,3,4. (5.1.28) 


Exercises 

5.1.1 Prove the formulae (5.1.11) and (5.1.10). 

5.1.2 Prove the isomorphisms (5.1.14). 

5.1.3. Prove the formulae (5.1.18) and (5.1.19). 

5.1.4 Prove the statements of Remark 5.1.17. 

5.1.5 Prove the isomorphisms in (5.1.24). 

5.1.6 Check the relations for the y-matrices in Remark 5.1.20 and Example 5.1.21. 


®For the explicit formula, see point 2 of Example 5.2.10. 
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5.2. Spinor Groups 


In this section, we exhibit natural group structures within a given Clifford algebra 
Cl(V, q). As before, we assume that dim V < oo and that the field K has characteristic 
zero. For simplicity, we will often omit the Clifford algebra product symbol. 

In the sequel, elements v € V fulfilling q(v) = 0 will be called isotropic and ele- 
ments fulfilling q(v) & 0 will be referred to as anisotropic. Note that every anisotropic 
element is invertible, with the inverse given by v-! = v/q(v). Thus, endowed with 
the multiplication from C/(V, q), the set C/(V, q)* of invertible elements of C/(V, q) 
acquires a group structure. C/(V,q)* will be referred to as the group of units of 
Cl(V, q). Using the parity automorphism p, we define the following Lie subgroup, 
called the Clifford group of (V, q): 


T(V,q) := {a € CI(V,q)* : p(a)va! € V forall ve v} : (5.2.1) 
By this definition, the Clifford group comes with a natural representation 
Ad: I°(V,q) > Aut(V), Ad(a)v := p(a)va"!, G22) 


called the twisted adjoint representation. 


Lemma 5.2.1 The twisted adjoint representation has the following properties. 


1. For anya eéI'(V,q), we have Ad(p(a)) = Ad(a)._ 
2. Forevery anisotropic elementv € V, the mapping Ad(v) : V — V is the reflection 
about the hyperplane in V orthogonal to v, that is, for all w € V, 


nv, W) 
v 


Ad(v)w =w—2 aoa 


(5.2.3) 


3. If q is non-degenerate, then the kernel of Ad coincides with the multiplicative 
group IK* - 1 of non-zero multiples of the identity in CI(V, q). 


Proof To prove the first assertion, we apply —p to Ad(a)v = p(a)va"!. This yields 
Ad(a)v = —p(Ad(a)v) = avp(a“!) = Ad(p(a))v. 
Next, since v? = q(v) - 1, we have v~! = v(q(v))~! and, thus, 
q(v)Ad(v)w — —q(v)vwv! = —vwv=Vvw— 2n(v, w)v = q(v)w — 2n(v, w)v. 
Thus, (5.2.3) holds. It remains to prove the third assertion. Since q is non-degenerate, 
we can choose a q-orthogonal basis e;,...e, in V such that q(e;) ~ 0 for all i = 


1,...,n. Leta € ker (Ad). Then, for any v € V, p(a)v = va and, thus, 


vdp9 =dov, —Vva; =a\V, (5.2.4) 
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where dp and a; denote the even and odd parts of a, respectively. Using (5.1.6), 
we may write dg = po + e1p1 where po and p; are polynomials in the generators 
€,...€,. Clearly, po is even and p, is odd. Using (5.2.4) with v = e, we calculate 


e1po + erp1 = e1 (po + e1p1) = (po + e1pi)e1 = poe: + e1piei = e1po — exp - 


Thus, erp! = q(e))p; = 0 and, hence, p; = 0. This shows that ag does not contain 
e,. Proceeding inductively, we obtain that ag does not contain any of the generators 
e;, that is, a9 = k- 1 where k € K. In the same way, one shows that a; does not 
contain any of the generators e;. Thus, being odd it must vanish. We conclude that 
a=k-1. Since, by assumption a 4 0, we have a € K* - 1. oO 


Remark 5.2.2. By point 1 of Lemma 5.2.1, for every v € V, we have 
Ad(a™'p(a))v = v, 


and, by point 3 of that lemma, we conclude p(a) = ka with k € K*. Moreover, since 
pis involutive, we obtain k? = 1. Now, by assumption, K has characteristic zero and, 
thus, the only solutions of this equation are k = +1. We conclude that any element 
of I’(V, q) has a definite parity, that is, it is either even or odd. 4 
Let us denote by O(V, q) the orthogonal group of the quadratic space (V, q), that 
is, the subgroup of Aut(V, q) leaving q invariant. Correspondingly, let SO(V, q) C 
O(V, q) be the subgroup of transformations of determinant 1. 

Theorem 5.2.3 Let (V,q) be a quadratic space with q non-degenerate. Then, the 
twisted adjoint representation defines the short exact sequence 


1>K*-151r(V,q) 2% OV, q)—>1. (5.2.5) 


Proof By point 3 of Lemma 5.2.1, the kernel of Ad coincides with K* - 1. We show 
Ad(I(V, q)) C O(V, q). Using point 1 of Lemma 5.2.1, for any v, w € V and any 
a é I(v, q), we calculate 


2n(Ad(a)v, Ad(a)w) = Ad(a)v - Ad(a)w + Ad(a)w - Ad(a)v 
= Ad(a)v - Ad(p(a))w + Ad(a)w - Ad(p(a))v 
= p(a)(v- w+ w-v)p(a~') 
= 2n(v, w). 


Finally, by the Cartan—Dieudonné Theorem, for a non-degenerate quadratic vector 
space (V,q), any element R € O(V, q) can be written as a product of k reflections, 
R=R,...R, with k < dimV.’ But, by point 2 of Lemma 5.2.1, every reflection 


7See e.g. [23] or [439]. A reflection is, by definition, an orthogonal transformation R € O(V, q) 
whose fixed point set ker(R — 1) has codimension |. It can be shown that any reflection is of the 
form given by the right hand side of (5.2.3) with v unique up to a non-zero scalar. 
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in (V, q) through an anisotropic vector belongs to Ad((V, q)). Thus, since Ad : 


I'(V,q) > O(V, q) isa homomorphism, there exist anisotropic elements v,,..., Vx 

in V such that R; = Ad(v,) and, thus, R = Ad(a) with a = v, ...v,. This implies 

that Ad is surjective. Oo 

Remark 5.2.4 

1. Since ker(Ad) = K* - 1 and im(Ad) = O(V, q), any element a € I"(V, q) must 
be a product of anisotropic elements v; of V, thatis,a = vy... vg withk < dim V. 
Clearly, p(a) = (—La. 

2. We denote 


rv, q) := (WV, q) N CPV, q)* 


and call it the special Clifford group. It clearly consists of products v, ... vg with 
k even and we have the following short exact sequence induced from (5.2.5): 


1>K* -151r°(v,q) “4 sow,q)—1. (5.2.6) 


4 


Next, recall the canonical anti-automorphism t of C/(V, q) constructed in the proof 
of Proposition 5.1.5. By point 3 of Remark 5.1.6, it commutes with the parity auto- 
morphism p. The following is a direct consequence of the definition of [’(V, q) and 
is, therefore, left to the reader (Exercise 5.2.1). 


Lemma 5.2.5 The mappings p and t induce an automorphism and an anti- 
automorphism of I'(V, q), respectively. ia 


For any a € CI(V, q), we define the anti-automorphism 
at a:=top(a). (5.2.7) 
Clearly, ab = ba anda =a. Correspondingly, we have a natural norm mapping 
N:Cl(V,q) > Cl(V,q), N(a):= aa. (5.2.8) 


Note that, for any v € V, 
N(v) = -q(v). (5.2.9) 


Lemma 5.2.6 Let (V,q) be a quadratic space with q non-degenerate. Then, the 
restriction of N to '(V, q) is a group homomorphism I'(V, q) > K*.- 1. Moreover, 
N(p(a)) = N(a) for any a € I'(V, q). 


Proof Leta € I'(V, q). Then, p(a)va~! € V for any v € V. Applying t, we obtain 
t(a)~'!va = p(a)va“', because t is the identity on V. Using this, we have 
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v = t(a)p(a)v(aa)~! = p(aa)v(aa)~! = Ad(aa)v, 

that is, da € ker (Ad). By Lemma 5.2.5, we also have N(a) = aa € ker (Ad) and 
Theorem 5.2.3 implies N(I"(V, q)) C K* - 1. 

We prove that the restriction of N isa homomorphism. Using N(I"(V, q)) C K*-1, 
for any a, b € I'(V, q), we calculate 

N(ab) = abba = aN(b)a = N(a)N(b). 

Finally, again using N(UI"(V, q)) C K* - 1, for any a € I'(V,q), 


N(p(a)) = p(a)p(a) = p(aa) = Nfa). 


|_| 
We define® 
Pin(V, q) := {a € I'(V, q) : N(a) = 1} (5.2.10) 
and 
Spin(V, q) := Pin(V,q) N rey. q). (5.2.11) 


By Lemma 5.2.6, the restriction of N to I(V,q) is a group homomorphism 
I'(V,q) — K*.-1. Thus, Pin(V, q) and Spin(V, q) are normal subgroups of "(V, q) 
and I”°(V, q), respectively. 


Definition 5.2.7 The groups Pin(V, q) and Spin(V, q) will be referred to as the pin 
group and the spin group of (V, q), respectively. 


In general, the restrictions of Ad to Pin(V, q) and Spin(V, q) are not surjective onto 
O(V, q) and SO(V, q), respectively. However, for a special class of base fields, called 
spin fields, surjectivity holds. In particular, IR and C are spin fields. We refer to [407] 
for a detailed discussion. 

Let us consider the Clifford algebra Cl,.; of the real vector space V = R”* 
endowed with the pseudo-Euclidean quadratic form given by (5.1.12) in some detail. 
In this case, we denote the group of units, the Clifford group, the pin group and the spin 
group by, respectively, Cl> ,, I7.,s, Pin,,s and Spin, ,. Correspondingly, the orthogonal 
and the special orthogonal groups are denoted by O,., and SO,.;, respectively. We 
also write Pin(7) = Pin,,o and Spin(7) = Spin, 9. Since Cl,,; is a finite-dimensional 
associative R-algebra, C/7, is a Lie group with a global chart given by the natural 
inclusion mapping. By construction, [.;, Pin,,; and Spin,., are Lie subgroups of 
Cl* ,. By Remark 5.1.17, C/?, and cr are isomorphic. This implies that Spin, , and 
Spin, , are isomorphic, too.’ Theorem 5.2.3 implies the following. 


8For K = R, one often defines Pin(V, q) by the condition N(a) = +1. Then, Theorem 5.2.3 implies 
surjective mappings onto O(V, q) and SO(V, q), respectively. This leads to an obvious modification 
of Corollary 5.2.8. 


°Note, however, that Pin,,s and Pin, , are in general not isomorphic. 
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Corollary 5.2.8 For every pair (r,s), Spin 
0 


is a double covering of the identity 


r,s 


component SO. ,, that is, there is an exact sequence 


1 Z, > Spin, > SO?, > 1. (5.2.12) 
Forr = 2 ors = 2, the group Spin, , is connected. 


Proof Since the condition N(a) = | yields a normalization of generators only, the 
existence of the exact sequences is a direct consequence of Theorem 5.2.3. In par- 
ticular, the intersection of ker(Ad) with Pin,., is clearly Z. It remains to prove the 
second assertion. The cases (r, 5) = (0, 1) and (7, s) = (1, 0) are clearly trivial. For 
(r,s) = (1, 1) one obtains sot; = R, and Spin, ; = Zz x Ry which is discon- 
nected. Now, assume r > 2 or s > 2. By (5.2.12), the kernel of Spin, , > SO? , 
is {1, —1}. Thus, it is enough to construct a path joining | and —1 in Spin, ,. By 
the above assumption, R’* contains a 2-dimensional subspace isomorphic to R®” or 
to R°?. Thus, there exist two anisotropic orthogonal vectors e;, e2 € R’” fulfilling 
q(e1) = q(e2) = +1. Now, 


tr y(t) = (e; cos(t) + e2 sin(t))(e2 sin(t) — e; cos(t)), +t € [0, a ; 


is a continuous path with the required property. Oo 


Remark 5.2.9 The spin groups are, in general, not simply connected. Using the fact 
that so? is homotopic to the maximal compact subgroup SO(r) x SO(s), one obtains 
m1 (SO? ,) = m1 (SO(r)) © m1 (SO(s)). Then, using 


0 for r=1 
w\(SO(r)) = 4} Z for r=2 
Zo for r>2 


one can calculate 77 (SO?) for any pair (r,s). Next, using the natural embeddings 
SO(r) x SO(s) > SO! 5 together with the corresponding embeddings on the level 
of the spin group, one can calculate 7\(Spin,,) as well, see [59] for a complete 
list. If both r > 2 and s > 2, then the fundamental group of SO, is Z. x Zo 
and, thus zr (Spin, ,) = Zp in that case. We conclude that the spin group is simply 
connected and, thus, that the covering A : Spin,., > SO? , is universal in the cases 


r>2,5s=0,1, andr =0,1, s > 2 only. 4 


By Proposition 5.1.16, we have Spin,., C CR. = Cl;,--1 for any r > 1. Thus, there 
are two possibilities for explicit matrix realizations of Spin, ,. We illustrate this for 
the spin group of the Minkowski space. Details are left to the reader (Exercise 5.2.3). 


Example 5.2.10 (Spin group of the Minkowski space) We take up Example 5.1.21. 
Here, we consider the spin group Spin, ; C Ch. = Cl; of (M, n). 
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1. Weconstruct Spin, 3 C Clz,9. By (5.1.18) and (5.1.14), Cho = C(2) = End(C’). 
In terms of generators, this isomorphism reads: 


_f1 0 _ fol foi 
=o —4|* 82 = [9% = lel 


Representing the elements {1, e€;, €2, €3, €1€2, €1€3, €2€3, €1€2€3} of the vector 
space basis of C/3,9 in this way, one easily calculates: 


z—[a]r@=|sa] 2=[ea)?-[2 7], 
where a, b, c,d € C. Thus, 
Z-p(Z)' =detZ-1, N(Z)=detZ-1. 

The second of these equations reduces C(2) to SL(2, C). We identify 

M—> H(2,C), xPxK:=x"o,, 
where H(2, C) is the space of Hermitean (2 x 2)-matrices, cf. Example I/5.1.13. 
For g € SL(2, C), we have g-p(g)’ = 1. Thus, via the automorphism g > (g~!)* 
of SL(2, C), the twisted adjoint representation may be identified with 

Ad(g)X« = gX 8°, g €SLQ,C). 


Finally, note that the hermiticity of x, implies the hermiticity of Ad(g)x. for any 
g € SL(2, C). Thus, we obtain 


Spin, ; = SL(2, C) (5.2.13) 


realized in End(C’). This is one of the special isomorphisms for low-dimensional 
spin groups which will be further discussed below. In this presentation, the uni- 
versal covering A : Spin, 3 > SO! >; is given by (A(g)x)x = gXxg' , cf. Example 
1/5.1.13. Restricting 4 to the subgroup SU(2) Cc SL(2, C), one obtains the uni- 
versal covering homomorphism SU(2) — SO(3), see Example I/5.1.11. This, 
together with (2.8.2), proves 


Spin(3) = SU(@), Spin(4) = SU(2) x SU(2). (5.2.14) 


2. We construct Spin, 3 C Clas By (5.1.19) and (5.1.14), Ch.3 = Clo.2 ® Ch. = 
H ® R(2) = H(2). The latter may be identified with a subalgebra of C(4), 


Ch3 = {z= Fe "| : ZW <c| 


Ww 
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via the mapping 
13 O x, 
y:R° > C4), xo vo) =| ap 


cf. (5.1.26). Here,!° x* = x"6,,Z = z*o, and z’ = ZG, (and the same for w). 


One easily calculates 
Z —w 
a =[ i, 2] 


By (5.2.11), we must require N(Z) = 1 and Z € P°(R'3). The latter implies 
w = 0 and then, by point 1, 


__ |det(z) 0 
nq =| 0 mal: 


Thus, we obtain det(z) = 1. Now, applying the twisted adjoint representation for 
Z fulfilling w = 0 and det(z) = 1, we obtain 


X,, Ad(Z) Xx =7x,z'. 
Clearly, the hermiticity of x implies the hermiticity of zx z‘ and, thus, 


Spin, ; = {z = § *| : g€SL(Q, o| (5.2.15) 


where g = (gt)-1. 4 


Example 5.2.11 (Low-dimensional spin groups) The following isomorphisms 
between low-dimensional spin groups and classical Lie groups can be confirmed 
by analogous arguments as in Example 5.2.10. For the compact spin groups, we 
have!! 


Spin(2) = U(1), 

Spin(3) = SU(2), 

Spin(4) X SU(2) x SU(2), 
Spin(5) & Sp(2), 

Spin(6) = SU(4). 


'0See Example 5.1.21 for the notation. 


'I The first identity is trivial, the second and the third one were shown in Example 5.2.10 and the 
remaining two will be shown in Example 5.3.22. 
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For a discussion of Spin(7), Spin(8) and relations between spin groups and excep- 
tional groups we refer to [8, 9, 286, 407, 439]. For the non-compact spin groups, we 
have!? 


Spin, , = SL(2,R), 

Spin, ; = SL(2,C), Spin, , = SL(2, R) x SL(2, R) 

Spin, 4 = Sp, (Hl), Spin, ; = Sp(4, R), 

Spin, 5; = SL(2, H), Spin, , = SU(2, 2), Spin, ; = SL(4, R), 


where Sp, , (HI) = {g € H(2): g'o3g = os}. See [517] for detailed proofs. 4 


Next, let us consider the case V = (C”,q) where q is the quadratic form given 
by the standard Hermitean form on C”. We denote Pin(m,C) = Pin(C”, q) and 
Spin(n, C) = Spin(C”, q). The following statements are left to the reader (Exercise 
5.2.4). 


Proposition 5.2.12 The groups Pin(n,C) and Spin(n, C) are double covers of 
O(n, C) and SO(n, C), respectively. Moreover, Spin(n, C) is the universal cover- 
ing of SO(n, C) and Spin(n) is its maximal compact subgroup. 


Note that C/é = Cl, ® C contains both Spin(n) C Cl, ® 1 and S' = U(1) C1 @C. 


Definition 5.2.13 (Complex spin group) The complex spin group!’ Spin‘(n) is the 
subgroup of Cl,, ® C generated by Spin(n) and by U(1). 


Since obviously Spin(z) N UC) = {1, —1}, we have an isomorphism 


Spin‘ (n) = (Spin(n) x U(1)) /{£1} = Spin(n) xz, UC), (5.2.16) 
that is, elements of Spin°(n) are equivalence classes [(g, z)] of pairs (g,z) € 


Spin(n) x U(1) under the equivalence relation (g, z) ~ (—g, —z). Note that Corollary 
5.2.8 immediately implies the following exact sequence 


1 + Z, > Spin‘ (n) Ss SO(n) x U1) > 1, (5.2.17) 


where 
p: Spin’(n) > SO(n) x UC), (g, 2 (p(g), 2), (5.2.18) 


Recall that, by Corollary 5.2.8, for r > 2 or s > 2, the group Spin,., is connected. Also recall 
that Spin,, = Spin, ,. 
'3 Also called the Spin‘°-group. 
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and p : Spin(n) — SO(n) is the double covering given by (5.2.12). As an immediate 
consequence of this sequence, we obtain 


7 (Spin‘(n)) = Z. (5.2.19) 


Now, let n = 2k. Recall from Example 2.2.19 that we can view U(k) as a subgroup 
of SO(2n). Let 


f : U(&) > SO(2k) x UC), f(a := (a, det(a)), (5.2.20) 


be the group homomorphism induced by this embedding. The following proposition 
shows that this homomorphism admits a natural lift to the Spin‘-group. 


Proposition 5.2.14 There exists a homomorphism F : U(k) — Spin‘ (2k) such that 


Spin‘ (2k) 


F 
Pp 


U(k) ——__* + soa x U(1). 


Proof Given an element a € U(k), choose a unitary basis (e;,..., e,) in C* such 
that 
a= diag{e!”',..., e!*}. 


Let J : Cé > C* be the complex structure of C*. Then, e; and J(e;) belong to Cl;. 
We define 


k > & 
F(a) := I] (cos(;/2) + sin(3;/2)ejJ(e;)) exp 5 » oj). (5.2.21) 
j=l 


j=l 


It is easy to check that this is a group homomorphism (Exercise 5.2.6). By direct 
inspection, under this mapping, the above diagram becomes commutative. im 


Identify U(1) = SO(2) and consider the natural embeddings SO(n) > SO(n + 2) 
and SO(2) —> SO(n + 2) induced from the decomposition R”+* = R” @ R?. Corre- 
spondingly, Spin(7) and U(1) = SO(2) may by viewed as subgroups of Spin(n+ 2). 
The intersection of these subgroups is {= 1}. This implies the existence of an injec- 
tive homomorphism f : Spin°(n) — Spin(n + 2) such that the following diagram 
commutes. 

Spin®(n) ——/ > Spin(n + 2) 


: ; (5.2.22) 


SO(n) x SO(2) ——> SO(n + 2) 
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Finally, we discuss Lie algebra structures in C/(V, q). We assume that K be R 
or C and that q be non-degenerate. Since C/(V, q) is an associative K-algebra, it 
carries a natural Lie algebra structure. We denote its Lie bracket by [-, -]. Moreover, 
the group of units, the Clifford group, the pin group and the spin group are Lie 
groups. The Lie algebra cl(V, q)* of the group of units C/(V, q)* clearly coincides 
with C/(V, q) viewed as a Lie algebra and there is an exponential mapping given by 
the usual exponential series (Exercise 5.2.5), 


* 2 1 n 
exp : cl(V,q)* > Cl(V,q)*, exp(A) = — dA . (5.2.23) 
n! 
Using this, we can calculate the Lie algebra of the Clifford group. Limiting our 
attention to the special Clifford group 7°(V, q), we obtain 
Lie('°(V,q)) = {A € CI°(V, q) : Av—vA € V forallve V}. 

Since, under the above assumptions, the restriction of Ad to both the pin and the 
spin group!* are covering homomorphisms onto subgroups of full dimension of the 
corresponding orthogonal groups, their Lie algebras clearly coincide with the Lie 
algebra of the orthogonal group. Let us denote the Lie algebras of the spin group 
and of the orthogonal group by spin(V, q) and o(V, q), respectively. Consider the 
subspace 


Cla(V, q) = span {eje; : 1 <i <j < dimV} C CI(V,q), 


where {e;} is a q-orthogonal basis of V. By (5.1.11) and by the defining relations 
(5.1.2), Ch(V, q) is a Lie subalgebra of C/(V, q) with Lie bracket 


leye;, ee;] = 2e;(n ye; — nyex) + 2(Nuer — NHEK)IE; . (5.2.24) 


where 77,5 = n(e;, es). By (5.1.11), c([\°V) = Ch(V, q) as vector spaces. Thus, we 
may endow A’V with the structure of a Lie algebra by setting 


[a, B],2y := 7! 0 [c(a), c(B)]. (5.2.25) 


Proposition 5.2.15 The image of the mapping!» 
w: A?V —> End(V), (a)v:= —2n(v)ia (5.2.26) 


coincides with o(V, q). Moreover, is a Lie algebra isomorphism. 


'4Viewed as real Lie groups. 
15Tn the formula below, w(a)v may be viewed as the supercommutator [c(a@), v], cf. [72] or [439]. 
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The defining equation of y immediately implies 
Wu A v)w = 2n(w, v)u—2n(w,u)v, uyv,weVv. (5.2.27) 
Proof For any v, w € V and any a € A’V, we calculate 
n(y(a)v, w) = n(w)i(v(@)v) 

= —2n(w)in(v)sa 

= 2n(v)sn(w)ia 

= —n, w(a)w) > 


showing that im(y) C o(V, q). Next, using (5.2.27) and (5.2.24), one shows that w 
is a homomorphism (Exercise 5.2.7). Finally, y is obviously injective and thus, by 
dimension counting, it is also surjective. Oo 


Remark 5.2.16 Let {e;} be a q-orthogonal basis in V and let {.'} be its dual, that is, 
n | (9!) = nie;. Then, using (5.2.27), one calculates 


1 
giver A ever) A n (9) =e; Ag. 


Thus, w is the inverse of the isomorphism « : 0(V,q) > A°’V given by (2.2.38). 
This way, « becomes a Lie algebra isomorphism. Combining it with c : A?’V > 
Clo(V, q), we obtain the Lie algebra isomorphism 


1 
g=CoKk:0(V,q) > Ch(V,q), g(A)= a" (A(ex) A n (9) , (5.2.28) 
which can be easily shown to be equal to (Exercise 5.2.8) 


1 Im kn 1 lk 
g(A) = re (A ex, €1) Om Cn = 74 e7-e&. (5.2.29) 


Under the isomorphism 9g, the action of A on an element v € V is given by (Exercise 
5:2.8): 
A(v) = [g(A), v]. (5.2.30) 


Via y, spin(V, q) is naturally identified with Cl,(V, q). Thus, {e;e; : i < j} forma 
natural basis in spin(V, q) corresponding to the basis {y(e; A e;) : i < j} ino(V, q). 
By (5.2.27), the matrix of y(e; A e;) in the basis {e;} coincides with the matrix 2Ej, 
where 


(Egat = Ny Mk — MUNG - (5.2.31) 


4 
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The following proposition shows that the spin group is obtained by exponentiating 
Cl:(V, q) via the exponential mapping exp : C/°(V, q) > CI°(V, q)*. 


Proposition 5.2.17 The following diagram commutes: 


0(V, q) ——*—_-> CPV, q) 


| exp re 


Spin(V, q) —————=> C/(V, q)* 
Proof By (5.2.30), for any A € o(V, q) and v € V, A(v) = ad(g(A))(v) and, thus, 
exp(A)(v) = exp(ad(y(A)))(v) = e?@Y ve ™™ | (5.2.32) 
Since exp(A)(v) € V and g(A) € CI°(V,q), we have e? € P°(V,q). Since 
y(A)’ = —g(A), we obtain N(e?) = eA) eA)" — 1. Thus, e® © Spin(V, q). 
o 


Remark 5.2.18 On the right hand side of (5.2.32) we recognize the twisted adjoint 
action of Spin(V, q). Thus, 


Ad(e?)) = exp(A), Ad’ (p(A)) = ad(y(A)) =A. (5.2.33) 


4 


Exercises 


5.2.1 Prove Lemma 5.2.5. 

5.2.2 Prove the statements of Remark 5.2.9. 

5.2.3 Work out the details of Example 5.2.10. 

5.2.4 Prove Proposition 5.2.12. 

5.2.5 Prove that the series in (5.2.5) converges. 

5.2.6 Check that the mapping F defined by (5.2.21) is a group homomorphism. 
5.2.7 Prove that the mapping w given by (5.2.26) is a homomorphism. 


5.2.8 Prove the formulae (5.2.29) and (5.2.30). 
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5.3. Representations 


In this section, we discuss representations of the Clifford algebra and of the spin 
group. 


Definition 5.3.1 Let (V, q) be a quadratic vector space over a commutative field k, 
let K D k be a field containing k and let W be a finite-dimensional vector space over 
K. A K-representation of the Clifford algebra C/(V, q) is ak-algebra homomorphism 


p:Cl(V,q) — Endg(W). 


The representation space W is called a C/(V, q)-module over K. 


Example 5.3.2 The Clifford algebra C/(V, q) itself, endowed with the module struc- 
ture given by multiplication from the left, is a Clifford module. The exterior alge- 
bra A\V is a Clifford module with the action given by the algebra homomorphism 
F: Cl(V,q) — End((A\V) constructed in the proof of Proposition 5.1.10. Recall 
that on generators this action is given by the mapping 


F:V—>End(AV), FW)a:=vAa+tn(v)0, 


cf. (5.1.7). The symbol mapping o : CI(V, q) > /\V is the unique isomorphism of 
Clifford modules taking 1 € CI(V, q) tol € AV. 4 


Let us discuss the K-representations of C/,.; for K = R, C and H. Since we know 
the classification of these Clifford algebras in terms of matrix algebras, their repre- 
sentation theory is provided by the classical theory of simple associative algebras. 
By Theorem XVIL.5.5 in [399], K(n) = End(K”) is a simple ring and K” is a sim- 
ple K(m)-module. By Corollary XVII.4.5. in [399], this simple module provides the 
unique irreducible representation of K(m). Correspondingly, the ring K(n) @ K(n) 
has exactly two equivalence classes of irreducible representations given by projection 
onto the first and the second factor, respectively. Thus, by inspection of Table II in 
Sect. 1.4 of [407], one reads off the irreducible K-representations of Cl,.,. According 
to this table, the number of inequivalent irreducible representations is 


2 if r+1—s=0 (mod4) 


Vrs = : 
fo 1 otherwise 


Next, let us consider Cl”. By Proposition 5.1.19, 
Ch, = C2"), Ch, =C2) ec). 63) 
Thus, by the above cited theorem, C/5, has a unique faithful irreducible representation 


Yor 2 ClS, > End (Asx), Axe =C”, (5.3.2) 
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and Ci5,,, has a faithful representation 
ok 
V2k+1 ? Choy — End (Arx+1) ® End (Arx+1) » Any =C. (5.3.3) 
Thus, CVs, has two irreducible representations obtained by projecting onto the first 
and onto the second summand of A241 @ Aox+1, respectively. Explicit formulae for 


Yn are given in Remark 5.1.20. By (5.1.25), the following diagram commutes: 


Ce End(A) (5.3.4) 


| | 


Clyy,4, ——> End (A241) ® End(A2;41) 


Here, 1 denotes the diagonal embedding. In the sequel, A, will be called the space 
of complex n-spinors, or, the n-spinor module and the corresponding representation 
Yn Will be referred to as a spin representation of C/¢. Frequently, we will omit the 
index and simply write y. 

For further reference, we include the following. 


Remark 5.3.3 Let E be acomplex C/(V, q)-module and let dim V be even. Then, by 
Proposition 5.1.19, Cl(V, q)° = End(A,,) is simple and A, is the unique irreducible 
representation. We have!® 

E=A,@W, (5.3.5) 


where W = Homcyy,q)(An, E) is the vector space of homomorphisms A, —> E 
commuting with the C/(V, q)°-action. By Schur’s Lemma, End(W) = Endcyy,q) (E). 
Since End(E£) = End(A,,) ® End(W), we conclude 

End(E) = C1(V, q)° ® Endcyy,q) (E) . (5.3.6) 


Note that in the second factor C/(V, q)° may be replaced by C/(V, q). + 


Let us study the spin representations of C/f in more detail. For that purpose, we 
consider the chirality element 


Titi ew), (5.3.7) 


where v is the natural volume element of IR” corresponding to a given orientation. 
For a chosen oriented orthonormal basis {e;} of IR” we have v =e; A... Ae, and 


rr, =iil Fe, -... +e, (5.3.8) 


'6See Proposition 3.1.6 in [254]. 
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Note that for n = 2k, we obtain 
By = ie * ae Vp (5.3.9) 


Clearly, Ij, does not depend on the choice of the oriented orthonormal basis. 


Lemma 5.3.4 The chirality element has the following properties. 


1.7 = 1 foralln, 
2. x-TlQ,=(-1)"'N,-x forallx € R". 


In particular, if n is odd, then I, belongs to the centre of Cl;. If n is even, then 
a-I,=I,-p(@, aech. (5.3.10) 
Proof The first statement is trivial. Next, by (5.1.13), for any / = 1, ..., we have 


e;-c(v) = (—1)""'c(v)-e;. This implies x-c(v) = (—1)"~'c(v)-x for any x € R”. This 
proves the second assertion. The latter immediately implies the remaining statements. 


| 
Since I}, is an involution, we have projectors 
+._! a. 
Pe = ttn), p> = gilt) (5.3.11) 
fulfilling 
Pt+P-=1, PtP =P Pt=0. (5.3.12) 
Lemma 5.3.5 [fn is odd, then I), induces a decomposition 
Cleacec,, Clete r ch =ce-r-. (5.3.13) 


into isomorphic subalgebras fulfilling p(CI-) = CIF. 


n n 


Proof By Lemma 5.3.4, I, is central. Thus, Pt and P~ are central, too, and C/* are 


n 


ideals. Since Ij, is an odd element, we have p(P*) = P*. This implies p(C/-) = CIF 


n 
showing, in particular, that the two subalgebras are isomorphic. Oo 


Clearly, the two summands in (5.3.3) correspond to Cl* and CI, respectively. This 
can be checked explicitly by viewing the second isomorphism in (5.3.1) as 


Cl,41 = Cl, @ (C @ C) = Ch, @ CIE 


and using that the parity automorphism on C/j is given by p(u, v) = (v, uv). Since 
p(Cl*) = CIF, we also conclude that the algebra (C/¢)° is diagonally embedded in 


n 


the decomposition (5.3.13), 


380 5 Clifford Algebras, Spin Structures and Dirac Operators 
(Ci)° = {@, p(@) € Cit @ Cy sae (Ch)*} . (5.3.14) 


Next, using y (1), y= y (I; = = 1, we decompose the spinor module A,, for n even 
into eigenspaces of y (I7,) corresponding to the eigenvalues +1: 


A,=At@A,, Aki= (he Ans y@ =H). (5.3.15) 


The projectors onto A* are given by y(P*). 


n 


Proposition 5.3.6 For the complexified Clifford algebra CI‘, the following hold. 


nN 

1. [fn is odd, then the two isomorphism classes of irreducible spinor modules are 

given by AS. ,, and A,,,,, respectively. In this case, there is a unique isomorphism 
class of irreducible (CI<)°-modules of dimension 25. 

2. Ifnis even, then there are two isomorphism classes of irreducible (Cl¢)°-modules, 
both of dimension 227! 


Proof |. Letn be odd. By (5.1.20), (5.3.1) and (5.3.15), we have 
Cle = (CK, ,)° = End®°(Ans1) = End°(A*,, @ Az, ,). (5.3.16) 


If F ¢ Hom(A,,,;, A aye then y(") oF = —Foy(I’). Let F = y(a) witha even. 
Then, y(p(a)) = y(a) and, since I” is central, 


yP)yoy@M=-y@ev)=—-yvya@-r)=—-y-a=—-y)ov@, 


that is, y(a) = O and thus Hom®(A;,,, 
by the same argument. Moreover, for a € CIf 


At ay= = 0. Also Hom? (Ari An) =0 
, and wi € Aj), we have 


n+ n+l? 


ays = tals = +P P@vsz = P@vz. 


Thus, if aan Cc Ane then a € (Cla) As a consequence, we obtain the follow- 
ing decomposition of C/f into simple algebras: 


Cl, = End(A*, ,) @ End(A (5.3.17) 


n+l nel)» 


Since I” is central, the subspaces A’, are C//-invariant. This shows that A; , are 
irreducible C/‘-modules. Since they are distinguished by the action of I’, they are 
inequivalent. Thus, Cl = End(A,,,,). By (5.3.14), the restrictions to (cee of the 
two irreducible representations of CIf coincide yielding a unique isomorphism class 
of (Cl¢)°-modules. 

2. Letn be even. Then, (5.3.16) and (5.3.17) imply 


(CI¢)° = End(A*) @ End(A;). 
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By Lemma 5.3.4, the subspaces A> are invariant under cl)’. Thus, (5.3.15) is a 


decomposition of A,, into two inequivalent irreducible (Cl¢)°-modules. oD 


Clearly, the irreducible representations in Proposition 5.3.6 are all faithful. Since 
Pin,., C Clif and Spin, , C (CIS)°, with r + s = n, the faithful irreducible rep- 
resentations of C/¢ and (C/¢)° constructed in Proposition 5.3.6 restrict to faithful 
representations of Pin,,; and Spin,. , called pin and spin representations, respectively. 


For Spin, ,, we have!” 
y#,: Spin, > Aut(A%,.), r+s=2k, (5.3.18) 
Yrs: Spin,, > Aut(A,.5), r+s=2k+1. (5.3.19) 


Proposition 5.3.7 The pin representations of Pin,,; and the spin representations of 
Spin,., are irreducible. 


Proof If a subspace of a pin representation is invariant under Pin,.;, then it is also 
invariant under the subalgebra of Cl,.., generated by Pin,.;. We show that this subalge- 
bra coincides with all of Cl,.;. For that purpose, it suffices to prove that V is spanned 
by linear combinations of elements of Pin,,, 1 V. Obviously, the span of Pin,., 1 V 
contains the open subset consisting of all elements v € V fulfilling q(v) > 0 and, 
therefore, the whole of V. The assertion for Spin, , follows from the fact that 


Spin, ;= Pin, NCE. 


because this implies that the subalgebra generated by Spin, , coincides with the 


7S 


intersection of the subalgebra generated by Pin,,, with CF im 
Remark 5.3.8 (Spin‘-representations) Since the complex spin group Spin‘ (7) is con- 


tained in the complexified Clifford algebra C/°, the spin representation A,, of Spin(n) 
extends to a representation of Spin‘®(n) via 


yg, IDG) =z-v@m), (5.3.20) 


for any g € Spin(m),z € S ' and yw € Ay,. If n is even, then the splitting A, = 
Ay @ A, is Spin‘-invariant and, thus, we have the two irreducible modules A> as 


in the spin case. 4 
Example 5.3.9 (Spin representations of Spin, ,) By point 2 of Example 5.2.10, 
; g0 
Spin, 3 = )}Z= 08 : g €SLQ2,C)};, (5.3.21) 


'7Often, the representations Y;.5 are called the half-spin representations. 
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where g = (g')~!. This yields the two inequivalent irreducible spinor modules 
— = 

S=C’andS = C? of Spin, 3, with S and S carrying the basic representation and 

the dual of the conjugate representation of SL(2, C), respectively, that is, 


Sadr goeS, SagrageS, geESL2,C). 


In physics, S and S are called the space of left-handed and right-handed Wey] spinors, 
respectively. Their direct sum S @ S *  C* is called the bispinor space. Choosing 
bases in these spaces, one obtains a frequently used calculus of dotted and undotted 


spinors, ¢ = (o*) and @ = (Gj). 4 


Denote n = r+. Since R"” C Cl, C CI‘, via the spin representation, any vector 
x € R” may be regarded as an endomorphism of A,. We define 


LR" @pA,> A,, UKOYW:=yRy. (5.3.22) 


Definition 5.3.10 The mapping jz defined by (5.3.22) will be referred to as the 
Clifford multiplication. 


Usually, we will simply write (x ® wv) = x-y. Using the quantization isomorphism 
c, the Clifford multiplication may be extended to a mapping  : /(\R" @p A, > Ay 
as follows: 

a-vp=Lua®@y) :=y(Cca@))v. (5.3.23) 


For any x € R", a € AR" and wv € Ay, the following holds (Exercise 5.3.1): 
(xAqa)-w=x-(a-w)+ (xia)- yp. (5.3.24) 


As in Remark 5.2.9, we denote the covering homomorphism induced from Ad and 
the induced Lie algebra homomorphism by 


“ . 0) F . 
A: Spin,,—> SO,,, da: spin, , > 50,5. 


These mappings are given by (5.2.33). 


Proposition 5.3.11 The Clifford multiplication has the following properties. 


1. It is equivariant with respect to the Spin, ,-action,'® that is, for any a € Spin 
a € \R" andy € Ay, 


r,s? 


ya@a-w)=A@a)-(y@y). (5.3.25) 


2. Let n = 2k. Then, the Clifford multiplication with a non-zero x € R" yields a 
vector space isomorphism A*~ — AF. 


'8Tn other words, it is a homomorphism of Spin ,. 5) -representations. 
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Proof The proof of the first assertion is by induction with respect to the degree k of 
a. For k = 1, a is a vector x € R”. Then, 


vax: v) = yay (x) 
=yiay@y(a')y@() 
= y(axa™')y(a)(W) 
= y (A(a)x)(y (a)(W)) 
= (A(a)x) - (V(@(W)). 


Now, assume that (5.3.25) holds for all elements a € /\R" of degree < k. Then, 
using (5.3.24), for 6 := x A a we obtain 


Ya@V(xrAa)-W)=y@ (k-@-¥)+yv@ (Kia): w) 
= A(@)x)- (VY@@-)) + A@MKa))- (YOY) 
= (A(a)x)- A@a) - (Y@Yp) + (A@X)sA@ea)) - (v@wy) 
= (A@x) A A@a)) : (Y¥@w) 
= AMB):- (Y@W)). 


The second assertion is an immediate consequence of the fact that J” anticommutes 
with any non-vanishing vector x € R”. im 


Now, let us focus on the case n = 2k. Then, there is a useful equivalent description 
of the spinor modules.'? Consider the spinor module A,, together with its decomposi- 
tion (5.3.15). As before, form = r + s, we write V = R”’, q for the pseudo-Euclidean 
quadratic form of V given by (5.1.12) and 7 for the corresponding bilinear form. The 
extensions of q and n to Vc = V @ C are denoted by the same symbols. Recall that 
a subspace W C V¢ is called isotropic if q(w) = 0 for all w € W. Given an isotropic 
subspace W, one can find a complementary isotropic subspace W’ ~ W*. For an 
oriented orthonormal basis {e;} of Vc we define 


n n 
W := span {ery —1 — ie 2k =1,..., 5}, w' := span {en 1 + fen 2k =1,....5}, 


and the isomorphism yg : W > (W’)* by g(w)(w’) := n(w, w’). It is now easy to 
check (Exercise 5.3.2) that forv = w’ +w,we€e Wandw ce W’, 


1 
nw, w’) = za), n(w,w) =0=n(w,w). (5.3.26) 


'°The following construction is at the heart of the general theory of spinor modules, see e.g. [439]. 
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The corresponding decomposition Vc = W’ @ W = W* © W is referred to as a 
complex polarization of V. We define Sw := /\W* and endow Sw with the structure 
of a Clifford module by defining the action of Ve = W* © W on Sw by” 


pw: W*®W-> End(Sw), pw(C, w) = V2(e(¢) + e(w)), (5.3.27) 


where € and : denote exterior multiplication and contraction, respectively. Using the 
anti-commutation relations for ¢ and 1, one can check that py(¢, w)? = a(¢, w)1. 
Thus, by universality, pw extends to a representation of the Clifford algebra C/i on 
Sw. By construction, py is faithful and, by dimension counting and by the uniqueness 
of the spinor module, we obtain the following. 


Proposition 5.3.12 For n even, the spinor module A, is isomorphic to the CI‘- 
module Sw. o 


We decompose 
Sy = \W* = A\*Wre A w* (5.3.28) 


with respect to the Z2-grading of the exterior algebra and denote S a = Atw* and 
Sy = ATW". 
Proposition 5.3.13 The natural Z2-grading of Sw is compatible with the Zz-grading 


defined by the chirality element, that is, I, acts as +1 on /\ *W* andas—1on \ W*. 
As a consequence, 


At =S,, A, =Sy. (5.3.29) 


1 
T 
n n 


Proof We choose an oriented orthonormal basis {e;} and denote E; := aE (€7/-] — 
i @;). It is easy to calculate Jj, in this basis (Exercise 5.3.2): 


T, = (E\E, -—1)-...- (EE, — 1). (5.3.30) 
Now, denoting the basis elements of 5 Sw = /\W* by E;, = E;, Ried Ej, where 
if = {i1,..., i}, the action of pw(E;E; — 1) on E;, yields obviously E;, if i ¢ I; and 
—E,, if i € I. This implies 
pwn(E,) = (-D'E;,, 
which proves the assertion. Oo 


Correspondingly, we may consider SY := /\W. Here, the action of Vc = W* © W 
is given by 


oY: W*@W- End(S"), po" (c, w) = V20(f) + ew), (5.3.31) 


20The factor J/2 is necessary in order to respect the Clifford algebra relations, because ¢(¢)i(w) + 
uwye(f) = C(w) = n(n! (C), w), ef. formula (2.7.33). 
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which provides a representation p” of Cl¢ on S“. There is a natural non-degenerate 
pairing between Sw and S”, given by 


G.-): Sw@SY>C, GW = (OD) > (5.3.32) 


where the subscript [0] means taking the zero-order component in the exterior algebra 
and the superscript T is defined by 


(a; Ada... Adz)! = ap A... AQ2 AQ, 0 © W*. 
Using (5.3.27) and (5.3.31), one proves (Exercise 5.3.4) 


(¢, oe" (%, w)W) = (pw, wd, W) (5.3.33) 


forany¢ € W*,w € W,¢ € Swandy € S". This, together with the non-degeneracy 
of the pairing, implies the following isomorphism of Clifford modules: 


sv =sr. (5.3.34) 


Thus, we may call S” the dual spinor module. Correspondingly, there is a natural 
non-degenerate pairing on Sw, given by 


(-, sy 2 Sw @ Sw —> ASW*, (1, b2)sy = (G1 A &) (5.3.35) 


[top] ” 


where the subscript [top] means taking the top-order component in the exterior alge- 
bra.*! This pairing will be referred to as the canonical bilinear form on the spinor 
module. One shows (Exercise 5.3.4) that, for any a € Cf, 


(pwlard, Wsy = (b, pwla')W)sy - (5.3.36) 


Thus, choosing a trivialization ‘we = C, via (-, -)s, we may identify Sw = Sj, as 
Clifford modules. Combined with (5.3.34), this yields an isomorphism Sw = S Y. 


Proposition 5.3.14 Let dim V = 2k. Then, the pairing (-, +) sy, is 


1. symmetric if k = 0, 1 mod 4, 
2. anti-symmetric if k = 2,3 mod 4. 


Moreover, ifk = 0 mod 4 (respectively, k = 2 mod 4) it restricts to a non-degenerate 
symmetric (respectively, anti-symmetric) form on both sy and Sy. If k is odd, (-, +) sy 
vanishes both on Sy, and Sy,, thus, yielding a non-degenerate pairing between them. 


?!Tn complete analogy, there is a pairing on SV. 
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Proof For ¢ € /\'W* and w € A‘ 'W*, we calculate 
T 
VV Psy =v Ag 
= (—1)24&-DE Dy A o 


1 (kD (k-I- 1) 4U(k-1 
= (—1)?! )¢ )+1( paw 


A (kD (k-I- I) 4Uk-D+ 41-1) a T 
= (12% AL k—D+ 510 o Aw 


= (-1)**-Y@, Ws, . 


This proves the first assertion. The remaining statements are left to the reader (Exer- 
cise 5.3.3). o 


In the following example, details are left to the reader (Exercise 5.3.5). 


Example 5.3.15 Here, we take up Examples 5.1.21 and 5.2.10 where we discussed 
the Clifford algebra C7, 3 of the Minkowski space (M, 7) and its spin group. Consider 
the complexification Mc = M @ C = C* together with Cif = CI‘ 3. If {ej} is the 
standard basis in C*, then é) = eo, é; = fe;, with j = 1, 2,3, is an orthonormal 
basis. As above, we pass to the basis defined by E; := 5 Gai-1 — 1@y;) and E; = 
A (€5;_; +i @2)), with / = 1, 2, and interchange the role of €; and @3 for convenience. 
In this basis, z € Mc reads 


Z= Ee: +2°)E; + age - ray oe + : (z! — iz) Ey : (zi + iz”)E%, , 
/2 J/2 /2 J/2 


where z“ are complex coordinates in the standard basis. This yields the complex 
polarization Mc = W, @© W_, where 


Wi ={zEMc: OF2=0, z'+iz? =0}. (5.3.37) 


Clearly, W, = C* = W_. We consider the spinor module S$ = /\W, and its 
decomposition into its irreducible components 


S=StOS ry St= ATW, = A°W. @ AW, S-=)\"W, = \'W,. 


Clearly, {1, E := E; A E>} and {E,, E>} constitute bases in St and S~, respectively. 
Since p(w) = /2e(w) and p(n@W)) = /21(n(W)), we have 


pE)l = V2E;, pE)E = V2ejE, p(EJE=0, 
pE)l=0, pE)E =V26y1, pE NE = V2e4E;, 


where ¢;; denotes the symplectic form on C*.? To describe the spin representation, it 
is enough to specify the action of M on S. Thus, for v = w+w € M, where w € Wi, 


>? This is the natural bilinear pairing here, according to Proposition 5.3.14. 
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we must apply p(v) = J2(u(n(W)) + e(w)) to elements of the basis of S. Taking 


ve = E; + E;, we obtain 


eWwF)L=+V2E;, pWF)E =V6jlt jE), pw) = V2e,F;. 


We know that the elements {@e;}, with i < j, form a basis of the Lie algebra 
spin(4, C). Rewriting this basis in terms of the elements E; and E;, one finds an 
explicit matrix representation of spin(4,C) with respect to the bases {1, £} and 
{E,, Ex} in St and S~, respectively. From this representation one reads off that 
spin(4, C) = sl(2, C) @ sl(2, C). Then, by Proposition 5.2.17 


Spin(4, C) = SL@, C) x SLQ, C). (5.3.38) 


Finally, by Proposition 5.3.14, the bilinear form (5.3.36) should be anti-symmetric 
and should induce anti-symmetric bilinear forms on both St and S~. This can be 
checked by direct inspection. In the above bases, the bilinear forms on S~ are given 
by the standard anti-symmetric form ¢; with i,j = 1, 2. 4 


In the remainder of this section, we endow every spinor module with a natural 
Hermitean bilinear form, discuss its relation to the canonical bilinear form (-, -)s,, 
and draw important conclusions. We limit our attention to the Euclidean case and 
comment on the pseudo-Euclidean case at the end. 

Thus, let (V, q) be a positive-definite quadratic space with bilinear form 7. Extend 
n to Vc and consider the natural Hermitean bilinear form h on Ve associated with 
the complex bilinear form 7 via 


h(u,v):=n,v), u,ve Ve. (5.3.39) 


Here, v +» v denotes the complex conjugation mapping. Clearly, this mapping 
extends to a conjugate linear algebra automorphism a +> a of CI(V, q)°. Com- 
bining this with the canonical anti-automorphism t, we obtain a conjugate linear 
anti-automorphism 

a’ := t(a), (5.3.40) 


that is, (ab)* = b*a* and (Aa)* = da* for A € C. Let (E, p) be a complex rep- 
resentation of Cl/(V,q)° endowed with a Hermitean structure. It is called unitary 
if 

p(a*) = play" (5.3.41) 


for all a € Cl(V, q)°. Thus, in particular, the generators v € V C CI(V, q)° act as 
self-adjoint operators on E. Clearly, for a unitary Clifford module, the representations 
of Spin(V) and Pin(V) preserve the Hermitean structure on F. Thus, they are unitary 
as well. 

We extend h to \ Vc by setting h(¢, Ww) = 0 for d, w € (Vc having a different 
form degree and 
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hd, D=1, ha... Au, vi A... Ave) = det (h(u;, ¥j)) , (5.3.42) 


where u;, v; € Vc. Note that, with respect to the standard basis {e7} of A Vc induced 
from an y-orthonormal basis {e;} of Vc, h coincides with the standard Hermitean 
form on C”. 


Example 5.3.16 We take up Example 5.3.2. Clearly, (a,b) := tr(a*b) defines a 
Hermitean inner product on C/(V, q)°. Then, (a, vb) = (va, b), for anyv Ee VC 
C1(V, q)° anda, b € CI(V, q)°. Thus, endowed with the action by left multiplication, 
Cl(V, q)° is a unitary Clifford module. Next, it is easy to see that the quantization 
mapping intertwines the inner product on A Vc given by (5.3.42) with the above 
inner product on C/(V, q)° (Exercise 5.3.6). Thus, /\V is a unitary Clifford module 
as well. 4 


Now, let dim V = 2k and let Ve = W’ ® W = W* @ W be acomplex polarization. 
Then, by (5.3.26), W and W’ are orthogonal with respect to h. Moreover, W = W’. 
Thus, we can restrict h to W and to W’ and then extend these restrictions via (5.3.42) 
to (Wand /\W’, respectively. This way, we obtain a scalar product h” on the spinor 
module S” and, via W’ = W%, also a scalar product hw on Sy. 


Proposition 5.3.17 The spinor modules Sw and S™ are unitary. In particular, the 
Hermitean forms hy and hW are Spin(V)-invariant. 


Proof We write down the proof for S™. It is enough to show that any v € V acts via 
p™ asa selfadjoint operator on /\ W. Since v is real and W = W’, with respect to the 
chosen complex polarization it decomposes as v = w + w, where w € W. We prove 


u(n(w))* = e(w),  e(w)* =L(n)). 
On the one hand, for any @ = uj A...Aug € A*‘W andy = VIA...AVEE1 E A‘ w, 
hY (u(n())*d, W) = hy A... Aug, NP) (V1. A. A Veg) 


k 
= SETH ay A... Aug, NW, Vj) Vp A... pee A Veg) 


i=] 


k 
=>(-)™'hw, vay W™ (uy A... A py V1 A oo po A Vig) « 


i=l 


On the other hand, h" (e(w), vw) =h”(wauy A... A ug, Vp A... A Vegi). Using 
(5.3.42) and expanding the determinant with respect to the first line, we obtain the 
assertion. Now, p" (v)* = V2(i(())* + €(w)*) = V2(e(w) + 1))) = p™(Y). 

| 


Let {e;} be an h-orthonormal basis in W and let {e7} be the induced basis in SY = [A W. 
Let J° denote the complement of Jin {1,..., k}. We choose e; A... Ae, as the volume 
form and view the bilinear form (-, -)sw as a C-valued mapping. 
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Proposition 5.3.18 Let dim V = 2k and let Vc = W* @ W be a complex polar- 
ization. Then, the scalar product h™ on S“ and the canonical bilinear form (-, -)sw 
are compatible, that is, there exists an anti-linear Spin(V)-equivariant mapping 
C:S” — S™ such that 

h” (C(ez), ey) = (ey, es) 5 « (5.3.43) 


If the canonical bilinear form is symmetric, then C? = id. If it is anti-symmetric, 
then C* = —id. The corresponding statements are true for Sw. 


Proof We have 
(€7, ex )sw = €7, (5.3.44) 


where ¢; = +1. If (-, -)sw is symmetric, then e7 = &;-. If it is anti-symmetric, then 
€1 = —€)c. Now, since both h and (.,-)sw are non-degenerate, (5.3.43) defines 
an anti-linear isomorphism C : SY —> S$". Moreover, since S“ is unitary and 
since (-,-)sw is Spin(n)-invariant, C is Spin(V)-equivariant. Comparing (5.3.43) 
with (5.3.44), we read off 


Cle) = € er . (5.3.45) 
This implies C? = id in the symmetric case and C? = — id in the anti-symmetric 
case. o 


Now, recall some basic terminology from representation theory. Let S be a Hermitean 
vector space carrying a unitary representation of acompact Lie group G. If there exists 
an anti-linear G-equivariant mapping C : S > S fulfilling C? = id or C? = — id, 
then S is said to be of real or of quaternionic type, respectively. C is called the structure 
mapping. In the first case, S is the complexification of the real G-representation Sp 
given as the fixed point set of C. In the second case, C induces on S the structure of 
a quaternionic G-representation with scalar multiplication by the quaternions i, j, k 
given by i = i, j = C and k = jj. In both cases, C clearly provides an isomorphism 
of S and the dual module S*. Consequently, such representations are referred to as 
self-dual. If a unitary G-representation is not self-dual, then it is said to be of complex 


type. 
Combining Proposition 5.3.18 with Proposition 5.3.14, we obtain the following. 


Theorem 5.3.19 We have the following types of the spin representations of Spin(n): 


n=0 mod8: A> of real type, 

= 2,6 mod8: A; of complex type, 

n=4 mod8: A; of quaternionic type , 
n=1,7 mod8: Ay, of real type, 
n=3,5 mod8: A, of quaternionic type . 


Proof The first three assertions are immediate from Propositions 5.3.14 and 5.3.18. 
Consider the case n = 2k — | with k even. Then, by (5.3.17), Ay = Aa and the 
restriction of the bilinear form yields a non-degenerate symmetric bilinear form for 
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k = 0 (mod 4) and an anti-symmetric bilinear form for k = 2 (mod 4), respectively. 
Finally, let n = 2k — 1 with k odd. Then, according to Proposition 5.3.14, the rest- 
riction of the canonical bilinear form to As vanishes. But instead one can take the 
Spin(n)-invariant bilinear form 


(6, W) := (@, Pens W)sw, 6, © Ari = Arg, 


which is easily seen to be symmetric for k = | (mod 4) and anti-symmetric for 
k = 3 (mod 4), respectively. Oo 


Remark 5.3.20 (Structure mapping) Recall the explicit k-fold tensor product repre- 
sentation : 
Agel SOS .ueC 


given by (5.3.2), together with the explicit presentation of the generators e; and e2 
of the spinor representation on C?, 


01 10 
e=[tal- e=[o5). 


provided in Example 5.1.13. Using this, from (5.3.45) one can read off the structure 
mapping C explicitly. Consider the case n = 8k + 4. Then, by Theorem 5.3.19, both 
A* are of quaternionic type. For n = 4, we have Aj = C? = A, and Ay and A, 


are spanned by (eg, e11,2}) and (e11}, e;2}), respectively. Taking into account that C 
must be anti-linear, for Ay = C? @ C?, formula (5.3.45) yields: 


C:CaCts+Cec, c(/*]el#!)=!|2lel2|. 63.46 
22 24 Zl £4 


Then, C2 = — id, indeed. Moreover, using the explicit presentation of the Clifford 
multiplication on A, found in the proof of Proposition 5.1.15, 


fi=1@e, fr =1l@e, f3=e, Mier, fy=e2 @iejen, 


one checks by direct inspection (Exercise 5.3.7) that C commutes with the Clifford 
action, 
Cof;=fjoC, i=1,2,3,4. (5.3.47) 


This implies that C is equivariant with respect to the spin representation.** Using the 
above tensor product decomposition of A>;, this construction may be easily extended 
ton = 8k + 4 yielding a quaternionic structure mapping C commuting with the 
Clifford multiplication. In a completely analogous way, the structure mappings of 


?3We know this already from Proposition 5.3.18. 


5.3 Representations 391 


the remaining cases provided by Theorem 5.3.19 may be constructed. For a complete 
list, we refer e.g. to [219].74 ¢ 


Remark 5.3.21 (Majorana spinors) Let S be a complex spin representation. Then, S 
is called Majorana (resp. symplectic Majorana) if it admits a real (resp. quaternionic) 
structure mapping C. A spinor @ € S is called Majorana if C(¢@) = @. We refer to 
[633] for more details. 4 


Example 5.3.22 (Low-dimensional spin groups) Recall Example 5.2.11. Here, we 
show that Theorem 5.3.19 yields elegant proofs of the isomorphisms between low- 
dimensional spin groups and classical Lie groups. We illustrate this by proving 


Spin(5) = Sp(2), Spin(6) = SU(4). 


Since As is a faithful 4-dimensional representation of quaternionic type, after iden- 
tifying C* = Hl, we obtain an injective homomorphism gy : Spin(5) > Sp(2). 
By dimension counting, this must be an isomorphism. Next, A¢ is of complex type 
and decomposes into irreducible 4-dimensional representations, Ag = At @ Ag. 
Thus, since the spin representation is unitary, we obtain injective homomorphisms 
gs : Spin(6) + U(4). Since Spin(6) is the covering group of a simple Lie group, it 
must be semisimple. Thus, its image under g+ must lie in SU(4). Again, by dimension 
counting, we conclude that g4 are isomorphisms. 4 


An analysis similar to that in Theorem 5.3.19 has also been carried out for the pseudo- 
Euclidean case, see [15, 286] for a detailed presentation. Here, we focus on the con- 
struction of a Spin(V)-invariant Hermitean form on the spinor module.”> Given this 
form, one can then proceed as in the positive-definite case. Recall from Proposition 
5.3.17 that, for a positive-definite 1, the Hermitean forms on the spinor modules are 
Spin(V)-invariant. In the pseudo-Euclidean case, the situation is more complicated. 
It can be shown that, here, there does not exist a positive definite Spin(V)-invariant 
Hermitean form at all. In particular, the canonical Hermitean form on the spinor 
module is only invariant with respect to the maximal compact subgroup of the spin 
group, see [59] for details. There exists, however, an indefinite invariant Hermitean 
form, defined as follows. 
Take the canonical (positive-definite) Hermitean form 


h¢@w=¢v, &WEArs, (5.3.48) 


on A,is = Cc, where r + s = 2k. Let {e;} be an orthonormal basis in R”*. Any 
vector x € IR”* may be decomposed as x = x; + x_, where x; € span {e;,...,e;} 
and x_ € span {e,,),..., 15}. By the explicit presentation of the Clifford action 
provided in Remark 5.1.20, we have y(e)' = nyy (e;) for all j = 1,...,n. Thus, 


24Note, however, the different conventions there. 


°5The Spin(V)-invariance is relevant for applications in geometry and physics. In particular, one 
wants to construct Spin(V)-invariant Lagrangians for field theoretical models. 
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h(x, -¢@,¥) =h@,x,-W), hx_-¢,~)=—h@,x_-w). (5.3.49) 
We define 


e)-@)-...-e, if r=0,1 (mod4) 
ie; -@-...-e, if r= 2,3 (mod4) 


(5.3.50) 
Then, re = landx,- I. = (-1)""'r.- x, andx_ - Il. = (—1)/T. - x_. Thus, 

hd;-¢,wW=h@¢l,-), (5.3.51) 
for any ¢, yy € A,+;. Now, we can define a modified Hermitean form: 


ha, W):=hd- ow), Wears. (5.3.52) 


Proposition 5.3.23 The bilinear form hg has the following properties. 


1. It defines an indefinite Hermitean form of index 2''. 
2. Itis Spin, ,-invariant. 
3. For any x € R" and any $, W € A;s, 


hax: ¢, W) + (-Lha@, x: y) = 0. (5.3.53) 


Proof The matrix y(J",) is non-singular and has 2‘! positive and 2*~! negative 
eigenvalues. Moreover, by (5.3.51), 


ha(g, ¥) = hd; - 6, W) = hy, I -6) = he , ) = hay, ¢). 


This proves the first assertion. Next, take any x € R” and decompose x = x; + x_. 
Then, using (5.3.49), we calculate 


ha(x-¢, ~) =hU,-x- 6, ) 
=h(-x4-¢,W) +h -x_-¢, 0) 
= (-1) ha, - Fo, hy) + CI he - +o, W) 
= (-1)" 'hU,- ¢,x- p) 
= (-1)"'ha(g, x: p). 


This proves the third assertion. Finally, let g = x; -...- X2m € Spin,.,. Then, using 
(5.3.53) together with V(g) = 1, we obtain 


ha(g-¢,g°v) =(-)?"" had, W) = had, v). 
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In applications, we will usually denote hy = (-,-). 


Remark 5.3.24 One can take 


so 


| (=1)' uy peo se Cray Hf #= 0,1 Gnd 4) er 


i(-1)! Fle. -e-42-...- Crs if s= 2,3 (mod4) 


and define an (equivalent) modified Hermitean form replacing I. by I in (5.3.52). 
4 


Example 5.3.25 We take up Example 5.3.9. Using the presentation of the Clifford 
multiplication given by (5.1.26), we obtain the following Hermitean form on the 
bispinor space S ® S” over the Minkowski space: 


hai, ) = Wy = bh + br. (5.3.55) 


for any %,W%eS@ Ss decomposed as in Example 5.3.9. Comparing this with 
(5.3.21), the Spin, ;-invariance of hy is obvious. 4 


Exercises 

5.3.1 Prove formula (5.3.24). 

5.3.2 Prove the formulae (5.3.26) and (5.3.30). 
5.3.3 Complete the proof of Proposition 5.3.14. 
5.3.4 Prove formulae (5.3.33) and (5.3.36). 
5.3.5 Work out the details of Example 5.3.15. 


5.3.6 Show that the quantization mapping intertwines the inner products in Cl; and 
/\Vc as defined in Example 5.3.16. 


5.3.7 Prove formula (5.3.47). 


5.4 Spin Structures and Spin‘ -Structures 


Now, we consider a real orientable n-dimensional Riemannian vector bundle z : 
E — M. Recall from Corollary 4.8.4 that E is orientable iff w;(E) = 0. Moreover, if 
w,(E) = 0, then the distinct orientations on E are in one-to-one correspondence with 
elements of eee (M). By Example 1.6.6, the associated frame bundle of E may be 
reduced to the bundle of orthonormal frames O(E£) and every choice of an orientation 
yields a further reduction to the bundle of oriented orthonormal frames O,(E). By 
Corollary 5.2.8, there is an exact sequence 
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j : X 
1 > Z, + Spin(n) > SOW”) > 1. (5.4.1) 


Thus, we have a covering homomorphism A : Spin(n) + SO(n) with kernel Zz. By 
Remark 5.2.9, the latter is universal for n > 2. 


Definition 5.4.1 (Spin structure) Let x : E + M be areal orientable n-dimensional 
Riemannian vector bundle withn > 2. Then, a spin structure on E is a pair (S(E), A), 
where S(E) is a principal Spin()-bundle over M and A: S(E) > O,(E), together 
with A, is a vertical bundle morphism. 

Two spin structures (S| (E), A;) and (S$,(E), Az) are called equivalent if there 
exists a Spin(7)-equivariant mapping F : S;(E) — S,(E) fulfilling A,0o F = A). 


Note that, by (5.4.1), A is a two-sheeted covering. 

By Example 5.2.11, Spin(2) = U(1). Thus, for n = 2, we take for 2 : U(1) > 
U(1) the connected two-fold covering. For n = 1, a spin structure is defined as a 
two-fold covering of M. 


Remark 5.4.2 In the terminology of Sect. 2.2, a spin structure is yet another example 
of an H-structure. In the terminology of Sect. 1.6, O,(£) is a A-extension of S(E), 
or, since A is surjective, S(E) is a Spin()-extension of O,(E). We have 


O,(E) = S(E) X spiny SOM) , (5.4.2) 
or, on the level of vector bundles, 


E= OE) X SO(n) R= S(E) X Spin(n) R’. (5.4.3) 


This yields an equivalent definition of a spin structure: a spin structure on E is a 
pair (S(E), p), where S(E) is a principal Spin()-bundle over M and 


gp: E— S(E) X Spin(n) R" 


is an isomorphism of oriented Riemannian vector bundles. 4 
Let us discuss the question of existence and uniqueness of spin structures. 


Theorem 5.4.3 Letz : E — M be areal oriented Riemannian vector bundle. Then, 
there exists a spin Structure on E iff the second Stiefel-Whitney class W2(E) vanishes. 
Moreover, if W2(E) = 0, then the isomorphism classes of spin structures on E are in 
one-to-one correspondence with the elements of He (M). 


Proof By Proposition 3.7.5, the exact sequence (5.4.1) induces a fibration of classi- 
fying spaces, 


BZ —> BSpin(n) “s BSO(n). (5.4.4) 


By Appendix G, BZ, coincides with the Eilenberg-MacLane space K(Z», 1) and 
thus, by the discussion in Sect. 4.8, the fibration (5.4.4) implies the sequence 
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Bj : Bh 6 
K (Zo, 1) —> BSpin(n) — BSO(n) — K(Zo, 2). (5.4.5) 


Using Corollary 3.6.9 and [M, K(Zp,n)] = Hz,(M), we derive from (5.4.5) the 
following exact sequence of pointed sets: 


_.. —> IM, Spin(n)] => [M, SO()] 23 AL) — [M, BSpin(n)] 


*S [M, BSO(n)] > H2,(M). oe) 


Now, a principal SO(m)-bundle P admits a 2-fold covering by a principal Spin(7)- 
bundle iff it is contained in the image of BA,, that is, according to the exactness of 
this sequence iff 6,(P) = 0. But, by definition of the Stiefel-Whitney classes, we 
have 

6.(P) = W2(P). 


The second statement also follows from the exactness of the sequence (5.4.6). lf 


The most important special case is provided by the choice E = TM. 


Definition 5.4.4 (Spin manifold) A spin manifold is an oriented Riemannian mani- 
fold with a spin structure on its tangent bundle. 


Since the Stiefel-Whitney classes of a manifold M are, by definition, the Stiefel— 
Whitney classes of TM, Theorem 5.4.3 implies the following. 


Corollary 5.4.5. An oriented Riemannian manifold M admits a spin structure iff its 
second Stiefel-Whitney class W2(M) vanishes. Moreover, if W.(M) = 0, then the 
isomorphism classes of spin structures on M are in one-to-one correspondence with 
the elements of Hi. (M). i) 


Remark 5.4.6 Let L,(M) be the bundle of oriented linear frames of M. We show that, 
for any Riemannian metric on M, the manifolds O,(M) and L;(M) are homotopy 
equivalent. For that purpose, let 7 : O,(M) — L,(M) be the natural inclusion 
mapping and let p : Ly (M) — O(M) be defined by the standard orthonormalization 
procedure of linear frames. Then, clearly po j = ido, (yy. Since, for any u € L,(M), 
the image j o p(u) is obtained from u by a transformation from GL, (R”) and, since 
GL. (R") is connected, we conclude that j o p is homotopic to the identity on L, (M). 
This implies that the choice of a spin structure for a given Riemannian metric uniquely 
determines a spin structure for any other Riemannian metric. In this sense, a spin 
structure does not depend on the choice of the Riemannian metric. 4 


Remark 5.4.7 (Pseudo-Riemannian manifolds) If (M, g) is a pseudo-Riemannian 
manifold with signature (r,s), then one has the following existence criterion, see 
[59] and further references therein: let TM = E’ © E* be a decomposition of 
TM into a time-like (positive definite) subbundle E” and an orthogonal space- 
like (negative definite) subbundle E*. The manifold M admits a spin structure iff 
W2(M) = wi(E") U wi (E*). In particular, a time- or a space-orientable pseudo- 
Riemannian manifold admits a spin structure if its second Stiefel—-Whitney class 
vanishes. The spin structures are classified by the group Hj, (M). We refer the 
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reader to [59] for a discussion of special classes of examples important in geom- 
etry and physics. > 


We continue with a number of examples. 


Example 5.4.8 (2-connected manifolds) If M is 2-connected, then the Hurewicz 
Theorem, together with the Universal Coefficient Theorem, implies that Hi (M) and 
Ht (M) vanish. Thus, M carries a unique spin structure. Examples of this type are 
spheres of dimension n > 2, simply connected Lie groups and the Stiefel manifolds 
Sx(k, 1) of k-frames in K! fulfilling d(i —k + 1) => 4, see Theorem 3.4.10. Here, d 
is the dimension of K over R. 4 


Example 5.4.9 (Spin Structure of S*) Consider M = S* which fits into the class 
of manifolds described by Example 5.4.8. Let us calculate the spin structure S(S*) 
explicitly. By Example 5.2.11, we have Spin(4) = Sp(1) x Sp(1) and Spin(5) = 
Sp(2). Thus, we obtain the following commutative diagram: 


Sp(1) x Sp(1) ~—> Sp(2) 


| 


SO(4) ————= SO(5) 


Here, 4 and 2’ are the covering homomorphisms and i and 7’ denote the natural 
inclusion homomorphisms. Next, recall from Example 1.1.24 and Remark 1.1.25 
that 

S* = Sa(1, 5) = SO(5)/SO(4) (5.4.7) 


and 
HP! Y Gud, 2) = Sp(2)/(Sp(1) x Spd)). (5.4.8) 


By Example 1.1.18, the bundle of oriented orthonormal frames O,.(S*) coincides 
with the principal SO(4)-bundle SO(5) — SO(5)/SO(4) and, by (5.4.8), Sp(2) 
carries the structure of a principal (Sp(1) x Sp(1))-bundle over S*. Thus, the pair 
(A’, A) of Lie group homomorphisms defines a morphism of principal bundles: 


Sp(2) + O(S4) 


| | 


54 —t + 94 


Since A’ is a 2-fold covering, we conclude that Sp(2), viewed as a principal (Sp(1) x 
Sp(1))-bundle over S*, coincides with the (unique) spin structure S (S*). 4 


Example 5.4.10 (Projective spaces) Consider the n-dimensional projective space 
KP” for K = R, C or H. Then, 


5.4 Spin Structures and Spin°-Structures 397 


1. RP” is spin iff nm = 3 (mod 4). 
2. CP" is spin iff n is odd. 
3. HP” is spin for all n. 


In case | we have two spin structures and in the remaining cases the spin structures 
are unique. By Example 4.5.3, the total Stiefel-Whitney class of KP” is 


w=l+w,twot...=(1+é)""!, 


where é is the generator of the Z2.-cohomology ring. This generator has degree 1, 
2 and 4 for, respectively, K = R, C and H. Now, one has to analyze the conditions 
w, = 0 and w2 = 0 for each case. For K = R, they are equivalent to w; = (n+ LE 
and w2 = (""*')&? = 0, that is, 


(n+ 1) =0 (mod2), me) = 0 (mod2). 


Moreover, Hz, (IRP”) is generated by &. This yields the assertion. For K = C or H, 
the proof is obvious. 

In special cases, one can give a proof by simple geometric arguments, see e.g. 
Proposition 3.3 in [554] where it is shown that CP? cannot carry a spin structure. @ 


Example 5.4.11 Let (M,g) be an oriented 4-dimensional Riemannian manifold. 
Consider the Hodge decomposition 


A°T*M = \?,T*M @ A?_T*M, 


see (2.8.17). Since A\7,.R* = s0(3) = spin(3), the subbundles Ex = ATM are 
Riemannian with the fibre metric induced from the Killing form on s0(3). Let O(E) 
be the principal SO(3)-bundles of (positive or negative) orthonormal frames of E+ 
and let S(E..) be the corresponding spin bundles. It is easy to show (Exercise 5.4.1) 


that 


Es & Ad(S(Ex)). (5.4.9) 


4 


Example 5.4.12. (Compact Riemann surfaces) For a compact Riemann surface of 
genus g, there are exactly 278 distinct spin structures. We refer to [407] for their 
explicit construction. 4 


Example 5.4.13 Any complex manifold M is orientable, because the realification of 
a complex vector bundle is orientable, see Sect. 4.2. Moreover, by Corollary 4.4.7/1, 
W2(M) is the mod 2-reduction of the first Chern class c;(M). Thus, a complex man- 
ifold is spin iff c;(M) = O(mod 2). + 


Since a spin structure is a principal bundle, the ordinary theory of connections 
as developed in Chap. 1 applies. Since A : S(M) — O,(M) is a covering, any 
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connection form w in O,(M) lifts uniquely to a connection form @ in S(M). The 
latter is defined via the commutative diagram 


TS(M) ae spin(7) 


TO.(M) —°—=> so(n) 


Uniqueness follows from the fact that dA is an isomorphism of Lie algebras. Explic- 
itly, 
@ = (da) lA*o. (5.4.10) 


On the other hand, according to Corollary 1.3.14, any connection in S(M) induces a 
unique connection in O,(M). 


Definition 5.4.14 Let (M,g) be an oriented Riemannian spin manifold and let 
(S(M), A) be a chosen spin structure on M. Let w be the Levi-Civita connection 
of g viewed as a principal connection on O,(M). Then, the unique lift @ defined by 
(5.4.10) will be referred to as the spin connection on S(M). 


Finally, we show that the notion of a spin structure extends to the notion of a Spin‘- 
structure in an obvious way. Let 


A := pr, op: Spin‘(n) > SO(n), o :=pr,op: Spin*(n) > UC), 


be the natural homomorphisms defined by the sequence (5.2.17). 


Definition 5.4.15 (Spin°-structure) Let : E — M be areal orientable n-dimensio- 
nal Riemannian vector bundle with n > 2. Then, a Spin‘-structure on E is a pair 
(S°(E), A), where S°(E) is a principal Spin‘(n)-bundle over M and A : S°(E) > 
O..(E), together with A, is a vertical principal bundle morphism. 


Clearly, by the above definition, since U(1) and Spin(m) are Lie subgroups of 

Spin‘ (n), we have 

(a) S°(E) factorised with respect to the natural right U(1)-action is isomorphic to 
O,(E). 

(b) S*°(E) factorised with respect to the natural right Spin(7)-action is a principal 
U(1)-fibre bundle over M which we denote by P. 

(c) We have a two-fold covering S°(E) + O1(E) xy P, where O(E) x,y P is the 
fibre product*° of principal bundles over M with structure group SO(n) x U(1). 


Associated with P, we have a complex line bundle 


L:=Px,C (5.4.11) 


26Cf, Remark 1.1.9/2. 
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which is referred to as the fundamental (or determinant) line bundle of the Spin‘- 
structure. As in Remark 5.4.2, on the level of vector bundles, we have 


E= O,(E) X SO(n) R’= S°(E) X Spin‘ (n) R’. 


Thus, as before, identifying U(1) = SO(2) and considering the natural embedding 
i: SO(n) x SO(2) + SO(n+ 2) induced from the decomposition R’*? = R" @ R?, 
we obtain 

E@L=S‘(E) Xiop (R" @ RB’). (5.4.12) 


Now, by the commutative diagram (5.2.22), we have the following. 


Proposition 5.4.16 An oriented Riemannian vector bundle E over M admits a Spin‘ - 
structure iff there exists a complex line bundle L over M such that E © L admits a 
spin structure. 


Using this criterion, it is easy to discuss the obstruction against the existence of a 
Spin‘-structure. 


Proposition 5.4.17 An oriented Riemannian vector bundle E admits a Spin‘ -struc- 
ture iff its second Stiefel—Whitney class W2(E) is the mod 2 reduction of a cohomology 
class from He (M). 


Proof By Proposition 5.4.16 and Theorem 5.4.3, E admits a Spin‘-structure iff there 
exist a line bundle L such that w2(E @ L) = 0, that is, by the Whitney Sum Formula, 
iff 

W2(E ® L) = wo(E) + wo(L) + wi (E)wi(L) = 0. 


Since E and L are oriented, we conclude w2(E) + w2(L) = 0. Since these are mod 
2 classes, this implies 
W2(E) = Wo(L). 


But, W2(L) is the mod 2 reduction of c; (L). This proves the assertion in one direction. 
Conversely, if W2(E) is the mod 2 reduction of an integral cohomology class a, then 
we can find a complex line bundle L with first Chern class a. im 


Let Spin‘ (E) be the set of Spin‘-structures on E. By assigning to a Spin‘-structure 
the first Chern class of P, we obtain a mapping 


Spin’(E) > H3(M). 


It can be shown [219] that the Spin‘-structures of E are classified by Ae (M). 
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Example 5.4.18 Note that via the natural inclusion mapping! : Spin(n) > Spin‘(n), 
every spin structure S(Z) induces a Spin‘-structure of E. The latter is obtained by 
taking the fibre product with the trivial principal U(1)-bundle Po, 


S°(E) = S(E) XM Po : ry 


Example 5.4.19 Assume that E admits a complex structure, that is, O,(E) admits 
a U(k)-reduction Q. Then, by Proposition 5.2.14, there exists a homomorphism 
F : U(k) > Spin‘ (2k) projecting onto SO(2k) x U(1). Thus, 


S°(E) := QO Xy Spin’ (2k) 
is a Spin‘-structure of E. @ 


Clearly, the most important example is E = TM. 


Definition 5.4.20 (Spin°-manifold) Let M be an oriented Riemannian manifold. If 
TM admits a Spin‘-structure, then M is called a Spin*-manifold. 


By Example 5.4.18, every spin manifold has a canonical Spin‘-structure and, by 
Example 5.4.19, every almost complex manifold has a canonical Spin‘-structure, 
too. The following deep theorem holds [305, 681]. 


Theorem 5.4.21 (Wu-Hirzebruch—Hopf) Every compact orientable 4-dimensional 
manifold is Spin‘. 


As in the case of a spin structure, the ordinary theory of connections applies here. For 
a given Spin‘ (n)-structure S°(E) on E, a connection form w on S‘(£) takes values 
in the Lie algebra 

spin’ (n) = spin(n) @ iR = so(n) @iR. 


Let there be given connection forms on O,(£) and P, respectively. Then, by Remark 
1.3.17, they induce a connection form on the fibre product O,(E) x,y P and, since 
S°(E) > O.(E) Xy P is a covering, the latter lifts to a unique connection form on 
S°(E). Conversely, given a connection form on S°(£), it induces connection forms 
on O,(E) and P, respectively. 


Exercise 


5.4.1 Prove formula (5.4.9). 


5.5 Clifford Modules and Dirac Operators 


We introduce a variety of vector bundle structures associated with Clifford modules 
and, in particular, with spinor modules. These structures can be defined for arbitrary 
pseudo-Riemannian vector bundles E — M, but in applications in geometry and 
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physics the special case E = TM with M being a pseudo-Riemannian manifold is 
the most important one. We rather focus on the Riemannian case. 

First, observe that the basic representation of SO(n) on the Euclidean space (R", q) 
induces an action of SO(7) by algebra homomorphisms on the tensor algebra over 
IR" which leaves the ideal .4,(IR”) defined in Sect.5.1 invariant. Thus, we obtain a 
representation of SO(7) on the Clifford algebra Cl, by algebra homomorphisms: 


Pn 2 SO(n) — Aut(Cl,) . (5.5.1) 


Definition 5.5.1 (Clifford bundle) Let E be an oriented Riemannian vector bundle 
of rank n and let O,(E) be the bundle of oriented orthonormal frames. Then, the 
associated algebra bundle 


CI(E) := O4(E) Xp, Cln (5.5.2) 


will be referred to as the Clifford bundle of E. For an oriented Riemannian manifold 
(M, g), the bundle C/(TM) will be called the Clifford bundle of M. It will be denoted 
by Cl(M). 


By analogy, one defines the Clifford bundle of a Hermitean vector bundle using the 
extension of p, to Cl”. For example, we can take the complexification 


CI°(E) = CI(E) ® C = Ox(E) xp, Cle. (5.5.3) 


Below, we will often not distinguish in notation between C/(E) and CI°(E) and just 
write C1(E) for both. 

Note that C/(E) is a bundle of Clifford algebras over M. In particular, the fibrewise 
multiplication in C/(E) provides the space of sections of C/(£) with a natural algebra 
structure. It follows that all Clifford algebra operations carry over to Clifford bundles. 
In particular, the parity automorphism induces a vertical bundle automorphism of 
CI(E) and, thus, we obtain a decomposition 


CI(E) = CI°(E) ® Cl'(E) (5.5.4) 


corresponding to (5.1.5). Moreover, the vector space isomorphism given by Propo- 
sition 5.1.10 induces an vector bundle isomorphism 


AR= Ce): (5.5.5) 


Second, we consider bundles of modules over the Clifford bundle, that is, for a 
given Riemannian (or Hermitean) vector bundle E — M, the fibre at m € M of 
such a bundle is a left module over C/(E,,,). In particular, for E = TM, the fibre 
at m is a left module over Cl(T,,M). Such bundles will be referred to as Clifford 
module bundles. We give the definition for the case E = TM. The generalization to 
an arbitrary Riemannian (or Hermitean) vector bundle will then be obvious. 
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Definition 5.5.2 (Clifford module bundle over Cl(M)) Let (M, g) be a Riemannian 
manifold and let & — M be a real (or complex) vector bundle. If there exists a 
mapping c: TM — End(@) fulfilling 


c(X)? = g(X, X) ide 


m 


(5.5.6) 


for every X € T,,M, then c is referred to as a Clifford mapping and & as a Clifford 
module bundle over C/(M). 


By the universal property, since TM C Cl(M) generates C/(M) fibrewise, c induces 
a unique homomorphism 
¢: CIM) > End(&) (5.5.7) 


of algebra bundles fulfilling ¢(X) = c(X) for any X € T,,M. This justifies the 
terminology. 

The special case when the typical fibre of a complex Clifford module bundle & 
coincides with a spinor module A, is of particular importance. Such a bundle will 
be referred to as a spinor bundle over C/(M). Let us assume that the Riemannian 
manifold (M, g) admits a spin structure ($(M), A). Then, we have a canonically 
associated bundle, 

S(M) := S(M) x, An, (5.5.8) 


where y denotes the spinor representation. 


Definition 5.5.3 (Spinor bundle) The vector bundle .“(M) will be referred to as 
the spinor bundle of (M, g) relative to the fixed spin structure S(M). 


In the sequel, .“(M) will also be called the canonical spinor bundle. The general- 
ization to a Hermitean vector bundle carrying a spin structure is obvious. Clearly, 
-/(M) is a Clifford module bundle with the Clifford mapping given by the spinor 
representation y. This follows from the fact that (Exercise 5.5.1) 


CIM) = SM) X spiny Clr (5.5.9) 
with the action of Spin() on Cl, given by conjugation, 
Ad : Spin(n) x Cl, > Cl,, Ad(g)a:= gag™'. 


Now, the spinor representation of C/,, on A, induces a fibrewise action of the associ- 
ated bundle C1(M) = S(M) spiny Cl, on Y(M). Note that Remark 5.3.3 implies 
the following. 


Remark 5.5.4 Let & be a complex Clifford module bundle. Then, the isomorphism 
(5.3.6) implies 
End(é) = CI°(M) ® Endciwyy(€&) « (5.5.10) 
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Moreover, since locally every Riemannian manifold admits a spin structure, (5.3.5) 
implies the following local structure for any Clifford module bundle &: 


Eu = SU) @Y, (5.5.11) 


where U C M isan open subset, .“(U) is the spinor bundle with respect to a chosen 
spin structure on U and W = Homcyy)(.%(U), &). If (M, g) admits a spin structure, 
then (5.5.11) holds globally. 4 


According to (5.3.15), for n = 2k, “(M) splits into a direct sum of subbundles, 


SY (M) = %*(M)®Y (M), Y*(M)=S(M) x, AX. 
Remark 5.5.5 Let n = 2k. By point 2 of Proposition 5.3.11, the Clifford multi- 
plication with any non-vanishing vector x € R” yields vector space isomorphisms 
A;; — AF. This implies that the Clifford mapping c is odd, that is, for any X € T,,M, 


n 


we have a bundle isomorphism c(X) : 4*(M) > /Y*(M). 4 


Remark 5.5.6 By Remark 5.3.8, in a completely analogous way, we may consider 
the Spin‘(7)-representation on A, given by (5.3.20). Thus, we can build the spinor 
bundle 

SM) := S°(M) Xspine~y An (5.5.12) 


with respect to a fixed Spin‘-structure. Moreover, if n is even, then we have a natural 
splitting 
SM) = SEM) ® -Y2(M) (5.5.13) 


corresponding to the spinor module splitting A, = A} ®@ A. Many considerations 
in the sequel, spelled out for .7(M), hold true for that case as well. 4 


Remark 5.5.7 (Projective spinor bundle) In 4-dimensional Riemannian geometry, 
the projectivization of spinor bundles plays an important role. Let M be an oriented 
4-dimensional spin manifold. Consider the irreducible spinor modules Ay = C? of 
Spin(4). Then, for the corresponding projective spaces P(A) we have 


P(A*) = CP! = Sp(1)/U(1). (5.5.14) 


Thus, Spin(4) = Sp(1) x Sp(1) acts naturally on P(A7). Indeed, denoting by Az : 
Sp(1) x Sp(1) + Sp(1) the Lie group homomorphisms given by projection onto the 
first and second component, respectively, we define the left actions 


ox : (Sp(1) x Sp()) x (Spd)/UC)) > SpQ)/U), oo (A) (sg) = Da). 


Consequently, we can build the associated projective spinor bundles 


P*(M) := S(M) x,, P(AZ). 


er 


(5.5.15) 
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In particular, by Example 5.4.9, S(S*) = Sp(2), where Sp(2) is viewed as a principal 
(Sp(1) x Sp(1))-bundle over S*. Then, using (5.5.14), we obtain P~ (S*) = Sp(2) Xo 
Sp(1)/U(1) and, thus, 


P*(S*) = Sp(2)/(Sp(1) x UC), P7(S*) = Sp(2)/(UC) x Sp()). (5.5.16) 
4 


Remark 5.5.8 Let M be an oriented 4-dimensional spin manifold endowed with a 
conformal structure.”’ We show that P+(M) carry natural almost complex structures. 
Since the Clifford multiplication with any non-vanishing vector of R” yields vector 
space isomorphisms AZ —> Aj, for any non-zero spinor ¢ € .Y (M),, at a point 
m € M, the Clifford multiplication X > X - @ with X € T,,M yields a real vector 
space isomorphism T,,M = .Y*(M),, which endows T,,M with a complex structure. 
It can be easily seen that the latter is compatible with any metric from the conformal 
class and that it induces an orientation on T,,M which is opposite to the chosen 
orientation of M, see [218] for a detailed proof. Clearly, by multiplying @ with a 
nonvanishing complex number, we obtain the same complex structure, that is, the 
complex structures constructed this way are parameterized by the projective spaces 
P- (M),,. Since the stabilizer of [¢] € P”(M),,, is clearly U(1) x Sp(1), we get 


P’(M)m = (Sp) x Sp())/(UC) x SpC1)) = SO(4)/U(2). 


Let us fix a Riemannian metric in the conformal class. Then, the spin connection 
of this metric yields a splitting of TP” (V/) into the vertical distribution V and a 
horizontal complement I’, 

TP (M)=VOT. 


Now, we can endow P~ (M) with an almost complex structure as follows. On V we 
take the natural complex structures of the fibres which are complex projective lines. 
On the horizontal part I” at the point [6] €¢ P- (VM), we take the complex structure 
of T,,M constructed above. 

It can be shown that the almost complex structure on P- (M) constructed in this 
way is integrable iff M is self-dual, see Theorem 4.1 in [37]. Moreover, one can 
show that conformally equivalent metrics yield the same complex structure. For our 
purposes, the most important example is M = S* which is clearly self-dual, cf. 
Example 2.8.10. 

Obviously, Pt (M) may be discussed in a similar manner. 4 


In applications, Clifford module bundles are usually endowed with additional struc- 
tures. These will be explained next. 


?7The assumption that M be spin can be dropped, see [37]. 
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Definition 5.5.9 Let & — M be a real (or complex) Clifford module bundle 
endowed with a Riemannian (or Hermitean) fibre metric h. If the Clifford mapping 
c: TM — End(&) maps every X € TM to a self-adjoint endomorphism,”* 


h(®, c(X)W) = h(c(X)@, W) (5.5.17) 


for any ©, W € &,, and any X € T,,M, then & will be referred to as a Riemannian 
(or Hermitean) Clifford module bundle. It will be denoted by (&, h). 


In the sequel, it will be often convenient to write (-, -) instead of h. 
Consider the case & = .7(M). If we take the Hermitean fibre metric induced 
from the canonical (positive-definite) Hermitean form”? 


h¢@wW:=ov, &WEA, (5.5.18) 


then, by (5.3.49), we have h(x: ¢, y) = h(¢, x- w) and, thus, the condition (5.5.17) 
is fulfilled. 

Finally, we consider Riemannian (or Hermitean) Clifford module bundles endowed 
with a connection compatible with the fibre metric and with the module structure 
in a sense to be explained. From now on, if there will be no danger of confusion, 
Clifford mappings will be often denoted by the dot operation, 


c(X)G =X-O. 


Moreover, we will always assume that the Riemannian manifold under consideration 
be oriented without further mentioning it. 

Thus, let (M, g) be an n-dimensional Riemannian manifold. Note that the Levi- 
Civita connection of g induces a connection in the Clifford bundle 


CIM) = O14 (M) Xp, Clr, 
as well as in its complexification. We denote this connection by V9. The Lie algebra 
homomorphism induced by (5.5.1) is p, : so(n) — Der(Cl,) , where Der(C/,) is the 


Lie algebra of derivations of Cl,,. Consequently, by (1.4.2), V9 acts as a derivation 
in the algebra of sections of Cl(M), 


Vile x) = (VIS) Ke VX): (5.5.19) 


for any ¢,x € I™(CI(M)). Thereby, P°(CI°(M)) and FP (CI'(M)) are left 
invariant. Moreover, under the canonical identification Cl(M) = ATM, V9 leaves 


28Tn textbooks using the convention iw) = —q(v)1 instead of (5.1.2), c(X) is assumed to be 
skew-adjoint. Both (5.5.17) and its skew-adjoint counterpart are equivalent to the requirement that 
the Hermitean form be invariant under the Clifford action by unit vectors, that is, (c(e)®, c(e)W) = 
(®, W) for any e € T,,M fulfilling g(e, e) = 1. 

29 See (5.3.48). 
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re ( A‘TM ) invariant and coincides there with the covariant derivatives defined by 
the representations ie Pn- 


Definition 5.5.10 (Dirac bundle) Let (&,h) be a Riemannian (or Hermitean) 
Clifford module bundle over a Riemannian manifold (M,g) endowed with an 
h-compatible connection V. Then, V is called a Clifford connection if it is a module 
derivation, that is, 

V(e-@) = V9I(lC)-B+C6-VE, (5.5.20) 


for any ¢ € '™(CI(M)) and @ € '™(é&). A Clifford module bundle (&, h) over 
(M, g) endowed with a Clifford connection V will be referred to as a Dirac bundle 
over (M, g). It will be denoted by (&, h, V). 


Since C°(M) c °° (C1(M)), formula (5.5.20) implies 
Vx(f- @) =X(f)-P+f-Vx®, (5.5.21) 
for any X € X(M), f € C°(M) and @ € P'™(&). Since TM C CI(M), it implies 
Vx(¥-®) = VE(Y)-O+Y-Vxe, (5.5.22) 


for any X, Y € X(M) and @ € '™(€). Clearly, by (5.5.19), V9 itself is Clifford. 


Example 5.5.11 Let (M, g) be a Riemannian manifold endowed with a spin structure 
(S(M), A) and let.7(M) = S(M) x, A, be the canonically associated spinor bundle, 
endowed with the fibre metric induced from the scalar product on A,. Then, the 
unique spin connection in $(M) induces a canonical connection in .“(M) which is 
Clifford. Indeed, the representations y : Spin(n) — Aut(A,) and Ad : Spin(n) > 
Aut(Cl,,) preserve the module multiplication, that is, 


y(g)(a- w) = (Ad(g)a) - (v(g)W), 


for any g € Spin(n),a € Cl, andy € A,,. Differentiating this equation at the identity 
of Spin(7) yields the assertion. 4 


Now we are prepared to introduce the following basic notion.*” 


Definition 5.5.12 (Dirac operator) Let (&,h,V) be a Dirac bundle over a 
Riemannian manifold (M, g). Then, the first order differential operator D : '°(&) > 
I’ (&) defined by 


D:i=icogloV: P%(&) > P°(T*M @ &) 25 r°(TM @ &) > r(€) 


30The imaginary unit is added to make the Dirac operator self-adjoint. This is the standard convention 
in physics. In most mathematical textbooks, the Clifford multiplication is chosen to be skew-adjoint, 
cf. formula (5.5.17) and the associated comment. Then, there is no place for adding an 7. 
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will be referred to as the Dirac operator of (&, h, V). The operator D? will be called 
the Dirac Laplacian. 


Remark 5.5.13 
1. From (5.5.21) we obtain 

[D,f] =icdf). (5.5.23) 
2. Let {ej}, 7 = 1,...,, bealocal oriented orthonormal frame on M and let {i} be 


its dual coframe. In the sequel, we will often write c; := c(e;) . Then, by (2.1.30), 
locally we have V@ = paw Ww @ V.,® and, thus, 


n 


D(®) =i > 6 - Ve =i > GV, ®, (5.5.24) 
j=l j=l 


forany ® € I'™(€). 
3. The notions of Dirac bundle and Dirac operator naturally extend to the pseudo- 
Riemannian case. 4 


Using the natural volume form vg on M and the fibre metric h = (-, -), we endow the 
space "~(&) with a natural L?-inner product, 


(P), Pp) 72 = / (®), P2)Vg F P), D> € r@(€) : (5.5.25) 
M 


In the sequel, we will limit our attention to sections having a finite L?-norm. This 
requirement is always fulfilled for M compact or for sections with compact support. 


Proposition 5.5.14 With respect to the natural L?-inner product on P'™(&), the 
Dirac operator is formally self-adjoint, 


(D@,, O2)72 = (®1, DO2) >. 


Proof To calculate (D®;, 2) at any point m € M, we can use the local formula 
(5.5.24). Then, using (5.5.17) and (5.5.22), together with the compatibility condition 
for V in the form given by (2.6.2), we calculate 


(D1, 2) = -i De; - Ve; 1, 2) 
J 
= -i )(Ve,1, ej - 2) 
J 
=-i>) {¢j ((®1, ej - G2)) — (fy, (v3e;) %>)| +i D1(P1, ej Vej 2). 


J J 
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Let {} be the coframe dual to {e;}. Defining a := >°)(G1, e; - 2) and using 
(2.1.50), together with Remark 2.7.5, we obtain 


(D@,, ©) = id*a + (®, D®). 


This implies the assertion. Oo 


Remark 5.5.15. Under the assumption that the Riemannian manifold (VM, g) be com- 
plete, one can show that the Dirac operator is an (unbounded) essentially selfadjoint 
operator on L?(&), see Sect. 11.5 in [407] or Sect.4.1 in [219]. Moreover, we will 
see that the Dirac operator has a pure point spectrum, see Proposition 5.7.11. 4 


Let us discuss two basic examples. 


Example 5.5.16 (The Clifford bundle) Consider the Clifford bundle C/(M) over 
(M, g) endowed with its canonical Riemannian connection induced from the Levi- 
Civita connection of g. Recall that C/(M) is a bundle of left modules over itself by 
left Clifford multiplication. By Proposition 5.1.10, the symbol mapping provides a 
vector bundle isomorphism o : Cl(M) — /\T*M. The latter allows us to transport 
the Clifford module bundle structure from C/(M) to (\T*M. Then, 


c:TM > End(A\T*M), c(®)a = 9(X)Aa+ Xia, 


cf. formula (5.1.8). Thus, the Dirac operator of Cl(M) takes the form 


Da = i>? cjVeo = i> (g(e;) A Ve, + ej 1Ve,0) ; 


J J 
Using (2.2.47) and (2.7.23), we obtain 
Da =i(d—d*)a. (5.5.26) 


4 


Example 5.5.17 (The canonical spinor bundle) Consider the canonical spinor bundle 
S(M) = S(M) x, A, of (M, g) relative to a fixed spin structure. As we have seen, 
-/(M) is a Clifford module bundle with the Clifford mapping given by the spinor 
representation y. For historical reasons, the Dirac operator of .“(M) will be denoted 
by DP. We have 


Db =i) GV, Ber™(S(M)), (5.5.27) 


j=l 


where V is the spin connection of g, that is, using (5.2.29), we obtain 


Vb =dh+ > wicicgi . 


i<j 
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Here, w are the coefficients of the spin connection form. In particular, for the 
Minkowski space, the Clifford bundle is trivial. Thus, the Clifford action is given by 
the spinor representation 
y:M—>End(C*), ye,):= Dp =y 
> 7 Ty 0 fo 


cf. (5.1.26). This yields the Dirac operator of relativistic quantum mechanics in a 
convenient representation. 4 


Given a Dirac bundle, one may construct a whole family of associated Dirac bundles 
as follows. 


Remark 5.5.18 Let (&,h, V) be a Dirac bundle over a Riemannian manifold (M, g) 
and let (E, h”, V“) be any Riemannian (or Hermitean) vector bundle over M endowed 
with a compatible connection V“. Then, we can endow the tensor product bundle*! 
& @E with the tensor product metric and with the structure of a bundle of left modules 
over C1(M) by setting 

¢:-(@@s):=¢-O@s, 


where € € Cl(T,,M), ® € &, ands € E,,. Clearly, this formula defines a Clifford 
mapping for & ®@ E. Moreover, we equip & ® E with the canonical tensor product 
connection V @ V®%, defined by 


(V @ V*) (@ @s) := (VS) @s+ G@(V's) , (5.5.28) 


cf. Remark 1.5.9/3. It is easy to prove (Exercise 5.5.2) that V @ V¥ is formally self- 
adjoint and fulfils (5.5.20). Correspondingly, we have a naturally associated Dirac 
operator Dg. The tensor product bundle & @ E endowed with the product metric 
and with the canonical connection is usually referred to as a twisted Clifford module 
bundle and Dg is called the twisted Dirac operator. 

In particular, assume that E is associated with a principal bundle P and V£ cor- 
responds to a connection form w. Consider the following special cases: 
(a) Let & = CI(M),. This bundle is associated with O,(M) and carries a natural 
connection induced from the Levi-Civita connection ° of g. 
(b) Assume that M is spin and consider .“(M). The latter is associated with S(M) 
and carries the spin connection w* of g. 

By Remark 1.5.9/3, in both cases the tensor product connection V @ V¥ corre- 
sponds to the natural connection on the fibre product O,(M) xy P or S(M) xy P, 
respectively, given by (1.3.16). ¢ 


31}f E is Riemannian, then this is a tensor product over R. 
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Exercises 
5.5.1 Prove that (5.5.9) defines a vector bundle isomorphism. 


5.5.2 Prove that the tensor product connection V @ V¥ defined in Remark 5.5.18 is 
compatible with the fibre metric, that is, it is formally self-adjoint, and satisfies the 
derivation property (5.5.20). 


5.6 Weitzenboeck Formulae 


Here, we take up the discussion of second order differential operators from Sect. 2.7. 
We derive the counterpart of the Weitzenboeck Theorem 2.7.11 for any Dirac bundle 
(€,h, V) over a Riemannian manifold (M, g). This will be of fundamental impor- 
tance in the sequel. Here, the Weitzenboeck curvature operator R® : [°(&) > 
I'™(&) is defined by 


l 
Ro (SD) = =F DL GieaR® (Cj, €4) , (5.6.1) 
jk 


where R® € 92?(M, End(&)) is the curvature endomorphism form of V and {e;} is 
an oriented local orthonormal frame. We also recall the Bochner-Laplace operator 
VV : P(e) > F~(é&), cf. Definition 2.7.8. The latter is formally self-adjoint 
and, by (2.7.31), 


VIVO = — >) (Ve, Ve,® — Vv) . (5.6.2) 


By expanding V,,e;, this formula may be rewritten as 
vVo = = > Ve,Ve,P + a g(e;, Veei)Ve,® - (5.6.3) 
i i,j 
Theorem 5.6.1 (Weitzenboeck Formula for the Dirac operator) Let (@,h, V) be a 
Dirac bundle over a Riemannian manifold (M, g) and let D be its Dirac operator. 
Then, for any ® € I'™(€), 
D’® = V7VH+RE(O). (5.6.4) 


Proof Let {e;} be a local orthonormal frame. Using (5.5.22), we calculate 
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Dd = — > ciVe, (Ve) 
ij 
= — >) ci(V.,¢) - Ve®) — >. cicjVe, Ve,P 
ij ij 
=— > Q(Ve,€j, Ck) CiCKVe, B — > cicjVe,Ve,P 


ijk ij 
= — PD) 9Ve.e), 1) Ve — P| Ve Ve 
ij i 
= b> Q(Ve,€j. €k) CiCKVe, B — ». cicjVe,Ve® . 
jikk iAj 
By (5.6.3), the sum of the first two terms coincides with V*V@®. Using (2.1.46), 
together with the fact that V is torsionless, we find 
1 
— >». g(Ve,e;, ex) CiCK Ve, P = 5 > ciciVie,.e1P ‘ 
jivk ij 


Thus, by (2.1.32) and (5.6.1), the sum of the third and the fourth term in the above 
calculation is equal to 


1 
— > cig; (Ve; Ve, — Ve, Ve; — Vine!) P = RP). 
ij oO 


Next, we will find a refinement of the Weitzenboeck Formula which corresponds to 
the natural algebra bundle isomorphism (5.5.10), 


End(&) = CI°(M) ® Endci(€) . 


As before, let R® be the curvature endomorphism form of V, let V9 be the Levi- 
Civita connection of g and let R be the Riemann curvature of g. Moreover, let RV e 
27(M, End(&)) be the curvature endomorphism form of V9 viewed as a connection 
in the Clifford bundle C/(M). By (5.2.29), for every X, Y « X(M), 


' 1 
RY" (X,Y) = ri DaRX, Y)ex, €)) Cie, (5.6.5) 


where {e;} is a g-orthonormal frame. 
Lemma 5.6.2 Let (€&,h, V) be a Dirac bundle over the Riemannian manifold 
(M, 9g). Then, for any X,Y, Z € X(M), we have 
[R°(X, Y), c(Z)] = c(R(X, ¥)Z), (5.6.6) 
[R’'(X, Y), c(Z)] = c(R(X, Y)Z). (5.6.7) 
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Moreover, the curvature endomorphism form of V uniquely decomposes as 
Ro = RV +FEe, (5.6.8) 


where F® € 27(M, Endcym)(&)). 


Proof To show (5.6.6), we work in a local holonomic frame {e; = 0;}. For X = e;, 
Y =e; and Z = e,;, the compatibility condition (5.5.22) reads 


Vi(ceh) = (Veen) b+ ccVid, 


for any local section ¢ in &. Thus, 


ViV (cep) = (V?V7 ex) + (Vier) Vid + Ver): Vib + ViVi. 


Writing down this equation with i and j exchanged and subtracting it from the first 
equation, we obtain the assertion. To prove (5.6.7), we chose an orthonormal local 
frame {e;}. Then, for X = e;, Y = e; and Z = eg, we calculate 


1 
[RY° (ei, €)), Cal = 7D Rinrlerce, Cal = DY Rater = RE, e)Ca 
Lk l 
Here, we have used (2.3.15) and [e;e,, eg] = Oif k = l orifk, ] and a are all distinct. 


By (5.6.6) and (5.6.7), [R@(X, Y) — RY°(X, Y), c(Z)] = 0. This yields (5.6.8). 


Definition 5.6.3 The element F° € 27(M, Endcym)(&)) will be referred to as the 
twisting curvature of the Dirac bundle &. 


Theorem 5.6.4 (Lichnerowicz) Let & be a Dirac bundle over the Riemannian man- 
ifold (M, g) and let D be its Dirac operator. Then, 


1 
D=Vv*V+ goo 5%. (5.6.9) 
where Sc denotes the scalar curvature of (M, g) and 
1 
é é 
gP =-5 2d cjcxF © (6, ex) (5.6.10) 
Js 


is the Weitzenboeck curvature operator of F© written in an orthonormal frame {e;}. 


Proof Let 
I Q 
KI — =) 23eR" (ej, ex) 
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be the Weitzenboeck curvature operator of RY". Then, by (5.6.8), RH = RI + F* 
and the Weitzenboeck Formula (5.6.4) yields 


D? = V*V +94 3%. 


Thus, it remains to show that 9 = 7Sc. Using (5.6.5), together with (2.3.15) and 
(2.3.16), for any local g-orthonormal frame {e;} on M we calculate 


1 
at = 1 eter ae, adage 
ijkl 


1 
ae 2 {g (R(ei, een + R(ex, ene; + R(e;j, exer, ex) } cicjener 
Litieki 


1 
ere 8 >: {g(R(e;. ej )eis C1) CiCjC; + g(R(e;, ej ej, e))cicjcj} Cl 
ijl 
1 
aa Di gRlei, eer, en)eje1 
1 ; 
= i > Ric(e;, e:)cjcr , 
jl 


ij. 


and thus, by (2.7.40), 9 = {Sc. o 


Let us analyze Theorem 5.6.1 for the Dirac operators of Examples 5.5.16 and 5.5.17. 
For the canonical spinor bundle, we immediately obtain the following. 


Corollary 5.6.5 (Lichnerowicz) For the Dirac operator PD of the canonical spinor 
bundle .Y(M), the Lichnerowicz Formula reads 


2_ wW* 1 
p= V'V + 78c. (5.6.11) 


Next, let (MW, g) be an oriented Riemannian manifold carrying a Spin‘-structure 
S°(M) and let P be the corresponding principal U(1)-bundle. Let w be the Levi- 
Civita connection on O1(M) and let t be a connection on P. Then, via the two-fold 
covering S°(M) — O.(E) xy P, these connections define a unique connection w* 
on S°(M). Let *(M) be the corresponding canonical spinor bundle*” endowed with 
the Dirac operator D, defined by w’, 


1 1 
DP =i > ¢-Ve, Vb =db + =) wycicjP + 5t-O. (5.6.12) 
Jj 


i<j 


32We leave it to the reader to check in detail that .“°(M) is a Dirac bundle. 
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The decomposition (5.5.10) reads 
End(.Y°(M)) = CI°(M) ® End(L), 


where L is the associated fundamental line bundle defined by (5.4.11). Using this, 
together with (5.2.18), we see that in this case the twisting curvature endomorphism is 
given by the curvature endomorphism form F* € End(ZL) of the curvature 2, = dt. 
The latter is given by 5Qz. Thus, by (5.6.1), its Weitzenboeck curvature operator is 
given by 

1 


: 1 
e=-5 Si cick Br (ej, ex) = —50(@;). (5.6.13) 
jk 


Thus, Theorem 5.6.4 implies the following. 


Corollary 5.6.6 For the Dirac operator D, of the spinor bundle S°(M), the 
Lichnerowicz Formula reads 


1 1 
Dd = V*VO + z8e@ — 50(2,)®. (5.6.14) 


Oo 
Next, let us turn to the exterior bundle. 


Example 5.6.7 (Twisted exterior bundle) Consider the left C1(M)-module bundle 
&E=\TM 
with its Dirac operator D = i(d — d*), see (5.5.26). Then, 
D’a = —(d — d*)(d — d*)a = (dd* + d*d)a 


and, thus, by (2.7.14), D? coincides with the Hodge-Laplace operator, 


D=O. (5.6.15) 


Thus, in the case under consideration, the Weitzenboeck Formula (5.6.4) reproduces 
Theorem 2.7.11: 


= VO*va + R4(a), 
where V" is the covariant derivative of the Levi-Civita connection and 
RA = Rywe'dere' , 
cf. formulae (2.7.39) and (2.7.38). Now, let us consider the twisted Dirac bundle 


E=N\TMB@E, 
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where (E,h®, V£) is some Riemannian (or Hermitean) vector bundle over M 
endowed with a compatible connection V¥ and where & is endowed with the canon- 
ical tensor product connection V = vo @ V¥, cf. Remark 5.5.18. Let Dg be the 
Dirac operator of &. Clearly, 
R* =R4+R*, 

where R“ and R® are the curvature endomorphism forms of /(\T*M and E, respec- 
tively. Now, Theorem 5.6.1 implies the following Weitzenboeck Formula for this 
case: 


DZ = V*V+ R44 HF, (5.6.16) 


where 3%“ and R® are the Weitzenboeck curvature endomorphisms of /\T*M and 
E, respectively. As a direct consequence of Lemma 2.7.19, we obtain 


De = i(d, — d*), 


where w is the connection form of V“. Thus, by (2.7.52), 


D2 =d,od* +d* od, =O,. (5.6.17) 


This yields an alternative proof of the Generalized Weitzenboeck Formula 2.7.20. @ 


Recall from Sect. 2.7 that the Weitzenboeck Formula may be used to get insight into 
the relation between curvature and topology, cf. Proposition 2.7.14 and Corollary 
2.7.15. Here, in particular, we obtain information about harmonic spinors, that is, 
sections of .“(M) fulfilling D® = 0. 


Corollary 5.6.8 Let (M, g) be a compact spin manifold. Then, 


1. if the scalar curvature of g is positive, then (M, g) admits no harmonic spinors,** 
2. if the scalar curvature of g vanishes identically, then every harmonic spinor on 
(M, g) is globally parallel. 


Proof Assume P® = 0 for some @ € I'™(.Y%(M)). Then, integrating the identity 
(5.6.11) applied to ® with respect to the canonical volume form Vg yields 


1 
if Sc || ® |? vg = —(V*VO, D)p = (VO, V®)2. 
M 


This implies both statements. 4 


Exercises 
5.6.1 Prove formula (5.6.1). 
5.6.2 Prove formula (5.6.17). 


33 This statement also holds under the weaker assumption that the scalar curvature be non-negative 
and strictly positive at some point. 
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5.7 Elliptic Complexes. The Hodge Theorem 


In this section, we assume that (M, g) is an oriented compact n-dimensional Rie- 
mannian manifold. 
Let E and F be vector bundles over M. Recall that a differential operator 


P:T°(£) > '™(F) 


of order k is a local linear mapping. While the notion of linearity is obvious, the 
notion of locality needs some explanation. In abstract terms, it means that P factors 
through the k-jet bundle J (E).*4 However, here, we prefer a more direct working 
definition. In local coordinates on U C M, the operator P can be represented as 


P= >) Pua (5.7.1) 


where, for any multi-index aw = (q@j,..., @,), Py is a vector bundle morphism from 
E to F over U symmetric in the indices of a. 

Given vector bundles F and F and a differential operator P : [°(E) > I'™(F), 
one defines the formal adjoint P* : [°° (F*) + I'°(E*) acting between the spaces 
of sections of the dual bundles F* and E* by setting 


[ xeov= [ Prby. (5.7.2) 
M M 


for any ¢ € (EF) and x € I'™(F*). It is easy to show that the formal adjoint 
exists and that it is unique. 

It is easy to check that the k-th order coefficients of P given by (5.7.1) transform 
as a tensor field M — S*(TM) ® Hom(E, F) over U. Here, S‘(TM) denotes the 
k-fold symmetric tensor product of TM. This suggests the following definition. 


Definition 5.7.1 (Principal symbol) Let P : T° (E) > I'*(F) be a differential 
operator of order k and let 7 : TM — M be the canonical bundle projection. The 
principal symbol of P is a mapping which assigns to each point € ¢ T*M a mapping 
o¢(P) : Ex(e) > Fre) defined by 


o¢(P) = ik D” Pa(r(E))E*, (5.7.3) 


la|=k 


where € = SF dx! and €% = ic ee EM, 


34That is, there is a vector bundle morphism gp : Jk (E) — F such that P = gp o jx, where 
je: V°(E) > (JK (E)) is the k-th jet prolongation. This means that P(s)(m) is determined 
by the germ of the section s at the point m. Conversely, by a theorem of Peetre, any linear local 
operator is differential. 
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Formula (5.7.3) defines local sections over T*U of the bundle 
Hom(z*(E£), 1*(F)) > T*M 


which glue together to a global section. By definition, this section is homogeneously 
polynomial of degree k along the fibres of T*M. Thus, the principal symbol is a 
bundle morphism 

o(P): m*(E) > n*(F). 


Remark 5.7.2. By multilinearization, we may identify the space of those sections of 
Hom(z*(E), z*(F)) which are homogeneously polynomial of degree k along the 
fibres of T*M with the space of sections of the bundle S‘(TM) ® Hom(E, F) > M. 
That is, the symbol may be also viewed as a section 


o(P): M — S*(TM) ® Hom(E, F). 


4 


IfP: P°(E) > °(F) andQ@: P'™°(F) > I (L) are differential operators over 
M, then their principal symbols fulfil the following (Exercise 5.7.1): 


o¢(Q + P) = 0; (Q) + 0¢(P), (5.7.4) 
oz(Q 0 P) = 0¢(Q) 00¢(P). (5.7.5) 


If E and F are Riemannian or Hermitean, then 
o¢(P*) = (o¢(P))", (5.7.6) 
where P* is the formal adjoint with respect to the L?-inner products. 


Definition 5.7.3 (Elliptic differential operator) A differential operator P is called 
elliptic if its principal symbol o; (P) is a vector space isomorphism for all € 4 0. 


By (5.7.6), P is elliptic iff P* is elliptic. 


Proposition 5.7.4 Let D be the Dirac operator of a Dirac bundle (€, h, V) over a 
Riemannian manifold (M, g). Then, for any € € T*M, 


o¢(D) =—-g '(E), o¢(D’) =| |’, (5.7.7) 


where the symbols on the right denote Clifford multiplication with the vector —g | (E) 
and with the scalar || € |?= g~'(€,&), respectively. In particular, both D and D? 
are elliptic. 


Using the identification T*M = TM, it is common to write o¢(D) = —&. 
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Proof For any m € M, choose a local chart with coordinates {x/} in a neighbourhood 
of m such that m corresponds to 0 and e; = 0; = g! (dx’). Then, using (5.5.24), 
up to zero-order terms we obtain D = i >° j cj0; and, thus, 


o:(D)® =? Dee = —c(g (—))®, Be T(E). 
j 


For D?, using (5.5.6), we obtain 


o:(D?) 6 = DHE ce. = '(E,é)idg, ®, Be T(E). 
dk 


Now, recall Remark 5.5.15. For a Dirac bundle & over a complete Riemannian 
manifold (M, g), the Dirac operator viewed as an operator on L?(&) is unbounded and 
self-adjoint. Thus, we have the full theory of self-adjoint operators on Hilbert spaces 
at our disposal. However, for many purposes, in particular, for purposes of index 
theory one needs a functional analytic setting in which the operators are bounded 
and which in a sense accounts for the degree of differentiability. This setting is 
provided by the theory of Sobolev spaces. This is an established part of modern 
analysis and there is a number of textbook presentations, see e.g. [501]. So, here we 
only make some elementary remarks for further reference.*> 

Given a vector bundle E over (M,g) endowed with a fibre metric (-,-) and a 
compatible connection V, using the Riemannian metric g, one defines the inner 
product 


(Ww = [OW +O V EHO TY}. 678) 


Then, by definition, the Sobolev space W*(E) is the completion 


W*(E) := {6 € C™(E): | ¢ ws < &}. (5.7.9) 


Note that W*(E) is a Hilbert space for any k°° In particular, W°(E) = L?(E) and 
we obviously have || @ ||w« < || @ lye fork’ < k. The Sobolev norm induced from 
(5.7.8) depends on g, (-,-) and V. However, it is easy to see that different choices 
of these data lead to equivalent norms, that is, as a topological vector space, W* (E) 
depends only on the underlying vector bundle. Moreover, one can check that, for 
compact M, the Sobolev norm || @ ||w« is equivalent to the norm defined by the 
scalar product 


35 Actually, for purposes of this chapter, the short presentations of Sobolev theory in [246, 407] or 
[535] are sufficient. 


36There is a Banach space version based on L?-norms which, however, we do not need here. 
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gla gle 


(o, W) we -rdf (=e vate, (5.7.10) 


i jal<k 


where {U;} is some finite covering of M by local coordinates {x/} (Exercise 5.7.2). 

We can extend the above definition to negative k by duality, that is, W~* is the dual 
of W* with respect to the L?-pairing.*” As a consequence, one obtains the following 
sequence of embeddings 


FCcwc...cWcWHaVcw'c...wr~cH/. 


Here, W~ = (), W*, W-~ = LU, Wé and . denotes the space of tempered dis- 
tributions. The statements of the following proposition are immediate consequences 
of the definition of W* (Exercise 5.7.4). 


Proposition 5.7.5 


1. For any k’ > k, there is a bounded inclusion wk — wt. 

2. Every covariant derivative is a bounded mapping V : W‘(E) > W*'~'(E). 

3. Any vector bundle morphism oy : E — F covering a diffeomorphism extends to a 
bounded mapping W*(E) — W*(F) for every k. 

4. Any differential operator P : C°(E) — C®(F) of order p extends to a bounded 
mapping W*(E) — W*-?(E) for all k. 

5. IfV C W*(E) is a finite-dimensional subspace, then we have the L*-orthogonal 
direct sum decomposition 


WE)=V@V". 
The following two lemmas are of basic importance. 
Lemma 5.7.6 (Rellich) The inclusion W* — W* is compact for k' > k = 0. 


Lemma 5.7.7 (Sobolev) [fk > 5 dim M + p, then W* C C?(E) and the embedding 
is continuous. 


Finally, the formal adjoint of a differential operator P defined by (5.7.2) extends to 
a bounded operator between Sobolev spaces. In detail, if P : W*(E) > W'(P), then 
P*:W(F) > W-*(B) is given by 


(Po, x) = (g, P*x). (5.7.11) 
Now, let us study the Dirac operator D of a Dirac bundle & (or of a twisted version 


& ® E) in the context of Sobolev spaces. Our presentation is along the lines of [219] 
and [212]. By Proposition 5.7.5, we obtain bounded Sobolev extensions 


37Jn fact, W~* can be endowed with a Hilbert space structure via the Fourier transform of (5.7.8). 
This way, W* can be defined for any real number k. This is of importance in the theory of pseudo- 
differential operators. 
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DeWa WO” Dew aw. (5.7.12) 


In particular, if we view the Dirac operator as a mapping D : W!(&) > L?(&), we 
can calculate 


IDV I= f tav.v eV, 
ij 
1 
=D [ a. Fog) + GeV. H%o 
ij 


=D fivwirv 
F M 
=n) Vy Is, 


where n = dim M. Thus, 


| Dy IP=nI Vv Ia<allv iin . (5.7.13) 


In the sequel, one of our main objectives will be to prove that D is Fredholm. This 
notion is at the heart of index theory. 


Definition 5.7.8 (Fredholm operator) Let H, and Hz be Hilbert spaces and let 
T : Hj — Hp be a bounded linear operator. Then, T is called Fredholm if its kernel 
and cokernel are both finite-dimensional. The integer 


ind(T) := dim(ker 7) — dim(coker T) 
is referred to as the index of T. 


Often, ind(7) is also called the analytic index of T. 
Using the Closed Graph Theorem, one can show that every Fredholm operator 
has a closed range, see Lemma 2.1 in [29]. This implies (Exercise 5.7.3) 


Hy =imT @ kerT7™, (5.7.14) 
and, hence, 
coker T = H,/T(H,) = ker T*. (5.7.15) 
We conclude 
ind(7) = dim(ker T) — dim(ker 7*). (5.7.16) 


A key role in the analysis below is played by the Weitzenboeck Formula 5.6.1. By 
point 3 of Proposition 5.7.5, the Weitzenboeck curvature operator is bounded, that 
is, there exists c > O such that 
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-—clVips WRAY) <cI VI. (5.7.17) 


Lemma 5.7.9 Let & be a Dirac bundle over a compact Riemannian manifold (M, g) 
and let D be its Dirac operator. Then, for all wy € W'(&), 


Iv Win C+D IY Ie <I DY Ib <I ¥ i HC- DIY I © (5.7.18) 


Moreover, the mapping 


WISI Ip +I DY Ip (5.7.19) 
defines a norm || - ||x which is equivalent to the W'!-norm. 


Proof It suffices to prove the assertions for w € "°(&). Rewrite (5.6.4) as 
VEVIVY =D t+(1—R)y, (5.7.20) 


take the L?-scalar product of this equation with y and use (5.7.17). This immediately 
yields (5.7.18). Next, using (5.7.13) and (5.7.18), we derive 


1 
. (lv lip + DY Ie) <I ¥ iy SI DY I H+ DIV Ip. 6.7.21) 


This inequality yields the proof of the second assertion. Oo 


Remark 5.7.10 (Gdrding Inequality) By (5.7.18), we have 


Iv lis CU ¥ Iie + DY Ib), (5.7.22) 


which is usually referred to as the Garding Inequality. By a simple local argument, 
we have || ¥ || wes< Cy >; || 0; Ilwe. Using this, together with the fact that both 9; 
and [D, 0;] are first order operators, by induction, one easily shows (Exercise 5.7.5) 


IY Wiens Cel live + I DY iy) (5.7.23) 
which is usually referred to as the basic elliptic estimate. 4 
Let us denote the spectrum of the self-adjoint operator D on L?(&) by o(D). 


Proposition 5.7.11 Let & be a Dirac bundle over the compact Riemannian manifold 
(M, g) with Dirac operator D. Then, the following hold. 


1. The closure D = D* of D is defined on W'(&) C L?(€). 

2. If ¢ o(D), then (D— 4)7! : L?(€) > L?(&) is a compact operator. 

3. There is a complete orthonormal basis 1, 2, ... of L’(&) consisting of eigen- 
vectors of D, DW, = AnWn. Moreover, the eigenspaces are all finite-dimensional 
and limy-+o0 |An| = 00. 
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Proof 1. Let ~ € Y(D) belong to the domain of definition of D. Then, there exists 
a sequence {w,} of elements of 7° (&) such that yy, > y in L? and D(y,) converges 
in L?. Thus, by (5.7.18), {W,} is a Cauchy sequence in Ww! (&) and, thus, vy, converges 
to some element y € W!(&). Since the embedding W!(&) — L?(&) is continuous, 
w and yy must coincide, that is, ~ € W!(&). Conversely, if y € W!(€&), then it 
clearly belongs to A(D). 

2. We rewrite the inequality (5.7.18) as 


| D-A) TD —-AY IG < 21 D-AY I, +0427 +0 Iv Ih . 


Denoting ¢ = (D — 4)wW, we obtain 
| (D—A)"d ly < 21 ob I FU +22? +0) || D-A)'¢ It. - 
Since (D — 4)~! is bounded in L?(&), there exists a number C > 0 such that 


| D—-A)7'¢ In < CIO Ib - 


Thus, the image of (D — A)! is contained in W!(&) and the assertion follows from 
the compactness of the embedding W!(&) — L?(&). 

3. The third assertion follows from the standard spectral theory of compact self- 
adjoint operators. If we choose A ¢ o(D) real, then (D — A)~! is of this type. Thus, 
there exists a complete orthonormal basis {y,,} in L?(&), such that 


(D—1) "Vn =HnWn, Un #9, jim Hn =0. 


This implies Dy, = 4,%, with eigenvalues given by i, = ie + A) and fulfilling 
limy+oo |An| = co. Moreover, every eigenspace is finite-dimensional. o 


Corollary 5.7.12 There exists a real number C > 0 such that 
|(Dd, ¢)21= CI ¢ liz 
forall@€ W!(&) which are orthogonal to ker(D). 


Proof By point 2 of Proposition 5.7.11, we can decompose ¢ = =. CnWn, where 
the sum is taken over all eigenvectors corresponding to non-vanishing eigenvalues. 
Then, using the orthonormality of the set {y,,}, we obtain 


if / 
(Dp, &)221 = Do lenl* lanl = lal 2 lent? = Waal I Mize, 
n n 


where A, is the lowest non-vanishing eigenvalue which exists according to 
limps 00 |An| = 00. o 
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Remark 5.7.13 (Elliptic regularity) It turns out that the eigenfunctions of a Dirac 
operator are smooth. This is a basic principle in the theory of elliptic operators which, 
in the context of Dirac operators, may be proved by elementary means. We outline 
the idea of this proof and refer to [212] for details. First, by point 1 of Proposition 
5.7.11, every eigenfunction of a Dirac operator D belongs to W!(&). Next, starting 
from the Garding inequality, by simple iteration type arguments, one proves that 


II Ie < CCl] D?W le + IY Mle), (5.7.24) 


for any yw ¢ W*+?(&), k => 0. Using some analytic tools,** from this estimate one 
may conclude the following: if y € W*‘(&) and D?y € W*(&), then yw € W**7(8&). 
Iterating this argument one concludes that the eigenfunctions y,, belong to W*(&) 
for all k and, thus, by the Sobolev Lemma, they are smooth. 4 


Remark 5.7.14 (The spectrum of the Dirac operator) Let us summarize what we have 
learnt about the spectrum of D. We have an orthogonal direct sum decomposition 


L(é) = ae Hy, (3.7.25) 
x 


into a sum of countably many finite-dimensional subspaces H,. Each H, is an 
eigenspace of D with eigenvalue 4 consisting of smooth sections. The eigenvalues 2 
form a discrete subset of R and fulfil lim,_. 4, |An| = oo. 4 


Theorem 5.7.15 Let & be a Dirac bundle over a compact Riemannian manifold 
(M, g). Then, its Dirac operator D : W'*!(&) — W*(&) with k > 0 is a Fredholm 
operator with index zero. Moreover, 


W*(&) =kerD @ im(D). (5.7.26) 


Proof We prove that ker D and L?(&)/im(D) are finite-dimensional vector spaces 
of the same dimension. 
(a) The basic elliptic estimate (5.7.23) implies 


Iv Wipes Ce MY Wipes (5.7.27) 


for any Ww € ker(D). Now, choose a sequence {y,} fulfilling || w lees 1 and 
Dy, = 0. Then, by the Rellich Lemma, there exists a subsequence which is we. 
convergent and, by (5.7.27), this subsequence is Cauchy in the W‘+!-norm. Thus, by 
completeness of W‘*!(@), there exists a W‘*!-convergent subsequence. This proves 
compactness of the unit ball and, thus, ker(D) is finite-dimensional. 


(b) We prove that im(D) is closed in W*«(&). For that purpose, we decompose”? 


38Fither difference quotients or Friedrich mollifiers. 
39Cf. point 5 of Proposition 5.7.5. 
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Ww! (&@) = ker(D) @ (ker(D))+ 
and restrict D to (ker(D))+. Then, it is injective. Let y = lim,_,.. Dy, belong to 


the closure of im(D). Then, {y,} is W‘+!-bounded: assume that this is not the case. 
Then, there exists a subsequence {y,,,} such that || Wp, || wi+1—> oo and the sequence 


: Wn 
Om = 
I Win Il wen 
consists of elements whose W‘*+!-norm is equal to 1. Moreover, lim,,00 D@», = 0 


in the W*-norm. By the Rellich Lemma, there exists a W‘-convergent subsequence 

{gy} and, by the Garding inequality, {g,} converges to some @ in the W**!-norm. 

By continuity, Dé = 0. But, on the other hand, || @ ||yw«= 1. By the injectivity 

of D, this is a contradiction. This shows that {w,,} is W*+!_bounded, indeed. Thus, 

again applying the Rellich Lemma and the Garding inequality, we obtain a W*t!- 

convergent subsequence whose limit v satisfies Dy = w. Thus, the image is closed. 
(c) We decompose 


W*(&) = ker(D) @ (ker(D))+ 


and prove im(D) = (ker(D))+. By point (b), it is enough to show that im(D) is dense 
in (ker(D))+: let 7 € W~*(&) such that 


n(Dy) =0 


for all yy €¢ W**!(&). By the Hahn—Banach Theorem, it is enough to show that the 
restriction of 7 to (ker(D))+ vanishes. By assumption, D*7 = 0, where 


Dt: W*(&) > WD (8) 


is the Sobolev extension of the formal adjoint defined by (5.7.11). By elliptic regu- 
larity, 7 is smooth and, therefore, D* coincides with the formal adjoint of D when 
applied to n. Thus, by the self-adjointness of D, 


D*n = Dn. 
Thus, 7 € ker(D), that is, the restriction of 7 to (ker(D))+ vanishes, indeed. oO 


Remark 5.7.16 Theorem 5.7.15 and elliptic regularity imply the following. 


1. The quotient space coker(D) may be represented by a subspace consisting of 
smooth sections. Thus, the index of D does not depend on the Sobolev extension 
used. 
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2. Since ker(D) C '*(&), formula (5.7.26) implies 
'™(&) =ker(D) @ im(D). (5.7.28) 


4 


Using the elliptic estimate (5.7.24) for D*, by the same arguments as in the above 
proof, we obtain the following. 


Theorem 5.7.17 Let & be a Dirac bundle over a compact Riemannian manifold 
(M, g) with Dirac operator D : W**?(&) > W**!(&), where k > 0. Then, its 
square D2: W?2(@) > W*(&) is a Fredholm operator with index zero. Moreover, 


W*(&) = ker(D*) @ im(D’). (5.7.29) 


Let us apply Theorem 5.7.17 to the important special case of the twisted Dirac bundle 
& = \T*M @ E with its Dirac operator Dg. By Example 5.6.7, 


DZ =d,od* +d*¥od, =O. (5.7.30) 
We extend d,, and d* to operators 


d, : WE+!(A?T*M @ E) > W'(A?*'T*M @E), 
d* : W*(APt'T*M @ E) > WE!(A\?T*M @ E). 


Then, 


oe. W(AT*M @ E) > WE'(AT*M @E). (7.31) 


Thus, Theorem 5.7.17 implies the following. 


Theorem 5.7.18 (Hodge Decomposition Theorem) The following L?-orthogonal 
direct sum decomposition holds: 


Again, by elliptic regularity, we have ker(,,) C P(A T*M @ E). Thus, we obtain 
the Hodge Decomposition Theorem 2.7.2 as a special case. 
As a consequence of Theorem 5.7.18, the bounded linear mapping 


» Lker(O”)* > im(O,) (5.7.33) 


is bijective, where im(L1,,) is aclosed subspace and thus a Hilbert space itself. Hence, 
by the Open Mapping Theorem, (5.7.33) is an isomorphism. Taking the inverse and 


426 5 Clifford Algebras, Spin Structures and Dirac Operators 


extending it by 0 to ker(L1,,), we obtain a bounded linear operator 


G, : W*"(AT*M @ E) > W"!(A\T*M @ E), (5.7.34) 


called the Green’s operator of L1,.. 


Remark 5.7.19 


1. Clearly, if € € ker(L,,), then G,U,& = 0. Moreover, by definition of G,,, if 
& € ker(O,)+, then G,,0,,€ = &. Thus, the bounded linear operator G,,L1,, on 
wil /)\T*M ® E) is the L?-orthogonal projector onto the subspace ker(O,,)+. 

2. By definition of G,,, if x € im(U,), then L,,G,,x = x andif x € im( »)~, then 

wGwxX = 0. Thus, the bounded linear operator L1,,G,, on wel AT*M ® E) is 

the L?-orthogonal projector onto the subspace im(U,,). 4 


The above results are special cases of general results holding true in the theory 
of elliptic operators. This general theory heavily rests on the calculus of pseudo- 
differential operators. In more detail, for an elliptic operator P : T° (EF) > °° (F) 
of order p over a compact manifold M, the following hold true, see [407]: 


(a) For any open subset U C M and any ¢ € W*«(E), the smoothness of (Pé)u 
implies the smoothness of py. 

(b) For every k, P extends to a Fredholm operator P : W‘(E) — W*-?(F) with 
dim(ker P), dim(coker P) and ind(P) being independent of k. 

(c) For every k, the norms || - ||y« and || + || we» + || P- ||w«» are equivalent. 


As a direct consequence of these facts, for every elliptic self-adjoint differential 
operator P: °(E) > I'*(E), one obtains 


(d) The operator P shares the spectral properties listed in Remark 5.7.14. 
(e) There is an L?-orthogonal direct sum decomposition 


P(E) =kerP @imP. (5.7.35) 


In the remainder of this section, we will consider the following natural generalization 
of an elliptic operator. 


Definition 5.7.20 (Elliptic complex) Let € = (Eo,..., E,) be a finite collection 
of Riemannian (or Hermitean) vector bundles over a manifold M and let P = 
(Po, .--, Py—1) be a collection of differential operators P, : °° (E,) > [P'° (Ex+1) 
of order p. The pair (€, P) is called a complex if Px.) o Py = 0. It is called elliptic if 


ker(o¢ (Px)) = im(o¢ (Px-1)) (5.7.36) 


for every0 A € € T*M. 
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We will be mainly interested in the case p = 1.*° Let us define 


Ee := BD Enx , Ee: BD Eres , (5.7.37) 
k k 


and associated mappings P® : [°(E°) — [°(E°) and P? : P'°(E°) > P™(E*) 
by 
Po = Do (Px + Phy), P? = Do (Paes + PH)- (5.7.38) 
k k 


Note that (P°)* = P’. Moreover, let us consider the associated Laplace operators, 


kK = Pr 1PE_, + PEP, : P(E) > P(E). (5.7.39) 


Then, the Laplace operator of (€, P) is defined by 


=> Grr pr So a, (5.7.40) 
k 


where L], and LJ, are the restrictions of LJ to E* and E°, respectively. It is easy to 
show the following (Exercise 5.7.6). 


Proposition 5.7.21 The following statements are equivalent: 

1. (€, P) is an elliptic complex. 

2. Ok is elliptic for all k. 

3. P° is elliptic. Oo 


Now, let us limit our attention to compact Riemannian manifolds (M, g) again. Then, 
by the above discussion, every element P; of an elliptic complex (€, P) extends to 
a Fredholm operator and, thus, we can define the cohomology groups of (€, P) by 


H*(€, P) := ker(Px)/ im(Py_1) (5.7.41) 


and its index by 
ind(€, P) := Vevk dim(H*(€, P)). (5.7.42) 
k 


Associated with the above family of Laplace operators, one has a generalized Hodge 
Theorem.*! The latter implies 


H*(€, P) = ker(Ox). (5.7.43) 


40One can also consider the more general case when the P; are of different order [32]. 
41 See e.g. Theorem 1.5.2 in [246]. 
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Then, 
ind(€, P) = >) (—1)* dim(ker O,) 
k 
= dim(ker 0.) — dim(ker O,) 
= dim(ker(P“P*)) — dim(ker(P°P™)) 
= dim(ker P°) — dim(ker P™). 
Thus, 


ind(€, P) = ind(P*). (5.7.44) 


This reduces the computation of the index to the computation of the index of a two- 
term complex, that is, of a single elliptic operator. In this context, one often says that 
one can use the operators P* or P° to roll up the elliptic complex. 


We close this section by considering the classical examples of elliptic complexes. 
They will be taken up again in Sect. 5.9. 


Example 5.7.22. (De Rham complex) Consider Ex := A‘T*M and take for P;, the 
exterior differential 


rer) + 7TeA rw. 


As before, we denote the operations of exterior multiplication and contraction by 
€ and 1, respectively. Since d? = 0, we must only check the ellipticity condition 
(5.7.36). Let € A 0. Clearly, 


or(dk)(a) =i Aa, (5.7.45) 


for any a € A‘T*M. Thus, im(o¢(dk_-1)) C ker(o¢(dx)). To prove the converse 
inclusion, let a € ker(o¢ (d;)), that is, § A @ = 0. Choose a local coordinate system 
{x/} such that € = dx!. Then, a = dx! A B with B € Are, This shows 
a € im(oz (dy_;)). Thus, the de Rham complex is elliptic with the principal symbol 
given by o (dx) = ie. We denote it by Egr(M). 

Next, consider the formal adjoint dj : re(A*' TM) > P(A\*T*M). Then, 
(2.7.23) immediately implies 


o¢(dy)(a@) = —ig”'(E)i0, 


that is, o (dj) = —ito g”!. Next, since 0 = dd* + d*d, (5.7.5) and (2.7.33) imply 


oz (CO) = e(€)e(g 1 (E)) + (g (E))e(E) =I] € |? 1. 
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This shows that ( is elliptic.” Finally, by (5.7.41) and (5.7.42), the cohomology 
groups of the de Rham complex coincide with the de Rham cohomology groups of 
M and, thus, its index coincides with the Euler characteristic x (M). 4 


Example 5.7.23 (Signature complex) Let (M, g) be an even-dimensional oriented 
compact Riemannian manifold. Denote dim M = 2n. Consider the Clifford bundle 
CI(M) of (M, g). By Example 5.5.16, C/(M) is isomorphic to (\ T*M as a Clifford 
module bundle. Under this identification, the Clifford mapping of C/(M) is given by 


c:TM > End(A\T*M), c(®)a = 9(X) Aa+ Xa, 
and the Dirac operator reads Da = i(d — d*)a. Now, recall that the chirality element 
I, += i"c(v) implies a natural decomposition Ci¢ = Cl*+ ® CI, of the complexified 
Clifford algebra, cf. (5.3.7) and (5.3.13). Clearly, >, induces an involutive automor- 
phism of C/(M) @ C yielding a splitting of that bundle. It is easy to check (Exercise 


5.7.7) that, under the identification with A T*M @® C, this involutive automorphism 
is given by 


t:A\‘'TM@C> A” *TM@C, Ta): iH) xa, (5.7.46) 
Since t2 = id, we can decompose 


AT*M@C=A'TMO A TM (5.7.47) 


into subbundles of elements corresponding to eigenvalues +1 of t. Next, it is easy 
to show (Exercise 5.7.9) that 


c(X)ot+toc(X)=0, XE XM), (5.7.48) 


and, correspondingly, 
Dot+toD=0. (5.7.49) 


This is in accordance with point 2 of Lemma 5.3.4. By (5.7.49), the restrictions of 
D to the subbundles \*T*M and /\ T*M yield mappings 


dz: F™@(A7T*M) > ™@(ATT*M), (5.7.50) 


and, thus, a complex 
0 —> Pe(A TM) “ re(A~T*M) —> 0, 


which will be referred to as the signature complex of M and will be denoted by 
Eson(M). It may be viewed as obtained by rolling up the de Rham complex using 


Clearly, this also follows from Example 5.6.7. 
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the Z)-grading defined by (5.7.47). Clearly, d_ is the adjoint of d,. By Proposition 
5.7.4, D is elliptic and, thus, dy and d_ are elliptic, too. We define 


o(M) := ind(d,) (5.7.51) 


and call it the signature of M. By (5.7.16), we have o(M) = dim(ker(d,)) — 
dim(ker(d_)) and, using ker(d7_) C im(d,)+, we obtain 


o(M) = dim(ker(C*)) — dim(ker(-)) , (5.7.52) 


where Lt = d_d, and O~ = d,d_. Clearly, if we change the orientation of M, 
then d, and d_ are interchanged and, thus, the signature changes its sign. Moreover, 
we have 

o(M)=0, for dimM = 2 (mod4). (5.7.53) 


Indeed, in this case, one can check that complex conjugation yields an isomorphism 
A *T*M = /\_T*M which clearly implies the assertion (Exercise 5.7.8). This shows 
that only the case dim M = 4k is interesting. Here, we have 


o(M) = dim(ker(Giz,)) — dim(ker(O3,)), for dimM = 4k, (5.7.54) 


where L];, denote the restrictions of LI to the subspaces of form degree 2k. To prove 
this statement, observe that the mappings 


gs: APT*M > (A\?T*M @ \*?PT*M)*, g(a) = x(a +ta), (5.7.55) 


are isomorphisms of vector bundles intertwining LJ, with LU, (Exercise 5.7.10). This 
implies 


(A\?T'M @ \*?T*M)t = APTYM & (A\?T'M @ APT MY , 


for every p # 4k — p. Thus, all contributions in (5.7.52) cancel except for those 
corresponding to form degree p = 2k. 

Finally, the Hodge Theorem implies via ker(42,) = H, fa (M) a purely topological 
formula for the signature as follows. For a closed, connected, oriented manifold of 
dimension 2n, one defines a pairing 


sy: H%,(M) x H%.(M) > R, sy ([e], [B]) = | arp. (5.7.56) 
M 


If Hig(M) = 0, we put sy = 0. This is a symmetric, non-degenerate bilinear form 
on Hi, (M) called the intersection form of M. Let (bt, b~) be the signature of the 
quadratic form corresponding to sy. Now, for dim M = 4k we have t = x and, thus, 
for a (real) 2k-form @ representing an element of (ck (M))+ we have 
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pane=s | @ lIf2 - 
M 


o(M)=bt—b-, (5.7.57) 


Thus, 


that is, the signature of M coincides with the index of the intersection form. 4 


Example 5.7.24 (Spin complex) As before, let (VM, g) be a 2n-dimensional oriented 
compact Riemannian manifold. Consider the canonical spinor bundle 


SY (M) = S(M) x, An 


relative to a chosen spin structure on M, cf. formula (5.5.8). Since dim M = 2n, it 
splits into a direct sum of subbundles, 


S(M) = S*(M)® S-(M), -7%*(M) = S(M) x, AX. 


n 


By Example 5.5.17, the Dirac operator of .“(M) is given by 


DO =i> Vj, BET™(S(M)), 
j=l 


where V is the spin connection. By Remark 5.5.5, for dim M = 2n, the Clifford map- 
ping c implies a bundle isomorphism c(X) : “*(M) — .*(M) for any nowhere 
vanishing vector field X on M. This induces a splitting of the Dirac operator, 


p* : ™(.7*(M)) > 1° (.7F(M)). (5.7.58) 


By Proposition 5.7.4, Dis elliptic. Thus, D~ are elliptic, too, and we obtain an elliptic 
complex 


0 —> r=(7t(m)y) > re(.¥-(M)) — 0, 


which will be referred to as the spin complex of (MV, g) with respect to the chosen 
spin structure. Clearly, D~ is the adjoint of D*. The index of this complex, that is, 
the index of P will be shown to coincide with the Ae genus’? A(M) of the manifold 
M, see Corollary 5.9.1. 

Let E be a Riemannian (or Hermitean) vector bundle over M endowed with a 
compatible connection. Consider the tensor product .“(M) ®@ E. By Remark 5.5.18, 
there is a natural associated twisted Dirac operator J), with the Clifford action given 
by y @ id. Thus, DP; is elliptic and the same construction as above yields the twisted 
spin complex 


See Sect. 4.7. 
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0 — P™@(.A* (M) @ E) Fi, (SH (M) @ E) — 0. (5.7.59) 


4 


Example 5.7.25. (Dolbeault complex) Let M be a compact complex manifold of 
complex dimension n. Recall from Example 2.2.10 that its canonically associated 
almost complex structure J induces a splitting 


\'ticM = @B AM, AM = /\?T'’M@ \iT?!M. (5.7.60) 
ptq=k 


The canonical projections J7?4 : \*T*¢M — /\?4M induce mappings 
0: 2P4(M) > QP*-4(M), 9: QP4M > Q?-4+1(M) 


defined by a 
O:=7P*!4 od, O:= TT od. (5.7.61) 


Since, by assumption, J is integrable, Corollary 2.2.15 implies 
a=0, @=0, 0098+d00=0. (5.7.62) 


Thus, for any p, 


3 2M) 8 army 2s arty —..., (59.63) 


is a complex of differential operators, called the Dolbeault complex. Usually, one 
restricts attention to p = 0. By (5.7.45), the symbol of 0 is given by 


o¢(9)(a) = i€°! Aw, (5.7.64) 


where € = &!° + €%! is the decomposition implied from (5.7.60). We conclude that 
the Dolbeault complex is elliptic. The index of the Dolbeault complex is referred to 
as the arithmetic genus of the manifold M. It is denoted by Ag(M). 

Now, let M be additionally endowed with a Riemannian metric g compatible 
with J, that is, g(X, Y) = g(JX, JY) for any X,Y € X(M). Then, the Dolbeault 
complex fits into the general framework of this section. Indeed, by (2.2.10), for any 
local g-orthonormal frame {e;} on M, the (1, 0)- and (0, 1)-components of TM are 
locally spanned by {e, — iJex} and {e, + iJe,}, respectively. By the compatibility of 
g and J, both components are g-isotropic. Thus, the corresponding decomposition 
of the exterior bundle is, pointwise, a special case of the construction of the Clifford 
modules Sw and S™ in Sect. 5.3 with the Clifford action induced from (5.3.27). 

Finally, Proposition 2.6.6 ensures that the Dolbeault complex may be twisted with 
a vector bundle E endowed with a fibre metric and a compatible connection. 4 
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Exercises 


5.7.1 Prove formulae (5.7.4)—(5.7.6). 


5.7.2 Prove that the scalar products (5.7.8) and (5.7.10) on ’* (E) define equivalent 
norms. Use this to show that the topology so defined does not depend on the choice 
of g, (-,-), V or a covering of M by local charts. 


5.7.3, Prove the isomorphism (5.7.14). 

5.7.4 Prove the statements of Proposition 5.7.5. 
5.7.5 Prove the elliptic estimate (5.7.23). 

5.7.6 Prove Proposition 5.7.21. 


5.7.7 Prove that, under the isomorphism Cl(M) @ C = A T*M @C, the involution 
induced from the chirality element coincides with the involution t defined by (5.7.46). 


5.7.8 Consider Example 5.7.23. Show that in case n = 2k + | complex conjugation 
yields an isomorphism /\*T*M = [A T*M. 


5.7.9 Prove the formulae (5.7.48) and (5.7.49). 
5.7.10 Prove that the formula (5.7.55) defines isomorphisms of vector bundles. 


5.7.11 Prove that sign(CP**) = 1. 


5.8 The Atiyah—Singer Index Theorem 


In this section, some of the analytic details will be omitted. This applies, in particular, 
to standard Sobolev-type arguments. For a full treatment of the subject we refer to 
the classical papers by Atiyah, Bott, Getzler, Gilkey, McKean, Patody, Segal and 
Singer [32, 34, 39, 40, 242, 243, 245, 435], as well as to the monographs [72, 246, 
407, 533]. 


The discussion in the previous section suggests to consider the following general 
setting. 


Definition 5.8.1 (Graded Dirac bundle) A graded Dirac bundle is a Dirac bundle & 
endowed with an involutive self-adjoint vertical bundle automorphism t : & > & 
anticommuting with the Clifford action and with the Dirac operator D of &. 


The operator t will be called the grading operator. Note that anticommuting with D 
is equivalent to commuting with the underlying Clifford connection. Also note that 
the Examples 5.7.23, 5.7.24 and 5.7.25 are of that type. 
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Let there be given a graded Dirac bundle & over a compact Riemannian manifold 
(M, 9g). By involutivity, t has (fibrewise) the eigenvalues +1 and, thus, we may 
decompose 

E=E' OE. (5.8.1) 


This way, & becomes a Z»-graded Clifford module bundle. In the sequel, we will 
be concerned with even-dimensional oriented manifolds M.** In that case, there is 
always a canonical grading induced from the chirality element I”, cf. (5.3.7) and 
Lemma 5.3.4. 

In the present context, it is quite common and convenient to use the terminology 
of superspaces, see e.g. [72, 535]. In this language, & is a superbundle, its fibres 
are superspaces and the algebra bundle End(é’) is a superalgebra bundle, that is, t 
acting by conjugation induces a decomposition End(&) = End(é)9 @ End(&), into 
an even and an odd part fulfilling 


End(émn)i . End(én)j CS End (Gin) (i+ mod 2) > 
for every m € M. For any Ao € End(4;,)o and A; € End(4;,)1, we have 
tT(Ap + A1)tT = Ap — Al. 
Associated with the above decomposition, we have a natural notion of parity. We 
say that an even element Ap € End(é&)o has parity |Ao| = 0 and an odd element 
A, € End(@&), has parity |A,;| = 1. Using this, one can endow End(é&) with the 


structure of a Lie superalgebra bundle by defining the super-commutator fibrewise 
as the bilinear extension of 


[A, Bl, :=A-B—(-1)4/7IB- A. 


Moreover, the following notion of supertrace relative to the grading t is useful. For 
an even element A, we define 


strg(A) := Tr(tA). (5.8.2) 


Then, 
stre(A) = Tr(A;+) — Tr(A__), (5.8.3) 


where A, and A__ are the diagonal blocks of A with respect to the decomposition 
(5.8.1). In particular, for an odd element A, we have Strg(A) = 0. One easily shows 


the following (Exercise 5.8.1): 


stre({A, B],) =0. (5.8.4) 


44We will see soon that the index vanishes if M is odd-dimensional. 
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Below, we also need the superalgebra 21 of bounded operators on L?(&) and their 
supertrace. Clearly, the decomposition (5.8.1) induces the decomposition 


V(@)=D(EYy @V(E-). (5.8.5) 


Next, viewing T as an operator acting on L7(&), we obtain a corresponding decom- 
position 2 = 29 © 2; into an even and an odd part fulfilling 


A; Aji C Wit; mod 2 - 


Note that L?(*) are the eigenspaces of t corresponding to the eigenvalues +1. For 
any do € py and a; € 2), we have t(ap + a1)t = ao — ay. As above, associated 
with the decomposition of 2(, we have a natural notion of parity. We say that an even 
element dp € 20 has parity |ao| = 0 and an odd element a; € 2; has parity |a,| = 1. 
Using this, one can endow 2 with the structure of a Lie superalgebra by defining the 
super-commutator as 

[a,b], = a-b— (-1)b- a. 


For any trace-class operator a € 2, the supertrace is defined by 
Stre(a) := Tr(ta). (5.8.6) 


As above, we have 
Stre(a) = Tr(a...) — Tr(a__), (5.8.7) 


where a, and a__ are the diagonal blocks of a with respect to the decomposition 
(5.8.5). Moreover, for any odd element a, we have Strg(a) = 0. Finally, 


Stre([a, b],) = 0, (5.8.8) 
provided either a or b are of trace class (Exercise 5.8.1). 
Now, recall from Remark 5.3.3 that any complex C/(V, q)-module EF is of the 
form E = A, ® W, where W = Homciyq(An, £), and 
End(E) = CI(V, q)° ® Endciyq (E) . (5.8.9) 


Here, Endcyy,q)(E) may be identified with End(W). Correspondingly, by Remark 
5.5.4, locally we have é}y = /(U) ® W with YW = Homey) (.%(U), &) and 


End(é+y) = cI°(U) ® Endciuy (Eu) c (5.8.10) 


Thus, the supertrace str¢ boils down to the product of supertraces over the factors 
on the right hand side of this equation. We write down the relevant notions on the 
algebraic level of equation (5.8.9) and then extend them to & fibrewise. To start with, 
recall that the chirality element I), of C7’, given by formula (5.3.8), endows A,, with 
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a Z7-grading which is called the canonical grading of the spinor module. Let {e;} be 
an orthonormal basis of V and, for each subset 7 C J, = {1,..., n}, lete, = 0 if 
I= @ande, =e;,...e;, if 2 = {i,..., i} andiy <... < i. Then, with respect to 


the canonical grading, we have 


_{C20? if 1=1, 
stra, (en) = 0 otherwise Sa) 
see Exercise 5.8.3. Then, for any a € Clr, 


stra, (a) = (—2i)?0(a) tn) 5 


where o is the symbol mapping given by (5.1.10) and [n] means taking the n-form 
part. Then, for any L = a @ F € End(E), we have 


stre(L) = (—2i)20 (a) In] Strw(F) . (5.8.12) 
This formula extends fibrewise to &. Now, recall that on the bundle level a decompo- 
sition & = .Y(M) ® W holds in general only locally. To avoid such a decomposition 
one introduces the following notion of relative supertrace. Since str y, (Jj,) = 22, for 
L=T,,®F € Cl(V, q)° ® End(W), we obtain 

strw(F) = 27?strg(L). 
Motivated by this formula, we define the relative supertrace of F € Endcyy,q)(E) by 
strz)a,(F) := 27 2strgUnF)- (5.8.13) 

If W is ungraded, then 

strgja,(F) = ttw(F) = 27? tre(F). 
By analogy with (5.8.13), we define the relative supertrace on & fibrewise by 

ste. 7 (Am) = 2-strs(In(m)Am), (5.8.14) 
where A,, € End(&,,) and I7,(m) is the chirality element corresponding to Vg,,. 


Now, let us consider the Dirac operator D of &. Since it anticommutes with t, we 
get a Fredholm complex 


0 — ret) 25 r(é-) > 0. (5.8.15) 


45 We identify /(\"V* & R via the canonical volume form of q. 
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In this setting, D is referred to as a graded Dirac operator. As in the examples of the 
previous section, the adjoint of Dt is DD : P™(@~) > *(&*). Thus, according 
to (5.7.44) and (5.7.16), the index of this complex is given by 


ind(D) := dim(ker Dt) — dim(ker D7). (5.8.16) 


We are going to study ind(D) within the setting described above. For that purpose, 
heat kernels are of basic importance. 


Remark 5.8.2 (Heat kernels) Note that w(t) = et? Wo is a solution to the heat 
equation 
ay 


Ta Dy =0 68:17) 


for any Ww € L?(&). Therefore, e~ will be called the heat operator. By stan- 
dard arguments, for t > 0, w(Z) is the unique smooth solution to (5.8.17) fulfilling 
lim;_.9 W(t) = Wo. Moreover, 


tim WO = Prero(¥o), Il ¥@ Isl Wo I, 


where Pe; p is the orthogonal projection onto ker D C L?(&), see Proposition 4.2.2 
in [212]. It is easy to show that these statements also hold true for any wo € W*(é) 
with k > 0. This implies that eo D sy? (€) > W*(&) is bounded for any t > 0 and 
k > 0. Thus, the Sobolev Lemma implies that 


e'D -12(@) > F-(@), t>0, 


is bounded. Such an operator is referred to as a smoothing operator. Moreover, 
using the natural L?-pairing (5.7.11), one extends the heat operator to a bounded 
mapping eo D : wf) > L7(6), for any t > 0 and k > O, and one shows that 
etd w-*«(€) > P'™(&) is smoothing, too, for any t > 0. Now, by the Schwartz 
Kernel Theorem, e~D* admits a smooth kernel k, called the heat kernel of D’, 


(''@)) = [ we. DO Qva(q), ETE). a 


More precisely, denote by p; : M x M — M the projections onto the first and the 
second factor, respectively. Then, 


ERE* :=pié @p,é* 
is a vector bundle over M x M and k; is a smooth family of sections in & & é*. 


For an orthonormal basis {y,} of L7(&) consisting of eigensections of D? with (non- 
negative) eigenvalues A;, we have 
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kp. g) = oe Vip) @ VQ). (5.8.19) 


k=1 
One shows that 


(a) the heat kernel satisfies the heat equation with respect to both variables, 
(b) for each smooth section ¢, 


| k,(p, Jo (MVg(q) > OP) (5.8.20) 
M 


uniformly in p as t > 0. 


Moreover, the heat kernel is the unique time-dependent section of & K &* which is 
of class C? in p and q and of class C! in t and which has the properties (a) and (b), 
see [72, 533]. 

Finally, since D? is smoothing and has a smooth kernel, e~ ” is trace class for all 
t > 0, see Theorem 8.12 in [533]. 4 


tD 


In the first step, we prove the following important formula [435]. 


Proposition 5.8.3 (McKean-—Singer Formula) Let & be a graded Dirac bundle with 
grading t and let D be its Dirac operator. Then, for any t > 0, 


ind(D) = Stre(e™). (5.8.21) 


Proof The assertion follows from the spectral theorem for the positive self-adjoint 
operator D?. Clearly, the decomposition of D? with respect to (5.8.1) is given by 


2. (DD 0 
p= | 0 —DtD-|* 


Let n° be the dimensions of the A-eigenspaces H;* of the restrictions D~D* and 
D*D~ of D? to L’(&*), respectively. Then, 


Stre(e"™) = Sat —n,)e™. 


A=0 


Let y € H{.Then, D*D Dt y = AD*y, that is, Dé y € H, is an eigenspinor field 
for D*D~ with eigenvalue 4. Thus, for every 4 4 0, Dt maps H. - isomorphically 


onto H, . This implies n} = n, for any 4 > 0. Consequently, only no —NMm = 
dim(ker D™) — dim(ker D~) remains in the above sum. o 


By the McKean-Singer Formula and (5.8.18) (Exercise 5.8.2), 


ind(D) = Stre(e"™) = i stre, (ki(q, q)) Vo(q) - (5.8.22) 
M 


5.8 The Atiyah—Singer Index Theorem 439 


Here, the integrand is the fibrewise supertrace of the endomorphism k;,(g,g) € 
End(é). 


Example 5.8.4 (Heat kernel of the Laplacian on R") Consider the Laplace operator 
A on R". Its heat kernel is easily calculated (Exercise 5.8.4): 


iIx—yll? 


k(x, y) = (4nt)"2e7 # (5.8.23) 


4 


Example 5.8.5 (Heat kernel of the harmonic oscillator) Consider the Hamilton oper- 
ator of the harmonic oscillator on R, 


& 2,2 
H=-—~+0°x’. 
di? 


Since this self-adjoint operator is quadratic both in differentiation and in multiplica- 
tion, it is plausible to make the following ansatz: 


Ky(x, y) = eS HAE HOO, 


Then, denoting the derivative with respect to t by a dot, we calculate 
K(x, y) + H kr (x, y) 


32 ys 
= (a at ans + b(t)xy + et) — (a(x + by)? — alt) + ws) k(x, y), 


for any (t,x, y) € Rz x R x R. Thus, the heat equation implies 


¢é=a, 4=2h =2(a —2o”). (5.8.24) 
Solving this system (Exercise 5.8.5) yields 


a(t) = —coth(2(t — t0)), 
1 
sinh(2(t — fo)’ 


c(t) = -5 log(sinh(2(t — fo))) + €o - 


MAa= 


Finally, using the initial condition (5.8.20), we obtain fg = 0 and cp = —$ log(27) 
and, thus, 
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1 


(x,y) = — a) ga (5.8.25) 
=> —— —— ex Oo. 
ann: \sinh@n) PAT Dianh@n * sind ) 


which is referred to as Mehler’s Formula. 4 


The next important observation is that the index is homotopy invariant. To show 
this, let us consider a continuous family D,, s € [0, 1], of graded Dirac operators on 
a complex vector bundle & which means that all data (the Riemannian metric g, the 
Clifford action c, the fibre metric on & and the connection V) entering the definition of 
D vary continuously with s preserving, of course, all compatibility conditions. Then, 
s —> Dy is a continuous mapping from [0, 1] to the space of bounded mappings 
B(Wt!(€), W*(@)) for any k, cf. (5.7.12). 


Proposition 5.8.6 Lets +> D, be a continuous family of graded Dirac operators. 
Then, ind(Do) = ind(D)). 


Proof Since the heat kernel is smooth, formula (5.8.21) implies that ind(D,) is a 
smooth function of s. Thus, using Duhamel’s Formula,*° we calculate 


d d 2 d 2 
— (ind(D,)) = — (Stre(e*™")) = —-#St —D,, De "| |. 
re (ind(D,)) rr te(e )) te (|< se ; 
This quantity vanishes by (5.8.8). D 


To summarize our discussion up until now, Proposition 5.8.6 shows that the index of 
a graded Dirac operator D is a topological invariant and the McKean—Singer Formula 
suggests that this invariant can possibly be calculated via the heat kernel of D?. It 
turns out that this idea is fruitful indeed. It leads to one of the proofs of the index 
theorem.*” Note that the left hand side of (5.8.22) does not depend on ¢ whereas the 
right hand side makes sense for all tf > 0. This suggest that the limit of the right hand 
side as tf — 0 may be meaningful and that it might be possible to use this limit for 
calculating the index. Theorem 5.8.10 below substantiates this idea. To prove it, we 
use the following approximation concept for heat kernels. 


Definition 5.8.7 Let & be a Dirac bundle with Dirac operator D and let k;(p, q) be 
the heat kernel of D?. Let k be a positive integer. Then, an approximate heat kernel 
of order k is a smooth f-dependent section k,(p, g) of & & &* fulfilling the initial 
condition (5.8.20) and 


0 a 
(5 + vf) k(—p, q) = di(p, q) ’ 


where ¢; is a C*-section of & & &* depending continuously on t for t > 0 and where 
D, denotes the Dirac operator applied in the p-variable. 


46See e.g. Sect. 2.7 in [72] for a proof. 
47For a comparison of the different proofs available, see [87]. 
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By standard Sobolev-type arguments, see [533, Chap.7], one shows the following. 


Lemma 5.8.8 Let & be a Dirac bundle with Dirac operator D and let k,(p, q) be 
the heat kernel of D?. Then, for every k there exists a k' > k such that for any 
approximate heat kernel k,(p, q) of order k', we have 


k,(p, q) — K(p, Q= dlp, q). 


where @, is a C-section of & & &* depending continuously on t for t > 0. a 


In the sequel, Taylor expansions of geometric objects in a geodesic chart will be 
used. 


Remark 5.8.9 (Taylor expansions) We take up Remarks 1.7.19 and 2.1.30. Let (MV, g) 
be a Riemannian manifold and let x!,..., x” be normal coordinates of a geodesic 
chart (U, «) centered at m € M such that the local holonomic frame {0;} is ortho- 
normal at m. Construct a local synchronous frame e = (e),...,¢@,) on U for the 
Levi-Civita connection on TM by parallel transporting the tangent space basis {0;} 
at m along the geodesics through m, cf. Remark 1.7.19. By construction, e is ortho- 
normal and coincides with {0;} at m. Thus, (1.7.17) implies 


1 
Ty) ~ —5Ri 


5 Pi O)2" + OUIIXI?) , (5.8.26) 


where ey are the Christoffel symbols of the Levi-Civita connection and Rit are 


the components of the Riemann curvature in normal coordinates, respectively. In 
particular, we have ie (0) = 0. A similar Taylor-type expansion holds for the metric: 


I 
Qi(X) = by — 3 Rin O)x*x! + (|X|?) . (5.8.27) 
kl 


The proof of this formula is in complete analogy to the proof of (1.7.17). Let {@/} be 
the coframe dual to e, let oj be the components of the Levi-Civita connection in this 
frame and let X" = >¢ j xd; be the radial vector field. Then, 


XG =x', Xs!) =0, gydx' @ dv = 5,0' @e'. (5.8.28) 


Clearly, the tautological form 6 on M may be expressed with respect to both the 
holonomic frame {0;} and the synchronous frame {e;}, 


6= > dvd; = We;, 
J 


and we may decompose 6/ = 6/,dx*. Then, gi = 510" (0';. Thus, it is enough to find 
the Taylor expansion for the coefficient functions 6';. Using the relations (5.8.28), 
by analogous arguments as in Remark 1.7.19, one obtains (Exercise 5.8.6) 
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(Xo X" +.X")0'; = — DO Ri, (O)xkx! (5.8.29) 
kl 


This implies (5.8.27). For a detailed presentation of the arguments, we also refer to 
[34]. + 


The basic idea is now to take the following counterpart of (5.8.23) on the Riemannian 
manifold (M, g) as the first approximation to the true heat kernel: 


n d : 
a (- ue) , 


(5.8.30) 


where d(p, q) denotes the geodesic distance between p and q. 


Theorem 5.8.10 (Heat kernel asymptotics) Let & be a Dirac bundle over a compact 
Riemannian manifold (M, g) and let D be its Dirac operator. Let k, be the heat kernel 
of D2. Then, 


1. ast — O, there is an asymptotic expansion*® 


ki(p, q) ~ hi(p, a) > # aj(P, 2). (5.8.31) 


j=0 


where the a; are smooth sections of & & &*. This expansion is valid in the Banach 
space C'(& & &*) for any integer r > 0. 

2. The values aj(p, p) along the diagonal are given in terms of algebraic expres- 
sions involving the metric and the connection coefficients, together with their 
derivatives. In particular, ao(p, p) is the identity endomorphism of €. 


Our proof is along the lines of Theorem 7.15 in [533]. 


Proof By Lemma 5.8.8, it is enough to show that there exist smooth sections a; of 
& & &* such that for each k the partial sum 


J 
S00) =hiv. gd) > #aj(p. @) 


j=0 


is an approximate heat kernel of order k for all sufficiently large J. Since h; is of 
order ¢*° outside any neighbourhood of the diagonal in M x M, it clearly suffices 
to determine the sections a;(p, g) for p near g. Thus, we may use a local geodesic 
coordinate system x!, ..., x” centered at g. We denote the determinant of the metric g 
by g, the geodesic distance from q to p by r, that is, r? = gijx'x! . Then, one calculates, 


see Exercise 5.8.7, 


48Recall that f(t) ~ > L0 ak (1) is called an asymptotic expansion for a function f on Ry if, for 
any n, almost all the partial sums of the series approximate f to within an error of order t”. Clearly, 
the series need not converge. 
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1, 
ho! (> ak D;) (h.d) = id + Dip + mae, + ri F (5.8.32) 


for any local section ¢ of & Xl &*. Now, seeking a solution to the heat equation in 
the form h,@, we expand ¢ ~ ¢9 + td) + to. +..., with the gj not depending on 
t, insert this expansion into (5.8.32) and put the coefficient functions of each power 
of t equal to zero. This yields the following system of equations: 


Vigo + (i + ae) % = —Digj-1 (5.8.33) 


wherej = 0, 1, 2,...and@_; = 0. This is asystem of ordinary differential equations 
along each ray starting from g which may be solved recursively. Note that the first 
of these equations (j = 0) simply reads 


Va (40) =e (5.8.34) 


showing that @o is uniquely determined by its initial value @o(0). We put ¢9(0) = 1, 
the identity endomorphism of S,. This suggests to rewrite the remaining equations 
by incorporating the factor gi as well. This yields (Exercise 5.8.8): 


Va (r/s*4)) = —! 9 D261, (5.8.35) 


for any j => 1. Thus, every ¢; is determined by @j_; up to an additive term of order 
r/ near r = 0. If we require smoothness at r = 0, this term must vanish and, thus, 
all @; are uniquely determined by the initial condition @9(0) = 1. 

To summarize, we have constructed local representatives ;(x) of the heat kernel 
coefficients a;(p, q) for p near q. By standard Sobolev-type arguments, one shows 
that, for J > 5 dim M + k, 


J 
k/(p, ) = hip. > Haj(p. @) 


j=0 


is an approximate heat kernel of order k. 

To prove the second assertion, note that a;(p, p) is given locally by ¢;(0). Thus, it 
is enough to expand both sides of (5.8.33), or (5.8.35), in a Taylor series about the 
origin. Then, the coefficients p;(0) may be iteratively calculated in terms of algebraic 
expressions involving the metric and the connection coefficients, together with their 
derivatives, indeed. | 


Example 5.8.11 To illustrate the second assertion in Theorem 5.8.10, let us find 
the first two coefficients of the heat kernel expansion. First, from (5.8.34) and the 


initial condition, we read off @9 = g- +. Substituting this into (5.8.35) and using the 
Weitzenboeck Formula 5.6.1 we obtain 
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2 a . evil a 
$1 (0) = —(D" go) (0) = > ao) CUO): (5.8.36) 
; Ox 
From (5.8.27), we conclude 
ail 1 
g *@)=1+ 7) 2 xx! Rigi (0) + 0(([x||>) - (5.8.37) 


This entails 


> : “@-h 1 Ry = bse 
ae) © sae SG 


i 


at the origin and, therefore, 


1 
aq.) =1, ai(g,q) = Z8o(q) — KR (q). (5.8.38) 


Thus, the first non-trivial heat kernel coefficient is given by the scalar curvature of 
(M, g) and by the Weitzenboeck curvature operator of the Dirac bundle &’. 4 


Combining Theorem 5.8.10 with the McKean—Singer Formula in the form of 
(5.8.22), we obtain the following. 


Corollary 5.8.12 Let & be a graded Dirac bundle over a compact Riemannian 
manifold (M, g) and let D be its Dirac operator. Then, the index of D is zero if the 
dimension of M is odd. If n is even, then 


indD = 


Gxt [ strg, (a2 (q, 4))Vg(Q) - (5.8.39) 


Proof By (5.8.31) and (5.8.22), we have 


(oe) 


: 1 jn 
indD ~ pi oF (/ str, (a(q, avo) pr? . 


j=0 
Since the left hand side is constant, both assertions follow. a 


This corollary reduces the calculation of the index of D to the calculation of the 
integral over the heat kernel coefficient of D* of order a 

For the further analysis of formula (5.8.39), let us fix a point g € M and let 
exp, : [7M — M be the exponential mapping of (M, g). Then, for p = exp, (X) in 
a neighbourhood of g, we denote 


k,(X) := k,(exp,(X), g) € Hom (4%, Eexp,(x)) - 
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We trivialize the bundle & over an open neighbourhood U centered at g by choosing 
a synchronous framing combined with a local geodesic chart, cf. Remarks 1.7.19 
and 5.8.9. In more detail, we choose a local geodesic chart (U, «) centered at g and 
identify the fibres & and Eexp, (X) via the parallel transport operator along the radial 
geodesic from q to exp, (X). Clearly, the geodesic chart provides a local trivialization 
of TM and, thus, of Cl(M) over U as well. Now, recall (5.8.10), 


End(6;y) & Cl°(U) ® Endeyy) (Gu) - (5.8.40) 


In the above local trivializations, the Clifford action boils down to the action of 
Cl(T,M) on the fibre & and, thus, Endcj)(&) is locally trivial as well, with fibre 
Endcict,m)(é) = End(W). Thus, for a chosen point g ¢ M, we may view the heat 
kernel as 

k,(X) € End(&,) = Cl°(T,M) ® End(W) . (5.8.41) 


Let x!,...,x” be the normal coordinates of the chosen geodesic chart and let {d;} 
and {e;} be the holonomic and the (orthonormal) synchronous frames, respectively. 
Recall that the latter coincide at the point g. In these normal coordinates, we will 
write k;(x) for k,(X). Let {e;} be the orthonormal basis of T,M given by e; = e;(q). 
Moreover, as before, for each subset J C J, = {1,..., n}, lete,y = Oif 7 = @ and 
ep =e;,...e;, if 7 = {,..., i} andi; < --- < i. In this basis, (5.8.31) takes the 
form 


k(x) ~ h(x) D> > fe, @ G1), (5.8.42) 


j=0 1 
where the coefficients a;,;(x) are End(W)-valued. Now, by (5.8.30) and (5.8.12), 


(—2i)? 
(4nt)? 


[o.e) 
D4 strs, 4, (qj, (0) - (5.8.43) 
j=0 


str, (k, (0)) ~ 


To summarize, (5.8.39) takes the form 
ind D = (27i)~? : ste |A, (a1, (q, q))Vg(Q) : (5.8.44) 
M 


Next, let us analyze the local representative A € 2'(U, End(é)) of the Clifford 
connection V in the chosen synchronous framing {e;}. We denote ¢; = c(e;). 


Lemma 5.8.13 Jn the local trivialization defined by a synchronous framing, 


Aj(x) = = 2 Rijs (O)x! ees + D> ova (exer + Bi(X) . (5.8.45) 


1 
8 pkl kl 
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where Rix(O) are the Riemann curvature coefficients at the origin with respect to 
the holonomic frame {0;}, oi € C°(U) are functions of order O(||x||?) and B; € 
C™°(U, End(W)) are functions of order 0(||x||). 


Proof By (1.7.17), we have A(0) = 0 and 
1 ue 2 
Ai(x) ~ 5 Ri (0)x/ + O(||x|I*) , (5.8.46) 
where R® is the curvature endomorphism of V. By (5.6.8), R® = RY’ + F®, where 


g 1 
RY (X,Y) = Z 2 g(R(X, Y) (ex), e7) cicx (5.8.47) 


is the curvature endomorphism of V2 viewed as a connection in the Clifford bundle 
CI(M) pu and F* € 27(U, End(W)) is the twisting curvature of the Dirac bundle 
&. Since, at the origin, e; and 0; coincide, the contribution of RY’ coincides with the 
first term in (5.8.45) up to a term of order 0(||x||*). Since the Clifford action on W is 
trivial, the contribution of F% is simply a function of order 0(||x||). a 


Now, we are prepared to prove the Atiyah—Singer Index Theorem. The proof 
we give is based on a method developed by Getzler [242, 243], which is often 
referred to as Getzler rescaling.” By (5.5.5), Cl(M) and /\T*M may be identified as 
Clifford module bundles. In our trivialization, this boils down to the Clifford module 
isomorphism 

ATM = Cl(T;M), (5.8.48) 


with the left Clifford action on /A\T;M given by c(a) = e(a) + (a), cf. Example 
5.3.2. Now, given a function ¢ on R; x U with values in A TjM ® End(W), we 
define the Getzler rescaling operator by 


(5.O)(t,x) = DI ATO(A7t, Ax) (5.8.49) 
j=0 


for0 < A < 1. Here, the index [j] means restriction to the form degree j. This implies 
the rescaling 6,A := 6 Ab; ! for any operator A acting on functions of the above type. 
In particular, we obtain 


5,0, =2774,, 6,0, =A710;, d,e(a) =A 1e(@), 3yt(@) = Aula), (5.8.50) 


for a € T/M. We will write e' = e(dx') and u' = g! (dj). 


4°We use the Getzler calculus in a purely operational manner. For a deeper discussion we refer to 
(72, 533]. 
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As a last ingredient, we need the relative Chern character form of the bundle &. 
It is defined as follows. The twisting curvature endomorphism F® of V is a 2-form 
with values in the real vector bundle 


Ucre(m)(&) = WE) N Ender (&) , 


where u(&) C End(&) is the subbundle of skew-adjoint endomorphisms, see 
Sect. 4.6. For A, € Uciewuy(&), one has elAn/4t E Endcrecu) (Em), So that one can 
define a section ge in the bundle FPS (ucteauy ( )) of formal power series, see 
Sect. 4.6, by 

qo (Am) := Stte)y (exp(—A»/471)), meM. (5.8.51) 


By definition, the relative Chern character form of & is 
ch(E|.Y) = hps (q*), 


with hge given by (4.6.33). One easily shows that this form is closed and that its de 
Rham cohomology class, which we denote by the same symbol, does not depend on 
the choice of the connection, see Sect.3 in [526]. According to Remark 4.6.10, we 
write 

ch(é|.Y) = stre).y (exp(—F* /27i)) . (5.8.52) 


Theorem 5.8.14 (Atiyah—Singer) Let & be a graded Dirac bundle over an even- 
dimensional oriented compact Riemannian manifold (M, g) and let D be its Dirac 
operator. Then, 


ind = [Aco A chislY), (5.8.53) 
M 

where A(M ) is the A-genus form of M. In the integrand, the component of form degree 
dim M is taken. 


Proof Let dim M = n. We define the rescaled heat kernel by 
k* (x) = 2" (6,k); (x). (5.8.54) 
Since the heat kernel satisfies the heat equation, we have 
(4, + 478,D°5,')k? = 0. 
Thus, "3 is the heat kernel of the rescaled operator P, := 428,D?. In the first step, 
we prove that the limit Pp = lim,_.9 P, exists by explicitly calculating it. For that 
purpose, we work in the local trivialization of & over a neighbourhood U centered 


at gq obtained by the above described synchronous framing. By the Weitzenboeck 
Formula (5.6.9), 
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2 * i é 
DV ere (5.8.55) 
and by (2.7.31), for any local frame {e;} we have 
V*V = —9! (Ve.Ve, — Vv.) - 


In the synchronous frame, Vz, = 0; + A; with A; given by (5.8.45). In order to 
be able to apply the rescaling mappings, we must consistently use the isomorphism 
(5.8.48). Then, using the fact that the Clifford action on W is trivial, we obtain 


Pi (x) = — Dg! (Ax) (8; + 4(5,.B) ®) (9; + 46,A)(X)) 


ij 
—2 D2 G*T Ax) (He + A5,Ax)() 


ijk 


2 
+ “So(ax) +17 (5,.57) (x). (5.8.56) 


Here, te are the Christoffel symbols of the Levi-Civita connection in normal coor- 
dinates. By Lemma 5.8.13, we have 


7 1 : 
ABAD) =z DI Rij Oxi (CF + eV (el + A) 
Dk L 


FATS) ari (Ax) (8 + W720) (6! + 27U!) + 2B: AX). 
kl 


Since the functions a; and A; are of order 0(||x||7) and O(||x||), respectively, we 
obtain 


a 1 ; 
i = vad 
Tim 4.(5,A;) (x) =F > Qijx' , 
j 


where j 
Qy = ; 2 Ris (O)e*e! 


acts on ATjM by exterior multiplication. Thus, 2; may be viewed as an anti- 
symmetric (7 x n)-matrix with values in the even part 2l of the exterior algebra of 
TM which is a finite-dimensional commutative algebra (over C) with unit. By the 
above arguments, the limit A — 0 of the covariant derivative exists and is equal to 
dj + ; > j 92x! . Next, using the Taylor expansions for gj and i derived in Remark 
5.8.9, we see that the second and the third term in (5.8.56) vanish in the limit A + 0. 
Finally, by (5.6.10), the limit of the last term is simply ¥¢ (0). Using the Taylor 
expansion of g, once again, we obtain 
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t 


1 
Py = lim P, = — D0 (a: + ZL Mi) + FO). (5.8.57) 
J 


Under the identification (5.8.48), ¥ © (0) becomes an element of 21 @® End(W) acting 
on AT{M by exterior multiplication. This finishes the first step of the proof. 


In the second step, we calculate the heat kernel ke of Po. We denote F = ¥ (0) 


and 1 
H=— 5) (+ 5D Mux!) 
i 


i 


This is the Hamiltonian of a generalized harmonic oscillator. Then, by the above 
discussion, Py) = H+ F is a differential operator acting on 21 ® End(W)-valued 
functions on U. Since 2 is commutative, the operators H and F commute. Thus, 
e Po — etHe—'F Since 2 is an antisymmetric (n x n)-matrix with values in the 
2-forms we can choose the orthonormal basis in T,M so that S2 is represented by a 
block-diagonal matrix, 


Then, H decouples into a sum of operators of the form 


wo 


16 


h = —(ac-+ pay)” — (a — Fox)” = —(02 + 2) — 2 (+ y%) + 5 (0 — ya) 
and it remains to calculate the heat kernel of this operator. By the uniqueness of the 
heat kernel, we can seek a rotationally invariant solution. Then, the last term in h 
will not contribute and, apart from the fact that we must replace w by iw, we have a 
sum of two harmonic oscillator Hamiltonians. Using Mehler’s Formula (5.8.25), we 
obtain (Exercise 5.8.9) 


2 tQQ/2 1 t 
k(x) = (4rrt)?det? eee. en a (F coth( SS )xx) . iF (5.8.58) 
sinh(ts2 /2) 
and, thus, 
0 —n, 1 12/2 —1F 
k, (0) = (4st) 2 det? | ————— _Je™. (5.8.59) 
sinh(ts2 /2) 


This finishes the second step of the proof. 

In the third step, we show that the index of D may be expressed in terms of the heat 
kernel coefficients of k?(0). For that purpose, consider the asymptotic expansion of 
the rescaled heat kernel k*. Applying the rescaling mapping to k, as given by (5.8.42) 
and using the isomorphism (5.8.48), we obtain 
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[o@) 
kh (x) ~ A" Iya, (ax) D2 >) A May (Ax) de’ , (5.8.60) 
j=0 I 
where as usual dx! := dx! A... A dx’ if J = {i,,...,i,} andi, <... < ig. Thus, 
CO 
kh (0) ~ (4)? >) > 8 May (0) de (5.8.61) 
j=0 I 


Without giving a proof here, we use the fact that the coefficients of the asymptotic 
expansion (5.8.60) depend continuously on A, see Theorem 2.48 in [72]. This implies 
that the asymptotic expansion of k® can be obtained as the limit A — 0 of the 
asymptotic expansion (5.8.60). Thus, let 


k° (0) = (420)? 3 P;(@/2, -F)# (5.8.62) 
j=0 


be the Taylor series of (5.8.59). Since 2 and F are nilpotent elements of the exterior 
algebra, this series converges for all values of t. Then, comparing coefficients, we 
read off 
: 2j-|I I 
P;(2/2, -F) = fin 2 Wa, (0) dx! , 


that is, a; (0) = 0 forj > 4 and 


P;(Q/2,-F) = >° g1(0) dx’. (5.8.63) 
UW |=2j 


But, |J| < n and, thus, P; 4 Oforj =0,1,..., 5 only. This implies 


n 


k°(O) = (4rt)7? > P;(Q/2, -F)t!. (5.8.64) 
j=0 


Taking the supertrace of this equation and using (5.8.11), together with (5.8.63), we 
obtain 


stre, (k?(0)) = (4rt)~?strs (Ps (Q/2, -F))t? = = ste, (a2, (0))t? . 


Comparing with (5.8.44), we conclude 


indD = any t | str, (Ps (2/2, —F))vg(q) . (5.8.65) 
M 
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that is, the index of D is given by the coefficients of the heat kernel expansion of Po, 
indeed. This finishes the third step of the proof. 

Finally, it remains to calculate the integrand of (5.8.65). Comparing (5.8.64) with 
(5.8.59), we see that 


Px (2/2, —F) = det? ca (—F) 
pee) ON \ ae iay ye 
where [1] means taking the n-form part of the right hand side. Since the summands 
in the Taylor expansion of the first factor on the right hand side are just differential 
forms on U, by (5.8.11), we have 


2/2 


strs, (Ps (S2/2, —F))Vg = (—2i)? det? (<a 


) stre,|A, (€XP(—F)) pny - 
Since P; is a homogeneous polynomial of degree j, 
Ps (2/2, —F) a (2 i)? Ps (2/4xi, —F/2zi) : 
and, using (4.7.18), we have 
strs, (Ps (Q/2, —F))vg = (—2i)? (2i)?A(M) ch(6|.Y) jn) - 


Inserting this into (5.8.65) yields the assertion. Oo 


Often, the right hand side of (5.8.53) is referred to as the topological index of the 
Dirac bundle. In this language, the Atiyah—Singer Index Theorem states that the 
analytical index of a Dirac operator is equal to the topological index of its Dirac 
bundle. 


Remark 5.8.15 (Local Index Theorem) Note that in the proof of Theorem 5.8.14 we 
have actually obtained a much stronger result which is usually referred to as the 
Local Index Theorem: for every gq € M, the limit lim,,o str¢,k,(q, q)Vg(q) exists 
and is given by 


lim str,ke(q. @)Ve(q) = (AM) A ch(S1-)) (a). (5.8.66) 


4 


Remark 5.8.16 (Family Index Theorem) Both the Index Theorem 5.8.14 and the 
Local Index Theorem generalize to the case of families of Dirac operators [40, Part 
IV]. It turns out that the heat kernel methods developed above may be extended to 
this situation in a quite straightforward way. This has been shown by Bismut [78], 
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see also Chap. 10 in [72] for a detailed presentation. Here, we only explain the setting 
and formulate the result.-° 

Consider a smooth fibre bundle 7 : M — Y, where M and Y are compact 
connected manifolds of dimensions n + m and m, respectively, with n even. That is, 
x is a smooth mapping and for every open subset U C Y the inverse image 1~!(U) 
is diffeomorphic to U x X, where X is an n-dimensional compact manifold.*! Denote 
the bundle of vertical vectors on M with respect to the fibre structure by VM. Assume 
that the fibration 2 : M — Y is endowed with the following additional structures: 


(a) a fibre metric g¥, 
(b) aprojection P : TM — VM, 
(c) a Spin()-structure S(VM) — M on the vertical bundle VM. 


By points (a) and (b), we have a canonical connection VY on VM defined as follows. 
First note that the kernel of P defines a horizontal distribution on M and, thus, a 
splitting TMV = VM @ kerP, that is, P defines a connection in z : M — Y. Now, 
take any metric g” on Y, lift it to ker P and combine this lift with gY to a Riemannian 
metric g” on M. Take its Levi-Civita connection V™ and project it to VM, 


Very Pp. 


It is easy to show that this is aconnection on VM which does not depend on the choice 
of g’ . Moreover, the restrictions of this connection to the fibres of 2 coincide with 
the Levi-Civita connections on the fibres. To summarize, VM carries the structure of 
a Hermitean vector bundle with a connection which is compatible with the metric. 
Next, by point (c), VM admits a spin structure S(VM) and, thus, the connection 
VY naturally lifts to a connection on S(VM). By construction, for every y € Y, 
the restriction of this connection to S(VM);y, coincides with the spin connection 
corresponding to the Levi-Civita connection of the fibre metric g’. 

Now, assume we are given a Clifford module bundle & over the Clifford bundle 
CI(VM). Since VM carries a spin structure, € has the form 


E=SA@E, (5.8.67) 


where .Yy is a spinor bundle associated with S(VM) and E is a vector bundle given 
by E = Homciym)(-“v, &). The spinor bundle may be viewed as a tensor product 
Sy = S@V", where. is the canonical spinor bundle, p is acomplex representation 
of Spin(7) and V° is the corresponding vector bundle associated with S(VM). Since 
n is even, the natural splitting of .7 induces a splitting of .“, into the chirality 
components .“,. The natural spin connection on S(VM) induces connections on the 
bundles .%;". As usual, we assume that E carries a Hermitean fibre metric g” and a 


50For the very formulation of the result, a shorthand version of the detailed description below would 
be sufficient. However, we present the full structure which then may be taken as the starting point 
for reading the proof of Bismut. 


5!Then, x : M —> Y may be viewed as associated with a principal Diff(X)-bundle over Y. 
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compatible connection V4. By (5.8.67), the twisting curvature of & simply coincides 
with the curvature of V¥. 
Given the above described structures, we obtain a family of Dirac bundles 


a= (A BE) iy, 


with an associated family of Dirac operators D, : C°° (G*) > cr (6) . Using the 
bundle metric in 6 and the natural volume form on M,, we obtain L?-completions 


H> of the above C®-spaces. The latter fit together to continuous” Hilbert bundles 
H~ — Y. Correspondingly, the Dirac operators combine to a bundle mapping D : 
H* — H. In this context, one can prove a Local Index Theorem for the Dirac 
family D and, as a corollary one obtains the Atiyah—Singer Index Theorem for D: 


ch(Ind(D)) = | A(VM) ch(£). (5.8.68) 
M/Y 


Here, ch(Ind(D)) is the Chern character of the index bundle, see Appendix E, A(VM ) 
is the A-genus of the bundle VM for the connection VY and ch(£) is the Chern 
character form of the bundle E. The symbol f, myy Means integration over the fibres 
of7#:M—-Y. 4 


In the literature, there can be found many generalized index theorems, e.g. alge- 
braic index theorems for formal deformation quantizations, see [190, 483, 511] and 
references therein. It is interesting to note, see [484], that an application of the alge- 
braic index theorem to the case of the cotangent bundle endowed with the canonical 
symplectic form and the deformation quantization given by the asymptotic pseudo- 
differential calculus reproduces the Atiyah—Singer Index Theorem. 


Exercises 
5.8.1 Prove formula (5.8.1). 
5.8.2 Let k(t, p, q)* be the heat kernel of D-D*. Show that 


stre(ki,g.gt) = dle Wi@l, 
k 


where {yt } is an orthonormal basis of eigensections with D Dry = eve : 
Conclude that 


Teo? —) str, (k(t, g, q)* )Vg(q) - 
M 


5.8.3. Prove formula (5.8.11). Hint. Show that, for any J 4 J, there exists an index 
i such that ey = —sle;, e,e;],. Then, by (5.8.4), tr, e; vanishes. 


52These bundles are not smooth, because the composition Ll? x C® -— L? is not smooth. 
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5.8.4 Confirm formula (5.8.23). 

5.8.5 Confirm the solutions to (5.8.24) given in Example 5.8.5. 
5.8.6 Prove formula (5.8.28). 

5.8.7 Prove formula (5.8.32). Hint. First, show that 

5.8.8 Confirm formula (5.8.35). 

5.8.9 Confirm formula (5.8.58). 


5.9 Applications 


In this section, we discuss some consequences of the Atiyah—Singer Index Theorem. 
The reader can find a lot of further applications in Chap. IV of [407]. 
To start with, the following is an immediate consequence of Theorem 5.8.14. 


Corollary 5.9.1 (Atiyah—Singer) /f M is a spin manifold and & is the canonical 
spinor bundle, then the index of the Dirac operator YP) coincides with the A-genus 
of M. 


This implies: 


(a) the index of the Dirac operator does not depend on the spin structure. 
(b) the A-genus of a spin manifold is an integer. 


Point (b) may be sharpened as follows. 


Proposition 5.9.2, Let M be a compact spin manifold such that dim M = 4 mod 8. 
Then, A(M) is an even integer. 


Proof By Theorem 5.3.19, for n = 4 mod 8 the spinor representations A, are of 
quaternionic type. By Remark 5.3.20, the corresponding structure mappings C : 
A, — A, commute with the Clifford multiplication and are Spin(7)-equivariant. 
The same is true for the structure mappings Cy : A> — A; of the corresponding 
irreducible components of A,,. Now, the Spin(m)-equivariance 


Coy(g)=y(g)oC, (5.9.1) 


for any g € Spin(7), implies that C may be extended to a fibre-preserving mapping 
of the spinor bundle which we denote by the same letter. Differentiating (5.9.1), we 
obtain that C commutes with the covariant derivative of the spin connection, 


Vx oC=CoVy, 
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for any X € X(M). This property, together with the fact that C commutes with the 
Clifford multiplication, implies that the Dirac operator commutes with C. Corre- 
spondingly, we have D+ o Cy = C_ o P*. Thus, the kernel and the cokernel of Dt 
are quaternionic vector spaces and, consequently, their complex dimension is even. 

oO 


Combining Corollary 5.9.1 with Bochner-type arguments, we obtain the following. 


Proposition 5.9.3. (Lichnerowicz) Let M be a compact spin manifold admitting a 
metric of strictly positive scalar curvature. Then, the A-genus of M must vanish. 


Proof By point 1 of Corollary 5.6.8, ker D = ker D* = 0. Since 
ker D = ker D* @kerD, 
this implies ind P = A(M) = 0, | 


Next, we turn to the analysis of the Atiyah—Singer Index Theorem for the Dirac 
bundle 
&=CI(M)= ATM @C. 


This is a left C/(M)-module bundle with the Clifford mapping of C/(M) given by 
c:TM > End(A\T*M), c(X)a = Q(X) Aa4+ Xa, 


cf. formula (5.1.8). Its Dirac operator is induced from the de Rham complex Egr(M) 
and is given by 
Da = i(d—d*)a, 


see Examples 5.5.16 and 5.7.22. Recall that the index of the de Rham complex 
coincides with the Euler characteristic x (M). 
Now, let us analyze the right-hand side of (5.8.53) for that case. Since 


AV* @ C& CI°(V) = End(A,) = A* @ An, 


for any even-dimensional vector space V, the typical fibre of & is E = A, ® A*, 
that is, the twisting vector space is W = A‘. Note that, in this situation, besides the 
canonical grading t) = I, @ id we have a grading tT = @, ® @, given by the volume 
form @, = e;, of Cl,. Clearly, this is the natural grading induced from that on A V*. 
So, we are going to consider this grading here. 

Recall that the Euler form of an oriented Riemannian manifold M is defined by 
e(M) := e(TM). 


Lemma 5.9.4 The following holds. 


A(M) A ch(&|.Y) = e(M). 
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Proof Let R and R“ denote the curvature endomorphism forms of the Levi-Civita 
connections on TM and /\T*M @C, respectively, and let o(TM) C End(TM) denote 
the subbundle of skew-symmetric endomorphisms. By (4.7.17), A(M ) = har”), 
where r™ is the section in FPS(o(TM)) given by 


iAm 
M(A,,) := det? { —3=— ). 
aia (nis) 


By Remark 4.6.21, e(M) = ha(e™”), where e™ is the section in Pol(o(TM)) defined 


by 
Am 
eA) := pf (3") : 
4a 


By formula (5.8.52), ch(@|.Y) = hpe(q*), where F® is the twisting curvature 
endomorphism form of the Levi-Civita connection on (\\T*M ® C and q* is the 
section in FPS (uciec) (€ )) defined by (5.8.51). To prove the assertion, it suffices to 
show 
ha(r™) A hpe (q*) = hp(e™). (5.9.2) 
For that purpose, we rewrite hpe in terms of hp. First, to calculate F ® we choose a 
local orthonormal frame {e;} in TM. According to (2.7.36), in this frame the curvature 
endomorphism form of the Levi-Civita connection on /\T*M ® C is given by 
R(e;, e;) = —g(R(e;i, een, ene*e'. (5.9.3) 
Let c; and b; denote the local sections in End(C/°(M)) defined fibrewise by Clifford 
multiplication by e; from the left and the right, respectively. Clearly, the b; take values 
in Ende) (&). Under the isomorphism with \T*M @ C, 
ci = e(e;)) +(e), bi = e(e;) — Le). (5.9.4) 


Using 
CiCj + CjCi = 26; A bjb; + jb; = — 26; (5.9.5) 


(Exercise 5.9.1) and the symmetry properties of the curvature, we obtain 
A 1 kd kpl 
R® (ei, ej) = =F g(R(ei, eek €1) (c'c’ — D'B’). 
Since the first summand coincides with (5.8.47), the Weitzenboeck Formula yields 


1 
Fe = zoe, e)b‘b! . (5.9.6) 


According to (5.2.29), then 
Fe = pogoR, 
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where g : 0(TM) — Ch(M) is the vertical vector bundle isomorphism which 
is fibrewise defined by (5.2.28) and p : Clh(M) — uciecy(Cl*(M)) is the vertical 
vector bundle morphism assigning to€ € Cl,(T,,M) the endomorphism of C/°(T,,M) 
defined by right multiplication by €. By Lemma 4.6.18/2, then 


hpe(q*) = ha(g’ 0 pog). 


Plugging this into (5.9.2) and using that hy is an algebra homomorphism, we find 
that it suffices to show 


rl (qh 0 poy) =e 


Fibrewise, this boils down to the assertion that the identity™ 


) fei ipod) — 
7 Gacy, sts SO) SPA): SONY) (5.9.7) 


holds for every oriented Euclidean vector space V of dimension 2/. Here, str,., denotes 
the relative supertrace on Endcye:v) (CI°(V)) associated with the involution defined 
by simultaneous left and right multiplication by the natural volume form on V. In 
what follows, calculations are left to the reader (Exercise 5.9.2). In an appropriate 
oriented orthonormal basis, A has block diagonal form 


A= diag(Aj,...,A)), Ap =X Be 1 » x ER, 


and we have 


1 


et? (75) = [Jet (2 ..) (5.9.8) 

sinh(iA/2) an sinh (iA; /2) 
steer) = [se eens (5.9.9) 
pf(A) = []ptan (5.9.10) 


Thus, it suffices to prove (5.9.7) in two dimensions. Using an appropriate ordered 
orthonormal basis {e;, e2} in V, we compute 


sinh(iA/2) = isinh(x/2) fe 0 : 


and thus 


53We rescale A/41t > A. 
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1 ( iA/2 ) x/2 
et? | —— =— : (5.9.11) 
sinh(iA/2) sinh(x/2) 


Using (5.2.29), we furthermore find 
eA) — cosh(x/2) — isinh(x/2)b1)p . 


Hence, by (5.8.13), 
: 1 
Str. (err) = 5 Stary (Ty (cosh(x/2) _ i sinh(x/2)b,b2)) : 


As a left Cl°(M)-module, C/*(M) is isomorphic to Ay ® Aj,. Via this isomorphism, 
left multiplication by I corresponds to y(Iy) ® idy:, the endomorphism b,b2 
corresponds to id, @y!(e,e2) and the involution corresponds to 


y(€1e2) @ y (e1e2) = —yUy) @y'Uy). 


Writing stra, and str for the supertrace on Ay and Aj, defined by the canonical 
involutions y(I'y) and y'(Iy), respectively, we thus obtain 


str.) (cleo?) = 5{ cosh(x/2)str 4, (y (Ty) str yx (id yx ) 
— i sinh(x/2)str 4, (y (Iv) stra: (y" (e1e2)) | 


By (5.8.11), this yields 
sit (6°) = 2 sinhi(a/2). 


It follows that the left hand side of (5.9.7) equals x. This coincides with pf(A). 


This Lemma implies the following classical theorem. 


Theorem 5.9.5 (Gau8—Bonnet) The Euler characteristic of an even-dimensional 
oriented manifold M is given by 


x(M) = | e(M). (5.9.12) 
M 


More generally, let us consider the de Rham complex twisted with a complex vector 
bundle E over M, denoted by Egr(M, E). By the Atiyah—Singer Index Theorem and 
by Lemma 5.9.4, we have 


ind (€gx(M, E)) = / ch(E) A e(M). 
M 
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Since e(M) is of top degree, we conclude 
ind (€4x(M, E)) = rank(E) x(M). (5.9.13) 


By analogy with Theorem 5.9.5, one can derive the following classical theorems 
corresponding to the elliptic complexes discussed in Examples 5.7.23 and 5.7.25. 
For the signature complex one obtains the following. 


Theorem 5.9.6 (Hirzebruch) Let M be an oriented Riemannian manifold of dimen- 
sion divisible by 4. Then, the signature of M is given by 


a(M) = | L(M), (5.9.14) 
M 


where L is the L-genus of the manifold.** im 
As an application, consider the case dim M = 4. In view of (4.7.11), the Hirzebruch 
Signature Theorem implies 


1 
a(M) = gni@). 


Moreover, by (4.7.15), 
a 1 
A(M) = ——p|(M). 
(M) 5 Pi ) 


Thus, P 
o(M) = —8A(M). (5.9.15) 


Since, on a spin manifold, the A-genus is an integer, this implies that on a compact 
4-dimensional spin manifold, the signature is divisible by 8. Combining this with 
Proposition 5.9.2, we obtain the following classical theorem of Rohlin [535]. 


Theorem 5.9.7 (Rohlin) The signature of a compact 4-dimensional spin manifold 
is divisible by 16. B 


More generally, let us consider the signature complex twisted with a vector bundle 
E, denoted by €sgn(M, E). As for the de Rham complex, it is easy to calculate its 
index. One obtains 


ind (sn(M, E)) = >> | 2chj(E) A Ly (M), (5.9.16) 
2j+4kan?™ 


where n = dim M. Thus, for n = 4, we get 


>4See Example 4.7.3. 
55The factor 4 = 23 in front of the second term comes from the supertrace formula (5.8.43). 
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ind (€sen(M, E)) = rank(E) x (M) + 4cho(E). (5.9.17) 


Finally, we apply the Atiyah—Singer Index Theorem to the Dolbeault complex. 


Theorem 5.9.8 (Riemann—Roch) Let M be a compact complex Riemannian mani- 
fold. Then, its arithmetic genus Ag(M) is given by 


Ag(M) a Td), (5.9.18) 
M 
where Td is the Todd genus of the manifold.°° i 
Exercises 


5.9.1 Confirm the anticommutation relations (5.9.5). 


5.9.2 Prove the formulae (5.9.8)—(5.9.11). 


56See Example 4.7.3. 


Chapter 6 
The Yang-Mills Equation 


In this chapter we study pure gauge theories. In Sect.6.1, we present the geometric 
model of gauge theory including the basics concerning the structure of the classi- 
cal configuration space. Next, in Sect.6.2, we formulate the action functional and 
show that (anti-)self-dual solutions correspond to absolute minima of the Yang—Mills 
action. Sections 6.3, 6.4, 6.5, and 6.6 are devoted to a systematic study of instan- 
tons. First, we present the BPST-instanton family in detail, including the topological 
description and a detailed discussion of the role of the conformal invariance of the 
Yang-Mills equation. Next, we present the famous ADHM-construction providing 
solutions on S* with arbitrary instanton number. We limit our attention to the gauge 
group G = Sp(1) and only comment on solutions for the other classical groups. 
The proof that the ADHM-construction yields all instanton solutions is highly non- 
trivial. Roughly speaking, it goes as follows: first, one reinterprets the ADHM data 
in terms of complex geometry on the twistor space CP? and, using these complex 
data, one applies the Horrocks construction yielding algebraic vector bundles over 
CP? of a certain type. Second, by deep results of algebraic geometry, all algebraic 
vector bundles of this type arise from the Horrocks construction. Third, one uses the 
Atiyah—Ward correspondence to complete the proof. While we discuss points | and 
3 in detail, point 2 is beyond the scope of this book. Finally, we study the instanton 
moduli space and we outline how it is used for the study of the topology of differ- 
entiable 4-manifolds. In Sect.6.7, we present the classical stability analysis of the 
Yang-Mills equation as developed by Bourguignon and Lawson and, in Sect. 6.8, we 
discuss non-minimal solutions. 


6.1 Gauge Fields. The Configuration Space 


A classical pure Yang—Mills theory consists of the following structural elements. 


(a) The theory is defined on a principal fibre bundle (P, M, G, W, zr) called the gauge 
principal bundle. Here, the base manifold M represents the spacetime and the 
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structure group G plays the role of the gauge group. In the sequel, G will always 
be compact. 

A gauge potential mediating the fundamental interaction under consideration is 
given by aconnection form w on P and the field strength is given by the curvature 
form 2 of w. These objects are related by the Structure Equation (1.4.9) and 92 
fulfils the Bianchi identity (1.4.10), 


(b 


wm 


1 
2 =dw+ glee: Do2 =0. 


Any local section s: U — 2~!(U) provides a local representation of w and 2, 
respectively, in terms of objects on M, 


A=S0, F=aS2. (6.1.1) 


By Proposition 1.3.11, Corollary 1.3.12 and Remark 1.4.15/1, @ and 92 may be 
reconstructed from any system of local representatives ./ and ¥ corresponding 
to a chosen bundle atlas of P. 

An active local gauge transformation is given by a vertical automorphism 0 € 
Auty (P) with corresponding equivariant mapping u € Homg(P, G), 


= 
fo) 
ar 


ow = Addu !|)ow+u*d, 0 2=Adu!)ok, (6.1.2) 


cf. Proposition 1.8.7 and Remark 1.8.8/1. Below, for simplicity, we will write 


vYo=a0”, 
By Remark 1.8.8/2, for local representatives </ and F of w and 92, respectively, 
one has 


DBD?) = Ad(p')oW+p*0, F” =Ad(p')oF, (6.1.3) 


where p = wos. By (1.3.15) and (1.4.19), the latter formulae may also be 
interpreted passively, that is, as transformations corresponding to a change of a 
local trivialization of P. 


Remark 6.1.1 Usually, in this book, local gauge potentials </ are written down in 
‘geometrical units’, that is, their components have the unit of inverse length. In 
physics, especially in quantum field theory, it is often relevant to make the coupling 
constant e of the gauge theory under consideration transparent. Moreover, physicists 
often choose a system of units where c = 1 = fi and they prefer to work with 
Hermitean quantities. Then, the gauge potential </ must be replaced by ieo/. We 
call the latter a physical representation and we will refer to it in some places. Note 
that, in this representation, not the physical representative .</ itself but ie.2/ is the 
local representative of a connection form. Sometimes, the choice c = 1 = fi is not 
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convenient. Then, in the CGS system, ie./ should be replaced by ka and in the SI 
system it should be replaced by of , respectively. 4 


In the remainder of this section, we introduce the configuration space and we construct 
the action functional for Yang—Mills theory. For these purposes, we apply the notions 
and structures discussed in Sect.2.7 to the case E = Ad(P), that is, we endow the 
adjoint bundle with the structure of a Riemannian vector bundle. To do so, from now 
on we assume: 


1. the spacetime manifold M is endowed with a Riemannian or a pseudo-Riemannian 
metric g, 
2. the Lie algebra g of G carries an Ad(G)-invariant inner product (-, -) g. 


Then, (-, -)g induces via (2.6.4) a fibre metric on Ad(P) and, via formula (2.7.48), 
we have an L?-inner product” on 2*(M, Ad(P)), 


1 


line / whee: (6.1.4) 
M 


Next, consider a connection form w on P and its covariant exterior derivative 
d,, : 2?(M, Ad(P)) > ?+!(M, Ad(P)), cf. Definition 1.5.1. Given the above 
L?-structure, we may define the covariant exterior coderivative 


da : 2°*'(M, Ad(P)) > 2°(M, Ad(P)) 


via (2.7.51), 
(doa, B)r2 = (a, d5B)72, (6.1.5) 


and the generalized Hodge-Laplacian, cf. (2.7.52), 


» = d,od* +d* od: Q?(M, Ad(P)) > 2?(M, Ad(P)). (6.1.6) 


Now, let us discuss the configuration space of a Yang—Mills theory. By Remark 
1.3.8, the set of connections @ on a principal fibre bundle P carries the structure of 
an infinite-dimensional affine space with the corresponding translation vector space 
given by 

FT = Q'(M, Ad(P)) = Qi por(P, 9) - (6.1.7) 


This space will be referred to as the classical configuration space of the gauge field 
theory under consideration. By point c) above, @ is acted upon by the group of vertical 


‘Note that such an inner product always exists if G is compact. In that case, it may be obtained 
from any auxiliary inner product by averaging over the group with respect to the Haar measure. In 
many applications, the gauge group G is compact and semisimple. Then, for (-, -) ; one can choose 
the negative of the Killing form k. Compactness implies that —k is positive-definite, cf. Sect.5.5 of 
Volume I. 


?We must restrict ourselves to square integrable forms. In particular, we may consider forms with 
compact support. 
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automorphisms Auty(P). This group will be denoted by ¥ and will be referred to as 
the group of local gauge transformations. Note that (6.1.2) defines a right action. If 
necessary, one can pass to a left action by viewing gauge transformations as mappings 
wor (37!)*o. 


Remark 6.1.2. Depending on the context, Y will be viewed as Homg (P, G) or, equiv- 
alenty, as the space of sections of the associated bundle P xg G, cf. Sect. 1.8. There 
is yet another useful point of view. Note that the adjoint action of G induces a bundle 


mapping 
®:PxgGG— End(Ad(P)), OL, DC, X)) := LM, Ad(g)X)], 


whose kernel coincides with the center of Y. Clearly, this definition does not depend 
on the choice of the representative of [(p, X)] € Ad(P). This shows that local gauge 
transformations may be viewed as sections of the vector bundle End(Ad(P)). Then, 
(6.1.2) may be rewritten as follows: 


o =otu! Vou. (6.1.8) 


4 


In the sequel, for many purposes, it will be necessary to pass to a Sobolev completion 
of @ andG. In this way, @ will become an infinite-dimensional Hilbert manifold and 
¢ an infinite-dimensional Hilbert-Lie group. To be able to define such a completion, 
we assume that G be acompact connected linear Lie group. Moreover, in places where 
the Sobolev completion is essential, we will deal with the case of M being a compact 
connected orientable Riemannian manifold. So, we also make this assumption here. 
We stress, however, that Sobolev completions for noncompact manifolds exist as 
well, see the work of Eichhorn [178] and Eichhorn and Heber [179]. For any vector 
bundle E, let W*(E) denote the Hilbert space of cross sections of E of Sobolev class 
k, cf. (5.7.8). We denote 


22(M, Ad(P)) = W*(A?T*M ® Ad(P)) . 


These spaces are endowed with the natural L?-inner product (6.1.4). In this Hilbert 
space setting, the translation vector space 7 is defined as 


TF = Q(M, Ad(P)) (6.1.9) 
and the configuration space @ is defined as the completion with respect to the metric 
induced from the W*-norm on .7. In this way, @ becomes an affine Hilbert space 


with translation Hilbert space .7. In particular, 


TC=C6x 7. (6.1.10) 


3For basics of the theory of Sobolev spaces, we refer to Sect. 5.7. 
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Remark 6.1.3 In the sequel, as usual, the tangent space to @ at a point w € @ will 
be identified with the translation vector space, 


T=. (6.1.11) 


However, one may also consider the affine tangent space w + 7. 4 


To turn Y into a Hilbert Lie group, we choose an n such that G C gl(n, C) and take 
the associated vector bundle 
P xg glin,C), 


where G acts on gl(n, C) by conjugation. Then, P xg G is a vertical subbundle of 
P xg gl(n, C) and, hence, 


r°(P xg G) Cr (P xq gl, C)). 


By definition, Y is the closure of P°(P xg G) in W**!(P xg gl(n, C)). 

We will assume k > dim(M)/2+ 1. Then, the Sobolev Lemma 5.7.7 ensures that 
multiplication of a W*+!-function by a W!-function, where dim(M)/2 < 1 < k, 
yields a W'-function. It follows that Y is a group, acting via (6.1.2) on @. Note that 
the elements of @ and Y are of class C! and C?, respectively. In particular, Y may 
be viewed as consisting of vertical automorphisms of P of class C* or of sections of 
class C? of the associated bundles P xg G or End(Ad(P)), respectively, cf. Remark 
6.1.2. In fact, one can prove that Y is a Hilbert-Lie group with Lie algebra 


Lg = W*t!(Ad(P)) (6.1.12) 
and exponential mapping 


expy(§)(p) = expg(E(p)), §€LY,peP, (6.1.13) 


and that the Y-action on @ is smooth [455], [478], [591]. Many properties of finite- 
dimensional Lie groups carry over to infinite-dimensional Hilbert Lie groups, see 
[92]. 

Next, we extend the covariant exterior derivative d,, to an operator 


d,, : 22, ,(M, Ad(P)) > 2?*'(M, Ad(P)), 


and its dual to 
d® : Q0"'(M, Ad(P)) > QP_(M, Ad(P)). 


Composition then yields bounded linear operators 


Ay = di od,: 2h,,(M, Ad(P)) > 2?_,(M, Ad(P)), (6.1.14) 
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and 


y= d,ods +d*od,: 2?,,(M, Ad(P)) > 2? ,(M, Ad(P)). 


Note that the mapping 
C€-> B(Q2,,(M, Ad(P)), arm, Ad(P)) , ord, 


is continuous linear and, hence, smooth. The same is true for the mapping w +> d*. 
Hence, the mappings 


or Ay, or Us, 


are continuous and smooth, because they factorize into continuous linear mappings. 
Moreover, we note the following equivariance properties: 


Ouw = Ad(u!)0O,0Ad(u), EC, uEeG, (6.1.15) 


where O stands for, respectively, d, d*, A and 

In sharp contrast to Maxwell fheary ina Yang-Mills theory the configuration 
space @ acquires a nontrivial stratified structure under the action of Y. This structure 
will be investigated in detail in Chap.8. As we know from Part I, the orbit types 
constituting the stratification are labeled by conjugacy classes of stabilizers of the 
group action. Thus, let us find the stabilizer 


G = {ueGY:0™ =a} 


of w € @ with respect to the action of Y. It turns out that Y,, is determined by the 
holonomy of w. Thus, recall the definitions* of the holonomy group Ap, (@) and of 
the holonomy bundle P,,(w) of a connection w based at po € P. Note that, in the 
Sobolev context, P,, (@) is a vertical subbundle of class C’, because w is C!. 


Lemma 6.1.4 Let pp € P and w € @. Then, foru € Y, one has u € Y,, iff the 
restriction of u to P,,(@) is constant. 
Proof Let y : [0, 1] — P be an w-horizontal curve starting at po. Then, 


(a) for every u € Y, the curve 3, 0 y is ow“) -horizontal and starts at 3, (Po), 
(b) for every g € G, the curve Y o y is w-horizontal and starts at W, (po). 


First, let u € Y,,. Then o” = w and hence ¥, 0 y is w-horizontal. By uniqueness of 
the horizontal lift, it must then coincide with the curve W,;,,) 0 y, because the latter 
is also w-horizontal, starts at 3,,(p0) = Wu(po)(Po) and projects to the same curve in 
M. Thus, for all f, 


Vu) (vy) = = Du ° y(t) = = Yup (vO) 


4Cf. Definitions 1.7.6 and 1.7.13. 
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and hence u(y (t)) = u(po). This shows that u is constant on P,, (@). 

Conversely, if u is constant on P,, (@), it is constant along all w-horizontal curves 
y starting at po. Then, 3,0 y = Wp) 0 Y. It follows that ow -horizontal curves are 
also w-horizontal and vice versa. This implies o) = w. oD 


Theorem 6.1.5 (Stabilizer Theorem) Y,, is a compact Lie subgroup of Y with Lie 
algebra given by 


LY, = ker(V®) = {E € LY: Erp, () = const}. (6.1.16) 


PO 
G.. is isomorphic to Cg(A%p,(w)), the centralizer of the holonomy group in G. 
Proof By Lemma 6.1.4, 


G@={ueG: UP, (w) = Const} . (6.1.17) 
Let € € LY. Then, V°E = 0 iff EIP,) (w) = const, that is, iff expe (&) [Ppp (w) = Const. 
The second equivalence follows from (6.1.13). Thus, 


expy (LY) N Y, = expy (ker(V)) . 


Since ker(V”) is a closed subspace of the Hilbert space LY, the right hand side is a 

submanifold of Y. Since the left hand side is a neighbourhood of the unit element 

of Y,,, it follows that Y,, is a Lie subgroup of Y with Lie algebra given by (6.1.16). 

The argument is analogous to the finite-dimensional case, see [92, Sect. II.1.3]. 
Next, consider the natural group homomorphism 


Py, 2G —>G, ur u(po). 


Since, by our choice of k, convergence in W‘*! implies pointwise convergence, Pp, 
is a continuous Lie group homomorphism and, hence, smooth. Due to (6.1.17), the 
restriction of ®,, to the subgroup Y,, is injective, hence, a Lie group isomorphism 
onto its image. The image is 


Py, (Fa) = Ce (A ()). 


To see this, recall that .#%,, (w) is the structure group of P,, (w). Thus, inclusion from 
left to right is due to equivariance of the elements of Y. For the converse inclusion it 
suffices to note that, for any a € Cg(.%,(w)), the function on P,, (w) with constant 
value a is equivariant and, hence, can be equivariantly prolonged to P, thus becoming 
an element of %,,. o 


Remark 6.1.6 As an immediate consequence of the fact that Y,, is an (embedded) 
Lie subgroup, the projection Y > 4/Y,, defines a locally trivial principal Y,,-bundle 
[92, Sect. 6.2.4]. @ 


Finally, we introduce the gauge orbit space .@. It is obtained from @ by factorizing 
with respect to the group action (6.1.2): 
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M :=6/G. 


At this stage, this is just a topological quotient. It will be equipped with additional 
structure later. Note that .@ is the space of classes of gauge equivalent potentials, 
the ‘true’ configuration space. In [476] it was shown that the mapping 


CxG>ECxE, (our (a,0), 


is closed. Together with the compactness of the stabilizers, this implies the following, 
see Corollary 1/6.3.3/3 or [93, II, Sect. 4]. 


Theorem 6.1.7 The action of Y on @ is proper. 


Ds 


This, in turn, has the following immediate consequences 


(a) The orbits of the action of Y on @ are closed. 
(b) The orbit space .@ is Hausdorff. 


In the sequel, an orthogonal splitting of the tangent bundle into the vertical distrib- 
ution J spanned by the tangent spaces to the orbits and a horizontal complement 9 
will be of fundamental importance: 


TE =UOSH. (6.1.18) 


This decomposition formula will be proved below. First, to calculate U, consider a 
smooth element & € LY, the corresponding curve t +> expy(té&) and the curve 


tr y(t) := expy(—té) w expy (1E) + expy(—1&)d expy(—1&), (6.1.19) 
on the gauge orbit through w € @. The tangent vector to this curve at w is 
dé + [w, €] = V°E € 2'(M, Ad(P)). 


Thus, the tangent space to the orbit at @ coincides with the image V°(@°(Ad(P))). 
Clearly, this characterization carries over to the Sobolev completion 


Vv? : W+!(Ad(P)) > W*(T*M @ Ad(P)). 
This provides the following presentation of infinitesimal gauge transformations. 


Remark 6.1.8 (Infinitesimal gauge transformations) Let € € LY, take t +> p(t) = 
exp(té&), insert it into (6.1.8) and differentiate with respect to ¢ at tf = 0. This yields 


wo =w+V°%. (6.1.20) 


>This is proved by the same arguments as in the proof of Proposition 1/6.3.4. 
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Let 7 be the Maurer—Cartan form on Y. As in the finite-dimensional case, this is 
the left-invariant 1-form on ¥ generated by the identity endomorphism of the Lie 


algebra, that is, 
mi =idiyg . 


Then, for a left invariant vector field &,, on Y generated by € LY, we have n(&,) = &. 


We denote the differential on @ by 6 and its restriction to the orbits of Y by 5. Then, 
ba(&,) = w® — w and we obtain 


do (&) = V°E = V°n(Ex), 


and, thus, 
6a = Von. 


4 
To find §,,, consider the Laplace operator A,, given by (6.1.14) acting on zero-forms, 
Ay = V%oV®: Wt! (Ad(P)) > WE! (Ad(P)). 
Recall that it is elliptic and that, by elliptic regularity, 
ker(A,) C °° (Ad(P)). 
Moreover, applying the Hodge Theorem 5.7.18 to the case of 0-forms, we obtain 
w*'(Ad(P)) = ker(A,,) ® im(A,). (6.1.21) 
By Remark 5.7.19, the orthogonal projectors onto im(A,,) and ker(A,,) are given by 
AwGy, 1- AgGy, (6.1.22) 
respectively. Here, G,, is the Green’s operator (5.7.34) of A,,. In addition, since 
im(V®) L ker(V*), 
ker(A,) = ker(V®) . (6.1.23) 
Moreover, since im(A,,) C im(V*) and im(V®*) L ker(V®), the decomposition 
(6.1.21) implies 
im(A,,) = im(V"). (6.1.24) 
Finally, (6.1.23) and (6.1.24) imply 


V°G,A,=V", A,G,V" =v". (6.1.25) 


Theorem 6.1.9 For every w € @, one has the L*-orthogonal decomposition 
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W*(T*M @ Ad(P)) = im(V) @ ker(V) . 
The orthogonal projectors onto im(V®) and ker(V*) are given by 
Vo = V°GV™, hy = id—-Va, (6.1.26) 


respectively. 


Proof We show that the bounded linear operator 
V°G,V™ : W*(T*M @ Ad(P)) > W*(T*M @ Ad(P)) 
is the L?-orthogonal projector onto the subspace im(V®) and 
ker(V°G, V°") = ker(V*) . 
Using (6.1.25), we obtain 
(V°G,V")? = V°G,AyGaV™ = V°GV™, 
that is, V°G,, V®* is a projector. As a consequence, 
im(V°G,, V*) = ker(1 — V°G,V™), 
hence im(V°G,, V*) is closed, and one has 
W*(T*M @ Ad(P)) = im(V°G, V™) @ ker(V°G,V™) . (6.1.27) 
Since G,, = 0 on ker(A,,), the Hodge decomposition and (6.1.24) imply 
im(G,,) = im(G, A,) = im(G, Vv"). 
Since, in addition, im(G,) = ker(V)+, we conclude 
im(V°G,,V“) = im(V°G,,) = im(V®) . 
Since G,, is injective on im(V°*) = im(A,), 
ker(V°G, V°") = ker(V“*) . 
Since im(V”®) and ker(V*) are L?-orthogonal, the assertion follows. o 


Remark 6.1.10 From Theorem 6.1.9, we conclude 


Gy =im(V’), Hy = ker(V). (6.1.28) 
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Thus, by (6.1.15), the distributions U and § are equivariant, 
Bow = (Bo), How = Bo). 
Correspondingly, for any u € Y, 
G,w = Ad(u7!) o G, o Ad(u), (6.1.29) 
and, thus, 
vw = Ad(u!) ov, o Ad(u), byw = Ad(u7!) oh, o Ad(u). (6.1.30) 


4 


6.2 The Yang-Mills Equation. Self-dual Connections 


Now, we come to the dynamics of the Yang—Mills system. Typically, the dynamical 
equations for a model of classical field theory are obtained as the Euler-Lagrange 
equations of a variational principle for the physical action built from the fields. In 
a gauge theory, the action functional should be gauge invariant. At this point, the 
reader may wish to consult Chap.4 of Volume I. In Sect. 1I/4.6 we have discussed 
the Maxwell equations in some detail. There, we have used the L?-scalar product 
on the space of (square-integrable) 2-forms on Minkowski space M to construct an 
invariant 4-form (the Lagrangian) from the electromagnetic 2-form f, 


1 
L(A) = —5frxf 


and to build the physical action S(A) = f, y L(A). Here, A is a gauge potential for f, 
that is, f = dA.° The variational principle for this action yields the second group’ of 
the (source-free) Maxwell equations in the vacuum, 


d*f =0. 


We extend this to the Yang—Mills case. Using the L?-scalar product on 927(M, Ad(P)) 
given by (6.1.4), we define the following gauge invariant functional on the configu- 
ration space®: 


S:€@>R, so) =5 | arse. (6.2.1) 
M 


®We have used the notation of Volume I here. 


7The first group of Maxwell equations is of purely geometric character. It says that the 2-form f is 
closed. In terms of connection theory, this equation clearly coincides with the Bianchi identity. 


8The factor ; is chosen according to the conventions used in physics. 
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This quantity will be referred to as the Yang—Mills action. Accordingly, the n-form 
L(@) = LOA * §2 will be called the Lagrange density or, simply, the Lagrangian of 
the Yang—Mills theory. 


Remark 6.2.1 Depending on the context, alternatively, we will write 


1 1 
(2, 2)2 = =||2II2 = >| 2g, (6.2.2) 
M 


S(w) = —— 


Nile 


where |{2|* is defined by 
QA *Q=|QPNvg. 


By formula (4.5.12) of Volume I, the sign of |2|? depends on the signature of g. If 
g is Riemannian it is positive, on Minkowski space it is negative. 4 


Next, we derive the field equations of a pure Yang—Mills theory. First, recall that 
any connection fulfils the Bianchi identity D,,@ = 0, cf. Proposition 1.4.11. In the 
sequel, if not otherwise stated, we will view the curvature form {2 as an element of 
Q?(M , AdP). Then, the Bianchi identity takes the form 


eso: (6.2.3) 


This identity yields the first group of field equations of a Yang—Mills theory. For the 
Abelian case, G = U(1), it coincides with the first group of Maxwell’s equations. 
We derive the second group of field equations by postulating a variational principle 
for the Yang—Mills action (6.2.1), 


d6S(@) = 0. (6.2.4) 


Let us derive the Euler-Lagrange equations corresponding to this variational princi- 
ple. Since the configuration space @ is an affine space with translation vector space 
ZT, we have 


TiC = F 


and the derivative of S at w in the direction of a € T,,@ is given by 
bSi(@) © si +10) 
o(a@) = — S(w+ta). 
dt 


By the Structure Equation, the curvature of the connection form w + ta is given by 
2 
Q; = Q+tdya + 7 le a]. (6.2.5) 


Using this and (2.7.51), we calculate 
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_$o.ms- 1 Go 

a (22) a) = — = F 2 

dt jy : 2 t t/L 
Gale 


dt}. 
= (2 da L 
= (dA Q,a)p. 
Since the L?-inner product is non-degenerate, we conclude that 6,5 = 0 iff 


d*2Q=0. (6.2.6) 


This is the Euler-Lagrange equation of the above variational principle. It will be 
referred to as the (pure) Yang-Mills equation. Keeping in mind the analogy with 
Maxwell electrodynamics mentioned above, one may call (6.2.3) the first group and 
(6.2.6) the second group of Yang—Mills equations. 


Definition 6.2.2 A solution to the Yang—Mills equation will be called a Yang—Mills 
connection. 


Remark 6.2.3 


1. Interms of local representatives &%, and ¥,,,,, Eq. (6.2.6) takes the form (Exercise 
6.2.1) 
On FO” +[H,, FY] =0. (6.2.7) 


2. For the Abelian group G = U(1), we have g = iR. In this case, all commutators 
vanish and we obtain d,, = d. Thus, (6.2.3) and (6.2.6) take the form 


d2z2=0, d@2Q=0. 


Writing f for the local representative of 92, we obtain the (sourcefree) Maxwell 
equations 
df=0, df =0 


as a special case of the Yang—Mills equation. 
3. One easily shows (Exercise 6.2.2) that a connection w fulfils the Yang—Mills 
equation iff 1,2 = 0. 


For the remainder of this section, we assume that M is a 4-dimensional oriented 
Riemannian manifold and that G is a compact connected Lie group. These assump- 
tions have the following immediate consequences: 


(a) Since G is compact, we may choose the Ad(G)-invariant inner product (-, -)g to 
be positive definite. Then, (6.1.4) defines a norm || - || on 27(M, Ad(P)). 
(b) Since M is 4-dimensional, by (2.8.17), we have the decomposition 


A°T*M = \?,T*M @ A?_T*M, (6.2.8) 
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into the fibrewise eigenspaces of the Hodge star operator and a corresponding 
decomposition of the space of 2-forms 27(M). 


Clearly, the decomposition (6.2.8) extends to 92?(M, E) for any associated bundle 
E and persists for any Sobolev completion (under the assumptions made on G and 
M). Now, recall the notion of (anti-)self-duality from Sect. 2.8. 


Definition 6.2.4 A connection form w on a principal bundle P(M, G) is called self- 
dual or anti-self-dual, if its curvature form @ € 27(M, Ad(P)) is self-dual or anti- 
self-dual, respectively. 


Proposition 6.2.5 Every self-dual or anti-self-dual connection is a Yang-Mills con- 
nection. 


Proof This is an immediate consequence of the Bianchi identity. Oo 
We show that the property of (anti-)self-duality is a conformal invariant. 


Lemma 6.2.6 The Hodge star operator on a Riemannian manifold (M, 9g) restricted 
to 2-forms is conformally invariant iff dim M = 4. 


Proof Let dim M = k and let g : M —> M be a conformal transformation, that is, 
there exists a nowhere vanishing f € C°(M) such that y*g = fg. Then, det(g*g) = 
f?* det(g) and, thus, the volume forms are related by 


k 
Vorg =f Vg : 


On the other hand, for w € 27(M), we have 
(y*g)'( = “"@) 
g"g) (a = 749 a). 


This implies 
(9*g)'(@) 4Vy-g =f “4g (@) 1g, 


that is, the star operators defined by g and by y*g coincide iff k = 4. Oo 


Note that this proof may be extended to conformal mappings between Riemannian 
manifolds (of dimension 4). 


Proposition 6.2.7 Let (N,h) and (M, 4g) be oriented 4-dimensional Riemannian 
manifolds and let p : N — M be aconformal orientation preserving diffeomorphism. 
Let (P, M, G, x) be a principal fibre bundle. If w is a self-dual (or anti-self-dual) 
connection on P, then the pullback of w under ¢ is a self-dual (or anti-self-dual) 
connection on the pullback bundle y*P. 
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Proof For clearness of presentation, in this proof, we denote the curvature form 
of w, viewed as an element of ana g) by 2 and, viewed as an element of 
2?(M, Ad(P)), by &. Let us denote the Hodge star operators corresponding to h 
and g by *p and +g, respectively, and let ® : g*P — P be the natural principal 
bundle morphism projecting onto gy. By assumption, sgh? = +92. We have to show 
that 3* 92 is (anti-)self-dual with respect to the metric h. For that purpose, for y € N, 
(yp) € g*P CN x P,Y, Yo € TyN and Z,, Z, € T,P such that w'(Z;) = g'(Y), 
we calculate 


(0*B),(V1, Yo) = to,p) 0 O* Boy, (M1, Z1), (Wa, Za)) 
= liy,p) 0 2p(0'(Y1, Z,), 8 (Yo, Z)) 
= ly,p) 06) | 0 Quip) 1" (Zi), 1 (Z2)) 
= ly,p) 0b, 0 Qa (9'(Y1), 9 (Y2)) 
= typ) Ot, | 0 (Y*82)y (V1, Yo), 


that is, 
(O* 2), = typ 0)! 0 (Y*Q)y. (6.2.9) 


Here, i : Ad(P) > g and ty») : g  Ad(y*P) and the composition ti») ° i 
is the fibre mapping of the bundle isomorphism g*(Ad(P)) = Ad(g*P). Thus, for 
calculating the Hodge star of (%*2) with respect to the metric h, it is enough to 
apply it to y*@. Using that g is a conformal orientation preserving diffeomorphism, 
we obtain 


9" (*g2) = o*(g | (2)4Vg) 
= (7! 0g '(2))ig*Vvg 
= ((9* ogo gs) | (Y*2)) 1Vyq- 


But g* ogog, : X(N) > !(N) is the isomorphism defined by the pullback metric 
g*g. Using this and Lemma 6.2.6, we obtain 


+9*°2 = Q* (*g2) = (y*g) '(g*Q). Vorg = ng’. 
|_| 


Remark 6.2.8 From Proposition 6.2.7 we conclude that, in particular, (anti-)self- 
duality of a connection is a property which is invariant under gauge transformations. 


Next, we will prove that (anti-)self-dual connections correspond to absolute min- 
ima of the Yang—Mills action. For that purpose, let us assume that G is compact and 
simple and, for the Ad-invariant scalar product on g, let us choose the negative of 
the Killing form, 
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(A, B), = —tr(adA 0 adB), 
cf. Sect.5.4 of Volume I. Then, 


|| 2 |= -| tr(adQ@ A xadQ). 
M 


Recall from Chap. 4 the first Pontryagin class p;(Ad(P)) € Hip (M) and the corre- 
sponding first Pontryagin index. By Corollary 4.6.17, 


pi(Ad(P)) = i: pi(Ad(P)). 


Proposition 6.2.9 Let G be a compact Lie group and let P be a principal G-bundle 
over a 4-dimensional oriented compact Riemannian manifold. Then, the following 
lower bound for the Yang—Mills action holds: 

S(w) = 4° |p; (Ad(P))]. 


Proof According to Example 4.6.22, 
1 
pi (Ad(P)) = —— > tr(adQ A adQ2). 
822 


Decomposing the curvature form according to (2.8.8) as 2 = Q, + Q_, using 
(2.7.3) and the (anti-)self-duality of 21, and integrating over M, we obtain 


8207p, (Ad(P)) = (2, *2) 2 
= (24+ 2_, 24 — 2_)p 
=|| 24 |! — |] 2 |? . (6.2.10) 


On the other hand, we have 


S(@) = 5 || @ [P= 3 (244+ QB, 2.4 2_)p = 5(] 24 I? + QP. 
(6.2.11) 
Taking the sum and the difference of Eqs. (6.2.10) and (6.2.11), we obtain 


— 4p (Ad(P))+ || 24 |?= S(w) = 42*p (Ad(P))+ || 2_ |? . (6.2.12) 
This yields the assertion. Oo 


Formula (6.2.12) implies the following corollary, which shows that (anti-)self-dual 
connections correspond to absolute minima of the Yang—Mills action. 
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Corollary 6.2.10 For p,(Ad(P)) > 0, we have S(w) > 42*p,(Ad(P)) and equal- 
ity if Q- = 0, that is, if w is self-dual. For p,(Ad(P)) < 0, we have S(@) => 
—4np,(Ad(P)) and equality if 2, = 0, that is, if w is anti-self-dual. ia 


From (6.2.10) we note that, for a self-dual connection, p;(Ad(P)) > 0. Corre- 
spondingly, for an anti-self-dual connection, we have p;(Ad(P)) < 0. 

In the sequel, an (anti-)self-dual connection on a 4-dimensional Riemannian man- 
ifold will be called an (anti-)instanton. In the next sections, we will systematically 
discuss the theory of this important class of solutions. 


Exercises 


6.2.1 Prove formula (6.2.7). 
6.2.2 Prove the statement of Remark 6.2.3/3. 


6.3. The BPST Instanton Family 


Here, we discuss the so-called BPST-(anti-)instantons, that is, the (anti-)self-dual 
solutions to the Yang—Mills equation on S* with instanton number +1 for the gauge 
group Sp(1). Here, BPST stands for Belavin, Polyakov, Schwartz and Tyupkin, see 
[64]. We describe these solutions in the bundle language, characterize them topologi- 
cally and discuss their local description. Finally, we construct further (anti-)self-dual 
solutions by using the conformal symmetry of S*. We use the notation of Examples 
1.1.22, 1.1.24 and 1.3,22. 

We will use the diffeomorphism S* = HP! given by (B.1). To be consistent 
with standard formulae in gauge theory, we choose the orientation of HP! so that 
this diffeomorphism is compatible with the standard orientation of S*, cf. Remark 
4.5.4. Recall that the stereographic projection mappings (Us, gs) and (Un, @,) con- 
stitute an oriented atlas of S+. Choosing one of them, say ¢;, and extending it to a 
diffeomorphism 

g; : S* = HP! > HU {oo} (6.3.1) 


by sending the southpole —eg to {oo}, one obtains a conformal identification. 

Now, consider the block-diagonal embedding of the closed subgroup? Sp(1) x 
Sp(1) Cc Sp(2) and its action by right translations on Sp(2). Here, the first and 
the second component of Sp(1) x Sp(1) are identified with the upper and lower 
diagonal block, respectively. By Example 1.1.4/4, this action defines a principal 
(Sp(1) x Sp(1))-bundle P over 


Sp(2)/(Sp(1) x Sp(1)) = Gu(1, 2) = HP’. 


° Since we use the language of quaternions, we consistently write Sp(1). Recall that Sp(1) = SU(2) 
as real Lie groups. 
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By Examples 5.2.11 and 5.4.9, Sp(1) x Sp(1) is the spin group in four dimensions 
and P coincides with the spin structure S(S*). Using the left actions 


o+ : (Sp(1) x Sp(1)) x Spl) > Sp), o-(i)(g) = AzMe8, 


defined in Example 5.5.7, we build the following associated bundles: 
P_:=P Xspqyxspa),o. SPC), = P+ = P Xspc1yxspc),o, SPC). (6.3.2) 


Clearly, both of these bundles are principal Sp(1)-bundles over HIP! with the right 
Sp(1)-action given by right translation on the typical fibre Sp(1). The canonical 
projections in P and P; are denoted by z and z=, respectively. 

For our purposes, we need an explicit matrix description of these bundles. This is 
provided by the following remark. 


Remark 6.3.1 


1. We use the following parameterization of the Lie groups involved: 


Sp) = {|a: =| : aul? + llasll? = 1, lipill? + ipl? = 1, pi + @p2 = of 


where qi, P1, G2, P2 € H. Then, 


u, 0 
Sp(1) x Spd) = {| a : Jur || = 1 = |lue|], ui, ws € H| ; 


In this parameterization, the diffeomorphism (5.4.8) is given by 


1 qi Pi q1 
Sp(2)/(Sp(1) x Sp()) > HP", [ al ~ eal 


Now, using this formula, together with (B.2), and denoting g,(z) = x, we may 
write down useful (equivalent) representations of points on st \ {-eo}: 


xr (1+ [Ix|)7? [| b> (1+ [|xll?)72 Ie T|| . (6.3.3) 


2. In the above parameterization, points of P= are represented as 


[ku], k= i a € Sp(2), u € Sp(i), 
q2 P2 


with the defining equivalence relation given by 


uy 0 
0 wu 


(k,u) ~ (kh,or(h!)u), h= € Sp(1) x Sp(1). 
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Since the actions o~ are transitive, we may choose the following parameteriza- 
tions of [(k, u)]: 


(hes ee oe be Pij|1 0 1) for P_, 
G2 P2 |} | 0 uw gqou pr} | Ou 

qi Pi | | ui O _ fia piu} |u, 0 
({esmelo al-4)=([e pollo a]-2) & Ps. 


Thus, we may identify 


P_ — Sp(2)/A4(Sp() x Sp(1)), [(k, wW] > Hees al 


qi piu 
P+ — Sp(2)/A_(Sp(1) x Spd), [(K, w]e le sal 


Clearly, these mappings define principal Sp(1)-bundle isomorphisms. 

By Remark 1.1.25, P_ coincides with the Stiefel bundle Sy(1,2) ~ Gd, 2) 
and, thus, with the quaternionic Hopf bundle Py. To make contact with the original 
definition of Py, given in Example 1.1.22, one easily shows (Exercise 6.3.2) that, 
in the above parameterization, elements of Sy(1,2) = Sp(2)/Sp(1) may be 
represented as follows: 


qi — Tail 2 2 
aly. quill’ + Iaell” =1, (6.3.4) 
q2 iqill 


that is, by elements (q;, q2) € S’ C H?’. This describes the isomorphism (1.1.12) 
for K = H and n = 2 explicitly. 

3. In the parameterization given in point 1, we have a natural system {(Us.n, Xs.n)} 
of local trivializations of P. In the standard notation x5, = 7 X Ks,n, it is given 


by 
q q 
«([a al | tar ° fete ) =|tet P| 63.5) 
"ALG Po 0 ipl G2 P2 0 ipl 


The corresponding transition mapping ~s,n := Ks:K,_ '.U,QU, > Sp(1) x Spd) 


reads = 
qi G2 
qi Pi — | Iariiilall 0 
Ps,n («| }) _ P2 Pi : (6.3.6) 
42 P2 0 Wpollipa 


Clearly, {(Us.n, Xs,n)} induces systems of local trivializations {(Us,n, x;",)} in Pz. 
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Next recall that, by Example 1.3.19, P carries a canonical connection w® given by 
(1.3.17). Since for k € Sp(2) we have k-! = k, in the above parameterization, 
formula (1.3.17) reads!° 


o — | q1dqi + qo dqo 0 
o = 0 pr dpi a : (6.3.7) 


By definition, w° is invariant under left Sp(2)-translations. Clearly, w° induces Sp(2)- 


invariant connection forms on the principal bundles P-: 


o =G1dqi+q@dq, o =pidp; + podp. (6.3.8) 


Under the identification P_ = Py, @~ coincides with the canonical connection of 
the quaternionic Hopf bundle, cf. formula (1.3.21). The above splitting of w° has a 
deep geometric meaning which will be explained in Remark 6.5.10. 


Proposition 6.3.2. The connection forms wt and w~ are self-dual and anti-self-dual, 
respectively. 


Proof Since w® is Sp(2)-invariant and since Sp(2) acts transitively on the bundle 
space, it is enough to prove (anti-)self-duality at one point of P_ and P,, respectively. 
We choose the point corresponding to the unit element 1 € Sp(2). By the defining 
relations of Sp(2), at this point we have dq; = —dq; and dp; = —dp>. Thus, by the 
Structure Equation, the curvature form of w® at 1 reads 


o _ | dqo A dqz 0 
a =| a eal (6.3.9) 


To find the local representative of at at (1), we use the chart (U,, g,). Then, by 
(B.2) and by the Local Reconstruction Formula (1.4.18), 


QY = (n* Fi = (gs 0 1)* 0 (Gy')* FQ), = (@on)*FY), . 


where .¥” is the local representative of 2° on U, and F° is its pullback under the 
chart mapping 9, to y,(U,) = R*. By (6.3.3), we obtain 


0 _ dx A dx 0) 
10 =| 0 dxAdx| 


We claim that the sp(1)-valued 2-forms ea (0) = dx A dx and F, (0) = dx A dx are 
self-dual and anti-self-dual, respectively, with respect to the Euclidean metric on R’. 
In standard coordinates {x'} on R*, the action of the Hodge star operator on 2-forms 
is given by 


'0Since this expression is given in terms of the associative multiplication in H, in the sequel it will 
be worthwhile to work with the associative exterior calculus, cf. Remark 1.4.8 /1. 
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i j 1 ij k 1 
ee (da! Ade!) = Sey dx! A dx! (6.3.10) 


We calculate 


dx A dx = (dx!1 — dx*i — dx?j — dx*k) A (dx!1 + dx?i + dx?j + dxtk) 
= 2(dx! A dx? — dx? A dx*)i + 2(dx! A dx? — dx* A dx?)j 
+ 2(dx! A dxt — dx? A dx*)k. 


On the other hand, from (6.3.10), we read off 
*ps(dx! A dx? — dx? A dx*) = —(dx! A dx? — dx? A dx*) 
and analogous formulae for the second and the third term. Thus, 


*p4(dx A dx) = —dx A dx, 


that is, *ps IF (0) = —FF, (0). By Lemma B.1, ¢, is an orientation preserving con- 
formal diffeomorphism from U, C S* to R* and, thus, using Proposition 6.2.7 we 
obtain: 


F- => go FL = -¢~ («a F, ) = — *s4 F * 


Ss 


In the same way, one shows that .¥* is self-dual. BD 


Thus, the canonical connection on P yields both a self-dual and an anti-self-dual 
Yang-Mills connection. To make contact with the physics literature, let us describe 
these solutions in terms of their local representatives. We present the calculation 
for m using the conformal identification (B.4). For clearness of presentation, in 
our notation we skip the stereographic projection mapping, thus, identifying the 
local representatives 7, of w~ for the system of local trivializations {(Us,n, x,,,} 


Sn 


with their counterparts AD, := (y,')*@%,, on H = R’*. By (6.3.5), the mapping 


Sn 


Ky: m~'(U,) > Sp(1), associated with x°, is given by 


kK, (qi, q2) = ue, 
lai | 


Then, the local section o;, defined by «> via k, (o5(x)) = 1, reads as follows: 


1 1 
O5(x) = Jit x2 | . 


Thus, 


eee = — : | . 
: Vitis? \J1+ 0K? J Vi+ ix? \VT+ Ix J 
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Denoting A; (x) := o,,w~ (x), we obtain 


1 xdx — dxx x dx 
= m| (6.3.11) 


x)= 
° 2 1+ (xl? 1+ [[x\/? 


\— 


Next, let us calculate the local representative I’, of the curvature. By Remark 1.4.8/1, 
we have 


F, =dA,+A,AA,. 
Since dx x + x dx = d||x||?, we may write 


* dx 1 dj[x||? 
1+ (xl? 2 14 |[xll? 


Using this, one easily calculates 


dA-(x) dx A dx xdx A x dx 
x) = 
° (1 + [[xi|?7)?_ + IIx?) 
and ee 
x dx A x dx 
(A, A AL )(x) = ———.. 
(1 + |[x|]?)? 
Thus, 
F>(x) dx A dx (6.3.12) 
, (x) = ———... .. ss 
(1 + |[x|]?)? 


Note that Fy (0) = dx A dx, indeed. A completely analogous calculation yields the 
local representative 


x dx 
AS (x) = (9, ')* a (®) =Im [== (6.3.13) 
of w*. Thus, 
coe =. (6.3.14) 
se (1+ [xll?)?” i 
Remark 6.3.3 


1. By Proposition 6.2.7, the sp(1)-valued 1-forms A+ and A> may be viewed as 
the global representatives of a self-dual and an anti-self-dual connection form on 
the trivial principal Sp(1)-bundles (g—'!)*P and (g>!)*P_ over R*, respectively. 
The solutions (6.3.11) and (6.3.13) have first been found by Belavin, Polyakov, 
Schwartz and Tyupkin, see [64]. Therefore, they are called the BPST instanton 
and the BPST anti-instanton on R’*, respectively. Correspondingly, the connection 
forms wt and w~ are called the BPST instanton and BPST anti-instanton on S*, 
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respectively. In the mathematics literature, they are often referred to as the basic 
(anti-)instantons. 

2. There is afundamental theorem of K. Uhlenbeck [636] which states the following: 
let w be a self-dual connection on a bundle P over M \ {mj ,..., mz} such that 
its Yang—Mills action (6.2.1) is finite. Then, (P, w) extends smoothly to M, that 
is, both the bundle and the connection extend smoothly across each of the points 
m;. This result is usually referred to as the Removable Singularity Theorem. 
As an application, there is a natural one-to-one correspondence between self- 
dual connections over R* having a finite action and self-dual connections on 
bundles over S*. In the Euclidean context under consideration, it is reasonable to 
refer to the finite-action property as to finite energy. In the sequel, we adopt this 
terminology. 4 


Next, let us characterize the BPST (anti-)instanton on S* topologically. By Theorem 
4.8.8, principal Sp(1)-bundles over S* are classified by their second Chern class. 
Thus, topologically, the BPST (anti-)instantons are completely characterized by the 
second Chern indices of the bundles P_ and P.. By Remark 4.5.4, we have 


aPy= [ o(P_) = 1, oP) = [ KP y=—1, 
St St 


The following yields interesting additional insight: as a consequence of Theorem 
1.1.11, principal bundles over S” with connected structure group G are classified by 
elements of z,_,;(G). After bringing the bundle to a normal form, this equivalence is 
provided by the restriction of one of the transition mappings, say Ps, : Us VU, — G, 
to the equator S”~! of S”. Thus, principal bundles with structure group G = Sp(1) = 
S3 over S* are classified by elements of 773(Sp(1)), that is, by homotopy classes of 
mappings S* —> S>. These, in turn, are labeled by their mapping degree. By (6.3.6) 
and (B.1), for the bundles P_ and P, we obtain 


(Pen) gs®) =, (in) gs) = X. (6.3.15) 


The first mapping has degree —1 and the second one has degree +1 (Exercise 6.3.3).!! 
Thus, up to the sign, the first Chern index and the mapping degree distinguishing an 
element of 73(Sp(1)) coincide. 

Again, let us make contact with the description in terms of local representatives. 
We show how the above mapping degree characterizes the corresponding self-dual 
connections on R* with finite energy. Let A be such a connection. Then, first, the 
finite energy requirement ensures that the curvature form F of A is square integrable. 
This implies that F must be asymptotically flat, that is, F- — 0 for ||x|| —> oo. This, in 
turn, means that A must be asymptotically a pure gauge, A +> g~!dg for ||x|| > oo. 
Clearly, the mapping g is, in general, only defined outside of a ball with radius R > 0 
centered at 0. In general, it cannot be extended continuously to all of R*, because its 
restriction to Ss. = {x € R*: |[x|| = R}, 


‘Choosing, instead, the transition mapping pn,s results in a change of sign of these mapping degrees. 
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Fig. 6.1 The closed ball Kr s4 
in the proof of Proposition x > F=0 
6.3.4 EN 
a 
closed ball 
81g: Se > Sp(l) =S°, (6.3.16) 


may have a nontrivial mapping degree. 


Proposition 6.3.4 Let w be a self-dual connection on a principal Sp(1)-bundle P 
over S* and let A be its representative on R* given by one of the stereographic 
projection mappings. Then, the degree of the mapping (6.3.16) characterizing A 
coincides, up to the sign, with the second Chern index of P. 


Proof Let 92 be the curvature form of w and let F be its local representative with 
respect to the chosen stereographic projection mapping, say (U,, g,).! We wish to 
express the second Chern index 


1 
| o(P) = —~ | t(2@A®) 
s4 872 s4 


in terms of the mapping degree characterizing A. Clearly, A may be modified without 
changing the degree of the mapping (6.3.16) in such a way that F vanishes not only 
at infinity, but outside of a closed ball Kp of radius R and on its boundary 0Kr = Ss, 
for sufficiently large R, see Fig. 6.1. As usual, the boundary 0Kg is endowed with the 
orientation corresponding to the coorientation pointing outwards. Then, 


1 
[oP = aa | wean. 


As a 4-form on a contractible subset of R*, tr(F A F) is closed and thus, by the 
Poincaré Lemma, exact. The following Lemma yields a potential. 


Lemma 6.3.5 The 3-form Q3(A) = tr(A A dA + cs AA AA A) fulfils 
dQ3(A) =tr(F AF). 


The form Q3 is called the Chern-Simons 3-form.!* 


!2-Then, under the identification St = R* U {oo}, infinity corresponds to the south pole —eo. 
13 See [130]. 
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Proof 1n the associative calculus, the Structure Equation yields 


FAF=dAAdA+dAAAAA+AAAACA+AAAAAAA. 


Using the cyclicity of the trace, we obtain 
rAANAAAAA)=0, tr(AAAAGA)=trdAnA Ar” A). 


Thus, 


t(F AF) =tr(dA AdA)+2tr(dAA AAA). 


Since 
tr(dA A dA) = d(tr(A A dA)), 


and, again by the cyclicity of the trace, 
d(tr(AA AA A) =3tr(dAA AA A), 


we obtain 


tr(F A F) = d(tr(A A dA)) + : d(tr(A A A A A)) = dQ. 


This proves the lemma. 


We continue with the proof of the proposition. Using Lemma 6.3.5 and Stokes’ 
Theorem, we obtain 


| tr(F A F) = : dQ,= | Qs. (6.3.17) 
Kr Kr dKr 


Since F’;,,, = 0, we have 
2 
[a= tr(AAdA+—-AA AA A) 
aKr aKr 3 
ps 
=} r(AAG-AAA)+ 7 AA ANA) 
aKr 
1 
--;/ tr(AA AA A), 
3 OKr 


that is, 


[rwam=-; f tr(AA AAA). (6.3.18) 
Kr 3 OKr 


Denoting h = g},,, we have 
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Aiseg = h'dh = h*(6), 


where 6 is the Maurer—Cartan form on Sp(1). Thus, using Remark 1/4.3.6/4, we 
obtain 


1 1 
| w(F AF) =—3 | h* (tA A8)) =—= degih) | t@A8A8), 
Kr dKr Sp(1) 


where deg(h) denotes the degree of the mapping h : Kr = S*? —> Sp(1) = S?. 
Finally, a simple calculation (Exercise 6.3.1) yields 


i tr(9A@ A) = 2477. (6.3.19) 
Sp(1) 


Thus, : 
| Co(P) = —~ 7 tr(F A F) = — deg(h). 
s4 82 Kr 


Remark 6.3.6 


1. Inthe sequel, the mapping degree deg(h) or, equivalently, minus the second Chern 
index of P will be called the instanton number. It will be denoted by k(P). 

2. For the BPST (anti-)instanton on S*, the statement of Proposition 6.3.4 can be 
seen by direct inspection. Consider w~. As above, let us represent infinity by the 
south pole —ep and let us study the asymptotic behaviour of A> given by (6.3.11) 
by taking the limit ||x|| — oo: 


ace (ZY "a(2) 
: IIx IIx J 


Thus, the mapping (6.3.16) coincides with the restriction of the transition mapping 
p, to the equator of S*, cf. Eq. (6.3.15). 4 


In the remainder of this section we show how to construct further instanton solutions 
by using the conformal invariance of the equation *]F = +I. By Appendix B, under 
the conformal identification, St = HP! = H U {oo} the proper (that is, orientation 
preserving) conformal group of S* is given by 


Co(S*, [go]) = SLQ, A)/{+]}. (6.3.20) 


Clearly, its universal covering group is Co (S*, [9o]) = SL(, H). For concreteness, 
consider the canonical (anti-self-dual) solution @~ on P_. View P_ as the quater- 
nionic Hopf bundle, cf. Remark 6.3.1/2. 
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Proposition 6.3.7 The action of the conformal group of S* lifts naturally to an action 
of SL(2, H) on P_ by automorphisms. 


Proof Itis easy to show (Exercise 6.3.4) that the mapping W : SL(2, H) x S’ > 8’ 
given by 


7 (jabl lq 2 2)-3 | agi + bqo 
Ww : 2 
(k a| , Bal, — (|I aqi bqo I I cq dq I ) cq) dqz 


defines a left smooth action on the bundle space S’ C H*. This mapping obviously 
commutes with the right principal action of Sp(1) and it projects onto the conformal 
action on S4, cf. Appendix B. i 


Clearly, the conformal group lifts to P, in the same way. Combining this proposition 
with Proposition 6.2.7, we conclude that we @ is again an anti-self-dual connection 
form on P_, for any k € SL(2, H). On the other hand, by construction, w~ is Sp(2)- 
invariant and Sp(2) C SL(2, H) is the full symmetry group of w~. Thus, the orbit of 
@~ under the action of the conformal group is SL(2, H)/Sp(2). It turns out that, for 
G = Sp(J), all anti-instantons on S* with instanton number k(P) = —1 are obtained 
in this way. This will be shown in Sect. 6.5. 

To describe the family of anti-self-dual solutions obtained by conformal transfor- 
mations explicitly, we need an explicit parameterization of the above homogeneous 
space. Since Sp(2) is the maximal compact subgroup of the semisimple Lie group 
SL(2, Hl), this is easily achieved by using the Iwasawa decomposition of SL(2, H). 
For convenience, we write it in the inverse order SL(2, H) = NAK, where 


K = Sp(2), eA er,|, Net Gik seu] . 
7 


Then, elements of SL(2, H)/Sp(2) are (globally) parameterized as follows: 


R,xH—- M_) = SLO, H)/Sp2), ,s)reH Be 4] -Sp(2). (6.3.21) 
Vv 


After putting Xx) = As, from (B.9) we read off the following family of conformal 
transformations 


Xb ~( — Xo). (6.3.22) 


Applying this transformation to (6.3.11), we obtain a 5-parameter family of anti- 
instantons with k(P) = —1: 


(6.3.23) 


Aa: i.a9) =| es 


A? + |[x — Xoll? 
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Correspondingly, for the curvature we get 


F(x; 4, Xo) = Im 


a2 dx A dx 
(6.3.24) 


(A + [lx — xol|?) 


Note that the curvature is centered at xo and it is spread over a region of magnitude 
x. Therefore, 4 is called the scale and xo is called the centre of the instanton. 

In the same way, from (6.3.13), we may create a 5-parameter family of instantons 
with k(P) = 1. 


Remark 6.3.8 Over the years, the relevance of instantons in quantum field theory has 
been investigated. We refer to [569] for an introduction to this problem on a sound 
mathematical basis. The basic observation is that instantons interpolate between 
topologically inequivalent vacua of the quantum theory. This is often referred to as 
the tunneling effect. Here, we only explain the classical counterpart of this effect. 
Starting from a classical gauge potential A on Minkowski space, we choose a gauge 
such that Ag = O and consider only static configurations, that is, configurations 
fulfilling Ay = Ax(x), x € R?. A classical vacuum is characterized by F(x) = 0. 
Thus, the corresponding potential must be a pure gauge, 


Ax (x) = h7! (x) &h(x) , 
for all x € R?. We assume that the limit 
lim h(x) = ho 
x—> CoO 


exists. Then, / may be extended to S? = R? U {oo} and we obtain a classification 
of classical vacua in terms of the degree of the mapping h: S*? > Sp(1) = S?. 
Now, let (x,t) > g(x, f) be the mapping obtained from the instanton asymptotics 
Au (x, t) ~ g~!(x, t) 0,.g(x, t). By choosing an appropriate gauge, one can fulfil the 
following conditions 


l. g(x,t) > 1 forxe R? and t > —«, 
2. g(x,t) > 1 for te R and x > ov, 
3. g(x, t) > A(x) for t > oo. 


We see that g interpolates between h = | und h = h(x), that is, g interpolates 
between the classical vacua Ay (x) = 0 and Az (x) = h7!(x) 0;h(x). + 


Exercises 
6.3.1 Prove formula (6.3.19). 


6.3.2 Prove that Sq(1, 2) may be parameterized by the matrices given in formula 
(6.3.4). 


6.3.3 Prove that the mapping f : S* > S?, f(x) =X, has degree —1. 
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6.3.4 Prove that the mapping W defined in Proposition 6.3.7 is a smooth left action 
of SL(2, H) on S’. 


6.4 The ADHM Construction 


In this section, we construct all (anti-)self-dual Sp(1)-connections on S* with arbi- 
trary instanton number k(P). This construction goes back to Atiyah, Drinfeld, Hitchin 
and Manin [35] and is, therefore, called the ADHM construction. In our presentation 
we follow the strategy outlined at the end of Sect. II/3 of [30]. For that purpose, we 
recall from Theorem 3.4.10 that the quaternionic Stiefel bundle'* 


nm: Sy(1,k+1) = S“”? — Ga(l,k +1) = HP* 


is k-classifying for the principal Sp(1)-bundles P > S* = HP!. Now, the ADHM 
construction may be summarized as follows: take the canonical Sp(1)-connection!> 


wo = q'dq (6.4.1) 
on the quaternionic Stiefel bundle Sq(1,k + 1) and pull it back via a family of 


classifying mappings f : St > HIP“. If this family is suitable, this yields a family of 
(anti-)self-dual Sp(1)-connections on P. Here, q € S4*+3 | that is, 


4 = (do,---, 4x) € H*" \ {0}, Ia ll=1. 
Recall that for a classifying mapping f : St > HIP", the pullback bundle is given by 
P=f* (Suk + 1) = {([@1,%2)], @) € HP! x SY: (Lr, %)) = 2° @} - 


The pullback of w* reads 
o=f*o =fdf, (6.4.2) 


with the bundle morphism 
f = pr, oip, (6.4.3) 


where pr, is the projection onto the second factor in HIP! x S**3 and ip : P > 
HHP! x S*+3 denotes the natural inclusion mapping. To summarize, we have the 
commutative diagram 


'4Cf, Example 1.1.24 and Remark 1.1.25. 
'SCf. Example 1.3.19 for further details. 
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pas g4k+3 
|| 
s+ —— Hp* 
Now, the basic idea of the authors of [35] was to consider the following smooth 
family of linear mappings 
v:H > La, A), vx, x) = Cx; + Dx, (6.4.4) 
where C and D are constant ((k+ 1) x k)-matrices with quaternionic entries, fulfilling 


(a) rankgyv(xX1, Xo) = k for all (x), x.) € H? \ {0}, 
(b) v' (x1, X2) V(X, Xo) is real for all (x,, x») € H?. 


By property (a), the image im(v(x;, X2)) of the linear mapping 
v(x), Xo) : HY > HM! (6.4.5) 


is a k-dimensional subspace of H+! which clearly depends on [(x;, x2)] € HP! 
only. Thus, it defines a vector subbundle 


E:= (J im (vd, x2)I)) 
[(x1,x2)]€HP! 
of rank k of the trivial quaternionic vector bundle 
Ey) = HP’ x H‘*! > HP'. 


By construction, E is the direct sum of quaternionic line bundles, defined by the 
columns of v. Next, let im (v(x, x2)1))~ = coker(v([(x1, X2)])) be the (one- 
dimensional) quaternionic orthogonal complement of im (v(x, x2)])) in HM, 
Clearly, 


L:= (J im(v@n,x2)))” (6.4.6) 


[(x1,X2)]¢HP! 


is a vector subbundle of Eo of rank 1, that is, L is a quaternionic line bundle over 
HP!. By construction, E and L are complementary in Eo, 


Eo =EOL. 
Let us denote the orthogonal projectors corresponding to this splitting by 


Ql(x1, x2)] : HAt! im (v1, x0))), PLO, x2)] : HAF! S im (v(x), x2))) 
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Remark 6.4.1 By Example 1.2.9/2, L is associated with the bundle of orthonor- 


mal frames O(L) of L. This is a principal Sp(1)-bundle over HP! whose fibre over 
[(X;, X2)] may be identified with the vectors e([(K,, X2)]) € HM! fulfilling 


e([(x1, X2)) v(x, x2) = 0, e(((x1, x2))) Te 1, x2)]) = 1. (6.4.7) 


4 


The mapping v defines a smooth classifying mapping 
u: HP! > Gu(l,k+1) = HP, u({(x, x2)]) = im (v(x, x). 
According to the idea spelled out at the beginning, we take the pullback bundle 
P = u'*(Sg(, k + 1)) and the corresponding pullback of the canonical connection 
via the induced mapping u: P > S**3, 
o=uwa =u' du. (6.4.8) 
Then, the curvature of w is given by 


Q2=du' Adu+u'duAu'du. (6.4.9) 


On the other hand, by definition of P, the elements ([(x:, x2)], q) € P are exactly 
those fulfilling q € S443 4 (im (v([@x, x.)))"), that is, q is an orthonormal frame 


in L. Thus, we have P ~ O(L) and, consequently, an isomorphism 


P Xspay Ht> L,  [((((x1, X2)], q), a) ] + ([(%1, X2)], ga). (6.4.10) 
By (6.4.3), under the identification P = O(L) the mapping u becomes the identity 
onto its image, that is, it sends a point p € P, viewed as an orthonormal frame e on L, 
onto itself as an element of S“*+3. Thus, we can write 


We =elde, Q.=de' Ade+e'de rede. (6.4.11) 


Moreover, under this identification, the projectors Q and P lift to orthogonal 
projection-valued mappings on O(L), 


Q(e)=1—ee', Pre)=ee'. (6.4.12) 


In this picture, the covariant derivative defined by @ is given as follows. Using 
(1.2.11), (1.4.2) and the isomorphism (6.4.10), we obtain 


(V@)(x(e)) = e(d@ + e'ded) = ee'd(ed) = Pde. 


Thus, 
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V=Pod. (6.4.13) 


This formula has a nice geometric interpretation: we take the covariant derivative d 
in Eo, corresponding to the trivial flat connection, and project it onto L. 


Lemma 6.4.2. We have 


2. =e'(PdP AdPP)e. 


Proof Since e'e = 1, we get 
(de')e+e'de=0. 


Using this, we calculate 


PdP , dPP =e (e'd(ee") A d(ee")e) e* 
=e (ede A e'de + de’ A de + (de')e A (de‘)e + e'de A (de")e) e* 
= e(e'de A e'de + de’ A de) e’. 

In view of (6.4.11), this yields the assertion. o 


Comparing with (1.5.13), we see that the curvature endomorphism form RY acting 
on L associated with §2 is given by 


RY = PdP AdPP. (6.4.14) 


The proof of the following proposition can be found in various (similar) versions in 
the literature, see [30], [138], [135] and further references therein. 


Proposition 6.4.3. The connection w on P is self-dual and has the instanton number 
k(P) =k. 


Proof By condition (b) above, the mapping R : HP! —> Aut(HI‘) defined by 
R([Q1, X2) 1) 2= vi (U(x1, X2))v(L%1, X2)]) (6.4.15) 


has real-valued entries, that is, the entries are proportional to 1 € H. Now, by the first 
equation in (6.4.7), we have v'e = 0 and, thus, also vR~'v'e = 0. But, by (6.4.15), 


vR-'y' = vR7'vivR'v', 


that is, vR~'v* projects onto the subspace orthogonal to e. Thus, it must coincide 
with Q and we obtain pointwise 


1-P=Q=vr'v'. (6.4.16) 


Calculating 
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dP = —dQ = —(dv)R™'v' — v(dR7!)vi — vRT! dv" , 


and, using Pv = 0, we get 


PdP = —P(dv)R7'v'. 


Correspondingly, 


dPP = —vrk7!(dv')P. 


Inserting these formulae into (6.4.14), we obtain 
RY = P(dv)R™! A (dv')P. (6.4.17) 


Now, under the conformal identification HP! = HU {00} given by the stereographic 
projection chart y,, elements [(x;, X2)] € HIP! \ {oo} are represented by the homo- 
geneous coordinate [(1, x2)] =x € H. This yields 


v(x) = C+ Dx (6.4.18) 


and, thus, dv = D dx. Finally, using the fact that R commutes with dv, we see that 
RY is proportional to dx A dx, that is, « is self-dual. 

The second statement follows immediately from the Whitney Sum Formula, 
cf. Theorem 4.3.2. In more detail, to prove that the second Chern class of L is 
equal to k, it is enough to show that the second Chern class of E is equal to —k. But, 
by construction, E is the direct sum of k quaternionic line bundles corresponding to 
the k column vectors of v. Each of them may be identified with the standard line 
bundle over HP! having the second Chern class —1. oD 


Thus, the above construction yields instantons. We get anti-instantons, if we choose 
instead 
v(x) =C+Dx, (6.4.19) 


see also Remark 6.4.6 below. 

Our next task is to count the number of independent solutions. For that purpose 
we bring v into a normal form. Without loss of generality, we may assume that v is 
given by (6.4.18). 


Proposition 6.4.4 The following transformations yield isomorphic bundles and, 
consequently, isomorphic self-dual connections: 


C>0CK; D> ODK, (6.4.20) 


where Q € Sp(k+ 1) and K € GL(k, R). Using these transformations, e — Qe and 
the mapping v can be brought to the following canonical form: 
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Xr 
V(x) = E cs, * , (6.4.21) 
where X is a quaternionic (1 x k)-vector and B is a quaternionic symmetric (k x k)- 
matrix. The canonical form (6.4.21) is preserved by the transformations (6.4.20) 


fulfilling 


Q= k zl , K=R', where ac Spl), RE Ok). (6.4.22) 
Proof First, restricting to constant matrices is necessary to respect the linear structure 
of the construction. Next, by the first equation of (6.4.7), v and e can be multiplied 
from the left by the same matrix Q only. The second equation in (6.4.7) implies that 
Q must belong to Sp(k + 1). Finally, to preserve the reality condition (b), v can be 
multiplied only by a matrix K € GL(k, R). To prove that these transformations yield 
isomorphic bundles and connections is a simple exercise left to the reader. 

Next, we bring v to anormal form. First, the real symmetric matrix D* D transforms 
under (6.4.20) to K? (D'D)K. Thus, we can use K to diagonalize D‘ D and afterwards 
rescale the diagonal entries to 1. This yields D‘D = 1,. Clearly, this condition is 
invariant under any transformation D +> DK, with K € O(k). Next, one easily 
shows (Exercise 6.4.1) that for any D fulfilling D'D = 1, there exists an element 
Q © Sp(k + 1) such that 


p=a'| S|. (6.4.23) 


cof 


where A is a (1 x k)- and B is a (k x k)-block, we have D‘C = —B. But, by condition 
(b), D'C is symmetric and, thus, B must be symmetric, too. o 


Moreover, writing 


The conditions (a) and (b) now read 


x 
(a) ranky is _ al =k for every x € H, 
(b) ATA + BYB is real. 


Let us denote 


Via {[3 | e HA*<(+) ; B= BT ranky 


| =a aa BB real 


Xr 
B-xl 
Now, we can calculate the number of free parameters labelling the ADHM solutions 
modulo the transformations (6.4.20), that is, the number of free real parameters in 


Vi. /(Sp(1) x O(k)) with the action given by (6.4.22). Since the stabilizer of this 
action is 
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{(1, 1), (-1, —1)} = Zo ’ 


this number is given by dimg(V;) — dim (Sp(1) x O(k)). The vectors 4 contain 4k 
real parameters and the matrices B, being symmetric, contain 4 kit) real parameters. 
Since the matrix 47) + B‘B is self-adjoint and has positive diagonal entries, the 
condition that it be real gives rise to 3 ke . independent equations. Finally, the 
property of maximal rank is generic. Thus, altogether, for the number of free real 


parameters we obtain 


(nahh st) (3M 1) 


= 8k-3. 4.24 
5 5 ) 8k — 3 (6 ) 


Thus, we have the following. 


Corollary 6.4.5 The space IN, of Sp(1)-instanton solutions on S* obtained via the 
ADHM construction may be identified with V, factorized with respect to the free 
action of (Sp(1) x O(k))/Zo. It is a smooth (8k — 3)-dimensional manifold. 


Remark 6.4.6 Itis obvious from the above presentation, that the ADHM-construction 
immediately generalizes to any Sp(n),n > 1. As already outlined in the original paper 
[35], it can be adapted to the case of the classical groups SU(n) and SO(7) as well, 
see also [162], [138], [99] and [442] for details. + 


Now, we can solve the first equation in (6.4.7) for e and we can, in principle, find 
the explicit k-instanton solution. For that purpose, we parameterize the local section 
x — e(x) as follows: 

(x) 1 -1 
e(x) = —— ; 

VJ p(x) LU) 
where U is a quaternionic (k x 1)-block and p(x) = 1+ ||U (x)||?. Then, the first 
equation of (6.4.7) implies 


U(x) = (AB—x1)7!)". (6.4.25) 


Inserting this into the first equation of (6.4.11), we obtain the following k-instanton 
solution on H = R*: . 
Im (U' (x)dU(x)) 


AW = er 


(6.4.26) 


Clearly, it may be difficult to calculate the inverse matrix (B — x1)~! for large n 
explicitly. Moreover, we note that e and, thus, A may have apparent singularities. 
However, these singularities may be removed (shifted to infinity) by appropriate 
gauge transformations. Behind, there is a standard procedure in algebraic geometry, 
see e.g. [259]. For the case under consideration, see also [191], [244] and the examples 
below. 

The calculations in the following examples are left to the reader (Exercise 6.4.2). 
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Example 6.4.7 


1. For k = 1, denoting B = xg and choosing A to be a positive scalar, formula 
(6.4.26) yields 


2 


(x; A, Xo) (A2 + |x — xoll2) 


Im {ax (x=%0) '} . 


The apparent singularity at x = xp may be removed by the gauge transformation 


x > g(x) = =" ib The gauge transformed potential reads (Exercise 6.4.4): 


(6.4.27) 


A(x; Kes Xo) —Im | (x 7 Xo) dx | 


d? + |x — xoll? 


This is the k = +1-counterpart of (6.3.23). Setting A = | and xp = O we get the 
BPST-instanton. 

2. If we choose B = diag(x),...,x;,), where Xp,..., X, are distinct points in H, 
and A = (A;1,...,A,1), with A; > 0, then we obtain the ’t Hooft multi instanton 
solutions [627] in the singular gauge: 


k 2 
i 7 
A(x: 4i, Xi) = >> ee Lees Im {dx(x — x} , (6.4.28) 


i=l 


where 

k 2 
p(x) =14+ -——__... 
2 Ix — xiIP 


Clearly, this is a 5k-parameter family of self-dual solutions. 

3. From the family of ’t Hooft solutions one may generate further solutions via 
conformal transformations. This way, a (5k + 4)-parameter family of solutions 
was obtained by Jackiw, Nohl and Rebbi [342]: 


k 42 


A(x; Aj, X)) = : Im {dx(x — x;)} , (6.4.29) 
2d Ix — xi") 
where Xo, ..., Xx are distinct points in H, Ao, ..., Ax are positive numbers and 


k 32 
p@®) =1+ >) 


i 
—x,||2° 
= Ix — xi 
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ADHM 


fee tructi 8k — 3)-parameter famil 
Quaternionic ADHM data ibaacaas ( . ) P 4 y 
of instantons on S 
A 
Lemma 6.4.10 = 
Y 
Complex ADHM data All instantons on S* 
A 
Barth and Horrocks Atiyah-Ward 
Hulek construction correspondence 
Y 
Algebraic vector bundles Holomorphic vector bundles 
. _—_— . 
over CP? of a certain type Serre over CP? of a certain type 
correspondence 


Fig. 6.2 Equivalences used in the proof that the ADHM construction yields all instantons on S4 


It turns out that 90, is the full moduli space of k-instantons, that is, by the ADHM- 
construction, all instantons on S* are obtained. The proof of this fact rests on the 
following deep results: 


1. One reformulates the ADHM-construction in terms of complex geometry on the 
twistor space CP?. Then, it appears as the Horrocks construction [311], [312] from 
algebraic geometry yielding algebraic!® and, thus, holomorphic vector bundles 
over CP? of a special type. 

2. By the Atiyah—Ward correspondence, holomorphic vector bundles over CP? of 
this type are in one-to-one correspondence with instantons on S*, see [42], [37] 
and [30]. We also refer to [58] for a detailed proof. 

3. Using results of Barth and Hulek [55-57], one shows that all algebraic vector 
bundles over CP? of this special type are obtained via the Horrocks construction. 


Figure 6.2 shows the logic of the proof schematically. 

We explain points | and 2in some detail. Point 3 is beyond the scope of this book. 
As before, we limit our attention to the gauge group Sp(1) = SU(2). First, we 
need some algebraic preliminaries. As explained in Appendix A, we identify C with 
span{1, i} C H and H with C? by writing quaternions in the form z, + jz, for any 
z1,22 € C. This implies a complex isomorphism H* = C* @ jC* and, identifying 
Z| + JZ = (21, Z2), we get 


HK=cC* @jck=c*. (6.4.30) 


!6That is, the transition functions may be chosen to be rational functions of the complex coordinates. 
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Let us denote the standard scalar products on H* and C”* by k and h, respectively, 
and let us choose the following skew form on C**: 


01 
I= Be sl (6.4.31) 


We have 
k(qi,42)=q;q2, h(@,w)=z'w, J(z,w) =z' Jw, 


where qj, qo, Z and w are viewed as column vectors. These structures are related as 
follows: 
k(qi, Qo) = h(z, w) + j J(z, w), (6.4.32) 


where q, = Z| +jZ2, Q2 = Wi +jwo2 and z = (z), 22), W= (W, W2). 
Next, leto : H* —> Hé be the complex anti-linear isomorphism induced from right 
multiplication on H* by j. Then, ” = — id and, under the isomorphism (6.4.30), 


o(Z, + jz) = —%. + jz, = (—%,7Z). (6.4.33) 
Thus, in the above bases, viewing z € C** as a row vector, 
o(z)=ZJ. (6.4.34) 
Finally, we note that o relates h and J as follows 
h(o(z), w) = J(z, w). (6.4.35) 


Remark 6.4.8 In the sequel, given a complex vector space V, an anti-linear isomor- 
phismo : V > V fulfilling o* = id or 0” = — id will be called, respectively, a real 
or asymplectic structure!’ of V, cf. also Sect.5.3. ry 


Now let us consider the isomorphism (6.4.30) for k = 2, that is, H? = C+ together 
with the corresponding right projective spaces HP! and CP. Using the above con- 
ventions, for z, z’ € C?, we write z-+jz’ = (z,z’) and thus, denoting z = (z1, Z2) 
and z’ = (z3, z4), elements of C4 are parameterized as follows: 


(21 + 523, 22 + JZ) = (21, 22, 23, Z4)- 
Clearly, any complex line is contained in a quaternionic line. Thus, we obtain the 


following fibre bundle 
a:CP? > HP’. (6.4.36) 


'TThis is the terminology of complex geometry. Instead, we could call o a quaternionic structure 
in that case. 
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The mapping zz is called the (projective) Penrose twistor transformation [508] for S* 
and the bundle is called the projective twistor bundle. Consider a quaternionic line 
and view it as a copy of C?. Then, all complex lines in it form a copy of CP!. Thus, 
the fibres of 2 are copies of CP!. In terms of the above coordinates, the projection 
mt is given by 

m([(Z1, 22, 23, Za) ) = [a1 + jz3,22 +jza)]. (6.4.37) 


The symplectic structure o on C* descends to a mapping of CP*, denoted by the 
same symbol, 


ao: CP? > CP*, o({(z1, 22, 23, z4)) = [(—3, —Z, 21, 22), (6.4.38) 


which is anti-linear in homogeneous coordinates and fulfils ¢? = id. It is common 
to call such a mapping a real structure on CP?. By definition, o acts trivially on HIP! 
and, thus, it preserves the fibre structure. 

Under the above identification H? = C*, the natural action of SL(2, H) on H? 
descends to an action on CP? preserving the fibration (6.4.36) and projecting onto 
the conformal action on HIP', see Appendix B. Thus, the maximal compact subgroup 
Sp(2) C SL(2, H) acts transitively on CP? preserving the natural metrics on CP? 
and HP!. In coordinates, writing 


[atja atjw)l=(d,@+judatia)')=1G.»1, 


and calculating (z2 + jz4)(z1 + jz3) = (iz. + 23%) + j Zita — 2322), we find the 
following presentation of the fibre 2~!([(1, x)]) over [(1, x)]: it consists of elements 


[(z1,..., z4)] € CP? fulfilling the conditions 
2122 + 2324 2124 — 2322 , 
¢ = ——_,, § = —_,, x= jé. (6.4.39) 
lala al lzil? + |zs|? 


Thus, for the points in the fibre 2~'([{(1, 0)]), we read off the stabilizer U(1) x 
Sp(1) C Sp(2). By a similar calculation, for the fibre 2~'([{(0, 1)]), we obtain 
the stabilizer Sp(1) x U(1). This yields the following presentations of CP? as a 
homogeneous space: 


CP? = Sp(2)/(U(1) x Sp(1)), CP? = Sp(2)/(Sp(1) x U(1)). (6.4.40) 


Remark 6.4.9 


1. By Example 5.4.9, HP! = St Sp(2)/(Sp() x Sp(1)). Thus, the homogeneous 
presentation (6.4.40) of CP? explicitly shows that the fibres of are copies of 


Sp(1)/U(1) = CP!. 
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Identifying CP! = S? in the standard way'® via (¢, €) H (27, |¢|? — |E|?), we 
read off that o acts on the fibres via 


a(¢,&) + (208, |E|? — 16/7), 


that is, it sends any point to its antipodal point. Recall that a projective line in 
CP? is the image of a 2-dimensional subspace of C’. By definition, a projective 
line is said to be a real line if it is invariant under o. Thus the fibres of z are 
exactly the real lines in CP? and S* may be viewed as the parameter space of the 
real lines. 

2. Comparing with Example 5.5.14, we see that CP* may be naturally identified 
with the negative projective spinor bundle P~(S*).'° Via this identification, it 
obtains a natural complex structure such that the orientation induced on S* is 
opposite to the original orientation of S*, cf. Remark 5.5.8.°° In the sequel, we 
assume that CP? is endowed with this complex structure. 4 


Now, recall that the ADHM-data are given by mappings 
v:H > L@, A), v(x, x) = Cx; + Dx, 
cf. (6.4.4), where C and D are constant (k + 1) x k-matrices with quaternionic 
entries, fulfilling conditions (a) and (b). Using (6.4.30) for k = 2, we may view v as 
a mapping 
v:C> La, w)). 


Explicitly, writing x; = z; + jz3 and x2 = z. +jz4, we obtain 


V(z) = Cz, + Cjz3 + Dey + Djzq = Viz + V222 + V323 + V4Z4 5 


with i i 
C= ri —v3j), D= qW2—va), (6.4.41) 
and 
vitv3j=0, votvj=O0. (6.4.42) 
Decomposing 
Vea =A, +jA", a=1,...,4, (6.4.43) 


into matrices with complex entries and building the (2k + 2) x k-matrices 


'8Cf, Remark 1.1.21. 

'Clearly, it may also be identified with the positive projective spinor bundle. 

20Tf we adopt this point of view, Theorem 4.1 of [37] cited in Remark 5.5.8 guarantees the integrabil- 
ity of the almost complex structure constructed there. Clearly, given the homogeneous presentation 
(6.4.40) one can define the almost complex structure in terms of the corresponding Lie algebra 
decomposition. Then, checking the integrability is a purely algebraic task, see [218] for details. 
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we obtain a mapping 
A: ct > L(W,V), A(z) = AjzZ + A2zZ2 + A373 + Agzs , (6.4.44) 


where W = C* and V = C**+?_ In this presentation, the conditions (6.4.42) take the 
form _ _ 
JA3=A,;, JAg=A2, (6.4.45) 


where J is the skew form on V given by (6.4.31). We endow V with the symplec- 
tic structure o given by (6.4.34) and W with the real structure given by complex 
conjugation. 


Lemma 6.4.10 The quaternionic ADHM mappings given by (6.4.4) and fulfilling 
conditions (a) and (b) are in one-to-one correspondence with mappings (6.4.44) 
fulfilling the following conditions: 


o(A(z)w) = A(o(z))W, wew, (6.4.46) 
dimc (imA(z)) =k, zAO0, (6.4.47) 
A(z)' JA(z) = 0. (6.4.48) 


Mappings A fulfilling the conditions (6.4.46)—(6.4.48) will be referred to as complex 
ADHM data. 


Proof To show (6.4.46), using (6.4.34) and (6.4.45), we calculate 


a (A(z)w) = —JA(z)w = (A3z + Agz2 — A1Z3 — AozZ4)W = A(o(z))W. 
Next, (6.4.47) is an immediate consequence of condition (a). Finally, we analyze 


condition (b). For that purpose, consider any pair (i, /) of columns of v(x;, x2) and 
decompose them according to (6.4.43), 


(v(x1,%2)), = (D5 Aya); +5 Anza); = AV@ +jA7@), 
and (v(x1, X2)), correspondingly. Then, 


a= [si]. aw =[0)| 


are, respectively, the i-th and the /-th columns of A(z). Now, (6.4.32) implies 


k(Aj, A)) = h(A;, A)) +jJ(Ai, A)) > 
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and the reality condition (b) yields 
J(Aij, Ay ) =0 ’ 


for any pair (i, /). This is equivalent to (6.4.48). 
Inverting the above reformulation yields the converse statement. Oo 


Remark 6.4.11 Condition (6.4.47) is equivalent to the statement that im A(z) is an 
isotropic subspace of V with respect to J,”! 


imA(z) C (imA(z))", 240. (6.4.49) 


Here, (im A(z))" is the J-orthogonal complement. + 


Definition 6.4.12 A holomorphic symplectic involution on a holomorphic vector 
bundle Y over CP? is aholomorphic isomorphism” t : Z > o* Z witht? = — id, 
where t? := o*(T) oT. 

Remark 6.4.13 We explain the bundle o* # in some detail. For the canonical cover- 
ing {U,} of CP? by homogeneous coordinates, defined by Uy := {[z] € CP? : z # 
0}, we denote o (1) = 3,0(2) = 4,0(3) = Lando (4) = 2. Then,o—!(Uy) = Us(a): 
Now, given a holomorphic cocycle {g,g} associated with the covering {U,}, the bun- 
dle o* has the holomorphic cocycle { Sop} defined by 


Sop = 8o(a)o(B) oo. 


Correspondingly, there is an anti-linear bundle isomorphism 2 = o* Z. 4 
The following construction is due to Horrocks [311], [312]. 


Proposition 6.4.14 (Horrocks construction) Any linear mapping A: W — V, ful- 
filling the conditions (6.4.46)—(6.4.48), gives rise to a holomorphic vector bundle 2 
of rank 2 over CP? with the following properties. 


1. & is holomorphically trivial over each fibre of 1. 
2. There exists a holomorphic symplectic involution on &. 


A holomorphic vector bundle over CP? with the properties 1 and 2 is usually 
referred to as an instanton bundle. 


Proof Let there be given a linear mapping A : W — V, fulfilling the conditions 
(6.4.46)-(6.4.48). Recall that V is endowed with the skew form J given by (6.4.31), 
with the symplectic structure o and with the natural Hermitean form h, fulfilling the 
compatibility condition (6.4.35). Take the vector spaces 


21Cf. Definition I/7.2.2. 
»2'F denotes the bundle conjugate to Y. Note that o* is a holomorphic bundle, because o is 


anti-holomorphic, and o *o* P= Lf, 
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&, :=imA(zZ), & = (im A(z))" (6.4.50) 


and the quotient space 
L, = (imA(z))" /im AQ). (6.4.51) 


Since dimc (im A(z)) = k, we have dimc (im A(z))" = k +2 and, thus, dimc GY = 
2. Clearly, “%, inherits a non-degenerate skew form from J. By construction, the 


subspaces &;, Eo and Y, depend on [z] € CP? only. Thus, the subspaces Giz and 
En combine to vertical subbundles 


_ Ona 0) 
= VU om. = U & 
[z]eCP3 [z]eCP3 


of the trivial holomorphic vector bundle V := CP? x V endowed with the Hermitean 


fibre metric h and the skew form J inherited from V. Consequently, the quotient 
spaces .Y,; combine to the quotient vector bundle 


Fie |) Geae ye: (6.4.52) 
[z]eCP3 
We may identify Y with the orthogonal complement of & in &° C V, which we 
also denote by &. By general arguments [583], as an algebraic vector bundle, @ 
carries a holomorphic structure. 


Next, by (6.4.35), the orthogonal complement En of é, C V coincides with 
(o (Giz)))° and by (6.4.46), we have 


0 (Ein) = Soy) « (6.4.53) 


Thus, 
0 il 
Cra = Es (a) ’ (6.4.54) 


and, by the positive definiteness of the inner product, Ein 1 65qz) = 0. Thus, 
cit 0 
V = Socap © Seay = Coca ® fx 


and, viewing -Z,) as the orthogonal complement of &[,) in En , we obtain the following 
orthogonal direct sum decomposition 


V = iz © Lxj B Soup » (6.4.55) 
together with the corresponding splitting of the trivial bundle V. Thus, 


Zn = {ve Vi h(v,u) =0, J(v,u) =0, forall ue im(A@z))}, (6.4.56) 
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that is, 
= al tL 20 0 
Lia = 61 1 Soca = Coan O Fy - 


We show that %,; depends only on x = x([z]) € HP', that is, on the fibre through 
[z]. According to Remark 6.4.9, the latter coincides with the real line /, through [z] 
and o ([z]). Let [w] be any point on /x and let Liw), Liz] and L,qz}) be the complex 
lines through zero in (On corresponding to [w], [z] and o([z]), respectively. Any 
vector w € Lrw) is a linear combination of a vector in Liz; and a vector in Loz}, 
because Lj,; and L,(z}) span a two-dimensional plane (containing zero) in C* and 
Ljw) rotates from Lz) to Le qzj) When [w] runs from [z] to o([z]). Thus, since A(w) 
depends linearly on w, we obtain 
Ein 1 Gay = Siw 1 Sony = Socay 1 Ea - 


[w] o 


As a result, the two-dimensional subspace 
0 0 
Fx = Coa) 1 Sz, CV 


is the complement of yw) in Ew] for any [w] € /,. Thus, the restriction of 7 to I, is 
trivial with the fibre given by %, and the holomorphic structure induced from #,. 

Finally, the anti-linear automorphism o of C+? defines an anti-holomorphic 
vector bundle automorphism of V covering o : CP? — CP? by 


o:V-V, o({z],v):= (o([z]), o(v)) : (6.4.57) 


Thus, by (6.4.53) and (6.4.55), o induces an anti-holomorphic vector bundle auto- 
morphism of covering 0, which we denote by the same symbol: 


o:L2> Lf, o(z],v):= (o([z]),0(v)), Ve Brgy. 


Now, the desired holomorphic symplectic involution of 7 is obtained by combining 
this automorphism with the anti-linear bundle isomorphism o* 2 ~ &@ explained 
in Remark 6.4.13. D 


Remark 6.4.15 


1. Since (6.4.55) is an orthogonal direct sum decomposition, #, inherits a positive 
Hermitean inner product from h on V. Identifying the restriction of & to a real 
line /, with &,, we obtain a positive Hermitean inner product on the space of 
sections. 

2. Property 1 of @ can be interpreted in terms of characteristic classes. By a theorem 
of Grothendieck [265], every holomorphic vector bundle of rank n over CP! 
is isomorphic to a direct sum of line bundles Lk§ = L®...@L (k; times), 
where L denotes the (unique up to isomorphisms) holomorphic line bundle over 
CP!and the integers (k,,...,k,) are unique up to permutation. These integers 
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are holomorphic but not topological invariants. Only their sum is a topological 
invariant. Thus, since # is of rank 2, restricted to a real line it is isomorphic 
to a direct sum L™ @ L® of holomorphic line bundles. Now, property 1 implies 
k, = ky = 0. Thus, in particular, k; + ky = 0, that is, the first Chern class of # 
vanishes.?? As a consequence, the instanton number k (the second Chern class) 
is the only topological invariant of . For further details, we refer to [30]. 

3. Givena bundle # obtained from complex ADHM data via the Horrocks construc- 
tion, we can work back through Lemma 6.4.10 to recover the explicit construction 
of instantons in terms of the quaternionic data. Indeed, by (6.4.56) and (6.4.32), 
&x coincides with im(v((z)))+. Thus, 


L=n*(L), (6.4.58) 


and the orthogonal projector in V onto -%, coincides, under the identification 
V = HI! with the orthogonal projector P in H**! onto im(v(z (2). This 
implies that the canonical connection ® on # obtained from projecting the trivial 
connection on V onto # is the pullback of the canonical connection w given by 
(6.4.8), 

O=T" a. (6.4.59) 


4. We briefly comment on the algebro-geometric background. For a compact com- 
plex manifold M, a monad (in the sense of Horrocks) is a complex 


B 


a 


0— W# > B—-> GF — 0 


of algebraic vector bundles over M fulfilling 6 oa = 0. The algebraic vector 
bundle ker B/ im @ is called the cohomology of the monad. In our case, M = CP? 
and we have the monad 


0o— €¢ an &6* —>0, 


where j is the natural inclusion mapping and J is viewed as a homomorphism 
V — V*. Since ker (j* o J) = (imj)’, we find that the instanton bundle # 
coincides with the cohomology of this monad. This is the approriate language 
for accomplishing the proof of point 3 in the introduction. For details, see Chap. 
VIL in [30]. 4 


Next, consider a self-dual connection @ on a principal Sp(1)-bundle P over HP! 
given in terms of its quaternionic ADHM data. Let L be the associated quaternionic 
line bundle given by the basic representation and let V be the covariant derivative of 
w. Then, L carries a fibre metric induced from the quaternionic scalar product on H 
which is compatible with V. By field restriction, L becomes a complex Hermitean 


?3See also [42] for a semicontinuity argument. Alternatively, one may deduce c1(%) = 0 from 
property 1 of Y by observing that any fibre of 7 represents a generator of H7(CP?). 
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vector bundle with structure group SU(2) over S*. The following theorem covers the 
more general case of a Hermitean vector bundle of arbitrary rank. 


Theorem 6.4.16 (Atiyah—Ward) Let (L,h) be a Hermitean vector bundle over s4 
endowed with a self-dual metric connection V and let : CP? —> S* be the projective 
twistor bundle. Let CP? be endowed with the complex structure induced via the 
identification with the negative projective spinor bundle of S* and let o be the real 
structure on CP? given by (6.4.38). Then, the pullback bundle Y := x*L carries 
a natural holomorphic structure and a holomorphic isomorphism t : o* Z > L* 


fulfilling: 


1. is holomorphically trivial on each fibre of 1. 
2. The holomorphic isomorphism t induces a positive definite Hermitean structure 
on the space of holomorphic sections of & over each fibre of 1. 


Conversely, every such bundle over CP? is the pullback of a bundle L with self-dual 
connection over S*. 


Proof The Hermitean fibre metric h of L induces a Hermitean fibre metric h on Y 
and, with respect to this fibre metric, V = 1*V is a Hermitean connection on Y. 
If w and 2 are the connection form and the curvature of V, then @ = m*w and 
92 = m*Q are the connection and the curvature of V, respectively. _ Corollary 
2.8.3, any 2-form on R* is anti-self-dual iff it is of type (1, 1) for some (and hence 
for all) compatible complex structures. Combining this with the fact that the complex 
structure chosen on CP reverses the orientation of S*, we conclude that &2 is of type 
(1, 1). Now, Theorem 2.6.12 implies that admits a holomorphic structure such 
that V is the canonical connection, that is, V is of type (1, 0). 

We show that is holomorphically trivial over each fibre of 7. Thus, let x € S*. 
Every basis {e,}, a = 1,...,k, of the fibre L, induces a frame {€,} in Zz-1(x) via 
[z] +> e,([z]) := ([Z], ea). Itis enough to prove that the sections €, are holomorphic. 
Since @ is the pullback of w under zr, the elements of the induced frame are covariantly 
constant along 27~!(x). Indeed, by Proposition 1.5.3, 


Veg = Apes = (x* AL eg , 


where &/ and of are the local representatives of w and @, respectively. Thus, Vey is 
annihilated by any vector tangent to 2 ~'(x). Now, decomposing €. = >- gp Gog he in 
a local holomorphic frame {h,} in 77-14), we have 


Vey = >) daag)hg + >) dap Vhy =0. 
B B 


Decomposing the above sum into its (1,0) and (0, 1)-parts and using that V is 
a (1, 0)-connection, we read off that the (0, 1)-component is Dip (dag )hg. Now, 
vanishing of this quantity implies that the functions ayg must be holomorphic. 
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Next, the anti-linear involution o on CP? and the Hermitean fibre metric hon Y 
yield a bundle isomorphism”* 


ti0cZPo Sf: (2 Wakao (le ))): = Di wete ed (6.4.60) 


Here, {@,,} is a local orthonormal frame with respect to h of Y obtained via pullback 
from a local orthonormal frame {e,} of L and {€,} is the dual coframe. To prove that 
this isomorphism is holomorphic, we must show that t maps (1, 0)-forms on o* 7 
to (1, 0)-forms on .#*. By the proof of Theorem 2.6.12, the complex structure on 
£* is locally defined by the forms 


(dz/, dw* + B* gw), B=-al™. 


Since the forms dw* + 4* aw? are pullbacks under zr, they are invariant under o. 
Thus, the complex structure on o*Z is given by (dz, dw* + B B w*). Using the 
Hermiticity condition Bap = —ABpq, it reads 


(dz, dw* — Bg” w*). 
Now we must apply t. Using t(dw”) = dw® and t(Adzj) = dz;, we get 
(dz, dw* — Bg” wP) 


which coincides with the complex structure of *, because the induced connection 
on the dual bundle is given by the negative transpose. 

Finally, since # is holomorphically trivial over each fibre, we may use T to define 
a Hermitean structure on the space of holomorphic sections of over each fibre: 


(s1, 52) ([2]) := t(s2(o ([z]))) (si (Lz) . 


where z € 2~!(x) and s; and s are holomorphic sections over 2~!(x). Then, by 
Definition (6.4.60), we have (5), 2)(z) = h(s;([z]), so([z])), showing that (-, -) is 
positive definite and Hermitean. 

For the proof of the converse statement, we refer to the proof of Theorem 5.2 of 
[37]. oO 


Remark 6.4.17 Theorem 6.4.16 is one way of spelling out what usually is referred to 
as the Atiyah—Ward correspondence [42]. It generalizes immediately to Hermitean 
vector bundles with self-dual connection over any self-dual 4-manifold [37]. Then, 
CP? must be replaced by the projective spinor bundle P~ (M), cf. Remark 5.5.8. @ 


Now, by a theorem of Serre [583], [582], any holomorphic vector bundle over a 
complex algebraic variety in a projective space is algebraic and, thus, combining the 


?4Remember that we may identify o* 7 with Y, cf. Remark 6.4.13. 
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results presented above with point 3 of the programme outlined at the beginning, 
we obtain that the ADHM construction yields all instantons on S*. Thus, we get the 
following fundamental theorem. 


Theorem 6.4.18 (Atiyah-Drinfeld-Hitchin-Manin) For a Yang-Mills theory on S* 
with gauge group Sp(1), every k-instanton arises from the parameters (A, B) sat- 
isfying conditions (a) and (b). In an asymptotic gauge, using the conformal iden- 
tification St = HU {oo}, the solution is given by formula (6.4.26) with U defined 
by (6.4.25). Gauge equivalent potentials are described by transformations (6.4.20) 
fulfilling (6.4.22). 


For the full proof we refer to [35], [162], [163] and to [30] for a detailed presentation. 


Remark 6.4.19 This classification result generalizes to any classical compact Lie 
group, see [164] for details. There, first the group G = O(n) was treated. Then, 
the instantons for the groups U(m) and Sp(n) were viewed as O(2n)- and O(4n)- 
instantons, respectively, equipped with an additional structure. 4 


Exercises 


6.4.1 Show that for any quaternionic ((k + 1) x k)-matrix D fulfilling D'D = 1, 
there exists a matrix Q € Sp(k + 1) such that (6.4.23) holds. Hint. Decompose D 
into blocks of dimension (1 x k) and (k x k) and B into blocks of dimension (1 x 1), 
(1 xk), (k x 1) and (k x k) and convince yourself that (6.4.23) fixes the (1 x k)- and 
the (k x k)-block of Q. Show that D'D = 1, guarantees that this fixing is compatible 
with the requirement that Q be an element of Sp(k + 1). 


6.4.2 Verify the formulae given in Example 6.4.7. 


6.4.3 Prove formula (6.4.46). 


6.5 The Instanton Moduli Space 


In this section, we study the moduli space of all instanton solutions. For a given 
principal bundle P(M, G) with instanton number k > 0, it is defined as 


M, := {lo] € WP): *2° = 2°}. (6.5.1) 


This definition makes sense, because local gauge transformations map (anti-)self- 
dual connections to (anti-)self-dual connections, cf. Remark 6.2.8. Correspondingly, 
we write SJt_, for anti-instantons. 

In the first part, we present general results holding for any compact, self-dual 
oriented Riemannian manifolds M having an additional property to be specified 
later. First, we limit our attention to the case of irreducible connections. We will see 
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in Chap. 8 that the latter constitute an open set in the space of all connections. Next, 
we will concentrate on Sp(1)-connections on S*. For that case, the moduli space will 
be described in detail. Finally, we will discuss the role of the reducible connections. 

First, we wish to find a good candidate for the tangent space of the moduli space. 
For that purpose, let p_ : \°M @ Ad(P) > A2.M @ Ad(P) be the projection with 
respect to the decomposition \*M = AM ® A2M. 


Lemma 6.5.1 Let w be a self-dual connection on P. Then, each \-parameter family 
t +> @, of self-dual connections on P, fulfilling wp) = @, defines an element of 


ker(p_od)). 


Proof Denoting t; = @, — w € J, by the Structure Equation, we have 


1 
2, = 2+ dyt + alt tl, 


and, by the self-duality requirement, 


p-(dat + sl T%]) =0. (6.5.2) 


Differentiating this equation with respect to f at t = O and using t) = O yields 
p_(d.t) = 0, that is, t € ker(p_ od}). | 


Now, by (6.1.28), we conclude that ker(p_ o d!) / im(d°) is a good candidate for the 
tangent space to the moduli space. Thus, for a Yang-Mills theory on the principal 
bundle P(M, G) endowed with an irreducible self-dual connection w, we are led to 
consider the sequence defined by the differential operators 

do =d?, dy ‘=pod!. 
Lemma 6.5.2. The sequence 


0 — 2°(M, Ad(P)) a @'(M, Ad(P)) ns 22 (M, Ad(P)) —> 0 (6.5.3) 


is an elliptic complex of first order differential operators. 
We denote the elliptic complex (6.5.3) by Eym and call it the Yang—Mills complex. 
Proof Since o is self-dual, using (1.4.12) and (1.5.13), we obtain 


d; odo = po od), od, =p_(R”) =0, 


that is, (6.5.3) defines a complex. To prove that it is elliptic, we have to show that its 
(reduced) sequence of symbol mappings”> 


25Cf. Sect.5.7. Note that Ad(P) is redundant here. 
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(ibe py*s Vvrw so 


m 


is exact for all m € M and all € € TM. Here, oo(€)(t) = t& and 0) (E)(a) = 
p_(€ A a). Clearly, oo is injective and imop C kero ,. We show that, conversely, 


kero, C imopo. Let 3!,..., 04 be a basis of T*M such that 3! = é and let 


m 


a= Dav! € kero,. 


L 


Then, p_(a2 0! A 0? +030! A % + a49! A 04) = 0. Passing to the basis {y;*} 
defined in Remark 2.8.1, we have 


BAK =O +o), BAP = TO} +g), D1AH = TOs +93), 


where gy; denote the basis vectors in AM , respectively. This yields 


a2 9, +039, +a4p; =0, 
that is, a2 = a3 = a4 = 0 and, thus, a = a 0!. In particular, we obtain 
dim(kero,) = 1. 


This implies that oj; is surjective. oO 


The cohomology groups of the complex (6.5.3) are 
H® =ker(do), Hj} =ker(d,)/im(do), H2 = @2(M)/im(d,). (6.5.4) 


By ellipticity, they are all finite-dimensional. Clearly, the adjoint of dy coincides with 
the restriction of d* to 22 (M). By ellipticity, each of the Hodge-Laplace operators 


o =dj odo, 1 =djod;+dgod), 2=d,odj, (6.5.5) 


is elliptic and has a finite-dimensional kernel*° 


KH? = {a € 2?(M, Ad(P)): O,¢=0}, p=0,1,2. 


Moreover, the Hodge Decomposition Theorem 2.7.2 holds, 
Q?(M, Ad(P)) = 4? © im(d,,) ® im(d*) . 


Thus, 


26s a consequence of the regularity of solutions to elliptic equations, these spaces remain 
unchanged after completing 2?(M, Ad(P)) with respect to any Sobolev norm. 
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He = ?, p=0,1,2. 


Denote h!, := dim(H!). Comparing the second equation in (6.5.4) with Lemma 
6.5.1, we see that the first cohomology H} should serve as a model for the tangent 
space of the moduli space. The basic idea consists now in showing that h? = 0 = h2. 
Then, the Atiyah—Singer Index Theorem 5.8.14 for the complex Ey will provide us 
with a formula for h : and thus, eventually, for the (virtual) dimension of the moduli 
space. 


Lemma 6.5.3 For an irreducible self-dual connection w on a principal bundle 
P(M, G) with G being compact and semi-simple, we have 

he =0. 
Proof By Theorem 6.1.5, H° = ker(do) coincides with the Lie algebra of the stabi- 
lizer of w and, thus, with the Lie algebra of the centralizer of the holonomy group 
of w in g. By the irreducibility assumption, the centralizer of the holonomy group 


coincides with the center of G which, by the assumption of semi-simplicity of G, is 
finite. Thus, its Lie algebra is zero-dimensional. || 


Lemma 6.5.4 Let P(M, G) be a principal bundle with a compact and semi-simple 
structure group G over a 4-dimensional self-dual compact Riemannian manifold 
with positive scalar curvature. Then, for any irreducible self-dual connection w on 
P, we have 

b=, 


Proof Since UO, = d; o dj, we have He = ker(d; o dj). Thus, we have to calculate 
d; od; = p_od,od* ou_, 


where t_ : 22(M, Ad(P)) > 927(M, Ad(P)) is the natural inclusion mapping. Let 
a € §22(M, Ad(P)). Then, using «a = —a@ and d* = — « od, o *, we obtain 
(dy o dé a, a) = (dia, d* a) = (dua, dna) = (d* od, a, a). 


? Ww 


Thus, 


1 
dj odj = =p_ oOo, 
2 


and we may apply the Weitzenboeck Formula (2.7.63), 


pa = (VE) "VO 4+ wo (R+Ric A id) +” (a), (6.5.6) 


where w® is the Levi-Civita connection of M. The last term in (6.5.6) vanishes, 
because the curvature endomorphism of a self-dual connection acts trivially on 
927 (M, Ad(P)). Thus, it remains to calculate the second term of this sum. This is 
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most easily done in a local orthonormal frame {e;} on M. Using (2.8.26), we obtain: 


(wo(R + Ric A id)) (e;, ej) 
= na(ex, R(ei, eer) + «(Ric(e;), e;) — w(Ric(e;), e) 
= Ryo! + nM (Rion — Ryo) 
Sc 


kl 
= 3 Oi + Wri , 


where Sc is the scalar curvature of M and W is the Wey] tensor. Since M is self-dual, 
W_ = O and, thus, fora € Q2 (M, Ad(P)), 


Sc 
oot = (VOD) YOM gy zo: 


This implies 


Sc 
2 | ta odja.a)ys= f vera + | —|a|?vg- 
M M M 3 


Since Sc is positive, we conclude h>, = dim(ker(d; 0 d7)) = 0. o 


Now, since ae =0= h> for the type of manifolds under consideration, the dimension 
h!, coincides with (minus) the analytical index of the elliptic complex €ym given 
by (6.5.3), with Ad(P) replaced by its complexification. Thus, we may apply the 
Atiyah—Singer Index Theorem 5.8.14, to calculate the dimension h}). 


Lemma 6.5.5 The topological index of the elliptic complex Ey is given by 
1 
ind(€ym) = —2p1(Ad(P)) + 5 dim G(x(M) — o (M4), (6.5.7) 


where p,(Ad(P)) is the Pontryagin index of Ad(P) and x (M) and o (M) are, respec- 
tively, the Euler number and the signature of M. 


Proof Our proof is along the lines of [246]. According to (5.7.42) and (5.7.44), it 
suffices to compute the index of the assembled complex 


2°(M, Ad(P)c) ® 22 (M, Ad(P)c) a ei (M, Ad(P)c), (6.5.8) 


which we denote by €. Let t denote the grading operator (5.7.46) obtained via the 
isomorphism C/(M) = /\“T*M from the chirality operator. Decompose 


A\*T2M = AZT*M@ATT*M 6 AZT*MO ALT*M, 


where + refer to the eigenvalues of t and e, o refer to even and odd form degree. 
This decomposition induces the following complexes: 


6.5 The Instanton Moduli Space 513 


P? : 927 (M, Ad(P)c) > 922, (M, Ad(P)c), 


e ie 


Pi : 9225 (M, Ad(P)c) > 92; (M, Ad(P)c), 


oO oO 


denoted by €7 and €*, respectively, and 


P, : 2; (M, Ad(P)c) > 27°(M, Ad(P)c), 


oO 


P, : 2, (M, Ad(P)c) > 23 (M, Ad(P)c), 


e 


denoted by €5 and €,. Here, P=, is obtained from d,, + d% by restriction. Note that 
the projections 


A'TiM — ATT*M and A°T&M@ A? TEM > AD T*M 


are isomorphisms which identify the bundles of € with those of €>. One can check 
that the principal symbols of dy + dj and P; coincide (Exercise 6.5.2). Thus, 


ind(€) = ind(€7). 


Let Egr(M, Ad(P)c) and Eson(M, Ad(P)c) denote the de Rham complex and the 
signature complex, respectively,”’ twisted with Ad(P)c. Using 


ind(€, ) = —ind(€*) 
and the additivity of the index, we obtain 


ind (€ag(M, Ad(P)c)) = ind(€f) + ind(€;), 
ind (E,en(M, Ad(P)c)) = ind(€f) + ind(€t) . 


Thus, 
be aipees os 
ind(€,) = 5 (ind (€ar(M, Ad(P)c)) — ind (Esn(M, Ad(P)c))) . 


Now, the assertion follows from the formulae (5.9.13) and (5.9.17), because in our 
case 
chp (Ad(P)c) = —¢2(Ad(P)c) = pi(Ad(P)) . 


Now, the idea will be to write down a local model €,, for the moduli space in the 
neighbourhood of a chosen irreducible self-dual connection w and to prove that it 
yields local coordinates on the global moduli space (endowed with the appropriate 


topology) 


27Cf. Examples 5.7.22 and 5.7.23. 
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M=Et/Y (6.5.9) 


in the neighbourhood of [a], cf. (6.5.1). Here, @* is the space of all irreducible self- 
dual connections on P. Finally, an atlas on 9 is constructed using local charts of 
this type. From Lemma 6.5.1 we know that H} = ker(d,)/im(do) is a candidate for 
Tia t. Since im(do) is generated by local gauge transformations, as a local model 
near @ we can take ker(d,) and intersect it with a local slice fixing the gauge. An 
appropriate choice is d*t = 0. Thus, we consider the following subset of .7: 


C= {rc eFZ:dytt Sp_(It, t])=0, djt= Oo} : (6.5.10) 


Now, up to some analytical technicalities,”* we will prove the following fundamental 
theorem. 


Theorem 6.5.6 (Atiyah—Hitchin-Singer) Let P(M, G) be a principal bundle with 
a compact and semi-simple structure group G over a 4-dimensional self-dual com- 
pact Riemannian manifold with positive scalar curvature. Then, the moduli space of 
irreducible self-dual connections on P is either empty”? or a manifold of dimension 


dim IN = 2p; (Ad(P)) — ; dim G(x(M) — o(M)). (6.5.11) 


Proof Let w be an irreducible self-dual connection on P. In the first step, we prove 
that €,, is an h||-dimensional manifold with tangent space H). For that purpose, let 
G, be the Green’s operators and let H, be the orthogonal projectors onto the harmonic 
subspaces .%) of the elliptic complex Ey. Then, 


H,+G,oO,=id, p=1,2,3, 


with the Hodge-Laplace operators given by (6.5.5). Recall that the Green’s operators 
commute with do and d; as well as with their adjoints. By Lemmas 6.5.3 and 6.5.4, 
we have nh? =0= he and, thus, Hyp = 0 = Hp. Consider the following mapping 


® : 2'(M, Ad(P)) > 2'(M, Ad(P)), @(t) = t+ 5G o d* (p_([t, t])) . 


Denoting a = +p_({t, T]) and using H2(a@) = 0, we calculate 


dj) @(t) = dit +d, oG;odja 
= d|t + God) odja 
= dt + G2o0Lha 
= dt + (id —H2)(a) 


?8For a detailed presentation of the Sobolev-type arguments involved, we refer to Part I'V in [83]. 
>°Of course, from the previous sections, we know already that self-dual connections exist. 
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1 
=dt+ 5P- (It, T]). 
Similarly, using d; o dg = 0, we get 
dj @(t) = djt + dj 0G, odja=djt+G,0dj50odja=djr. 


We conclude that ®(r) is harmonic iff t € €,, that is, maps €,, onto FE =H ie 
Clearly, the differential of ® at t = O is the identity. Thus, after an appropriate 
Sobolev completion of @'(M, Ad(P)) as discussed in Sect. 6.1, we may extend @ to 
this completion and we may apply the Inverse Function Theorem for Banach space 
mappings to conclude that @ is invertible on C®-sections and that ®~! yields local 
coordinates on €,,. 

In the next step, we show that a neighbourhood of the origin in €,, contains, up to 
local gauge transformations, all self-dual connections which are sufficiently close to 
w, that is, such a neighbourhood yields a local model of the moduli space.*” More 
precisely, we will prove that there exists a neighbourhood U of 0 in 2!(M, Ad(P)) 
and a neighbourhood W of 0 in 92°(M, Ad(P)) such that for any t € U, there exists 
aunique X € W fulfilling 


dj ((o + 1)?” — w) =0. (6.5.12) 
By (6.1.2), we have 
(@ + 7) ©P*) — w = doX +14 7r(X,7), 
where r(tX, tt) = t?r(X, tT, t) and r(X, T, f) is locally defined and smooth. Thus, 
d5 ((@ + 1)? — w) = dj o doX + djt + dor(X, t). 
Applying Go to this quantity and using Hp = 0, we obtain 
Go 0dj((@ + 1) — w) = X + Goo djt + Goo dor(X, T). 

We conclude that (6.5.12) is fulfilled iff 

X+ Goodjt + Go odgr(X, t) = 0. (6.5.13) 


Now, we choose neighbourhoods U; Cc 2'(M, Ad(P)) and W; C 2°(M, Ad(P)) 
of the origin and consider the mapping 


Ww: U, x W, > 2°(M, Ad(P)), W(t, X) = X + Good*t + Go odar(X, 1). 


30This will follow from Hp = 0, that is, in particular, the assumption that w be irreducible is essential 
here. 
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Again, by standard Sobolev-type arguments, YW may be extended to a suitable Sobolev 
completion and the Implicit Function Theorem for Banach spaces may be applied 
yielding that, for sufficiently small U and W, for any t € U there exists a unique 
X(t) € W such that (6.5.12) holds. From elliptic regularity, one then concludes that 
X(t) is C™ if t is C™. In particular, if @ + t is self-dual and sufficiently close to w, 
then there exists a gauge transformation u = exp X such that (w + t)™ belongs to 
@+ €,,. Moreover, by the uniquess of X(t), no two self-dual connections in wm + €,, 
sufficiently close to w can be equivalent under a small gauge transformation. 
Finally, we must endow the global moduli space IN = @+/Y with a manifold 
structure. By standard arguments, Jt is a topological Hausdorff space. We show that, 
in a neighbourhood of any [w] € Mt, the local model €,, yields a local chart, that 
is, for a sufficiently small neighbourhood U C w+ €, of the origin, the natural 
projection to SJt is injective. For that purpose, let w + t, with t € U, be another 
self-dual connection and assume that it is gauge equivalent to w under an (arbitrarily 
large) gauge transformation u € Y. Viewing the latter as a section of End(Ad(P)), 
by (6.1.8), 
u'd,u=T. (6.5.14) 


Now, take the component §9 C End(g) consisting of the endomorphisms invariant 
under the natural action*! of G and decompose End(g) = ho ® bi, where 6; is 
the orthogonal complement with respect to the scalar product induced from the 
Ad-invariant scalar product on g. Take the corresponding orthogonal direct sum 
decomposition End(Ad(P)) = Ep @ Ej. It is easy to show (Exercise 6.5.1) that the 
irreducibility of w implies 


ker {d,, : P(E) > Q'(M, E\)} = 0. (6.5.15) 


Thus, the smallest eigenvalue A of the positive self-adjoint elliptic operator 


jo = ded, : P°(E:) > P(E) 


is positive and, for any u; € [°° (E;), we obtain: 


2 2 
I| doui "= (oui, mi) 2 A [fm IP 


Inserting the decomposition u = uo + uw; with respect to the above orthogonal 
splitting of End(Ad(P)) into (6.5.14) and using that u, as a section of End(Ad(P)), 
is isometric, we obtain 


2 2 2 
It HM dau PSM dour IPS A la I 


3! The adjoint representation induces a natural representation T = Ad @ Ad* : G > Aut(End(g)) 
via T(g)() := Ad(g) on 0 Ad(g7!). 
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Up to some further analytical arguments, this shows that, for small enough rT, the 
gauge transformation u = ug+u will be (uniformly) arbitrarily close to the subspace 
I’ (Eo). Hence, by definition of Eo, u will be close to a constant mapping with values 
in the centre of G, the latter belonging to the centralizer of w. 

It remains to show that the transition mappings are smooth. For this purely tech- 
nical exercise we refer to [83]. Finally, the dimension formula (6.5.11) follows from 
Lemma 6.5.5. im 


Example 6.5.7 For M = S*, we have x(M) = 2 and o(M) = 0 (Exercise 6.5.3). 
Then, (6.5.11) reduces to 


dim St = 2p,;(Ad(P)) — dimG.. 
By (4.3.21), for G = SU(2) = Sp(1), we have 
pi (Ad(P)) = —4¢2(P) = 4k(P). 


Thus, we obtain 
dim 9! = 8k(P) — 3, (6.5.16) 


cf. formula (6.4.24). This number has been found earlier by Schwarz [568] and 
Jackiw and Rebbi [343]. It can be easily seen that, using an orientation-reversing 
diffeomorphism of S*, one obtains the same statement for k(P) < 0, with k(P) 
replaced by —k(P). For a detailed analysis of all the classical groups in this context, 
we refer to [37]. 4 


Next, we study the moduli space of Sp(1)-instantons on S* with instanton number 
k(P) = +1 in some detail. As already mentioned in Sect. 6.3, it coincides with the 
homogeneous space SL(2, H|)/Sp(2). Here, we give the proof of this fact. Itis enough 
to consider one case, say k(P) = —1, the other one being obtained by an orientation- 
reversing diffeomorphism of S*. As a first check, comparing with formula (6.5.16), 
we have dim(SL(2, H)/Sp(2)) = 5 = 8|k(P)| — 3, indeed. 


Lemma 6.5.8 1. Within the isomorphism class of principal Sp(1)-bundles over S* 
defined by the instanton number k(P) = —1, the quaternionic Hopf bundle P_ is the 
unique element admitting a lift of Sp(2) to automorphisms. 

2. The canonical connection w~ is the unique Sp(2)-invariant connection on P_. 


Proof 1. Denote K = Sp(2), H = Sp(1) x Sp(1) and G = Sp(1). By Remark 
1.9.7/1, since K acts transitively on K/H = S‘, principal G-bundles over K/H 
admitting a lift of K are labeled by Lie group homomorphisms A : H — G and have 
the structure 

Py = K XH G. 
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We claim that A is surjective. Assume, on the contrary, that it is not. Then, by Corol- 
lary 5.3.7 and Proposition 5.1.7 in Part I, the induced Lie algebra homomorphism 
da: sp(1) @ sp(1) — sp(1) is not surjective. As a consequence, im(dA) is either 
trivial or a u(1)-subalgebra of sp(1). Since Sp(1) x Sp(1) is connected, im(A) is 
trivial or a U(1)-subgroup of Sp(1). Now, clearly, P, admits a reduction Q to the 
subgroup im(A). In case im(A) trivial, Q provides a global section of P. In case im(A.) 
a U(1)-subgroup, Theorem 4.8.1 and Hz (S*) = 0 imply that Q is trivial. In either 
case, we conclude that P is trivial, which is a contradiction. Thus, 4 must be surjec- 
tive. But the only surjective homomorphisms from H to G are given by projection 
onto the first or second component of H, respectively. Now, the condition k(P) = —1 
selects the projection onto the first component. By Remark 6.3.1/2, P, is isomorphic 
to P_. 

2. Denote the Lie algebras of K, H and G by €, h and g, respectively, and consider 
the reductive decomposition 

€=hOm. 


By point 1, we may identify P_ with K xq G. By Remark 1.9.12/4, the K-invariant 
connections on K x y G are classified by H-equivariant mappings ® : m — g, that 
is, 

® o Ad(h) = Ad(A(h))o ®@, hed. 


As noted in this Remark, & may be viewed as an operator intertwining the repre- 
sentations Ad(H);m and Ad(A(H)). Now, decomposing these representations into 
irreducible components and using Schur’s Lemma, one may construct all solutions 
@ explicitly. Here, the only solution is @ = 0, because Ad(7)}m coincides with the 
vector representation of SO(4) and Ad(A(#)) is the adjoint representation of G. We 
conclude that on the above bundle we have a unique K-invariant connection form 
o. It is given by formula (1.9.41), with ®& = 0. In the terminology introduced in 
Remark 1.9.14/2, @ coincides with the canonical connection on K xy G. Note that 
in the present case one may choose representatives in such a way that this formula 
reduces to 


p(Z) = (pr,)'(Ag). 


Now, it is easy to check that @ coincides with the pullback of w~ under the isomor- 
phism P_ — Sp(2)/A,(Sp(.) x Sp(1)) given in Remark 6.3.1/2 (Exercise 6.5.4). 
| 


Theorem 6.5.9 (Atiyah—Hitchin-Singer) The moduli space IN_, of anti-self-dual 
connections on P_ with instanton number —1 is diffeomorphic to SL(2, H)/Sp(2). 


Proof Consider the action W of the conformal covering group Cy(S*) = SL(2, H) 
on P_ given by Proposition 6.3.7. By Proposition 6.2.7, Co(S*) acts on the space 
of (anti-)self-dual connections and thus, by Remark 6.2.8, it acts on SJt_;. We must 
prove that this action is transitive with stabilizer Sp(2). 

Let [w] € 2_; and let K C SL(2, H) be its stabilizer. Since dim SL(2, H) = 15 
and, by (6.5.16), dim St_; = 5, we have dim K > 10. Let w € [w] be a K-invariant 
representative. Since w is anti-self-dual, by (6.2.10), 
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1 @ |2 
—Pi(Ad(P)) = a II 820 I" Ven - 


Thus, || §2® || is a non-negative function, which is K-invariant and non-vanishing on 
a K-invariant open subset U C S*. This, in turn, defines a K-invariant Riemannian 
metric g on U via 

g =|| 2° || go 


belonging to the conformal class of the standard metric go. By construction, K acts 
on the Riemannian manifold (U,g) by isometries. Now, by Theorem 2.2.18, the 
isometry group of an n-dimensional Riemannian manifold has dimension at most 
n(n + 1) and if the dimension is maximal, then the manifold is a space of constant 
curvature. This implies dim K < 10. We conclude that dim K = 10 and that g must 
be a metric of constant curvature. Since || {2° || is finite, Theorem | in Note 10 
of [383]/Part I implies that g must be a metric of positive constant curvature on S* 
isometric to go. That is, there exists an isometry c € Co (S*) such that 


Wg = Qo. 


The transformation YW lifts to a transformation We, c € SL(, H), of P_ and we 
have ¢-!K¢ = Sp(2), because go is Sp(2)-invariant. Thus, Ww is Sp(2)-invariant 
and, by Lemma 6.5.8, it must coincide with the unique Sp(2)-invariant connection 
w onP_, 

Wo =o. 


This shows that SL(2, H) acts transitively on St_; with stabilizer Sp(2). Oo 


The second part of the above proof is along the lines of [357]. It differs completely 
from the original proof in [37]. There, a vanishing argument based on the Weitzen- 
boeck formula for the Dirac operator was used. However, the idea to use the theory 
of invariant connections was already mentioned in [37]. 


Remark 6.5.10 
1. By Example 5.2.11,°? 


SLQ, H)/{+1} = SO,(1,5), Sp(2)/{+1} = SO). (6.5.17) 
Thus, Co(S*) may be identified with SO; (1, 5) and 
M_; = SLQ, H)/Sp(2) = SO.(1, 5)/SO(S) . 
Recall from point 5 of Example 2.5.27 that the latter homogeneous space is 


symmetric and may be identified with the 5-dimensional hyperbolic hypersurface 
H,.(1, 5) in (R°, n). 


3?Recall that Spin, , = Spin, ,, that is, we could also take SO,(5, 1) below. 
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Here, 7 is the pseudo-Euclidean metric in 6 dimensions, with the signature con- 
vention (—, +..., +). Now, given the parameterization (6.3.21) and viewing xo 
as an element z) € S* C R° via the stereographic projection mapping ¢,, the 
mapping 

(0, 1) x St > D°\ {0}, (A, 2) H (1—A)z0 


yields a diffeomorphism of t_; onto the punctured open ball in R°.** The BPST 
anti-instanton is obtained by taking the limit A — 1, that is, it sits in the centre. 
For each pair (A, Zo), in the limit A — 0, one approaches zo € S*, that is, the 
original manifold S* may be viewed as the boundary of the open ball thus yielding 
its compactification. Note that in this limit, the curvature becomes more and more 
concentrated at zp. Also note that we have a collar 


[0, Ap) x S¢ = (1=2)m € Bi < to} US*, a 2g 


We will see below that this characterization of the moduli space near its boundary 
generalizes to any compact, simply connected and oriented 4-manifold satisfying 
a certain topological condition. 

2. In a series of papers [277], [262], [156], [432], the Riemannian metric of the 
moduli spaces St, (inherited from the L?-metric on the space of connections) 
has been studied. It was shown that this metric is conformally flat, rotationally 
invariant and incomplete. The volume defined by this metric is finite. 

3. From the proof of Theorem 6.5.9, it should be clear that there is a deep relation 
between (anti-)self-dual Yang—Mills connections on S‘ and the (anti-)self-dual 
parts of the Levi-Civita connection of the standard metric on S*. Indeed, by 
Example 1.1.18, the bundle of oriented orthonormal frames O+ (S*) coincides 
with SO(5) viewed as a principal SO(4)-bundle over S* and, by Proposition 
2.5.10 and Remark 2.5.28, the Levi-Civita connection of the standard Riemannian 
metric on S* coincides with the SO(5)-invariant connection on this bundle. By 
Example 5.4.9, the (unique) spin bundle S$ (S*) coincides with Sp(2) viewed as 
a principal (Sp(1) x Sp(1))-bundle over S*. Thus, the spin connection on § (S*) 
coincides with the Sp(2)-invariant connection w° on Sp(2) defined by (6.3.7). 
Now, consider the decomposition 


A’TS* = Ai, TS* @ A2TS* 


into self-dual and anti-self-dual elements corresponding to the eigenvalues +1 
of the Hodge star operator of go, cf. (2.8.8). By the discussion in Sect. 2.8, this 
is an SO(4)-invariant splitting corresponding to the Lie algebra decomposition 


33Clearly, this is the Poincaré model of the hyperbolic 5-space. 
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s0(4) = s0(3) ® so0(3). It induces principal bundle morphisms** O,.(S*) > 
O( aie onto the principal SO(3)-bundles of (positive and negative) ortho- 


normal frames of Fal ie and ACTS. respectively. Clearly, the unique lifts of 
O(\.TS*) to the Sp(1)-principal spin bundles S(/\2.TS*) coincide with the 


bundles Ps defined by (6.3.2), cf. also Example 5.4.11. Thus, the induced 
(anti-)self-dual connections w~ on Ps defined by (6.3.8) coincide with the 
S( /\.TS*)-components of the spin connection on S*. 

This relation generalizes as follows, see Proposition 2.2 in [37]: for any 4- 
dimensional manifold endowed with an Einstein metric,*> the induced connec- 


tions on the bundles O( A; TS*) and S( AN; TS*) are (anti-)self-dual. Conversely, 


if the induced connections on O( (\2.TS*) and S( A:.TS*) are self-dual, then the 
metric is Einstein. 4 


We close this section by discussing how reducible self-dual connections modify the 
above picture, leading to a full understanding of the structure of the moduli space SJt 
of self-dual SU(2)-connection of instanton number | over four-manifolds fulfilling 
conditions to be described below. Some points are beyond the scope of this book, so 
that we must refer to the original work of Donaldson [157] and to the textbooks of 
Freed and Uhlenbeck [213], Lawson [406] and Donaldson and Kronheimer [159]. 

By Theorem 6.1.5, the stabilizer of a connection is given by the centralizer of 
its holonomy group in the structure group. For reducible connections, the holonomy 
group is a proper subgroup of the structure group and, thus, in this case we obtain 
nontrivial stabilizers leading to a nontrivial stratified structure of the full gauge orbit 
space. In this picture, the reducible connections correspond to the singular strata. The 
resulting stratification will be discussed in detail in Chap. 8. Here, we are interested 
in reducible SU(2)-connections which are self-dual. In that case, by the Ambrose- 
Singer Theorem 1.7.15, discrete subgroups give a vanishing curvature and may there- 
fore be excluded. The only proper subgroups giving a non-vanishing curvature are 
copies of U(1). Any U(1)-subgroup is conjugate to the standard embedding 


iv 
H:= (| =| eG:ide R| (6.5.18) 


Next, we make the following assumptions on M. 


(a) M is simply connected. 
(b) The intersection form* sy of M is positive definite. 


Note that we do not assume that M be self-dual. Thus, in general, Ae 4 0, cf. the 
proof of Lemma 6.5.4. Now, let w be a reducible connection on P(M, G) and let §2 


4These morphisms are induced from the group homomorphism SO(4) — SO(4)/Z2 = SO(3) x 
SO(3) combined with the canonical projections onto the first and the second SO(3)-component, 
respectively. 

35 See Definition 2.3.12. 

36Cf. Definition 5.7.56. 
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be its curvature. Then, the restriction of §2 to a holonomy bundle P(@) is a 2-form 
with values in the Lie algebra iR of U(1) and, thus, it is given by a 2-formi.¥ on M. 
By Theorem 4.6.11, the corresponding de Rham cohomology class 
[—(r)'¥] € Hig(M) 

coincides with the first Chern class cj(P(w)). Moreover, by the Bianchi identity, 
we have d.¥ = 0. Now, let us assume that w is self-dual with instanton number 
k(P) = 1. Then, 

d*F=xodox¥ =+xdF =0, 
that is, Y is harmonic. Conversely, if Y is harmonic, then using (5.7.56) we have 


| F_I? = —su(F_, F_) 


and, therefore, assumption (b) implies A_ = 0 showing that w is self-dual. Moreover, 


M 
4 ; iF 0 n iF 0 
ai 7 (HF 0 -iF 
= —477¢)(P) 
= 4rn?. 


Thus, c,(P(w)) = [—(277)~!.F] fulfils 
Su (Ci (P(@)), c1(P(@))) = 1. (6.5.19) 


It is also easily seen (Exercise 6.5.5) that ¥ is the same for any element of the 
gauge-equivalence class defined by w. Note, however, that .F is not invariant under 
conjugation with elements of the form 


0 el” 
E 0 | EG. 


Under such a transformation, elements of H given by (6.5.18), are transformed into 
their inverses. On the level of the Lie algebra i7R, this means that elements are sent 
to their negatives. Thus, in particular, YF is sent to —¥. To summarize, we have 
constructed a mapping between gauge-equivalence classes [w] of reducible self-dual 
connections on P and pairs (u, —u) with u € H3(M) fulfilling sy(u, uv) = 1. 


Proposition 6.5.11 The assignment [|w] > +c \(P(q)) is bijective. 


Proof Since, by assumption (a), we have Hjp(M) = 0, injectivity is an immediate 
consequence of Proposition 4.8.1. For the proof of surjectivity, let u € HzZ(M) 
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fulfilling sy (u, uv) = 1. We construct a reducible self-dual connection w such that 
c,(P(w)) = +w as follows. Let L be a line bundle with c,(L) = u and let L be its 
conjugate bundle. Then, endowing L with a Hermitean fibre metric, E := L @ L 
becomes a Hermitean vector bundle. Let O(E) be the associated principal U(2)- 
bundle of unitary frames. Clearly, O(£) reduces to a principal SU(2)-bundle Q. 
Using sy (u, u) = 1, we find 


c,(L @ L) = ¢,(L) Uc, (LZ) =uU (-w =—-1, 


and, thus, Q is isomorphic to P according to Theorem 4.8.8. Let O C Q be the sub- 
bundle of unitary frames of L C E. Then, for any connection @ on O, the associated 
1-form ¥ of its curvature fulfils [—(27)~!.¥] = u. Now, by Hodge theory, there 
exists a 1-form a on M such that .Y + da is harmonic.*” As already stated above, 
by assumption (b), to this harmonic 2-form there corresponds a self-dual reducible 
connection on P. Oo 


Let 2v(M) be the number of elements u € H. ? (M) fulfilling sy(u, uw) = 1. Then, under 
the assumptions of the above proposition, the moduli space 9N contains exactly v(M) 
reducible connections. The structure of the singularities caused by these points have 
been analyzed in detail, see e.g. Sect. 4 of [213]. The starting point is the following. 
In the case under consideration, the stabilizer G,, of a reducible self-dual connection 
w is isomorphic to S! and its Lie algebra is the 1-dimensional kernel of 


d,, : 2°(M, Ad(P)) > @1(M, Ad(P)). 


The latter represents the 0-th cohomology of the elliptic complex (6.5.3). Clearly, 
G,, acts on the cohomology groups of this complex, and the complex is equivariant 
under this action. Now, as in the proof of Theorem 6.5.6, one can construct local 
slices of the form (6.5.10), the only difference being that one must factorize with 
respect to the S!-action. Moreover, as already mentioned, in general we now have 
be # 0. By ellipticity of the complex, the mapping d, = p_ od) restricted to a slice 
defined by d¥a = 0,a € @'(M, Ad(P)), is Fredholm. This is the basic fact which 
makes it possible to calculate the first and the second cohomology of the complex, 
together with the action of S!, explicitly. One obtains [213] 


HL=C!, R=C’@p_(ARM)), (6.5.20) 


for some integers p and q. Here, C4 and C? are endowed with the standard S!-action. 
On p_ Ce (M)), S! acts trivially. Moreover, if 


p_(Hig(M)) = 0, (6.5.21) 


then p + q = 3, the latter following from the Atiyah—Singer Index Theorem. 


37Clearly, we have [FY + da] = u. 
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Remark 6.5.12 Recall that the signature of sy is denoted by (b+, b~). Since 
Sy(a,@) = lay ||? — lal, 


p- Gi (M)) is the maximal subspace where sy is negative definite. Thus, the con- 
dition (6.5.21) is equivalent to b~ = 0, that is, it is equivalent to the condition that 
Sm be positive definite. 4 


We conclude that if H? = 0, there exists a small neighbourhood of @ homeomorphic 
to C?/U(1). The latter may be identified with a cone on CP”. 

For H2 # 0, the situation is much more complicated. In this context, the idea of 
perturbing the metric of the base manifold M plays a crucial role. One can prove the 
following [213]. 


(a) The set of Cé-metrics on M for which the irreducible connections in 92 form a 
smooth manifold is open and dense. 
(b) For an open and dense set of C'-metrics, H? vanishes at each singular point in 


Remark 6.5.13 By point (b), we see that the above local description of the singular 
points in terms of cones on CP” holds true in the generic case. Moreover, we obtain 
a generalization of the dimension formula (6.5.11) of Atiyah, Hitchin and Singer to 
the case of arbitrary compact 4-manifolds (for an open and dense set of metrics), cf. 
the proof of Theorem 6.5.6 where, originally, Lemma 6.5.4 and, thus, the self-duality 
of M was used. 4 


Next, one shows that the manifold mM C YM of irreducible connections is orientable. 
Finally, using deep analytic results of Taubes [613] on the existence of self-dual 
connections for the class of manifolds of the above type, one can prove that there 
exists a collar (0, 1] x M C SN and that NtUM is a compact manifold with boundary. 
To summarize, one has the following fundamental theorem. 


Theorem 6.5.14 (Donaldson) Let P be a principal SU(2)-bundle with instanton 
number k(P) = 1 over a compact, simply connected, oriented smooth 4-manifold 
with positive definite intersection form. Then, the moduli space IN has the following 
structure. 


1. Let 2v0(M) be the number of solutions to the equation sy(u, u) = 1. Then, for 
almost all metrics on M, there exist v points pi, ..., Pym) in IM such that MN \ 
{P1, +++» Pvc} ts a smooth 5-dimensional oriented manifold. The points p; are in 
one-to-one correspondence with gauge equivalence classes of reducible self-dual 
connections. 

2. Each point p; admits a neighbourhood of SN which is homeomorphic to a cone 
on CP”. 

3. There exists a collar (0, 1] x M C Mand the space M = MU M is a compact 
manifold with boundary. 
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Fig. 6.3. The moduli space 
IM of Theorem 6.5.14 for the 
case v(M) = 2 


(0,1) x M 


This leads to a modification of the shape of the moduli space described under point 
1 of Remark 6.5.10, see Fig. 6.3. 


Remark 6.5.15 The assumptions in Donaldson’s Theorem may be relaxed, see [213] 
and [159]. In particular, the assumption that sy be positive definite may be dropped. 
Then, it is reasonable to rewrite (6.5.11) as 


1 
dim SJ = 2p; (Ad(P)) — 5 dimG(l—b,4+)°), (6.5.22) 
where ), is the first Betti number and b~ is the second component of the signature 
of the intersection form Sy. 4 
Exercises 


6.5.1 Prove (6.5.15). 


6.5.2 Complete the proof of Lemma 6.5.5 by showing that the principal symbols of 
dj +d; and P; coincide. 


6.5.3 Complete the proofs of the statements of Example 6.5.7. 


6.5.4 Prove that the invariant connection @ constructed in the proof of Lemma 6.5.8 
coincides (under the identification mentioned in this proof) with w~ constructed in 
Sect. 6.3. 


6.5.5 Prove that the 1-form ¥ on M, representing the curvature of a reducible 
connection @ is the same for any element of the gauge-equivalence class defined 
by o. 
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6.6 Instantons and Smooth 4-Manifolds 


In this section, we show that the results of the previous section have deep implications 
on the theory of differentiable structures on compact simply connected 4-manifolds. 
We start with recalling some basic topological results without giving proofs. By a 
fundamental theorem of Whitehead [665], two compact simply connected topological 
4-manifolds are homotopy equivalent iff their intersection forms are equivalent. Thus, 
let M be a compact simply connected 4-manifold. Then, w;(M@) = 0 and hence M@ 
is orientable. Let us fix an orientation. If M is not smooth, then the definition of 
the intersection form Sy given by (5.7.56) has to be generalized as follows. For 
u,ve H3(M), we define 

Su(u, v) = (uU v)[M], (6.6.1) 


where U : HZ(M) ® HZ(M) > H3(M) is the cup-product and [M] € H4(M) is the 
fundamental class of M given by the orientation. Clearly, sy is a symmetric non- 
degenerate bilinear form on H2 (M). As before, its signature is denoted by (bt, b~), 
the difference 0 (M) := bt — b~ is called the signature of M and the rank of Hz (M) 
is denoted by b(M). 

By Poincaré duality, the elements u and v of H2(M) may be represented by 
cycles yz and v belonging to H2(M). Under this identification, one assigns to each 
intersection point of jz and v an integer +1 and Sy is the sum of these multiplicities. 
This interpretation explains the name of sy. It also shows that sy is unimodular,**® 
see [406] for further details. 


Example 6.6.1 


1. Let M = S*. We have H2(S*) = HE(S*) = 0 and, thus, sy = 0. 

2. Let M = S? x S?. Then, H2(S? x 8) is generated by u = S? x {x} and v = 
{x} x S?, where « denotes a chosen point of S?. Thus, the matrix of Sm in the 
basis {u, v} of H2(S? x S?) is given by 


3. Let M = CP”. Here, the second homology H2(CP”) has one generator. Thus, 
the matrix of Sj is given by the | x 1-matrix with entry |, which in the present 
context is usually denoted by (1). 4 


Definition 6.6.2 A unimodular symmetric bilinear form s over Z is called even 
(or of type ID if s@,u) € 2Z for allu € HZ (M). Otherwise, it is called odd 
(or of type I). 


Equivalently, viewing s as a matrix, it is even if all its diagonal entries are even and 
odd otherwise. 


— 


38Tf say is expressed as a matrix with integer entries, then det(sy) = +1. 
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The following facts may be found in [450]. Indefinite unimodular symmetric 
bilinear forms s are classified by their rank and signature. 


(a) For type I, they are given by 
s=(1)6...6(1)O(-])@...@(-l), 


where (1) and (—1) denote the two possible 1-forms of rank 1. 
(b) For type II, they are given by 


s=0,0...€80,0E:@...@Es, 


where 
2=)0 8 0 O O 0 
al 2-107 © 60 0 0 
C=? 41 oo 0 6 
, 01 ga)o 0-12-10 0 0 
Paige Se ay: eb ea ae 
oO 6 @ PD =i 2 =v 
0 6 0 0 GO -1 2 © 
6 0 0 0-1 0 0 2 


The classification of definite unimodular symmetric bilinear forms over Z is a much 
more involved task. In Table 2.5 of the book of Lawson [406], the reader can find a 
list showing that the number of such forms drastically increases with their rank, e.g. 
for rank 40, there are more than 10°! such forms. 

Now, by the result of Whitehead cited above, the following questions naturally 
arise: 


(a) Which unimodular symmetric bilinear forms can appear as intersection forms 
of a compact simply connected 4-manifold? 
(b) How many inequivalent manifolds carry the same form? 


For topological manifolds, these questions have been answered by Freedman [214] 
in 1982. The Freedman Theorem states that every unimodular symmetric bilinear 
form over Z is the intersection form of a compact simply connected topological 4- 
manifold. Given such a form §, in the type II case, this manifold is unique, whereas 
in the type I case there are exactly two distinct manifolds corresponding to s. 

Now, let us consider differentiable 4-manifolds. Apart from the classical Rohlin 
Theorem 5.9.7 stating that, for a compact simply connected*? 4-manifold with inter- 
section form of type II the signature o (M) is divisible by 16, up until 1982 not much 
was known. At this point, the work of Donaldson presented in the previous section 


3°If M is simply connected, vanishing of the second Stiefel—Whitney class is equivalent to the 
signature being of type IL. 
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led to a breakthrough. We will show that Theorem 6.5.14 almost immediately implies 
the following.*° 


Theorem 6.6.3 (Donaldson) Let M be a compact simply connected"! oriented dif- 
ferentiable 4-manifold whose intersection form Sy is positive definite. Then, 


sy = (1)@...@ (1). (6.6.2) 


Proof By Theorem 6.5.14 and standard cobordism theory, there exists a compact 
oriented 5-manifold IIo C It with boundary 


dMNp =M+pCP?+qCP?2, p+q=v(M), 
where CP? denotes CP* with the opposite orientation. This manifold is obtained 
by removing, say M x G, 1), from the collar and by removing neighbourhoods 
from each of the cone points. Since the signature o (M) is a cobordism invariant, we 


conclude o(M) = q — p. Since the intersection form is positive definite, we have 
oa (M) = b(M). Thus, 


b(M)=0(M)=q-—psqtp=vM). (6.6.3) 


On the other hand, for any element u € es (M) fulfilling sy(u, uv) = 1, we may take 
the orthogonal decomposition 


Hz(M) = Zu ® H7(M)* , 


given by writing 
W = Su (w, uu + (Ww — Su(W, uu), 


for any w € HZ (M). Thus, for another element v € H2(M) fulfilling sy(v,v) = | 
and such that v 4 tu, the Schwartz inequality implies (s,,(u, v))? < 1 and thus 


Su(u,v) =0, 


because Sy(u, v) is an integer. This implies v € H2(M )+. By this procedure, we 
may exhaust the rank b(M) of Hy (M) iff sy is diagonalizable over the integers. 
Consequently, we have 

v(M) < b(M) 


40The only additional input we need is elementary knowledge of cobordism theory. For our purposes, 
the information contained in Appendix B of [213] is sufficient. For a more detailed presentation, 
see e.g. [104], Sect. 16 of Chap. II. 

41 We present the theorem in its original formulation. The assumption of being simply connected 
may be dropped, see also the Remark after Theorem 6.5.14. 
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and v(M) = b(M) iff sy has the form given by (6.6.2). Combining this with (6.6.3) 
yields the assertion. Oo 


By this theorem, the answer to the questions (a) and (b) posed above is drastically 
simplified. All forms differing from (6.6.2) are ruled out. Combining this with the 
above mentioned result of Freedman and Example 6.6.1, we obtain the following. 


Corollary 6.6.4 Let M be a smooth compact simply-connected oriented 4-manifold. 
If Sy is positive definite and even, then M is homeomorphic to S*. If sy is positive 
definite and odd, then M is homeomorphic to a connected sum of positively oriented 
copies of CP?. Oo 


In the following example we sketch a striking consequence of Donaldson theory: 
the existence of exotic smooth structures on R*. For details we refer to [406] and 
[253]. 


Example 6.6.5 (Exotic differentiable structure on R*) Let us consider the compact 
simply connected topological 4-manifold M with intersection form 


Sy = Eg @ (1). 


Its existence is guaranteed by the Freedman Theorem. On the other hand, by the 
Donaldson Theorem, it does not admit a smooth structure. The idea of the construc- 
tion consists in considering M with a point p € M removed. By a result of Gompf 
[253], this manifold is smoothable, that is, there exists a neighbourhood U of p in M 
such that U \ {p} is diffeomorphic to V \ g(S), where V is a neighbourhood of the 
image of S* = CP! under a homeomorphism g in CP?.*” 

Now, consider the embedding CP! — CP?, [(z,, z2)] +> [(z1, 2, 0)]. Then, 


CP?\ CP! > C?,  [(z1, 22, 23)] > (21/23, 22/23) 
is a homeomorphism. Thus, for any homeomorphism gy : CP? — CP’, we have 
CP? \ p(CP!) = y(CP?\ CP!) = C* = R*, 


that is, CP? \ y(CP!) is homeomorphic to R*. But, R* = CP? \ g(CP!) cannot 
be diffeomorphic to the ordinary R*. This follows from the fact that IR* contains 
a compact subset which cannot be enclosed by a smoothly embedded 3-sphere.** 
Indeed, choose an open neighbourhood U of y(S*) and assume that the compact 
subset K = R* \ (U \ y(S’)) can be enclosed by a smoothly embedded S* C 


(U \ y(S’)). Then, we could cut along S? and attach a 4-disk. This would give a 


4Tn such a situation, we say that p is resolvable. By a general theorem of Quinn [527], for any 
compact topological 4-manifold M whose Kirby-Siebenmann invariant is zero, the following holds: 
M has a smooth structure defined outside a finite set of singular points such that each of these points 
is resolvable. The manifold considered in the example fulfils the assumptions of this theorem. 


431n the ordinary R*+, any compact set can be enclosed by a smoothly embedded 3-sphere. 
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smoothing of M which, by the Donaldson Theorem, is impossible. For details of this 
surgery we refer to [406], [213]. + 


For further examples and a lot of further references, we refer to the textbooks [574] 
and [28]. Clearly, these exotic structures are only part of a huge field of research 
initiated by Donaldson. In particular, Donaldson has constructed a set of new differ- 
ential topological invariants, now called Donaldson invariants, of 4-manifolds, see 
[159], [574] and [28]. These invariants may be used to distinguish between the dif- 
feomorphism types of certain 4-manifolds, e.g. they allowed for showing that there 
exist compact 4-manifolds with infinitely many non-equivalent smooth structures. 


6.7 Stability 


For the discussion of stability of solutions of the Yang—Mills equation we must find 
the second variational formula for the Yang—Mills functional (6.2.1) at a critical 
point. Thus, let w be a critical point. As in Sect.6.2, we consider t > @, = w+ ta 
witha € T,@ = JF and calculate the second variation by expanding S(@;) up to 


second order. Using 
2 


t 
2 = 2+ tdya + FIle, a], (6.7.1) 


we get 


2 
S(w,) = S(@) + (22, deat) p2 + Se, [or, @]) 22 + (daa, dio) 12) , 


and thus 5 


<5, S(@r) = (La, @], 2) 12 + (dow, daa) 7? « 
dt* jo 
By definition of the adjoint, the second term may be rewritten as 


(dja, dua) 72 = (a, d*d,a);2 . 


To calculate the first term, we decompose @ and 2 in a local coframe {v! }in T*M 
and use the Ad-invariance of the scalar product. Then, by (2.7.49), 
[o, a]A * 2 = nn!" (Loui, a], 2u)Vg 
= 1 {o4j, *[Q1, O{])Vg 
= aA * RY" (a), 


where 
RY" (a) = n*[Qy, a)! (6.7.2) 
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is the Weitzenboeck curvature operator for the case o = Ad acting on |-forms, cf. 
Definition 2.7.10. Thus, the Hessian at w of the Yang—Mills functional S is given by 


Ho = dy +R”. (6.7.3) 


This is the basic object for the study of stability. Clearly, by gauge invariance of the 
Yang-Mills action, the variational problem we are dealing with may be viewed as 
a problem on the gauge orbit space .@. Thus, in a first step we should get rid of 
variations along the gauge orbits. This is done by using the decomposition (6.1.28), 
with the first component representing the subspace tangent to the orbit and the sec- 
ond being a model of the tangent space to the gauge orbit space at [w]. Thus, by 
gauge invariance of the Yang—Mills functional, we may restrict the above variational 
problem to the subspace of variations fulfilling 


dia =0. 


If we do so, the Hessian (6.7.3) may be rewritten as 


Hy =O,+ #". (6.7.4) 


This object may now be investigated using standard geometric methods. In this analy- 
sis, the crucial role is played by the Generalized Weitzenboeck Formula (2.7.61). 
Applying point | of Corollary 2.7.21 to the case E = Ad(P), we obtain 


Hala) = (VO) *VOg + oo Ric + 2K" (a), (6.7.5) 
for any a € @2'(M, Ad(P)) fulfilling dea = 0. 
Definition 6.7.1. A Yang—Mills connection w is said to be stable if 
(a, Nu(@))r2 > O 


for all nonzero a € kerd® Cc Q'(M, Ad(P)). It is said to be weakly stable if 
(a, No(a)) 12 = 0. 


Remark 6.7.2 By the results of Chap. 5, the operator ),, is elliptic and self-adjoint. 
Morever, the Bochner-Laplace operator (Vert) *V@to) ig obviously non- 
negative. Thus, the restriction of ,, to ker d*, has eigenvalues Aj < A2 < ... such 
that lim,-.4. 4, — oo and the corresponding eigenspaces £,, are finite-dimensional. 
One defines the index i(@) and the nullity n(@) of w by 


i(w) := dim (@,<0F,) , n(w) := dim Ep. 


In this Morse theoretic terminology, a solution @ is stable iff i(w) = n(w) = 0. 
Correspondingly, a solution is weakly stable iff i(w) = 0. 4 
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For the study of stability, we follow the classical paper of Bourguignon and Law- 
son [95]. To start with, we need the following observations. First, recall the notion of 
the gradient gradf = g~! (df) of a function f ¢ C~(M). A vector field X € X(M) 
is said to be of gradient type if 

d(g(X)) = 0. 


Clearly, this condition implies that, locally, there exists a function f such that X = 
grad f, that is, g(X) = df. This explains the terminology. 


Lemma 6.7.3 Let X € X(M) be of gradient type and let B € 927(M, Ad(P)) be 
such that d* B = 0. Then, 
d* (XB) =0. 


Proof Setting B = *a in (2.7.9) and using (2.7.3), we obtain X18 = *(*6 A g(X)). 
Now, using (2.7.13), (2.7.3), (1.5.9) and once again (2.7.9), we calculate 


d (XB) = (-1)" * da (*B A g(X)) 
= (—1" * (du(*B) A g(X) + (1) (#8) A d(g(X))) 
=0. 


Now, let us focus on the case M = S”. We consider the following finite-dimensional 
subspace of X(S"): 


Vi {grad f € X(S") : f = Fys for some linear F : Rt! R} . (6.7.6) 

Note that we have a natural isomorphism 
R™13Y, veH V(x) :=v—(v,x)x, xeS8". (6.7.7) 

It is easy to see (Exercise 6.7.1) that 

V =gradf, where f(x) = (v,x). (6.7.8) 
Given a submanifold M C R*, the orthogonal projector P onto TM along the orthog- 
onal complement of TM in R* defines a connection V° on M called the induced 
Euclidean connection, cf. formula (6.4.13). It can be shown that V° coincides with 


the covariant derivative V®’ of the Levi-Civita connection defined by the natural 
induced Riemannian metric on M. We apply this concept to the case of S” C R”*!, 


Lemma 6.7.4 Let V° be the induced Euclidean connection on 8". For any V € ¥, 
Vive-frY, WyYVV=V, (6.7.9) 


where Y € X(S"). 
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Proof To prove the first equation, for Y € T,S”, we calculate 
(VPV) (x) = Po Vy(v — (v, x)x) = P(—(v, x)Y) = —f(x)Y. 


To prove the second equation, we choose an orthonormal frame {e;,...,e,} on a 
neighbourhood of x € S” and use formula (2.7.31). Then, 


L 


(V°)FVOV = -> (Veve - Vive) V = -> ve(P o Ve, V). 


Thus, using the first equation, we get 
(V9)*V°V = — >} Po Ve,(—fei) = >. P(e;(/ei) = >| P((v, ee;) = Pv) = V. 
i i i 


For the study of stability, the following family of quadratic forms on Y will be 
crucial. For any 6 € 927(M, Ad(P)), we put 


Og(V) = (ivB, HolivB))r - (6.7.10) 


Proposition 6.7.5 (Bourguignon—Lawson) Let P be a principal G-bundle over S" 
and let w be a Yang-Mills connection. Let B € Q?(M, Ad(P)) be harmonic, that is, 


d'p=0, dB =0. 
Then, the trace of the quadratic form Qp is given by 


tr(Og) = 2(4— n)IIBI’. 


Proof For simplicity, in this proof we write V for Voto) and V9 for V. 
By Lemma 6.7.3, we have d* (iy 8) = 0 for any V € ¥. Thus, the Hessian acting 
on iy B is given by formula (6.7.5), 


9,.(iy B) = V*V(iyB) + iyB o Ric + 2K" (iy B). (6.7.11) 
First, we calculate §,,(iy 6) at a point x € S”. For that purpose, we choose an 
orthonormal basis {€0, ..., €n} of VY such that 
(a) under the isomorphism (6.7.7), €0, €1,..., €n correspond to x, €;,..., €,, where 
€;,..., €, form an orthonormal basis of T,S”. Then, 
eo(x) =0, ee) =e1, ..., Ex(K) =e. 


(b) the vector fields ¢),..., &, are parallel at x, 
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Ve@=0, fo leah 
Now, using (2.7.31), for any vector field X we calculate at x: 


(V*V(ivB))(X) = — >) (Ve Ve, (iv B) — Vv,,¢;(vB)) 2) 
J 


= ~ 2 (V.,Ve,(ivB)) (X) 
--Es,[9 « (vB) ~ vB)(VEX) 


=-> Vv, {( Ve,B) (VX) + B(VEV, xy} 
j 


We may choose X = 3 i UE with constant coefficients a;. Then, Vix = O and, thus, 


(V*V (iv B))(X) 
=~ 2 (V.,Ve,B)(V, X) — >| Ve,B)(VeV,X) — oC Live %a¥-X) 


= (v* ee er (V.,B) (2, x) + a(V¥V, x). 
J 


By (2.7.25), d* B(X) = 0 means DV BYE}, X) = 0. Thus, using the first equation 
of (6.7.9), we have 


DV BVEV, X) = — DLV, Fe, X) = 0. 
J J 


Together with the second equation of (6.7.9), this implies 
(V*V (iv B)) X) = (V*VB)(V, X) + BV, X). 
Inserting this result into (6.7.11), using Example 2.7.13 and formula (6.7.2), we 
obtain at x: 
DulivB) = (V*VB)(V,-) + nB(V,-) +2 >-12@,-),BV.e)]. (6.7.12) 
i=l 


Finally, we apply the Generalized Weitzenboeck Formula (2.7.61) to the 2-form B. 
Using (2.7.45) and L,8 = 0, we obtain 
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(V*VB)(V, -) = —2(n — 2)B(V, -) — oS {[2(e;, V), Bei, )] — [2 (ej, +), Bei, VI} 


i=l 
and thus, at x we have 


n 


%..(iy B) = (4 —n)(ivB) — Dee. V), B(ei, -)] + [2(e;,-), Bei, VI} . 
= (6.7.13) 
Now, we can calculate 


n 


tr (Op) = Die, Beolie,B))22 


j=0 
= 24m > | (Ble. Pe. ed 


j<k 
2 
=24—n)|BI", 
because the second term in (6.7.13) results in taking the contraction of a symmetric 
2-form with an anti-symmetric one. Oo 


Note that harmonic elements of 27(M, Ad(P)) certainly exist, e.g. for B we can take 
the curvature form of w. Thus, as an immediate consequence of this proposition, we 
obtain the following.” 


Corollary 6.7.6 There are no weakly stable Yang—Mills connections on S" forn > 5. 
Oo 


Theorem 6.7.7 (Bourguignon—Lawson) Any weakly stable Yang—Mills connection 
on S4 with gauge group SU(2), SU(3) or U(2) is either self-dual or anti-self-dual. 


Proof Assume that is a weakly stable solution. Then, (a, 9,,(@))72_ => O for any 
nonzero a € ker d* Cc 2'(M, Ad(P)). Thus, 


Osp(V) = (ivB, DolivB))2 = 0, 


for any V € V andany B € 27(M, Ad(P)) fulfilling d* 8 = 0. Now, by Proposition 
(6.7.5), for n = 4 we have tr (Qg) = 0 and thus 


for any V € ¥ and any harmonic B € 92?(M, Ad(P)). Next, consider the curvature 
form {2 of w. Since w is a Yang—Mills connection, 2 is harmonic and thus fulfils 
(6.7.14). Let us decompose {2 into its self-dual and anti-self-dual components, 


“4The authors of [95] assign this result to J. Simons. 
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Q=Qt+Q-. 


It is almost immediate (Exercise 6.7.2) that, on a compact oriented 4-manifold, a 
vector-valued 2-form is harmonic iff its self-dual and anti-self-dual components are 
both harmonic. Thus, 

HolivQ-)=0: 


Consequently, using (6.7.12), we obtain 


4 
(V*VQ*NV(YV, ) +424, -)+2 > 12*@;,-) + 2 (e,-), Q*(V, e)] =0. 


i=l 


By linearity in V, we may substitute for V any of the frame elements ¢; and then 
take arbitrary linear combinations of the resulting equations. This yields 


4 
(V*VQ*t)(X, Y) +42* (X,Y) +2 > [2+ E,X), 2+, Y)] 
i=1 
4 
= -2> [2+ (e;, X), 2 (ei, Y)1, (6.7.15) 


j=l 


for any X, ¥ € TxS*. Clearly, the left hand side of this equation is anti-symmetric 
in X and Y. On the other hand, the right hand side is symmetric. This can be easily 
checked by direct inspection using the bases {qi_} of AG T*M given under point | 
of Remark 2.8.1.*° Thus, both sides of (6.7.15) must vanish. Using this fact, again 
by direct inspection using the bases {oi}, one finds (Exercise 6.7.3) 


[Q*(X, Y), 2-(Z,W)] =0, X,Y,Z,WeT,S*. (6.7.16) 


We conclude that the Lie subalgebras g> of g generated by the curvature transfor- 
mations §2~(X, Y), where X, Y € T,S*, commute, 


ig; a, = 0. 


Now, by direct inspection of the table giving the classification of regular semisimple 
Lie subalgebras of a semisimple Lie algebra,*° we see that if g = su(2), su(3) or 
u(2), then either gf or g, must be Abelian. Therefore, one of the 4-tensors T~, 
defined by 


T(%, Y,Z, Wy s= (27%, Y),2°@, Wi, XY.Z. WETS ; 


45Tn more abstract terms, this fact is an immediate consequence of the isomorphism (2.8.11). 
46See [170], Sect.IL.5, n°17. 
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must vanish at x and, thus, also in a neighbourhood U C S‘ of x. Assume that T+ = 0 
on U. Then, by the Aronszajn Theorem [21], since 7+ is an algebraic function of a 
solution of the elliptic equation L),,Q* = 0, it admits a unique continuation to the 
whole of S*, that is, 7+ = 0 on S*. Then, (6.7.15) implies 


VFVQt +427 =0. 


Since V*V > 0, we conclude 2+ = 0. If T~ vanishes, an analogous argument 
yields 27 = 0. D 


Remark 6.7.8 


1. In [95], the reader can find various extensions of Theorem 6.7.7. First, the case of 
areal 4-dimensional Riemannian vector bundle E over a Riemannian 4-manifold 
M with structure group G = SO(4) is dealt with in detail. In that case, there 
are two independent characteristic invariants (the first Pontryagin index and the 
Euler number). This makes the analysis more delicate, but a similar result can 
be proved, see Theorem 8.11 therein. In more detail, the splittings of A°?TM and 
N’E induced by the Hodge star operator yield a two-fold decomposition of the 
Riemannian curvature form and, consequently, the stability conditions are spelled 
out in terms of what is called by the authors a two-fold self-duality. This notion 
seems to be a reasonable generalization of (anti-)self-duality for the nonsimple 
group SO(4). The simplest example of this type is the tangent bundle of S*. 
Here, the first Pontryagin index vanishes, the Euler number is equal to 2 and the 
(two-fold self-dual, but not self-dual) Levi-Civita connection yields an absolute 
minimum. Second, it is quite straightforward to generalize Theorem 6.7.7 to the 
case of a 4-dimensional compact orientable homogeneous Riemannian manifold. 
Then, for the gauge group SU(2), any weakly stable Yang—Mills connection 
is either self-dual, or anti-self-dual, or reduces to an Abelian gauge field, see 
Theorem 10.1 in [95]. Similar results hold for U(2), SU(3) and SO(4), see [96]. 

2. We stress that [95] contains another interesting type of results. Using again 
Weitzenboeck type arguments, Bourguignon and Lawson prove the existence of 
C°-neighbourhoods of the minimal Yang—Mills connections which do not contain 
any other solution. 4 


Exercises 


6.7.1 Prove formula (6.7.8). 


6.7.2. Prove that, on a compact oriented 4-manifold, a (vector-valued) 2-form £ is 
harmonic iff its components 6* and B~ are both harmonic. 


6.7.3 Prove formula (6.7.16). 
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6.8 Non-minimal Solutions 


In view of the results of the previous section, it is natural to ask whether there exist 
critical points of the Yang—Mills functional other than absolute or relative minima. 
It is interesting to address this question, in particular, in the case of bundles over 
S* with structure groups SU(2), SU(3) and U(2). This problem is closely related 
to the question whether there exist non-(anti-)self-dual solutions on 4-dimensional 
Riemannian manifolds. In this section, we make some remarks on these problems. In 
the study of non-minimal solutions, two ingredients play a basic role: first, the theory 
of invariant connections as developed in Sect. 1.9 and, second, advanced methods 
of the calculus of variations as developed by Taubes [613-616, 618]. The latter are 
beyond the scope of this book. 
We start with the following observation [339]. 


Proposition 6.8.1 (Itoh) Let M = K/H be acompact oriented Riemannian symmet- 
ric space and let P be a principal G-bundle admitting a lift of K to automorphisms 
of P. Then, the curvature of the canonical invariant connection’ on P is parallel 
and, thus, the canonical invariant connection provides a Yang—Mills connection. 


Proof By Remark 1.9.7/1, principal G-bundles over K/H admitting a lift of K are 
labeled by Lie group homomorphisms 4 : H — G and have the structure 


P,=K xy_G. 


We denote the lift of the K-action on K/H to P, by A. Let w° be the canonical 
connection on P,, cf. Eq. (1.9.43), and let 2° be its curvature form. We will prove 
that 

Verto ar = 0. 


Then, the assertion will follow from (2.7.58). 

Let € and § be the Lie algebras of K and H, respectively, and let € = h 6 m be 
the canonical decomposition defined by the symmetric space structure of M. For any 
Aem, let gs = exp(fA) and let pa denote the flow of the Killing vector field A, on 
P, generated by A via the K-action. This means 


DB (p) = Aexpeay(P), (Ax)p = A, (A), 


for any p € P,. Fix a point po € P, in the fibre over [1x] € M. Then, by (1.9.43), 
the integral curve (py) through po is horizontal with respect to w°. Consequently, 
the corresponding curve 


tH a(t) :=[(G4(p), B)], Beg, (6.8.1) 


47See Remark 1.9.14/2. 
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through [(po, B)] €¢ Ad(P,) is parallel with respect to the induced connection along 
the curve th y(t) = gs (1x) through [lx] € M. 

Since M is symmetric, the Levi-Civita connection w° of the symmetric space 
is also canonical, see Proposition 2.5.10. Thus, the same arguments apply: taking 
the canonical lift of the K-action to the frame bundle L(M) and viewing TM as a 
bundle associated with L(M), for any frame eo at [1x] and any X € Tyi,.jM@ =m, 
we consider the curve*® 


tr> X(t) = [(G*(0), | (X))I (6.8.2) 


in TM running through X. Here, t +> 4 (eo) is the unique integral curve of the Killing 
vector field on L(M), generated by A, through en) € L(M). Again, by (1.9.43), X is 
parallel along y with respect to w°. 

Now, for X, Y € Tj1,)M, using the parallel extension along y given by (6.8.2), 
we calculate at t = 0: 


(V2) K, DH = Ver (2°k, H) - a°(WPX, ¥) - 2°(k, VPP) 


=v (ac) 
=v ), 


Finally, using the K-invariance of §2°, we show that = (2% F 7)) = 0. For 


that purpose, we denote the curvature form viewed as a 2-form on P, by §2° and use 
the fact that horizontal lifts of tangent vectors from M to P, are given by Killing 
vectors of the K-action A, 


XP= A(X), Xem=Ty gM. 
Now, by the obvious identity 
AY! (y! 
AGA (9) X) = (2; ) (X;.) 
and by K-invariance of 92°, we have 


Qo KO, YO) = [(F (Po), 254 5) (Avo4p9) ©)» Aoaqny Y))I 


[(P?'@o), ((F7)' 2"), (&", ¥"))] 
[(P? (po), 2p, (X". ¥"))] 


showing that the curve t b> RX y(& (t), Y (t)) is parallel in Ad(P,) along y. Conse- 
quently, its covariant derivative along y vanishes. oD 


48For the notation, see Remark 1.2.3. 
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Clearly, this proposition yields a large class of solutions and we may ask whether this 
class contains non-minimal solutions. To discuss this issue, recall that by Remark 
1.9.14, the curvature of the canonical connection is given by 


Q°(X,Y) =A ((X, Y]), X,Yem. (6.8.3) 


Now, let A © Homy(m, g). By (1.9.41), it defines a 1-form a € @Q'(M, Ad(P,)). By 
a similar argument as in the proof of Proposition 6.8.1, one shows that @ is parallel. 
Thus, 

dta=0, da =0, (6.8.4) 


and we may take a as a variation of w°. Thus, we consider w; = w° + ta, which by 
construction is K-invariant for every f. Consequently, 22 is K-invariant, too. 


Proposition 6.8.2 (Itoh) Let M = K/H be acompact oriented Riemannian symmet- 
ric space and let P, be a principal G-bundle admitting a lift of K to automorphisms 
of P;,. Assume 

dim (Homy(m, 9)) >1. 


Then, the canonical K-invariant connection w° on P,, is not weakly stable. 


Proof We choose an orthonormal basis e;, ..., é, in m and denote the induced dual 
coframe on M by 2!,..., 9”. Using (6.7.3), (6.7.2), (6.8.3), (6.8.4) and (1.9.40), we 
calculate 


(a, Ha(a))12 = (a, RY” (@))e2 
= 2 ou(e)) 0", [2° (e, ex), 2(e)19") 12 


= [ (A(ex), [N'(ler, ex), ACD 2g 
-s (A(ex), A(Lei, fei, ex) )z2vol(M) 
i,k 


—5 >) |ACeIIg vol) . 


The last step is a straightforward calculation using the commutation relations of a 
symmetric space (Exercise 6.8.2).4? The minus sign comes from the fact that the 
Cartan-Killing tensor is negative definite for any semisimple Lie algebra. Thus, for 


any A 4 0, we have a negative definite Hessian on directions generated by A. JM 


In particular, let us consider the canonical connection w° on P, for the case where 
G is acompact simple Lie group and 


Note that, for a symmetric space, dle. [ei, -]] coincides with the second Casimir operator of 


ad(6) tm 
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M = S* = Sp(2)/(Sp(1) x Sp()), 


where Sp(1) x Sp(1) is embedded block-diagonally~° and 2: Sp(1) x Sp(1) > G. 
In the notation above, we have K = Sp(2) and H = Sp(1) x Sp(1). Using formula 
(6.8.3), itis easy to analyze (anti-)self-duality of the curvature form (2° and, by direct 
inspection of the conditions on {2° obtained this way, one finds (Exercise 6.8.1): 


Lemma 6.8.3. The induced homomorphism X' : sp(1) x sp(1) > g is injective iff 
the canonical connection w is not (anti-)self-dual. o 


Since for g = su(2) or g = su(3) the homomorphisms 2’ cannot be injective, 
in this case, the canonical connection is (anti-)self-dual. On the contrary, by direct 
inspection of the table giving the classification of regular semisimple Lie subalgebras 
of a semisimple Lie algebra,>! if g = sp(2) or G2 or such that rank(g) > 3, then 
injective homomorphisms i’ exist, that is, in these cases we have solutions to the 
Yang-Mills equation which are not (anti-)self-dual. A simple example of this type 
is provided by the Sp(2)-invariant sp(1) x sp(1)-valued connection w° defined by 
(6.3.7).° Combining these observations with Proposition 6.8.2, we find a large class 
of non-minimal Yang—Mills connections on S* which are not (anti-)self-dual. In 
[339], the reader can also find a similar analysis for M = CP. In [402] and [384], 
this line of research has been continued. In particular, for the special case of principal 
H-bundles K — K/H with K/H being a compact symmetric space, in [402] the 
index and the nullity of the canonical connection has been listed for every compact 
simple K. Moreover, it has been shown there how to analyze the case of an arbitrary 
homogeneous space, see also [503]. 

Special attention has been paid to the case of cohomogeneity one,** see [638], 
[88], [504], [549-551] and [44]. Here, the Yang—Mills equation reduces to a system 
of ordinary second order differential equations for the coefficient functions of the 
invariant connection on a one-dimensional space. Correspondingly, the self-duality 
condition is expressed in terms of a first order system. Clearly, in general, there will 
be nongeneric orbit types giving rise to boundary conditions for the solutions. Now, in 
each class of invariant connections, one looks for solutions of this system of equations 
corresponding to minima of the reduced action. The principle of symmetric criticality 
[501] ensures that these minima correspond to stationary points of the Yang—Mills 
action in the space of all connections. Thus, in this way one finds solutions of the 
Yang-Mills equation. Subsequently, one may investigate whether they are minimal 
or not. Much attention has been paid to the following model class. 


Example 6.8.4. (Bor-Montgomery, Sadun—Segert) Let V be the 5-dimensional space 
of real, symmetric and traceless 3 x 3 matrices endowed with the inner product 
given by 


CF. Sect. 6.3 for details. 
5! Cf, the proof of Theorem 6.7.7. 
521 sharp contrast, the induced connections w~ given by (6.3.8) are (anti-)self-dual. 


>3The cohomogeneity of a G-action is the dimension of the orbit space. 
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1 
(Qi, Q2) := 5 tr(Q1Q2) . 


Clearly, SO(3) acts orthogonally on V by conjugation. Identifiying V with R° 
and restricting this action to St C R° yields an action of SO(3) and, thus, also an 
action of Sp(1) on S*. It is easy to see (Exercise 6.8.3) that this action has two orbit 
types; the principal orbits are 3-dimensional and there are two nongeneric orbits 
both isomorphic to the real 2-dimensional projective space. The orbit space may be 
identified with a line segment on S* 


f= {Or = cos6Qp + sindQ3:0 <0 < =| (6.8.5) 


where Qo and Q3 are basis elements in the subspace of diagonal matrices. Now, for 
any gauge group G, one may classify G-bundles over S* admitting a lift of the above 
SO(3)-action and, subsequently, one may classify the SO(3)-invariant connections 
on such bundles. If we first limit our attention to the interior of J, then we are in the 
situation described in Remark 1.9.9 and Corollary 1.9.15. Next, we have to extend 
the classifying objects obtained this way by implementing appropriate smoothness 
conditions on the boundary of J. This has been explained in detail in [638]. For the 
case G = Sp(1), bundles admitting lifts are classified by pairs (n,, n_) of integers 
fulfilling nz = 1 modulo 4.*° These numbers label the admissible boundary values 
of the classifying homomorphisms Ag. It is easy to calculate the second Chern index 
of a bundle characterized by (n,, n_). One obtains 


2 
\ = ae 
nyn_) — 8 7 


For the case G = Sp(1), Sadun and Segert have shown that minima of the reduced 
action exist for all ny ~ 1 and n_ 4 1. Moreover, they have proved that self-dual 
connections only exist for n_ = 1 and anti-self-dual connections only exist for 
n, = 1. Thus, this way one obtains non-self-dual solutions for all Chern numbers 
different from +1. The technical details of the existence proof (standard variational 
techniques in one dimension) are given in [551]. Clearly, these techniques are not 
constructive. 4 


Finally, let us mention two papers which are not based on the theory of invariant 
connection, but rather on advanced variational techniques as developed by Taubes. 
In [587], an inifinite number of SU(2)-solutions invariant with respect to a U(1)- 
action on S* was found. In [648], the existence of an infinite number of non-minimal 
SU(2)-solutions on S? x S* and S* x S! was proved. The latter solutions do not 
exhibit any symmetry. 


*4This is the irreducible representation of spin 2. 
55For good reasons, these bundles are called quadrupole bundles, see [44] for an explanation. 
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Exercises 

6.8.1 Prove Lemma 6.8.3. 

6.8.2 Perform the final step in the proof of Proposition 6.8.2. 


6.8.3 Show that the orbit space of the SO(3)-action on S* defined in Example 6.8.4 
is given by (6.8.5). 


Chapter 7 
Matter Fields and Model Building 


In this chapter, we include matter fields into our discussion. In Sect. 7.1, we present 
the general geometric model of matter fields in the fibre bundle language. Then, in 
Sects. 7.2-7.5, we study various aspects of Yang—Mills—Higgs models. We discuss 
the Higgs mechanism in detail, present a topological classification of static finite- 
energy configurations and address the problem of constructing asymptotic as well 
as exact solutions to the Yang—Mills—Higgs equations. In particular, we focus on 
magnetic monopole solutions including the discussion of the Bogomolnyi—Prasad— 
Sommerfield model. Next, in Sect.7.6, we pass to a U(1)-gauge model coupled 
to a matter field of spinorial type, the famous Seiberg—Witten model. The latter 
has attracted much attention over the last two decades, because its moduli space 
yields deep insight into the differential topology of 4-manifolds. In particular, it 
yields new, simpler proofs of results earlier obtained via the theory of instantons. 
We discuss the basic properties of this model in detail and outline some of the 
topological consequences. Then, in Sect.7.7, we present the (classical) standard 
model of elementary particle physics in the geometric language and, in the remaining 
two sections, we discuss the method of dimensional reduction in the context of gauge 
theories in some detail. The latter may be viewed as one of the classical unification 
schemes—a unification in the spirit of Kaluza and Klein. 


7.1 Matter Fields 


Usually, the spacetime manifold M will be endowed with some additional geometric 
structures. Depending on the physical context, in the bundle language these structures 
will be encoded either in the frame bundle L(M) or in the spin structure $(M ).! To 


'For instance, below we will always assume that M is endowed with a Riemannian or a pseudo- 
Riemannian metric, which can be viewed as an equivariant mapping from L(M) to the space of 


© Springer Science+Business Media Dordrecht 2017 545 
G. Rudolph and M. Schmidt, Differential Geometry and Mathematical Physics, 
Theoretical and Mathematical Physics, DOI 10.1007/978-94-024-0959-8_7 


546 7 Matter Fields and Model Building 


unify the notation, below, we write Q both for L(M) and for S(M) and call it the 
spacetime principal bundle. Its structure group will be denoted by S. By Remark 
1.1.9/2, given the spacetime principal bundle Q and the gauge principal bundle P, 
we may build the fibre product Q xy P which is a principal (S x G)-bundle over 
M. If we deal with both Q and P, then the right actions of S and G will be denoted 
by Wo and Wp, respectively, and the canonical projections of these bundles will be 
denoted by zg and zp, respectively. For the induced right action of S x G on Q xy P 
we will write W and the canonical projection of Q xy P will be denoted by z. 


A classical matter field model is described by the following data. 


(a) The model is defined on the tensor product 
E = Es ® Ej ’ 


where E, is the bundle of spacetime degrees of freedom and £; denotes the bundle 
of internal degrees of freedom. The bundle EF, comes in two fundamentally 
different versions: 


e F, is a tensor bundle over M, associated with the frame bundle L(M). In that 
case, we speak of bosonic matter. 

e E, is a spinor bundle associated with the spin structure S(M). Then we speak 
of fermionic matter. 


Thus, 
E, = Q xs F;, 


where F; is a finite-dimensional vector space carrying a representation y of S. 
The bundle £; is associated with the gauge principal bundle P, 


E; =P XG F i> 
where F; is a finite-dimensional vector space carrying a representation o of 
the gauge group G. Besides o, the vector space F; may carry an additional Lie 
group representation corresponding to further internal degrees of freedom called 
flavour,” see e.g. Sect. 7.7 for the case of the standard model. 
By Remark 1.2.9/2, E is associated with Q xy P. The typical fibre 
F=F,@F; 


of E carries the tensor product representation pz ® o of the direct product S x G. 


(Footnote 1 continued) 
symmetric second-rank covariant tensors on R”. Equivalently, it is encoded as a torsion-free metric 
connection (Levi-Civita connection) on L(M). 


These are rigid symmetries not giving rise to local gauge transformations. 
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(b) A matter field of spacetime type jz and of gauge type o is asection ® € [™(E).? 
It will be referred to as a matter field of type (7, 0). By Proposition 1.2.6, it may 
be equivalently represented by an element ® € Homs,.g(Q xy P, F), 


O(m) =[(z, B(@))], meM,zen'(m). (7.1.1) 


By Remark 1.2.15/3, @ and @ have the same local representative g : U > F 
in any local trivialization over U Cc M. 

The coupling with a gauge potential is encoded in the covariant exterior deriva- 
tive. This is called the principle of minimal coupling. As we know from Chaps. 2 
and 5, Q may carry various connections referred to as spacetime connections. By 
Remark 1.3.17, if wg and wp are spacetime and gauge connections, respectively, 
then they induce a connection form w on Q xy P, given by (1.3.16). Omitting 
the canonical projections to Q and P, we have w = wa + wp and, thus, 


Du = d@ + (u'(wo) ® ide, + idr, ®a'(wp)) o ®, (7.1.2) 


cf. (1.4.2). Clearly, px’(wa) ® idr, + idp, @o'(wp) must be viewed as a 1-form 
on Q xy P with values in End(F). It is obtained by differentiating the tensor 
product representation 4 ® o. The corresponding covariant exterior derivative 
of @ is given by (1.5.3), 


(V°®)n(X) = t, 0 (Dy ®)-(Y) , (7.1.3) 


where X = x'(Y), m € M and z € x~!(m). By (1.4.14), the covariant exterior 
derivative of the local representative gy is given by 


Do = do + (u'() ® idg, +idg, @o'(p)) 0 9, (7.1.4) 


where “% and .&% are the local representatives of wg and wp, respectively. 

Let ¥g and Up be local gauge transformations, that is, vertical automorphisms 
of the principal bundles Q and P, respectively. Then, 0 = Jg x Bp is a local 
gauge transformation in Q x P, which induces a local gauge transformation in 
Q xm P denoted by the same letter. In more detail, we have 


(c 


wa 


3: PxyQ—> PxmQ, v(m, g,p)) = (m, (89g), Bp))) - (7.1.5) 


Clearly, any vertical automorphism of Q xy P is of this type. An active local 
gauge transformation of the matter field ® is given by 


Prwe. (7.1.6) 


3As already noted under (a), ® may further carry a certain flavour type. If not otherwise stated, we 
suppress these rigid degrees of freedom. 
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Clearly, 0*@ is of the same type as &. By Proposition 1.8.3, 3 is equivalently 
described by an element u € Homs,g(Q xy P,S x G), given by 


D(z) _ Viz) (z) : 


Thus, using the equivariance of ® and decomposing u = us X ug with respect 
to the product structure of S x G, for any z € Q xy P, we obtain 


(8° B)(z) = F 0 Wyy(Z) = (Muse! @ Fuge) O@) - (7.1.7) 
Via (7.1.1), formula (7.1.6) induces a gauge transformation for ®, 
P+ G', H'(m) =[@, 0*S)()I, 


with z(z) = m. In terms of the corresponding vertical automorphism } of the 
associated bundle E provided by Proposition 1.8.4, we obtain 


&'(m) = 3 | (@(m)). 
Finally, the gauge transformation of a local representative g of @ is given by 


gy’ (m) = (pene ® Factn) g(m) , (7.1.8) 


where ps and pg are transition functions of Q and P, respectively. 

The infinite-dimensional vector space of smooth sections of E will be denoted 
by & and will be referred to as the matter configuration space. It can be endowed 
with the structure of an infinite-dimensional manifold. By point (c) it is acted 
upon by a (right) representation of the group of local gauge transformations. 


(d 


wm 


As in Sect. 6.1, we assume that 


(a) the spacetime manifold M is endowed with a (pseudo-)Riemannian metric g, 

(b) the Lie algebra g of G carries an Ad(G)-invariant inner product (-, -) g, 

(c) the vector space F carries a scalar product (-, -)- which is invariant with respect 
to the representation 4 @ o of S x G. 


Then, we can write down physical actions for matter fields. 


(a) Let ® be a bosonic matter field of type (jz, 0). As explained before, the coupling 
with a gauge potential w is described in terms of the covariant derivative V°® € 
2'(M, E), cf. formula (7.1.2). The general gauge-invariant Lagrangian is of the 
following form: 


1 . 
L (wo, ®):= 5 A *«V°i—V(@), 
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where the dot refers to the fibre metric (-, -)z in the tensor product E = E, ® E;j. 
Here, V : F — Risa G-invariant function bounded from below which induces 
a function on E via V ([(p, f)]) = V(f). Then, 


V(b) =Vo®. 


Correspondingly, we have V(®) = Vo =x*V(). In most of the applica- 
tions, the potential is of the form 


V(®) = VG’), 


where the norm refers to the fibre metric in FE. In that case, V may be viewed 
as a function on R. The fibre metric in E, is induced from the metric g and the 
fibre metric of E; is given by (-, -), via (2.6.4). 

(b) Let w be a fermionic matter field of type (tu, 0). Here, E is associated with 
the fibre product bundle S(M) xy P. In the notation of Chap.5, the typical 
gauge-invariant Lagrangian is of the following form: 


Lo, 0) = (v, Dy) - VW). (7.1.9) 


Moreover, there may occur a coupling between bosonic and fermionic matter fields. 
This will be explained for the case of the standard model in Sect. 7.7. 


7.2 Yang—Mills—Higgs Systems 


In this section, we introduce one of the fundamental building blocks of the standard 
model describing the fundamental interactions of elementary particles. 

Let (M, g) be an n-dimensional (pseudo-)Riemannian manifold, let G be a com- 
pact Lie group and let P(M, G) be a principal G-bundle over M. Let (F, G,o) bea 
representation of G and let EF = P xq F be the corresponding associated bundle. In 
the terminology introduced in Sect. 7.1, a Higgs field ® is a bosonic matter field of 
type (4, 0), where ju is the trivial representation of O(7). That is, ® is a spacetime 
scalar field. Thus, it may be simply viewed as a section of E or, equivalently, as an 
element @ € Homa (P, F). As before, we assume that the Lie algebra g of G carries 
an Ad(G)-invariant scalar product which we denote by (-, -), or sometimes simply 
by k. Moreover, we assume that F is endowed with a scalar product (-, -)- which is 
invariant under the representation o. 

A Yang—Mills—Higgs configuration is a pair (w, ®), where w is a gauge connection 
form on P. Thus, the configuration space of a Yang—Mills—Higgs system is @ x &. 
In the notation of Sect.7.1, the action functional is given by 


1 1 
S(o, ®) = s12P + s1V°oI? — | VON, 
M 
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or, in more detail, 
1 . 1 . 
S(w, f) = 72 A *2Q+ haha A *V°P —V(P)vgt . (7.2.1) 
M 


The second term in this formula describes the minimal coupling of the gauge potential 
with the matter field and V will be referred to as the Higgs potential. It describes the 
self-interaction of the Higgs field. Its typical form is 


1 1 
Viel?) = sw OP + Aol, (7.22) 


where A > 0. Depending on whether ju” is positive or negative, the minimum of V 
is either given by ® = 0 or by 


[P| = 1 (7.2.3) 
While in the first case the minimum is invariant under the full gauge group G, in the 
second case, the minima are only invariant under some subgroup H C G and take 
their value in some orbit G/H C F. Thus, by an appropriate choice of the parameter 
j? we may produce a symmetry reduction, that is, we may obtain a classical ground 
state having a smaller symmetry than the original Lagrangian of the theory. In the 
physics literature, this is commonly called spontaneous symmetry breaking.* It will 
be explained in detail in the next section. 
Next, let us derive the field equations via the variational principle for S(w, ®). 
For that purpose, consider a variation of the configuration (w, ®) given by 


O,=ot+ta, ®=P+1T, 


where a € 2'(M, Ad(P)) andt € P(E). Using (2.7.54) and (7.1.2), we calculate 


— (V"@,) = V® 'a)®. 
Ta 2) tT +0 (a) 


By Definition 1.5.2, on 0-forms we have d,, = V®. Using this, together with 


d 
di V(P(m) + tr(m)) = V'(P(m))(t(m)) = (VP), Tz, , 


and recalling the calculation for the pure Yang—Mills case from the beginning of 
Sect. 6.2, we obtain 


4Here, we exclusively discuss the breaking of local gauge symmetry. For a discussion of global 
symmetry breaking, we refer to [3] and references therein. 
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d 
Fj, Ser Pd) = (2, doa) + (VPP, Vr + o'(a)®) 2 — (V'(®), t) 2 
0 


= (d* 2 —J,a)p2 + (di od,® — V'(P), tT), 
where J is the unique 1-form on M with values in Ad(P) which satisfies 
(J(m), Om) = —(V°O, o (Lm) ®) 


for allm € M anda», € (T*M ® Ad(P)) . Here, (-, -) on the left hand side denotes 


m 


the fibre metric of T*M @ Ad(P), whereas on the right hand side it denotes the fibre 
metric of T*M@(P x GF). The 1-form J is called the current of the Yang—Mills—Higgs 
system. We may write 


J = —((k' @ id)(o'®), 4,9), (7.2.4) 


where o’ is viewed as an element of g* @ End(F), so that o’® € g* @ F and 
thus (k-! ® id )o! € g ®@ End(F). Since the L?-inner products involved are non- 
degenerate, we conclude that 5S = 0 iff 


dQ=J, diod,® =V'(G). (7.2.5) 


This system of nonlinear partial differential equations will be referred to as the Yang— 
Mills—Higgs equations with potential V. For the sake of completeness, let us also 
recall Propositions 1.4.11 and 1.4.13. In the case under consideration, they read 


d,2@=0, d,od,® =a'(Q)®. (7.2.6) 


Clearly, the first of these equations is the ordinary Bianchi identity for the curvature 
form. By a slight abuse of terminology, the second identity may be called the Bianchi 
identity for @. 


Remark 7.2.1 Yn applications, (F, G, 0) often coincides with the adjoint represen- 
tation (g, G, Ad). Then, the field equations read 


aQ=[V°O,O], diod,f=V(O), (7.2.7) 
and the Bianchi identities take the form 
d,2=0, d,od,® =[2,0]. (7.2.8) 


4 


For the remainder of this section, we assume that M is the 4-dimensional 
Minkowski space. Let us study the energy functional E(w, ®) of a Yang—Mills— 
Higgs system for a chosen space-like hypersurface 1’) C M. Let (€9, ..., €3) be the 
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standard basis in M and let x°,...,x° be the corresponding standard coordinates. 
We take 2p := {x eM:°= const.} and decompose 


M= Reo x do. (7.2.9) 


Then, for any configuration (w, ®), we restrict 2 and V°@ to Xp and decompose 
them relative to (7.2.9), 


1 
2 = Qygdx* A dx® + 5 Pad" Ad, V°b = Vebdx + Vebdx , 
where k = 1, 2, 3. We define 
1 
2° := Qodx*, OQ" := 5 2 Exim” , (7.2.10) 


T:= Ve, Gb:=VPSde* . (7.2.11) 


The 1-forms §2° and 22™ on Xp are referred to as the colour electric and the colour 
magnetic components of §2, respectively. Note that (Exercise 7.2.1) 


*Q™=72, PO=7VO, (72,12) 


where i : X’9 — M is the natural inclusion mapping. 
Now, the energy functional is given by the integral over Xo of the component To 
of the energy-momentum tensor. For the Yang—Mills—Higgs theory, it reads? 


1 : . . : 
E(w, ®) = 5 | (2° A *Q2 + Q™ A xQ™ +411 A xT + 9® A #*#DO+ V()vgs) ; 
Xo 


where » denotes the Hodge star operator on R?. In short, we may write 


1 
E(w, ®) = 5 (isi? + 2™ 4]? + TIP + gorr+ | 


X% 


vi@wve (72.13) 


Below, we will consider the static case. 


Definition 7.2.2. A configuration (w, ®) of a Yang—Mills—Higgs theory on M is 
called static if it is invariant under time translations, that is, invariant under the 
action of the additive group R on M given by 


6: RxM—>M, 8s,x):= (o4+5,x!,x7,2°). 


Clearly, the translation invariant mapping @ is simply given by its values on Xo. 
By Example 1.9.18, the R-invariant connection w is uniquely characterized by a 


5See e.g. [208]. 
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connection @ on the trivial principal bundle P = Xp x G and by an equivariant 
mapping w° from P to L(Reo, g). We see that, in the static case, putting w° = 0 has a 
geometric meaning. In accordance with the physics literature, we call this the tempo- 
ral gauge. By making this choice, one restricts the admissible gauge transformations 
to vertical automorphisms of P. Fora (global) representative A of w, we have 


A = Aodx® + Aydx* . 


Here, A;dx* and Agdx°® are the representatives of @ and w, respectively, and the 
temporal gauge reads Ap = 0. Clearly, we must show that the choice of the temporal 
gauge is, in the static case, consistent with the field equations: indeed, we then have 


T=0, Jo=0, 2° =0, 
and, thus, the field equations reduce to the following system of equations on 2: 
dix 2™=J, PoIPh=V'(O), (7.2.14) 


where J = —((k~! @ id) 00’(®), J®) p. Clearly, (7.2.14) are the field equations of 
a Yang—Mills—Higgs system on R?. 

We conclude that, for the static theory in the temporal gauge, the energy functional 
reduces to 


1 
Bip, o)= 5 (Ca + DOI + 


Xo 


v@wve (7.2.15) 


Thus, for any finite energy configuration (w, ®), the differential forms 2" and DH 
must be square integrable and, for ||x|| — 00, 


IIx|?V(®) > 0. (7.2.16) 


To analyze these requirements, let us consider condition (7.2.16) under the following 
assumptions on V. Let Finin C F be the set of absolute minima of V. By invariance, 
F nin iS a union of orbits of G. We assume that Finin consists of a single orbit G/H. By 
possibly shifting V, we may also assume that V vanishes on Fimin. From (7.2.16), we 
conclude that, at large distances, the global representative g of ® must take values 
in G/H. More precisely, we get a mapping 


Poo: 3 = G/H, Q@o(X) = lim g(rx), (7.2.17) 


that is, the asymptotic values of g define an element [9] € 72(G/H). Since the 
mapping degree is a homotopy invariant, [~..] cannot be changed by continuous 
deformations, that is, the space of finite-energy configurations decomposes into 
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topological sectors labelled by 72(G/H). Note that this statement is obtained without 
any reference to the field equations. 


Remark 7.2.3 While it seems to us that the investigation of finite energy configura- 
tions is interesting in itself, the study of these topological sectors has attracted special 
attention, because in realistic models they characterize magnetic monopole config- 
urations, see [140, 249, 251, 314, 315, 566, 610]. In the literature, by an abuse of 
language, the topological charges to be constructed below are often called magnetic 
charges. In order to justify this terminology one must, of course, accommodate the 
electromagnetic field in a gauge invariant way in the model under consideration. In 
particular, after symmetry breaking, the residual gauge group H should contain only 
one U(1)-factor, because there should be only one electromagnetic field. We will 
discuss an example of this type in Sect. 7.4. + 


It turns out that, apart from a possible torsion part, 772(G/H) may be characterized 
in terms of integral invariants induced from closed invariant 2-forms on G/H. Fol- 
lowing Horvathy and Rawnsley [315], let us construct these invariants: let us assume 
that H is connected. Let 6g be the Maurer—Cartan form on G. Take the standard 
direct sum decomposition 

g=cOlb, gl. (7.2.18) 


where c is the centralizer of h in g and consider the projection pr, : g — c onto 
the first summand. Then, pr,(d6¢) is a closed 2-form on G which is obviously right 
H-invariant and left G-invariant (Exercise 7.2.2). Thus, it descends to an invariant 2- 
form 7 on G/H with values inc. With z : G > G/H being the canonical projection, 
we have 

m*n = pr,(d0c) . (7.2.19) 


We define 


1 
p:1,(G/H)> ¢, p([Poo]) = al Poo « (7.2.20) 
S2 
Since 7 is closed, this integral depends only on the homotopy class of @,, and, thus, 
p is correctly defined. 
Now,° fix a maximal torus in H, denote its Lie algebra by t and take the unit lattice 


I:= {(X €h: exp2r7xX) = 1} Nt. 


Let 3 denote the Lie algebra of the center of H, consider the standard direct sum 
decomposition 
5 =3 [5,5] (7.2.21) 


and let pr, : § — 3 be the canonical projection onto the first summand. Choose a 
Z-basis {f1,..., Sp} of pr, (I”) and extend it toa basis {¢1,..., ),..., Sg} of c. Then, 


®For the basic Lie algebraic notions used in the sequel, we refer to Appendix C or to [329] for more 
details. 
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decomposing n with respect to this basis, we get a family {n*} of closed invariant 
2-forms on G/H: 


q 
n= > ates (7.2.22) 


k=1 


Note that n* = f* (7) for the dual basis {f!, ... , £7}. It can be shown easily (Exercise 
7.2.3) that, for k > p, the 2-forms n* are exact. Thus, if we insert the decomposition 
(7.2.22) into (7.2.20), they do not contribute to the integral in (7.2.20) and we obtain 


Pp 
P([Go0]) = D2 me Pool Se (7.2.23) 
k=1 
with 1 
me([oo]) = =| oxy’, k=1,...,p. (7.2.24) 
20 §2 
In particular, p takes values in 3. In Proposition 7.2.5, we will show that mm, ..., mp 


is a p-tuple of integers. These integers are called the topological charges of the 
Yang—Mills—Higgs system. 


Remark 7.2.4 For the special case of the adjoint representation, 7 is given by the 
Kirillov symplectic form, cf. Sect. 8.4 of Part I. In more detail, let Xp = @o0.(Xo) € g 
be a point with stabilizer H and let G - Xo = G/H be the adjoint orbit through Xo. 
Then, every Z € 3 defines a surjective mapping z : G- Xp > G- Z. We set 


1 ae ws (7.2.25) 


where w~ is the Kirillov form on the orbit through Z. Then, for a chosen Z-basis, 
formula (7.2.25) yields a family of invariant 2-forms which coincide with the one 
defined above. This is a simple consequence of the Maurer—Cartan equation (Exercise 
7.2.4). 4 


Next, due to 22(G) = 0, the long exact homotopy sequence of the principal H-bundle 
a : G— G/H implies that the connecting homomorphism 


6 :2(G/H) > (A) (7.2.26) 


is injective. In particular, if G is simply connected, then 5 is an isomorphism. The 
homomorphism 64 is defined as follows: choose a covering of S? given in spherical 
coordinates by 


U1 = {x@.) ES? :0<0 <> +e}, Ur = {xp eS?:F—e<venl. 


Since U; and U2 are contractible, there exist smooth mappings g; : U; — G, 
i= 1,2, such that 
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Poo(X) = 0 (gi(x))[1] = mo gi(x), (7.2.27) 
where [1] € G/H = F yin is achosen point. Then, on the equator S! given by 6 = oe 

y: Sis aH, y (x) = g) | (x) g2(x) (7.2.28) 
is a loop in H. Let [y] be the corresponding homotopy class. Then, 


([Poo]) = [v]. (7.2.29) 


Now, consider the decomposition (7.2.21). Let H;; be the connected Lie subgroup 
of H whose Lie algebra is [h, h]. It is compact and semisimple and, since [h, 6] 
is an ideal, it is also normal. Thus, H/H,, is a compact connected Lie group with 
Lie algebra 3. Since the latter is Abelian, H/H;, must be a torus and, therefore, 
w\(H/H,;) = Z?, where p = dim3. Moreover, since H,, is compact and semisimple, 
T = 7 (As) is a finite Abelian group. Finally, using the homotopy sequence of the 
fibration H;, — H — H/H;; and the fact that 2, (H/H,,;) is free Abelian, we obtain 
the following structure of the fundamental group of the compact connected Lie group 
Hi [315]: 


m(H)=Z2P@T. (7.2.30) 


The Z?-part yields a p-tuple of integers which are defined as follows: let 04 be the 
Maurer—Cartan form of H. Then, by the Maurer—Cartan equation, pr, (97) is a closed 
3-valued 1-form on H. We define 


1 
A:m(H)> 3, A([y):= se | Psu). (7.2.31) 
y 


Since pr, (97) 1s closed, the integral only depends on the homotopy class of y, that is, 
A is well defined. As above, decomposing it with respect to a Z-basis yields a p-tuple 
(m([y]), ...,mp(Ly])) € Z?. We show that, with respect to the same Z-basis, these 
integers coincide with the numbers mm; ([@.0]) defined by (7.2.24). 


Proposition 7.2.5 (Horvathy—Rawnsley) For any [@..] € 12(G/H), we have 
P([Pool) = 20 5([Poo]) . 


Proof In the notation above, let S! be the equatorial circle of S?. Using Stokes’ 
Theorem together with (7.2.27), we calculate 
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27 p(IYocl) = lim { / ai onty + | 
e> 0 Ui U: 


A 


= tim | | gf 0 pr,(d6¢) + | #5 © pr(dio)} 
U, U2 


e>0 


= 7 pr. {839G — g{c} . 


sort 


By (7.2.28), on S! we have 
Pr, 0(830G — 870g) = pr, oAd(y) 0 y*Oy 


Then, since pr, is Ad(#)-invariant and coincides with pr, on 6, we obtain 


21 ([Poo]) = I pr. (y"Ox) = / pr; (64) = 27A([y]). 
Y 


By (7.2.29), the assertion follows. | 


Since 6 is injective, we conclude that the integers m,([@..]) defined by (7.2.24) 
generate the free part of 12(G/H). Its torsion part coincides with the kernel of p. 
Clearly, this part cannot be determined by means of invariants built from differential 
forms. 


Remark 7.2.6 We note that if the T-part in the decomposition (7.2.30) is nontrivial, 
then Z,,-charges may occur, see e.g. [249, 653] and further references therein. The 
simplest example of this type is H = SO(3) with 7 (AH) = Zp. + 


It remains to analyze the condition 
Do =0 (7.2.32) 


for ||x|| — oo. By Proposition 1.6.10, it implies that @ asymptotically takes values 
in the Lie algebra h of H. This clearly means that asymptotically §2™ takes values in 
h, too. We will show that (7.2.32) implies a presentation of the topological invariant 
(7.2.20) in terms of the curvature. To find it, let A and F be global representatives 
of w and (2, respectively. In what follows, let Ss = {x € R?: ||x|| =r}. We say that 
a relation holds on S2, if it holds asymptotically on S? for r > 00 and we write Js2. 


for lim,_5 0 fess For clearness of presentation, we first limit our attention to the case 
where 9 is in the adjoint representation. 


Proposition 7.2.7 For any contractible open subset U C S2.,, the following holds: 
g:-F=dg-A)+9-(@¢'n), (7.2.33) 


where $o € Fin has stabilizer H and the dot denotes the Killing form. 
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Proof By (7.2.32), dg = —[A, ¢]. Using this and the Structure Equation, we find 


yg - F=9-dA+9-[A, A] 
=d(y-A)—dp A A+49-[A, Al 
=d(y- A)-—g-[A, A]+39-[A, A] 
=d(y-A)— 39-[A, Al. 


Thus, it remains to analyze g - [A, A] on U. Since U is contractible and g takes 
values in a single orbit Fimin, there exists a mapping g : U > G such that 


yo = Ad(g" Jy, 
for a chosen vector gp € g with stabilizer H, that is, gy € c. We put 
A = Ad(g7')A + g*6c. 
Then, dgp = 0 and, by (7.2.32), [A, go] = 0. Thus, A takes values in . Using 
this and the fact that the decomposition (7.2.18) is orthogonal, together with the 
Ad-invariance of the Killing form and the Maurer—Cartan equation, we get 
y- LA, Al = go [A — 9°6¢, A — g*66] = 8* 0 - (6G, 9a]) = —28* (Yo: 486) « 


Since go € ¢, comparing with (7.2.19), we finally obtain 


&* (go - d0g) = g* (go - pr.(d9G)) = go - (y*n). 


a 
Integrating the identity (7.2.33) over S2,, we obtain the following formula. 
Corollary 7.2.8 
x a g-F =: p([go))- (7.2.34) 
B 
Remark 7.2.9 
1. Using (7.2.22) and (7.2.23), from (7.2.34) we read off 
P 
| oe aer 2m) $0 * bk (7.2.35) 


2. Proposition 7.2.7 admits various generalizations. First, one may consider gener- 
alized invariants [610] 
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eS) yg". my 
S 


2 
‘co 


where powers are taken in the universal enveloping algebra. Even more gener- 
ally, analogous invariants may be built with any invariant polynomial on the Lie 
algebra [314]. Second, the above proposition immediately generalizes from the 
adjoint representation to an arbitrary representation o. Then, the Killing form 
is replaced by a bilinear invariant function f : g x F — R, that is, a function 
fulfilling 


f(Ad(g)X, o(g)x) =f(X,x), Xeg,xeF, geG. 


Then, by the same arguments, one obtains [315] 


SE, g) = f(A, ¢)) + 9" (fo. ) , 


where fo € g* is given by fo = f (o, -). ¢ 
Finally, it is of course interesting to look for finite energy solutions of the system 
(7.2.14). Under the additional assumption V = 0, this question will be addressed in 
Sect. 7.5. On the other hand, for the issues to be discussed below, it is illuminating 
to find the asymptotic solutions of (7.2.14). In this case, the finite energy condition 
implies that the system decouples and, as can be easily seen, the second equation just 
yields a fall-off law for the radial dependence of ®. Thus, within each topological 
sector defined by [gy] € 22(G/H), we are left with the pure Yang—Mills equation on 
IR? with gauge group H. To study its asymptotic solution, we choose a representative 
A of @ and choose the radial gauge’ x - A(x) = 0. Then, asymptotically, (7.2.14) 
reduces to the Yang—Mills equation on the 2-sphere S”. This equation has been solved 
by Atiyah and Bott in the general context of an arbitrary Riemannian surface M, see 
Theorem 6.7 in [33]. We also refer to Friedrich and Habermann [220], who worked 
out the case of the two-sphere in detail. Following their paper, we present the proof 
for this case here. 

Assume that H is a compact connected Lie group. We first observe that any 
homomorphism t : U(1) > H defines a Yang—Mills connection over S? as follows: 
we take the complex Hopf bundle $3(S?, UC)), ef. Example 1.1.20, endowed with 
the canonical connection w°, cf. Example 1.3.20, and build the associated principal 
H-bundle 

P, = Ss xua A. 


Recall the natural injective bundle morphism : S—> P, given by (x) := [(x, ly)]. 
By Proposition 1.3.13, the transport of w° under / yields a unique connection w; on 
P, fulfilling *@, = dt o@*. Since the curvature of w° is given by® 2° = 5 @1*Vs2, 


7For a rigorous existence proof we refer to [637]. This gauge is also used in the physics literature. 


8 For clearness, here we have denoted the curvature, viewed as a horizontal 2-form 1 on the bun- 
dle, by £2°. Since we deal with a 2-dimensional base space, by (1.2.14), we have 2° = *2° @1*Vg2 
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where Vz is the canonical volume form of S27, isa Yang—Mills connection. Since 
U*Q, = dt o 2°, the induced connection w, is Yang—Mills, too. To summarize, 
denoting by YM(S?, H) the set of pairs (P, w), where P is a principal H-bundle over 
S? and w is a Yang-Mills connection on P, we obtain a mapping 


x : Hom(U(1), H) > YM(S’,H), x(t) := (Pr, ar). (7.2.36) 


The following is a simple exercise which we leave to the reader (Exercise 7.2.5). 


Lemma 7.2.10 Lett and t belong to Hom(U(1), A). Then, t and T are conjugate 
under inner automorphisms of H iff the corresponding pairs (P,, @,) and (Pz, wz) 
are equivalent, that is, if there exists a vertical isomorphism 3 : P, — P; such that 
Ow; = Q,. 


Using this lemma, by passing to equivalence classes, we obtain the following injective 
mapping: 


X% : Hom(U(1), H) > YM(S?,H), X({tl) = [(P;. @;) 1. 72.37) 


Lemma 7.2.11 Let (P, S*, H) be a principal fibre bundle and let ' be a Yang-Mills 
connection on P. Then, the holonomy group of I" is either trivial or U(A). 


Proof Let ,(I”) be the holonomy group and let P,,,(J”) be the holonomy bundle 
of I” with respect to a chosen point pp € P. Let w be the connection form of I” and let 
@ be its curvature form. As a 2-form on S”, @ necessarily has the form 2 = Bvs , 
where B = «2 is a section of Ad(P). In terms of B, the Yang—Mills equation reads 


d,B=0, (7.2.38) 


that is, B is covariantly constant. Thus, the corresponding equivariant mapping B : 
P — g fulfils B(p) = Q for some fixed Q € h and all p € Py, ("). Now, by 
Proposition 1.7.12, I” is reducible to P,,(I") and, by the Ambrose—Singer Theorem 
1.7.15, the Lie algebra of #%,, (1°) is spanned by Q. Therefore, .#%, (I) is discrete 
or 1-dimensional. But, by Remark 1.7.11, Hy, (I”) is connected and, thus, it is either 
trivial or U(1) or R. Suppose .#%,, I") = R. Then, P,, (J) is trivial and, for a chosen 
global section s : ane P,, (1), the Yang—Mills equation (7.2.38) for the reduced 
(Abelian) connection @ with curvature 2 yields 


S*Q=d(s*O) =cve, ceER. 


Integrating this equation over S” and using Stokes’ Theorem, we find c = 0 which 
contradicts the irreducibility of @. 


(Footnote 8 continued) 
with x : S? —> S? denoting the canonical projection. Below, usually the curvature will be viewed 
as a 2-form with values in Ad(P). 
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From the proof, we conclude that the local representative of the curvature with respect 
to a local section in the holonomy bundle is given by 


=> Qvs2 . (7.2.39) 


Theorem 7.2.12 (Atiyah—Bott) The mapping x given by (7.2.37) yields a one-to- 
one correspondence between conjugacy classes of homomorphisms U(1) — H and 
equivalence classes of Yang—Mills connections over S?. 


Proof It remains to show that X is surjective, that is, given any (P, ) € YM(S?, H) 
we must construct a homomorphism t : U(1) > A such that (P,, w,) is equivalent 
to (P, @). 

1. Consider the case H = U(1). Then, in the same notation as above, the Yang— 
Mills equation implies that on P,, I”) we have B = *2 = ic for somec € R. Since 
the first Chern index 


c(P) = c)(P) = -s ff tr(Q) = — oan = = —2c (7.2.40) 
s 
is an integer, the mapping 
Tt: U(1) =e Ud) : t(e2"") _ el4mic 


is ahomomorphism. We show that the induced pair (P,, w,) is equivalent to (P, w). 
Since the adjoint bundle of a principal U(1)-bundle over S? is trivial, we may view 
the curvatures of the connections under consideration as iR-valued 2-forms on S?. 
In this sense, we obtain 


Q, = arom = at (5) ve =iews = 2. 


Thus, we have ci(P) = c;(P,), that is, by Theorem 4.8.1, there exists a vertical 
isomorphism 3, : P; — P of principal U(1)-bundles. The curvature of 3‘@ coin- 
cides with © and thus with the curvature of w,. Since the curvatures of 3 and w,; 
coincide, there exists a vertical automorphism of P, transforming ?/'w to w,. Indeed, 
since the adjoint bundle is trivial, there exists an /R-valued 1-form a on S? such that 
vi@— w, = 17a. By equality of the curvatures, we get da = 0. Now, vanishing of 
the first de Rham cohomology group of S? implies the existence of a potential A of 
a. This proves the assertion for G = U(1). 

2. Now, let H be an arbitrary compact connected Lie group. Then, w reduces to 
a connection form @ on the holonomy bundle P,, (I), where I” is the connection 
corresponding to w. By Lemma 7.2.11, the holonomy group %,, (I) is either trivial 
or U(1). Thus, by point 1, we have a homomorphism t : U(1) > #%, (1°) and, by 
Theorem 1.7.9, t yields a homomorphism 


tr:UQ) 34, re?) = exp(47 Qr) , (7.2.41) 
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where @ is the generator of .%,, (I”) given by (7.2.39). Also by point 1, there exists 
an isomorphism 0:P: > Py) (") such that 3° = wz which obviously can be 
extended to an isomorphism 7 : P, — P yielding the equivalence of (P, w) and 
(P:, @,). a 


Remark 7.2.13 


1. According to Theorem 7.2.12, finite energy asymptotic solutions of the Yang— 
Mills—Higgs system are classified by conjugacy classes of elements Q € h 
satisfying the following quantization condition 


exp(47 Q) = ly. (7.2.42) 
Inserting (7.2.41) into (7.2.31) and using (7.2.29), we obtain 
P([Poo]) = pr; (2Q), (7.2.43) 
that is, Q determines the invariants discussed before completely. As a conse- 
quence, 2Q defines a topological charge. 


2. By (7.2.39), the curvature F of any solution A fulfils F = Qvg:. In spherical 
coordinates (1, @) on S”, the solution A is given by 


Ay =0, Ag =+(1 Fcosd)Q. (7.2.44) 


Note that A, extended to a gauge potential on R’, has a singularity at the origin 
and, thus, an infinite energy. Also note that these solutions are spherically sym- 
metric, cf. Example 1.9.17 for the case H = SU(2) or [424] for general H. We 
will come back to these solutions in Sect. 7.4. 

3. By studying the Hessian in the same spirit as in Sect.6.7, the stability of the 
above Yang-Mills connections can be analyzed,’ see [33] for the general case 
of a Riemannian surface M and [100, 220, 313, 316] for M = S*. We also refer 
to [691] for a pedagogical presentation. The number of negative modes of the 
Hessian turns out to be equal to 


n=2> Qiql-1) 
q 


where the half integers g are the nonzero eigenvalues of Q with respect to a 
chosen root system. Thus, stability only holds if Q has eigenvalues 0, ++. 
4. Itcan be shown that critical points of the Yang—Mills functional on S? correspond 
to critical points of the energy functional on the loop space 2H, see [220]. 


°Since, here, we are on S*, methods of complex analysis can be applied. 
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Exercises 


7.2.1 Prove formula (7.2.12). 


7.2.2 Let @g be the Maurer—Cartan form on G and let pr, : g — c be the projection 
defined by (7.2.18). Prove that pr.(d@g) is a closed 2-form on G which is right 
H-invariant and left G-invariant. 


7.2.3 Show that the 2-forms né defined by (7.2.22) are exact for all k > p. 


7.2.4 Using the Maurer—Cartan equation for 0g, prove that formula (7.2.25) is a 
special case of (7.2.19). 


7.2.5 Prove Lemma 7.2.10. 


7.3 The Higgs Mechanism 


In this section, we explain the announced spontaneous symmetry breaking induced 
by the Higgs potential V. Assume uw” < 0. Recall that @ is equivalently described 
by an element ® ¢ Hom<,(P, F). 


Definition 7.3.1 Let Finin C F be the set of absolute minima of the potential V. A 
Higgs field  € HomG(P, F) is called a Higgs vacuum if ®(P) C Frin. 


In the sequel, Higgs vacua will be denoted by @,. Clearly, Finin is a level set of the 
smooth function V. In the sequel, we assume that V’ is nowhere vanishing on Fpin. 
Then, by the Level Set Theorem, Finin is an embedded submanifold of F’. Since V is 
invariant under the representation o, the level set Fin is a union of orbits of o. 


Proposition 7.3.2 Assume that Fin consists of a single orbit of o. Let H C G be 
the stabilizer of some point f € Finin. Then, Higgs vacua are in one-to-one corre- 
spondence with reductions of P to the structure group H. 


Proof Since, by assumption, Fiyi, is a transitive G-manifold, the assertion is an 
immediate consequence of Proposition 1.6.2. B 


The subbundle defined by a Higgs vacuum @, is given by (1.6.2), 


O; = {pe P: ,(p) =f}. 


Remark 7.3.3 


1. Again, let f € Fin and H = Gy. Then, viewed asa section ®, ¢ '~(E), a Higgs 
vacuum takes values in the subbundle P xg G/H C E defined by the embedding 
[(p, gH)] + [(p, o(g)f)]. Thus, Proposition 7.3.2 also follows from Corollary 
1.6.5: 
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2. The existence of Higgs vacua or, equivalently, the existence of reductions of P to 
suitable subgroups of G depends on the topology of P. If P is trivial, then Higgs 
vacua always exist. 

3. Let & be a vertical automorphism of P. By gauge invariance of V, if ®, is a 
Higgs vacuum, then the gauge transformed field 3* ®, is also a Higgs vacuum. By 
Proposition 1.6.4, Higgs vacua are gauge equivalent iff the corresponding bundle 
reductions are equivalent. Thus, gauge equivalence classes of Higgs vacua are 
in one-to-one correspondence with equivalence classes of reductions of P to the 
subgroup H. 

4. A similar characterization of Higgs vacua may be obtained under the following 
weaker assumptions: 


(a) Fmin consists of orbits belonging to the same orbit type. 
(b) The projection Finin > Fmin/G is trivial, that is, there exists a submanifold 
> C Fmin which is intersected by each orbit in Fimin exactly once. 


Under these assumptions, one may choose » in such a way that all its elements 
have the same stabilizer. Then, 


O={peP: 4G (p)€ I} 


is a reduction of P to the subgroup H. Conversely, given such a reduction, it 
obviously defines a Higgs vacuum. ¢ 


Now, let there be given a Higgs vacuum &, and assume, as before, that Finin consists 
of a single orbit. Let f € Finin, let H = Gy and let i: Oy — P be the corresponding 
bundle reduction to the structure group H. As usual, denote the Lie algebras of G 
and H by g and , respectively. Since G is compact, we can choose a direct sum 
decomposition 

g=hbOm (7.3.1) 


which is orthogonal with respect to the Ad-invariant scalar product. Then, this decom- 
position is automatically reductive. In the sequel, we will call (a, @)a configuration 
of type [H] if w is irreducible and @ takes values in the stratum F, tH]. Clearly, if 
(w, ®) is of type [H], then every gauge equivalent configuration is of type [H], too. 


Proposition 7.3.4 Assume that the representation o acts transitively on the unit 
sphere in F. Let ®, be a Higgs vacuum, let f € Frnin and let H = Gr. Let Qf be the 
H-reduction of P defined by ®,. Then, there is a one-to-one correspondence between 
gauge equivalence classes of configurations [(w, ®)| of type [H] and triples 
([(, tT), n), where 

1. @ is a connection form on Or, 

2. t is is a horizontal 1-form of type Ad(H)m on Q,, 

3. n is a function on Qf with values in the |H]-stratum of the orbit space F/G. 


The equivalence class [(@, T)] is taken with respect to gauge transformations on Qy. 
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Proof By the assumption on o, for any representative (w, ®) E [(@, ®)], we can 
find a gauge transformation % on P such that 


S 
* 
Br 


le 
Jaro IF 


(7.3.2) 


That is, for any [(@, &)], we may limit our attention to representatives fulfilling this 
condition. Let (@, ®) be one such representative. Consider its restriction (i*@, i*®) 
to Or, where i : Qy — P is the canonical inclusion mapping. Using (7.3.1), decom- 
pose 

Po=i*oytiton, TO=ft+¢. (7.3.3) 


Denote @ = i*wy and t = i*wm. Then, the following hold. 


(a) By Proposition 1.6.8, @ is a connection form on Qy and t is a horizontal 1-form 
of type Ad(H)m on Qy. 

(b) By construction, d: OQ; — F is equivariant with respect to the H-action. By 
(7.3.2) and (7.3.3), we have d = all a . Thus, d is completely characterized 
by the gauge-invariant matter field 


n: OQ; > F/G=R,, nq) = Ill, 
taking values in the stratum of type [H] of the orbit space F/G. 


Thus, the configuration (@, ®) fulfilling (7.3.2) is characterized by the triple (@, tT, 7) 
of geometric objects living on Qy. Next, consider another representative (w’, &') of 
[(w, )), also HBTS (7.3.2). Then, since the norm of P is gauge invariant, we have 
@' = @ and w is the i image of w under an H-valued gauge transformation. Conse- 
quently, the construction based on the decomposition (7.3.3) yields a configuration 
(@', t’) which is equivalent to (@, tT) under vertical automorphisms of Q,. 
Conversely, by standard arguments,” given a triple ((, T), n) , the configuration 
(w, &) may be reconstructed uniquely up to a gauge transformation. a 


To our knowledge, the fact that the symmetry breaking mechanism is related to 
principal bundle reductions was first observed by Trautman [631], see also [227, 
362, 540]. 


Remark 7.3.5 


1. The connection @ is the gauge potential corresponding to the broken symmetry. 
According to the terminology in Sect.7.1, t is a bosonic matter field. In the 
sequel, it will be called an intermediate vector boson of gauge type Ad(H)m. 
Finally, 7 will be referred to as the surviving Higgs field. 


!0Tn particular, recall from Proposition 1.6.7 that the associated vector bundles P x g F and Q xq F 
are isomorphic. 
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2. If @ takes values in more than one orbit type, then interesting topological effects 
may occur. In the next section, we will discuss the case when ® vanishes on some 
subset of M. This may give rise to magnetic monopoles. In a general setting, one 
speaks in this context of defects related to a broken symmetry, see [444]. 4 


Let us calculate the action functional (7.2.1) after the symmetry breaking, ‘ak is, in 
terms of the classifying objects given by Proposition 7.3.4. Denoting f= = a and 
= |lf ||, we calculate 


is 1 = Ps 
P2Q=2°+Dett+ slr, t], (De®) = (dn + (my +n)o'(t))f, 


and 
wk x, _! 2 2 BM 4 
M(V(@)) = 5 (ny +n) + qt + 0) : 


Thus, using the orthogonality of the decomposition (7.3.1), we obtain the following 
reduced action functional 


36, 5a) <2 ye? + Le whi? + dee + Ate el? + Shani? 
,T,) =- ~[t,T —||Dat + —[t,T ~ 
a el BN grail: ats 


: 
tet ny llo’ (fi? + VQ), (7.3.4) 


where the indices h and m denote the projection onto h and m, respectively. The physi- 
cal interpretation of the terms occurring in (7.3.4) is as follows: the first term gives the 
Yang-Mills functional for the reduced gauge potential @ (modified by an additional 
summand), the second and the third term are standard kinetic action functionals for 
the matter fields t and 7, the fourth term contains a typical mass contribution for the 
intermediate vector boson tT, together with a contribution describing the interaction 
of t and 7 and the last term is a self-interaction term of the surviving Higgs field 
n. In particular, it contains a mass term. To summarize, we see that in the process 
of spontaneous symmetry breaking, the intermediate vector bosons acquire a mass. 
This is referred to as the Higgs mechanism,!! see [106, 186, 273, 274, 298-300, 364] 
for the classical literature. 


Remark 7.3.6 Since o/(Ad(h)A) = a(h) 0 0’(A) o ao (h7!), for any h € H and any 
A em, the bilinear form 


(-)mimxm—>R, (A,B)m:= (o'(A)f,o' (Bf) 


is an H-invariant scalar product on m. Thus, 


'lTn a realistic model, like the standard model of elementary particle physics, a large number of 
fermionic fields describing matter occur. All these fields, except for the neutrino field, also acquire 
a mass via the Higgs mechanism. This will be explained in Sect. 7.7. 
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yoy? = f cAxe, (73.5) 
M 


with the dot defined by (-, -)m. + 
Let us illustrate the Higgs mechanism for a toy model with gauge group SU(2). 


Example 7.3.7 (Georgi-Glashow model) Consider the trivial principal SU (2)-bundle 
P=M x SU(2) over Minkowski space M and the associated bundle E = Ad(P) = 
P Xsu2) su(2). This model is often called the Georgi-Glashow model of electroweak 
interactions. Using the Lie algebra isomorphism su(2) = s0(3) = R°? and the iden- 
tification of the adjoint representation of SO(3) with its defining representation on 
R°, cf. Examples I/5.2.8 and I/5.4.7, we obtain 


E = P xsoq3) R°. (7.3.6) 


Since the bundles are trivial, we may describe any configuration (w, ®) in terms of 
its (global) representatives (A, y) on M. In the standard basis {e,}, a= 1,2,3, on 
R°?, we write gy = y“e,. Now, consider the action functional (7.2.1), with the Higgs 
potential given by (7.2.2). Then, for jz” < 0, the minimum of V is given by 


2 


é u 
lol? = 9" Ga = -—. G37) 
Thus, Fimin coincides with a 2-sphere S? Cc R’ of radius Hy = —# In particular, 
it consists of a single orbit. We choose 
0 
f= ne3 = | 0 
Ny 
The stabilizer of f is 
RO 
A: 01 € SO(3) : Re SO(2)} . (7.3.8) 


Since P is trivial, it admits a reduction to the subgroup H and, thus, there exists 
a Higgs vacuum g,. Since M is topologically trivial, any such reduction is again 
trivial and thus equivalent to the subbundle Qf = M x SO(2) with the embedding 
i: Qe — P defined by (7.3.8). Clearly, the Higgs vacuum corresponding to this 
reduction is given by 

Py (x) =f, 


for all x € M. The orthogonal reductive decomposition (7.3.1) has the form 


50(3) = so(2) @m, (7.3.9) 
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where m = R?. Note that under this identification, the restriction of H = SO(2) to 
m coincides with the defining representation of SO(2). 

Now, consider a configuration of type [SO(2)]. Denoting the global representatives 
of @ and t by A and V, respectively, we find 


~ A! 
A=A’, v= [fo] 


Here, A is an so (2)- or u(1)-valued gauge potential, which may be viewed as a model 
of the photon field. The intermediate vector boson V is an R?-valued covector field 
carrying the defining representation of SO(2). Alternatively, we may view it as a 
complex-valued covector field V = A! + iA? carrying the defining representation 
of U(1). Since F/G = R*/SO(3) = Rx U {0}, for a configuration of type [SO(2)], 
the surviving Higgs field 7 is a function on M with values in R,. 

Finally, let us examine in detail the covariant derivative i* (D..®) which is respon- 
sible for the mass generation in the reduced action (7.3.4). With g = (n, + n)e3, 
Dog = dg + [A, ¢] and, thus, Do* = dg“ + €%), Ao‘, we obtain 


(Dg)! =(m+nA*, (gy =—-™tn)A', (Dey =dn, 


and, thus, in the standard basis {e,,}, 4 = 0,...,3, of M, 
Del’ = i (8,.n8"n + (my + n)*(A, tA"? + A,2A"?)) Vu 
M 


cf. formula (7.3.4). We see that the mass of the intermediate vector boson V is simply 
given by ny. 4 


Up until now, we have merely assumed that an absolute minimum of the Higgs 
potential exists and we have drawn consequences from this fact. In the remainder 
of this section, we will briefly discuss the existence problem in a model indepen- 
dent way. There is a huge literature on this subject which, on the mathematical 
side, is related to modern equivariant bifurcation theory [196, 197, 252] and alge- 
braic geometry. The classical papers on this subject are by Michel, Radicati, Abud 
and Sartori, see [5, 6, 443-446, 557, 558] and further references therein. For fur- 
ther developments, including an extension to the Yang—Mills functional, see also 
[229-231]. It should be noted that mechanisms of spontaneous symmetry breaking 
play arole in various branches of physics, or, even more generally of natural sciences. 
Among the classical papers cited above, [444] gives a nice overview. Our focus is 
rather on gauge theories only. 

As already mentioned at the beginning, for a given gauge-invariant Higgs potential 
V, the set of absolute minima F,,,,;, is necessarily a union of orbits. Thus, we are rather 
dealing with a variational problem on the orbit space F/G. If we want to depart from 
a concrete model, we should allow V to be an arbitrary gauge invariant function 
on F or, equivalently, a function on F/G. Thus, the appropriate mathematical tools 
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for the discussion of our variational problem are the theory of Lie group actions as 
developed in Chap. 6 of Part I and, in close relation, the classical invariant theory, 
see [301, 523, 570, 571]. 

Thus, let G be a compact, connected Lie group and let (F, G, 7) be a real rep- 
resentation which is orthogonal with respect to a chosen scalar product h. Consider 
an orbit type [H] of o and the corresponding stratum Fiy,; C F.!* Let f € Fim, let 
Gy = H be its stabilizer and let G - f be the orbit through f. Since G is compact, 
there exists a tubular neighbourhood of G - f. Let Ny be the corresponding (linear) 
slice through f, see Sect. 6.4 of Part I. Recall that H acts orthogonally and reducibly 
on T;F’.. The subspaces Ty (G - f), TyF{4) and Ny are invariant under this action. By 
the results of Sect. 6.6 of Part I, we have the orthogonal direct sum decomposition 


Moreover, defining N? = Ne O Ty Fix) and N; = (TF ) C Ny, we obtain the 
following direct sum decompositions 


TyF =Ty(G-f)@NP ON, TyFin =Ty (G-f) ON. (7.3.10) 


Note that NP is the maximal subspace of Ny where H acts trivially. This means, in 
particular, that under the canonical projection F — F/G, it is identified with the 
tangent space to the [H]-stratum of the orbit space. Also note the following. 


(a) For the principal stratum we have N; = 0. 

(b) If NP = 0, the orbit G - f is isolated in its stratum, that is, there exists a G- 
invariant neighbourhood U of G - f which contains no other orbit of the same 
type. 


Next, let us consider the algebra C°(F)° of G-invariant functions on F. Since the 
representation o is real, we can identify F with a finite dimensional Euclidean space 
and G with a subgroup of the orthogonal group. In this situation, the classical invariant 
theory is directly applicable: the ring P° (F) of G-invariant polynomial functions on 
F is finitely generated and any set of generators p,..., 0, defines a mapping 


P=(f1,---, Pp): F/G>R, 


which is a homeomorphism onto its image. By [570], any element of C°(F)°% can 
be presented as a smooth function of the generators 0), ..., 0). This implies that any 
set of generators separates orbits, that is, any such set may be used to parameterize 
the points of the orbit space F/G. In general, the generators p; fulfil a number of 
equations and inequalities keeping track of their ranges. Thus, the image .7 of ¢ is 


12For simplicity, assume that F{q] is connected. Otherwise, we would have to introduce a second 
index labeling the connected components, see Chap. 6 of Part I. 
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a closed semialgebraic variety of R’. Moreover, o maps the connected components 
of the strata of F/G bijectively onto the primary strata!? of the variety .Y. 

The set {0),..., Op} and the mapping p are called a Hilbert basis and a Hilbert 
mapping for o, respectively. One says that an orbit O of a is critical if any G-invariant 
function is stationary on O. The following theorem was shown in [443]. 


Theorem 7.3.8 (Michel) Under the above assumptions, an orbit is critical for o iff 
it is isolated in its stratum. 


Proof Let fo be a point in the orbit under consideration and let V €¢ C®(F)°. Since 
V and h are G-invariant, the gradient vector field VV = h7! (dV) is invariant, too. 
Moreover, it must be orthogonal to G - fo at every point f € G - fo. On the other 
hand, by the discussion in Sect.6.7 of Part I, the flow of any invariant vector field 
leaves the strata invariant and, thus, (VV); € TyF{q for any f € G- fo. Thus, 
(VV)p € NP. Consequently, if NP = 0, then (dV)(f) = 0 for any V € C®(F)® and 
every f € G- fo. 

Conversely, let G - fy be a critical orbit, that is, (dV)(f) = 0 for any V € C®(F)® 
and every f € G - fo. It was shown in [557] that the subspace N? is spanned by the 
gradients of elements of the Hilbert basis. If they all vanish, then clearly N =0.5 


From the above proof, we note the following basic facts: 


(a) For every V € C®(F)®, we have (VV)p € Np. 
(b) N is spanned by the gradients of the elements of a Hilbert basis. 


These observations can be taken as a starting point for a general model-independent 
analysis of the variational problem under consideration. For a given stratum, one has 
to determine those generators which are functionally independent on that stratum. 
Next, their gradients may be used as a basis of N and, then, the gradient of any 
G-invariant function may be expanded in this basis. Now, the equation VV = 0 may 
be analyzed in terms of the coefficient functions with respect to the chosen basis. 
Finally, the Hessian has to be studied as well. For a detailed analysis of this approach 
we refer to [6, 558]. 


Remark 7.3.9 Tf the potential V depends on a number of parameters, the location 
of the stationary points of V will in general depend on these parameters. Varying 
their values may result in shifting the absolute minimum to a different stratum, thus 
leading to a different residual symmetry. This gives rise to bifurcation phenomena 
which, together with the related phase transitions of the physical states, may also be 
discussed using the above described framework. For a nice illustration, see Example 
1 in Sect. 5.4 of Ref. [558]. + 


13 See [668, 669] or [571] for this notion. In short, a primary stratification of .Y is a locally finite 
collection E; of connected semi-analytic submanifolds of R’, called strata, such that .Y = U,;E; and 
such that, for each i, E; \ E; is a union of lower-dimensional strata. 
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7.4 Magnetic Monopoles 


In this section, we take up the discussion from Sect.7.2. First, we recall the clas- 
sical Dirac monopole and, next, we consider the non-Abelian model of Georgi and 
Glashow introduced in Example 7.3.7 in detail. We discuss the following points: 


(a) the identification of the electromagnetic field, 

(b) the local characterization in terms of the Poincaré—Hopf index and the global 
magnetic charge conservation law, 

(c) the charge quantization, 

(d) the search for exact finite energy solutions exhibiting a magnetic monopole. 


First, to recall the classical Dirac monopole, consider a static electromagnetic field 
in the absence of a magnetic current. Then, the Maxwell equations!* read 


V-D=42p , V-B=0 (7.4.1) 
VxE=0, VxH=0. (7.4.2) 


In an attempt to reconcile magnetically charged particles with quantum mechanics, 
Dirac [153, 154] considered an electron in the field of a magnetic charge. Postulating 
the single-valuedness of the wave function, he found that the electric and the mag- 
netic charges must be related by a certain quantization condition, see below. Thus, if a 
magnetic monopole existed, this would explain the quantization of electric charge.!° 

In the presence of a hypothetical single monopole of strength g, the second equa- 
tion in (7.4.1) takes the form 


V -B= 47g5°(x), (7.4.3) 


where g5°(x) stands for the magnetic monopole charge density. For the boundary 
condition B(x) — 0 as ||x|| — ov, the unique solution to this equation reads 


B(x) =¢ ae (7.4.4) 


By the Gauf law, the magnetic flux of this field through the surface S? of a ball 
centered at zero is equal to the magnetic charge Q,, inside the ball, 


[B:a8= On. 
S2 


Consider the restriction of the solution (7.4.4) to S? = {x € R?: ||x|| = 1}: 


'41n the CGS-system. 
'‘SRor a number of interesting historical references considering the possibility of magnetic 
monopoles we refer to [112]. The list provided in this paper dates back to the letter of Petrus 
Peregrinus from 1269. 
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By. (x) = gx. (7.4.5) 


— 


Note that it is well defined on all of S?. Thus, it defines a smooth 2-form F = 
(Bivp3); on S?. In spherical coordinates, we have!® 


B).. (x) = g (cosgsiné, sing sin@, cos@) (7.4.6) 
and, thus, 
F = —gd(cos@) Adg. (7.4.7) 
This entails 
Qn = 1 F=47g. (7.4.8) 
Ss? 


Since in this discussion the physical constants play a crucial role, we switch over to 
the physical representation F +> 7° I, see Remark 6.1.1. 
Let us now make the following natural assumption: ie F is the representative of 


the curvature of a connection form on a principal U(1)-bundle P over S*. Then, 
the first Chern class of P (which, by Theorem 4.8.1, determines P uniquely up to 
isomorphisms) is 


¢(P) = 1 i. er 
: ~  Oihc — 2mhe 
and, thus, the first Chern index reads 
2eg 
c(P) = c\(P) = ae (7.4.9) 
s2 C 


Since the first Chern index is integer-valued, we obtain the following quantization 
condition: 
2eg 


meZ. (7.4.10) 
he 


This is the famous Dirac quantization condition. Dirac obtained it by the require- 
ment that the electron wave function be single-valued. We see that, equivalently, it 
follows from the above requirement that iF be the representative of the curvature 
of a connection form on a principal U(1)-bundle over S?. This becomes even more 
transparent by the following. 


Remark 7.4.1 Note that 
A, =g(1—cost)dg and A_ =-—g(1+4+cost)dg (7.4.11) 


are potentials for F on S? \ {—ep} and S? \ {eo}, respectively. Thus, 


'6Everywhere, except for the north and the south poles eg and —eg, respectively. 
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iA, = iA_ + dQigg) 


on S? \ ({eo} U {—€o}), that is, by restriction to the equator S' C S? we obtain a 


mappin 
yee - Ql ~g@l — p2digy 
p:S >UQ)SS, p@=e"", 


or, in the physical representation, using the quantization condition, 
p(y) = elt? = elm | 


We see that the quantization condition ensures that this function is single-valued and, 
thus, it may be viewed as a transition function of a principal U(1)-bundle. It then 
defines transition functions in all associated bundles, in particular, in the complex 
line bundle whose sections model the electron wave function. Clearly, for m = 1, 
this line bundle is associated with the complex Hopf bundle of Example 1.1.20. It 
is easy to check that in that case the connection form defined by (7.4.11) coincides 
with the canonical connection (1.3.20) (Exercise 7.4.1). 

Finally, note that m coincides with the mapping degree of p and that there is a 
similar relation to the Chern index as in Proposition 6.3.4. 4 


Now, let us consider the Georgi-Glashow model introduced in Example 7.3.7. We 
use the same notation and, in particular, we use the identification given by (7.3.6). Let 
(w, ®) be aconfiguration of this model, let ® be the equivariant mapping associated 
with ® and let (A, g) be a (global) representative of this configuration. We define 


T:={xeM: ®(x%)=0}, Mo:=M\T. (7.4.12) 


Recall that M is the 4-dimensional Minkowski space and that ® takes values in R?. 
Thus, generically, J” is a 1-dimensional submanifold of M@. Let us assume that I” 
consists of a union of (disjoint) curves each of which intersects every hypersurface 
in M defined by x° = const. exactly once. Such a submanifold I” will be called 
generic. Below, only this case will be considered. 

Let us denote the restrictions of the bundles P and E to My C M by Po and Ep, 
respectively. Since P and E are trivial, Po and Ep are trivial, too. The corresponding 
restriction of (w, ®) will be denoted by the same symbols. Consider the mapping 


@:Pyp eS cCR, 6:=46.-|d]-'. (7.4.13) 


By definition, & is G-equivariant and, thus, defines a section of the subbundle i = 
Po Xsog3) S? of Ep. Note that ® induces a decomposition of w on Po: 


o=ol+o', wl =8B-), ot =o—4(E-0), (7.4.14) 
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where - denotes the Euclidean scalar product on R?.'” Clearly, é-w =0. 
Let us calculate the projection of the curvature of w to ®. 


Lemma 7.4.2 For any configuration (w, ®) on Po, the following identity holds: 
é - (Dé, Dé}, (7.4.15) 


where (2 is the curvature form of w. 


Below, depending on whether w and @ are viewed as mappings with values in s0(3) 
or R?, respectively, the bracket [-, -] denotes either the commutator in s0(3) or the 
cross product in R?. 


Proof Since Dé = db + [o, &], we have 


that is, . 
wo =[6, Dd — de]. 


On the other hand, using the standard basis {e,} in s0(3) = R?, we calculate 


[Dé — db, Dé — dd] = [[o, 4], [w, FI] 

= C46 pcb OD! A £ mnco™ BO" 

= (5 ndin — 5 ndpmE uP! Ba" A wo” 

— CnEnu PP" w* Aa” — CnEmu PP" wk Aa” 
= &(6 -[w, a)). 


Thus, 
@ -[w,w| = ® -[Dé —d@, Dé — dG], 


and, therefore, using dé. d= 0, we obtain 


'7Tt coincides, up to a factor 5 with the negative Killing form of so(3). 
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x ae I 
=d(b -@)—db A ot + 59 -[o, 0] 


= d($-w) — dé A [é, Dé — db] + 5% -(Dé — ad, Dd — 48), 
But, 
dé A [6, Dé — db] = dd, A &%;,.6°(D&* — d&*) 
=-—@ .[Dé,d¢é]+¢@-[dé, dd], 
and thus, 


1 » a a B Re oe 1 , ar 
5 [D0 BO) a RE dae [dd, dd] 
a A Q a I x x Zz 
=d(®-w)+-=@-[D®@, Dd] — 5 @ -[dd, dd] 
| 
Let us rewrite Eq. (7.4.15) as follows: 
a x 1. a me 
d(@-w)—- =~ @-[dd,do] = @ ea 5 Pe Oe) (7.4.16) 
The gauge invariant 2-form 
i Tx * a 
Fen = @- 2 — 5 ® -[D@, DP] (7.4.17) 


is called the ’t Hooft electromagnetic field strength [623]. A priori, this is a 2-form on 
the (trivial) bundle Po, but, since both §2 and Dé may be viewed as 2-forms on Mo 
with values in the adjoint bundle, F.., may be viewed as an R-valued 2-form on Mo. 
Note that, separately, the two summands on the left hand side of (7.4.16) are neither 
gauge invariant, nor may they be interpreted as 2-forms on Mo. But, clearly, their sum 
must be a gauge invariant 2-form on Mo, too, and thus for any global representative 
(A, @) of (w, &) on Mo, we have 


P ae eae a 
Fem = d(@ - A) — ae" [dg, dg]. (7.4.18) 


To justify the name for F..,, we first show the following. 
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Proposition 7.4.3. The 2-form Fem is closed, 


dF.n = 0. (7.4.19) 


Proof By (7.4.18), we must prove that d(¢ - [d@, d@]) = 0. Since @? = 1, we have 
@ -d@ = 0. Thus, for any vector X € T,Mbo, the vector d@(X) € R? lies in the plane 
orthogonal to @(x). Consequently, the vector [dg(Y), d@(Z)] is parallel to G(x), for 
any pair of tangent vectors Y, Z € T,Mpo. This implies d@(X) - [d@(Y), dg(Z)] = 0 
for any triple of tangent vectors. Thus dg A [d@, d@] vanishes identically. This 
yields the assertion. a 


Now, choose a hypersurface Xo := {x € M: x° = const.}. Assume that the 
submanifold I” given by (7.4.12) is generic. Label the curves constituting I~ by J}. 
By assumption, each J; intersects Xo in an isolated point x;. Take a family of open 
balls K; of radius ¢; centered at x; and consider a ‘big’ open ball Kr of radius R in 
Xp containing all K;. Denote the boundary 2-spheres by Sy and S., respectively, and 
choose on each of these spheres the orientation pointing outwards. By the Theorem 
of Stokes and by Proposition 7.4.3, the total magnetic charge contained in Kp is given 
by 


Qn = - Fem = - tat D | Fem = pays Fen = pa On ; (7.4.20) 


that is, it is given by the sum of magnetic charges living on the curves [;. To make 
the construction independent of ¢ and, thus, to include any generic I”, we take the 
limit 


On = lim | Fen- (7.4.21) 


R>c s3 


As in Sect. 7.2, we will write Ise. for limp, oo Js2- 
To calculate the flux of F, we must study the behaviour of the second term on the 


right hand side of (7.4.18). Let Ss? be a 2-sphere of radius ¢ which is not contractible 
in Mo and consider the mapping 


v= ¢1g:S;> SCR’. (7.4.22) 


Lemma 7.4.4 The mapping w fulfils 


1 
5 wv -[dy, dy] = v* (vs), (7.4.23) 


where Vs: denotes the canonical volume form on S?. 


The proof is by a direct calculation, e.g. using spherical coordinates, and is thus left 
to the reader (Exercise 7.4.2). 
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Proposition 7.4.5 The magnetic charges Qm and Q', are given by 


Om =—4adeg(w), O', = —4m deg(Wi), (7.4.24) 


where w: S2, > S? and i: 8? > S?, respectively. 


Proof Using (7.4.18), the Theorem of Stokes and Lemma 7.4.4, we obtain 


Oi, = [Bom =~ f wttvs) = 4 dee. 


i 


The same argument applies to w : S2 — S? for R such that all singularities are 
contained in Kr. | 


Remark 7.4.6 


1. Since the mapping degree is a homotopy invariant, the mapping y defines an 
element of the second homotopy group 772(S). Viewing S* C R? as the homoge- 
neous space G/H, with G = SO(3) and H = SO(2), we recover the topological 
characterization of g in terms of an element [¢..] € 12(G/H) found in Sect. 7.2. 
The degree of the mapping y;: S? —> S? is often called the Poincaré—Hopf index 
of the zero x;. For a detailed discussion of the various equivalent topological 
characterizations we refer to [20]. 

2. Since ® vanishes on I”, F'., is singular on J” and thus cannot be continuously 
extended to the whole of M. Nonetheless, we may consider the 3-form [20] 


jim = Fem (7.4.25) 


on M in the sense of distributions. Since on My we have dF. = 0, jm has 
obviously support on J”. The distribution-valued 3-form j, is called the magnetic 
current form. By (7.4.18), 


1 . 
jm = —540 A (dG, 6). (7.4.26) 


In terms of jm, the magnetic charge contained in Kp is given by 
On= | Fen=[ df= f in. 
Si, Kr Kr 


Since, by definition, j,, fulfils the continuity equation dj,, = 0, the magnetic 
charge is conserved. !8 4 


Example 7.4.7 Consider the matter field of the form 


'8We note that although Qm is a purely topological quantity, it does not generate a symmetry, see 
[20] for a detailed discussion. 
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gi (xX) 
g:M>R*, 9(x)=| mx) 
3(X) 


(gi + ig2)(x) = (ax, + ibx2)", 93(x) = 0cx3, a,b,cER. 


One can show that ¢ carries a magnetic monopole of strength n (Exercise 7.4.3). 
2. Let 


g(x) = 2axif(x), 92(x) = 2axrf(x), 93(x) = (Ix? — @)f (x), 


where a € R and /f is a nowhere vanishing smooth function. One can show that 
y carries two monopoles with opposite strengths +1 separated by a distance 2a 
(Exercise 7.4.3). + 


The above analysis shows that the information about the magnetic charges is encoded 
in the topological behaviour of the Higgs field. Since @ is defined everywhere on 
Mo, one often speaks of a description in a non-singular gauge. Next, let us present 
an alternative picture. Choose a point By € S*. Let H = SO(2) be the stabilizer of 
Bo and let Qo be the reduction of Po to H induced by Bp. Then, 


Qo = {p € Po: B(p) = Gp}. 
Let ig : Qo —> Po be the natural inclusion mapping. Then, as in the proof of Propo- 
sition 7.3.4, pulling back w to Qo via ig and decomposing it with respect to (7.3.9), 
we obtain 


On = ijn @y 3 Tp = jm i (7.4.27) 


where @ is an s0(2) = R-valued connection form and 7g is a horizontal 1-form 
of type Ad(H)m on Qo. Next, let us see what becomes of the electromagnetic field 
strength F., given by (7.4.17). For that purpose, we take the pullback of the identity 
(7.4.16) to Qo under the inclusion mapping ig. Comparing with (7.4.14), we have 
is (w!) = do. (7.4.28) 
Using this, together with ix (d) = dbp = 0, from (7.4.16) we read off 
Fem = d(Bp - @) = dy = 2p, (7.4.29) 


that is, Fe coincides with the curvature of the reduced connection form on Qo. Now, 
Proposition 7.4.5 immediately implies the following.!° 


9 Here, we view Qo asa principal U(1)-bundle. 
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Corollary 7.4.8 The first Chern index of the restriction of Qo to S, is given by 


I C1 (Qo) = 2deg(). (7.4.30) 


This observation should be compared with an analogous result in the theory of in- 
stantons, see Proposition 6.3.4. In this picture, the magnetic charges are encoded in 
the nontrivial topology of the reduced bundle Qo. Now, instead of the global formula 
(7.4.18), we obtain”? 


with A being a local representative of @o. Clearly, if Qo is nontrivial no global 
representative exists. In other words, if one insisted in working with a single poten- 
tial, it would necessarily have singularities. Therefore, one sometimes calls this the 
description in a singular gauge, where the magnetic monopoles are carried by the 
singularities of A. 


Remark 7.4.9 In the physical representation used in the analysis of the Dirac mono- 
pole, we obtain 


1 ie . 
[ «a0 = {Pen = 2deg(). 


- Qi he s? 
Thus, denoting in this representation 


1 


a aoe 93 


em > 


we read off a quantization condition similar to (7.4.9), 


2eg 


| deg(y). 


4 


We still stick to the model under consideration and look for an exact static solution 
of the field equations exhibiting a magnetic monopole with finite energy. By the 
results of Sect.7.2, finite energy configurations (A, g) are labelled by elements of 
mt2(G/H), where #7 is the residual gauge group after symmetry breaking, and asymp- 
totic solutions are characterized by the charge 2Q € h, where is the Lie algebra of 
H, cf. Theorem 7.2.12 and Remark 7.2.13. Explicitly, in spherical coordinates, the 
asymptotic solutions read 


Ay =0, Ag =+C1 Fcosv)Q. 


0Note that F, may still be viewed as a 2-form on Mp, because the adjoint bundle of a principal 
U(1)-bundle is necessarily trivial. 
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They are of course supplemented by an appropriate fall-off law of g for ||x|| — co. 
As noted before, these solutions are spherically symmetric. 

Here, we have H = SO(2) and, thus, 2Q is simply an integer 2c € Z, cf. point 
1 of the proof of Theorem 7.2.12. Then, (7.4.24), (7.4.30) and (7.2.40) imply the 
following expression for the magnetic charge in terms of the topological charge 


Qn = / Fem = —47 deg(y) = -2n f (Qo) = 4zc. (7.4.31) 
2, 83, 


foe) 


For the model under consideration, the above asymptotic solutions were first found by 
*t Hooft [623] and Polyakov [514]. Therefore, they are called the ’t Hooft-Polyakov 
monopole solutions. In [623] also the energy functional was analyzed in detail, and 
the mass of the magnetic monopole was calculated. Given these asymptotic solutions, 
one may wish to extend them to finite energy solutions on all of R*. This is a very 
complicated task even for the model under consideration. It was Schwarz [566] who 
gave a rigorous proof that, for this model, an exact solution fulfilling the imposed 
boundary conditions exists. However, it is impossible to express this solution in terms 
of elementary functions. Its numerical behaviour is as follows: 


a x a eK Xs 
Gi) = ae) A, (x) = — 2 (l—-K(€)), €=n-r. 


Here, n is the Higgs vacuum and H und K are functions whose qualitative behaviour 
is shown in Fig. 7.1. The review [250] of Goddard and Olive contains a lot of further 
comments and references. For a status report concerning the experimental search for 
magnetic monopoles we refer to [71]. 


Exercises 


7.4.1 Prove that, for 2g = | the gauge potentials given by (7.4.11) are the local 
representatives of the canonical connection (1.3.20) on the complex Stiefel bundle. 


7.4.2 Prove Lemma 7.4.4. 
7.4.3, Work out the details of Example 7.4.7. 


7.4.4 Write down the canonical connection given by (1.9.43) for the case considered 
by ’t Hooft and Polyakov both in the singular and in the non-singular gauge. 


Fig. 7.1 Qualitative » 
behaviour of the functions H 
and K al ieee 
A/é 
K 
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7.5 The Bogomolnyi—Prasad—Sommerfield Model 


Now, let us try to find the absolute minima of the energy functional E(w, ®) of a 
Yang—Mills—Higgs system with the matter field being in the adjoint representation. 
Recall from the discussion in Sect. 7.2 that, for the static theory in the temporal gauge, 
the energy functional reduces to 


E( 6) = +(j2™/2 : 
@, P= F\I2r + BOW + 


Xo 


von ; (7.5.1) 


Since both 22™ and Y@ take values in the Lie algebra g, the energy functional may 
be rewritten as follows”!: 


1 ; 
E(@, ®) = 5 (2" = GO|" +f von ) + Q™AN*«D@. 
Xo 


X% 
This entails a lower bound: 
E(@, ®) > |(Q™", B®);2|. (7.5.2) 


Using (7.2.12) and the Bianchi identity for 2, we calculate on the space-like hyper- 
surface Dp defined by x° = 0: 


d(D-(*2Q™)) = dy (P-(4Q™)) = DO A (*Q™)4PH-(dy#Q™) = DH A (#Q™). 


By Stokes’ Theorem, 
(Q™, 90) = | d(® - (x2™)) =, @ - (*Q2™), 
aX S32, 


and thus, 
E(w, ®) > /  -(42™)). (7.5.3) 
S, 


This inequality is called the Bogomolnyi bound [84]. It is the starting point for the 
search of stable solutions of the Yang—Mills—Higgs system. Clearly, (w, ®) is an 
absolute minimum of the energy functional if this bound is saturated, that is, if 


V(@)=0, Q™=+49O. (7.5.4) 


Moreover, to guarantee finiteness of the bound (7.5.2), for solutions we must require” 


?!Recall that V is shifted so that it is non-negative. 
?2Recall Remark 6.2.1 for the notation. 
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|Pb| > 0, |2™|->0, (7.5.5) 
for ||x|| — oo. Additionally, we also require 
|o| > 1, (7.5.6) 
for ||x|| — oo. This may be viewed as a relic of the Higgs potential. The limit 
V — 0 is often referred to as the Prasad-Sommerfield limit [522]. Clearly, for 
analytical estimates, these requirements must be made more precise [610]. E.g., the 
first condition in (7.5.5) should be formulated as follows: for some 6 > 0, 


IIx||'*°| D| < const. (7.5.7) 


Remark 7.5.1 In the Georgi-Glashow model, conditions (7.5.5) and (7.5.6) imply 
| | & (D8, 76)| < / \8| |[9b, b||R2do —> 0. 
s Si 


Using this, together with (7.4.17), (7.2.12) and (7.4.21), we read off the Bogomolnyi 
bound in the Prasad—Sommerfield limit, 


Bw, 0) =| [Bon] =IOnl- (75.8) 


Thus, in the Prasad—Sommerfield limit, the energy functional of the Georgi-Glashow 
model is bounded from below by the total magnetic charge. + 


Now, consider the field equations (7.2.14) on Xo = R?. In the adjoint representation 
and, under the assumption that V = 0, they read 


*d,2" =[9P,P], PoIJD=0. (7.5.9) 
Correspondingly, the Bianchi identities (7.2.6) take the form (Exercise 7.5.1) 

dy * 2" =0, DoPh=[*xQ™, OP]. (7.5.10) 
If we now require the second equation in (7.5.4) to hold, 


Q™=+490, (7.5.11) 


we see that the field equations (7.5.9) reduce to the Bianchi identities (7.5.10). Thus, 
any exact solution of (7.5.11) entails an exact solution of the Yang—Mills—Higgs 
system in the Prasad—Sommerfield limit. Equation (7.5.11) is called the Bogomolnyi 
equation. 
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Let us study this equation. By the above discussion, any solution of this equation 
yields an absolute minimum of the energy functional. Consider the decomposition 
of the Euclidean space 

R* = Rey x R° (7.5.12) 


and write pr; ,i = 1,2, for the canonical projections onto the first and the second 
component of (7.5.12), respectively. For X € IR*, denote pr, (x) = x° and pr5(X) = x. 
In this notation, the action of the Abelian group R by translations on the first factor 
is given by 

6:RxR* SR‘, 8(s, °,x)) =  +5,x). 


Proposition 7.5.2 Solutions to the Bogomolnyi equation are in bijective correspon- 
dence with (anti-)self-dual, R-invariant connections on the Euclidean space R*. 


Proof Let (@, ®) bea solution of the Bogomolnyi equation, where w is a connection 
form on a principal G-bundle 2 : P > R? and @ is a section of Ad(P). Since P is 
(necessarily) trivial, the pullback bundle P = pr5 P over IR* is also trivial and thus, 
as a manifold, diffeomorphic to R x P, with the diffeomorphism given by 


x:Rx@x@—P, x(x, g)) = (0°,»), (x, g)). 


Note that pr, (x°, x) = m(x, g), indeed. Under this identification, P carries a natural 
lift A of the R-action 6, given by translations on the R-component. 

Now, we may apply the theory of invariant connections from Sect. 1.9. By ea 
é 9.18, principal G-bundles over R* admitting a lift of the action 5 have the form~* 

= R x P and R-invariant connections @ on P are in one-to-one correspondence 

7 pairs (w, ®) where w is a connection form on P and ® € I'™(Ad(P)). It 
remains to show that (w, ®) is a solution of the Bogomolnyi equation iff @ is 
(anti-)self-dual. As in Example 1.9.18, we extend ® @ ep* to a 1-form on Rep with 
values in '(Ad(P)) via the R-action and use the natural isomorphism 


Q*(R*, Ad(P)) = Dra nor Ps 9)» 
to obtain a horizontal 1-form t of type Ad on P. Under this identification, 
@=o4T. (7.5.13) 
Since the bundles P and P are trivial we can use global representatives (A, y) of 


(w, ®) and A of @, respectively. Denote the representatives of the curvature forms 
of w and @ by F and F, respectively. Then, by (7.5.13), 


A=A+ dx" 


23Note that the roles of P and P are interchanged here. 
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and, thus, by the Structure Equation, 


F=F+4+9gdx°. 


Let B be the (global) representative of 2™. Then, by (7.2.12), F = *g3 B and, using 
*pi(a A dx°) = — *p3 @, for any |-form a on IR? we calculate 


+ 


xp = *R4 (Do A dx”) + *piF 
= — *R3 (Fe) + «Re (RS B) 
= — kp (Fe) —Ba dx®. 
Comparing with F = *g;3B + Dy A dx°®, we see that F is self-dual iff B = —Dy 
and anti-self-dual iff B= Do. a 


Example 7.5.3 (The BPS monopole) Let G = SU(2). Viewing x € R? asa quater- 
nion via x = x!i+ x?j +.x°k, we put 


1 ( 1 1 ) (5 . *) 
A® = Im (——) , (7.5.14) 
2 \{[xl| sinh || x|| Ix\| 


ow = +5 (2 : )m (=) (7.5.15) 
cae) |x|] tanh ||x|| IIx\| J ~~ 


The reader can check by a straightforward calculation that this a solution of the 
Bogomolnyi equation with magnetic charge +477, that is, with mapping degree k = 
+1 (Exercise 7.5.2). It is called the BPS monopole after Bogomolnyi [84], Prasad 
and Sommerfield [522]. + 


Remark 7.5.4 


1. It was a challenge to find monopole solutions of higher charge. The first exis- 
tence proof was presented by Taubes [609, 617]. His method is based on the 
idea that a charge k monopole should be obtained by gluing together k charge | 
monopoles. However, to find explicit solutions, other techniques had to be devel- 
oped. The correspondence established in Proposition 7.5.2 suggests that methods 
from the theory of instantons should be applicable. Indeed, the same sequence of 
ansatze from [42] led to the construction of multi monopole solutions with gauge 
group SU(2), see [139, 520, 521, 650, 651]. Hitchin [306] proved that all SU(2) 
monopoles can be obtained this way. A different approach, also related to in- 
stanton theory, is due to Nahm [469-471]. He developed an infinite-dimensional 
version of the ADHM construction to obtain multi monopole solutions. Next, it 
was again Hitchin [307] who proved that, via the Nahm construction, all SU(2)- 
monopoles are obtained. This way, an equivalence between the two approaches 
was established. Later, Hurtubise and Murray [334] extended this result to the 
case of arbitrary classical groups. 
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2. As in the case of instantons, it is interesting to study the moduli space Jt, of 
charge k monopole solutions. For G = SU(2), this problem has been solved by 
Donaldson [158]. He has proved that It, = SR; / ~, where ¥, is the complex 
manifold of rational functions f of degree k on the Riemann sphere CP! = 
CU {oo} fulfilling f(oo) = 0, and ~ denotes factorization with respect to the 
circle action f +> e!”f. The proof of this statement is based on the variant of the 
ADHM construction of Nahm cited above. Given the above isomorphism, one 
gains a nice intuitive picture of how a general solution looks like: an arbitrary 
element of SR; is given by 


k 


fo=> a, aj eC. 


~~ AL 


i=] 


In particular, we read off that dim(9Jt,) = 4k — 1. Thus, for k = 1, we obtain 
a 3-dimensional moduli space. In the parameterization of Example 7.5.3, any 
solution is obtained from the BPS monopole via a translation x +> x — Xo. 
Following the ideas developed by Donaldson and using the results of [334], 
Hurtubise [333] has found the moduli spaces for arbitrary classical groups SU(), 
SO(n) and Sp(n). In all cases, the moduli spaces are equivalent to spaces of 
holomorphic mappings from CP! into flag manifolds. In [36], the dynamics of 
monopoles has been studied in terms of geodesic motion on the moduli space. 
This goes back to an idea of Manton [425], who suggested that the geodesics of 
the metric on the moduli space should correspond to scattering of slowly moving 
monopoles. If one takes this idea seriously, one should study the metric of the 
moduli space. This has been done for SU(2)-monopoles with special symmetries, 
see [317, 318] and further references therein, and in special cases also for other 
gauge groups, see [463] and references therein. 

3. In [31], Atiyah proposed to study the Bogomolnyi equation on the hyperbolic 
3-space. He showed that hyperbolic monopoles may be regarded as S!-invariant 
instantons on S*. This variant of the theory is still an active field of research. In 
[464, 465], the twistor approach to this theory has been worked out. Moreover, 
there is a large number of attempts to construct (or prove the existence of) so- 
lutions, see [426, 586, 606] and further references therein. The geometry of the 
corresponding moduli space has not been clarified up until now, see [481], [482] 
for attempts in this direction. 

4. By the above discussion, the critical set of absolute minima of the Yang—Mills— 
Higgs action functional consists of the solutions to the Bogomolnyi equation. 
It was shown by Taubes that there exist smooth, finite action solutions to the 
SU(2) Yang—Mills—Higgs equations in the Prasad—Sommerfield limit which do 
not satisfy the Bogomolnyi equation. In [614], Taubes proved that they are all 
unstable. It is interesting to ask whether such non-minimal solutions exist if 
one requires spherical symmetry. For the case of SU(2), the answer is negative 
[419]. If one allows for gauge groups with rank larger than 2, then such solutions 
exist [111]. + 
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For a systematic study of the theory of monopoles we refer to the monographs [36, 
346, 585]. 


Exercises 


7.5.1 Prove formulae (7.5.9) and (7.5.10). 


7.5.2. Prove that (7.5.14) and (7.5.15) define a solution of the Bogomolnyi equation 
with magnetic charge +477. 


7.6 The Seiberg—Witten Model 


In 1994, Seiberg and Witten published two papers where they studied the vacuum 
structure of N = 2 supersymmetric Yang—Mills theory [576, 577]. In this context, 
they found an Abelian gauge model coupled to a spinor field which, according to some 
heuristic arguments taken from quantum field theory, had to contain the same topo- 
logical information as the Yang—Mills theory [675].°4 Indeed, within a few months, 
many of the results obtained via instanton theory, were re-proved within the new 
theory. In this section, we give an introduction to this fascinating model. By now, 
there exists a considerable textbook literature on the subject, see [180, 219, 428, 459, 
460, 487, 553], to which we refer for an exhaustive presentation. 

Consider an oriented compact 4-dimensional Riemannian manifold (M, g) car- 
rying a Spin‘-structure S°(M). Let z : P — M be the corresponding fundamental 
U(1)-bundle and let L be the associated determinant line bundle given by (5.4.11). 
Let w be the Levi-Civita connection on O,(M) and let t be a connection on P. Via 
the two-fold covering S°(M) — O,(E) x,y P, these connections define a unique 
connection w* on S°(M). Let 2, = dt € 27(M) @iR be the curvature” of t and let 


SM) = S°(M) X spine(a) Aa 


be the associated canonical spinor bundle*’ endowed with the Dirac operator D, 
defined by w’. By Remark 5.5.6, we have the natural splitting 


*4Roughly speaking, according to Witten the two theories should be viewed as two different asymp- 
totic limits of a single theory which are getting interchanged via S-duality. Under this symmetry, 
electrically charged states are exchanged with magnetic monopoles, see Remark 7.6.7 below. Up 
to our knowledge, these quantum field theoretic arguments have never been made mathematically 
precise up until now, but there exists a research programme for accomplishing this goal, see [428] 
for a further discussion. 


25 Since the adjoint action of U(1) is trivial, Ad(P) is a trivial bundle. 
26Cf. formula (5.5.12). 
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SM) = Si(M) ® SM), (7.6.1) 


induced from the spinor module splitting Ay = Aj ® Aj. On the other hand, by 
(2.8.8), we have the decomposition 


A°T*M = (\7,T*M @ A7_TM, (7.6.2) 
induced from the Hodge star operator of g. There is a deep relation between these 


splittings given by (2.8.10), 
A?,T* = SV. (7.6.3) 


Here, T is the basic SO(4)-module and Vi = Aj are the basic modules of Spin(4) = 
SU(2) x SU(2). These isomorphisms are given by the quantization mapping (5.1.11). 
Explicitly, by point 1 of Remark 2.8.1, in terms of the standard basis {e;} the space 
ew ie is spanned by 


DAKVP4EPAM, BAKPEHMAK, DAKMEKADH, 


and, thus, Sar is spanned by e,e2 + e3e4, €;€3 + e4e> and e,e4 + e2e3. Thus, using 
the presentation given by (5.1.26), for the generators of Sar we obtain 


eje> + e3e4 = 2io,;, e1e3 +e4@o. = 2i07, e1e4 + &e3 = 2io3, (7.6.4) 


as endomorphisms of Aj = C?. This gives an explicit identification of the space 
of real-valued self-dual forms on R* with the space of traceless skew-Hermitean 
endomorphisms of an Complexifying these isomorphisms, in particular, we ob- 
tain an identification of imaginary-valued self-dual forms with traceless Hermitean 
endomorphisms. Passing to the bundle level, we obtain natural bundle isomorphisms 


A? TEM = Endo(.7£(M)), (7.6.5) 


where Endo(.“£(M)) denote the bundles of traceless endomorphisms. 


Remark 7.6.1 Below we will need a scalar product on the space of endomorphisms 
of a Hermitean vector space (V, (-, -)).2’ We define: 


1 
(T, To) == 5 (T}T2), Ti, T € End(V), (7.6.6) 


where 7* denotes the adjoint endomorphism, (T*w,v) = (w, Tv). Now, leta = 
paar ad! AW € 927(M, C). Using the quantization mapping c, we calculate 


?7Here, we use the convention that the Hermitean scalar product is anti-linear in the first and linear 
in the second entry. 
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2 2 
lo(a)|? = | >) aycicy 


i<j 


1 
a tr ( > Da OjLKIC|CICKC1) 


i<j k<l 


1 
= 5 t(D lol?) 


i<j 


= 25) lay’. 


i<j 


On the other hand, on TM the natural fibre norm is given by 


2 2, 
Ja)? = So ail”. 


i<j 


Thus, endowing Endo(.“{(M)) with the fibre metric defined by (7.6.6), we have 


|c(w)|? = 2\a|. (7.6.7) 


4 
Now, we can formulate the Seiberg—Witten model. Let ® ¢ P™(.7£(M)). Fi- 


brewise orthogonal projection to ® defines a Hermitean endomorphism @@* € 
End(.7(M)) by 

DH*(y) = O(P, 9), peT° (ALM). 
Its traceless part q(@) := (@H*)o is given by 


1 
q(P)(y) = B(®, g) — 5/Pl'e. (7.6.8) 


The proof of the following Lemma is left to the reader (Exercise 7.6.1). 


Lemma 7.6.2 The identities 
A. dete 1 
Ig(®)|° = Filed » {(T,q(®)) = aie? ®) (7.6.9) 


hold for any tranceless Hermitean endomorphism T. i 


Next, for any X, Y e TM we define 


® . -Y.6)— 2 
B? (X,Y) = 7 ((P.X Y-) —g(X, Y)|O|’) . (7.6.10) 
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Lemma 7.6.3 We have B® € a (M, iR) and 


c(B”) = —q(®). (7.6.11) 


Proof That B® is an imaginary-valued 2-form follows immediately from the Clifford 
algebra relation XY-++YX = 2g(X, Y) and from the fact that the Clifford multiplication 
is a Hermitean operator. We prove (7.6.11). Then, in particular, the self-duality of B? 
follows. Let {e;} be a g-orthonormal local frame on M, let {0} be the dual coframe 
and let 6“ be the components of ® with respect to the induced local frame in .Y 7M). 
Then, 


p? = ge, ee; P)0' AW, 


i<j 
and, by (7.6.4), the coefficients of B® are given by 
(P, e1e2®) = (P, e3e4D) = i(H, HD) + Gp), 


(®, e1e3D) = (P, ee.) = B,D) — DD), 
(D, eyegP) = (P, e9€3B) = i(|P, |? — |p|). 


Thus, using once again (7.6.4), we obtain 


i — J] __ —- 
(a —3(@1%, +B) Pr)o1 + = (P12 — Oz) 0 


+ (|®)|? — |®2|?)o3) . 


On the other hand, decomposing q(®) defined by (7.6.8) with respect to the basis 
(7.6.4) yields the same result with the negative sign. a 


Now, the configuration space of the Seiberg-Witten model is defined as 
€ = A(P)x P°(SE(M)), (7.6.12) 


where </(P) is the affine space of connections on P. Thus, @ is an affine space 
consisting of pairs (t, ®). We stress that the metric g is kept fixed. In a similar way 
as explained in Sect. 6.1, @ may be treated in a Sobolev space setting, see [487, 553] 
for details. Clearly, @ is acted upon by the group Y of local gauge transformations. 
Here, the general transformation laws given by (6.1.2) and (7.1.6) boil down to 


(t, ®) (1 +-2*(2p 'dp), p '®), (7.6.13) 


where p : M — U(1). The action of the Seiberg—Witten model, called the Seiberg— 
Witten functional, is defined by 
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+42 a ee 
SW(r, ®) = | ((QTP? + [Ver + Sel? + rica )Vg - (7.6.14) 
M 
Here, 2+ is the self-dual part of the curvature 2,, ® ¢ [™(.F (M)) and 


I 1 
Vato s, >) wieies® + 508 


i<j 


is the covariant derivative defined by the Spin‘-connection w*. In the same way as 
explained in detail in Sects.6.2 and 7.2, one derives the Euler-Lagrange equations 
for the Seiberg—Witten functional (Exercise 7.6.2): 


1 
Vive =—7(Se+ |9/’)o, (7.6.15) 
d*Q* = —iIm((V@, ®)). (7.6.16) 


In our short presentation, we limit our attention to the absolute minima of the Seiberg— 
Witten functional. They are obtained via the following proposition. 


Proposition 7.6.4 The Seiberg—Witten functional may be rewritten as follows: 
sw(r.) = f (iat — 6°? +1D.O Fv. 
M 
Proof Using (7.6.7), (7.6.11) and (7.6.9), we calculate 


1 
I2F — BP’ = sle(2) + a)’ 


1 1 
5lo(22)P? + 5 lace)? + Re(c(Q+), q()) 


1 1 
[s2r? + get + 5 (022) ®, ®). 
On the other hand, by Corollary 5.6.6, the Lichnerowicz Formula for D, reads 
D2 =V*V+ "So aear ) 
a 4 ears 

Thus, since 227 (@) = 0, we obtain 

2 2,1 2 1 + 

ID, O° = |Ve?+ qScle| - 5 (o(2; )®, ®), 


and the assertion follows. B 
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Proposition 7.6.4 implies the following. 


Corollary 7.6.5 The absolute minima of the Seiberg—Witten functional are deter- 
mined by the equations 
D@=0; 2 =p". (7.6.17) 


The Eq. (7.6.17) will be referred to as the Seiberg—Witten equations. Equivalently, 
by (7.6.11), they may be written as 


D,@=0, c(2Q*)=-q(@). (7.6.18) 


Remark 7.6.6 (Gauge transformations) 


1. Consider a gauge transformation (7.6.13) of a solution (t, ®) to the Seiberg— 
Witten equations. From Proposition 6.2.7 we know that (anti-)self-duality of a 
connection is a property which is invariant under gauge transformations. Here, 
the situation is even simpler, because in the Abelian case the curvature is gauge 
invariant. The same is true for q(®). Moreover, the Dirac operator clearly trans- 
forms in the same way as @ itself, 


D,@wr p 'D,®. 


We conclude that the gauge transformed configuration (t +2*(2o~'dp), p7'®) 
is a solution of the Seiberg—Witten equations as well. 

2. Using elliptic regularity, the following can be shown. If (t, &) is a solution to the 
Seiberg—Witten equations belonging to an appropriate Sobolev class, then there 
exists a gauge transformation such that the gauge transformed configuration is 
smooth and thus, by point 1, a smooth solution, see Theorem 7.11 in [553] for 
details. 4 


Remark 7.6.7 (Seiberg—Witten equations and magnetic monopoles) By the discus- 
sion in Sects.7.4 and 7.5, given a solution (t, ®) of (7.6.17) corresponding to a 
nontrivial first Chern class of P, t describes a magnetic monopole configuration. 
Therefore, the Seiberg—Witten equations are also called monopole equations. To 
make the relation to our previous discussion more transparent, let us consider the 
Seiberg—Witten equations on Minkowski space, see [215, 467]. In that case, the first 
of the equations (7.6.17) is the ordinary Dirac equation known from relativistic quan- 
tum mechanics for a spin 5 massless particle, coupled to the electromagnetic field, 
and the second of the equations (7.6.17) puts some conditions on the electromagnetic 
field strength tensor. It is easy to check (Exercise 7.6.3) that one has the following 
(static) exact solution of (7.6.17): 


(—iy, ix, 0) 


Ap = A = 
o0=0, Ax(x, y, z) Feces) 


(7.6.19) 
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D(x, y,z) = (7.6.20) 


1 E — | 
Jarr—aLr-Zzi- 
Here, (x, y, z) are the standard coordinates on R3r = xt y’ + 2 and A is 
a potential of 2+. Clearly, A describes a magnetic monopole of Dirac type. As 
expected, calculating the right hand side of the second equation in (7.6.17) for ® 
given by (7.6.20) shows that the field strength tensor is of Coulomb type. 

Let us add that the Seiberg—Witten equations can be generalized from U(1) to 
SU(m). Then, one also finds monopole solutions, see [149] for details. 4 


The Lichnerowicz Formula for the Dirac operator implies the following strong a 


priori estimate for the matter field part of a solution of the Seiberg—Witten equations. 


Proposition 7.6.8 Let (M, g) be an oriented compact Riemannian 4-manifold with 
scalar curvature Sc, endowed with a Spin‘-structure. If (t, ®) is a solution to the 
Seiberg—Witten equations, then either ® vanishes identically or, at every point m € 
M, 

|P(m)|? < —Semin (7.6.21) 


where SCmin is the minimal value of the scalar curvature on M. In particular, if the 
scalar curvature is non-negative, then ® = 0 identically. 


Proof By Corollary 5.6.6, the Lichnerowicz Formula for D, reads 
> ‘ 1 1 
DI =V°V + zoe - x ol@r). (7.6.22) 
Thus, for a solution (t, ®) of (7.6.18), we have 
2. * 1 1 2 
0=Did=V a ti ord @. (7.6.23) 


Now, let m € M be a point where |®|? takes on a maximum. Then, 


d(|S|?)(m) =0, 0< (Ole/?)(m), 


where 1] = d*d is the Hodge-Laplace operator of g acting on 0-forms. Using the 
compatibility of V with the Hermitean fibre metric, together with (2.7.24), (2.7.31) 
and (7.6.23), we obtain 
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0 < saralo/2 
=5 |D| 
=a (Re((o, vo))) 


= — DV. (Re(, V))) (e) 
j 


=— D>°V.,(Re(®, V.,P))) + >) Re((#, Vv,,e,P)) 
j j 


= (®, V*V®) — (VO, Vo) 
< (6, V*V®) 
1 


= -7(Selel’ + 1/"), 


where {e;} is a local orthonormal frame on M. Thus, if |® x > 0, then 


0< -5(Se+ [Die ax) « 


max 


This implies (7.6.21). Finally, if Sc is non-negative, ® must vanish identically. 


Now, recall from Chap. 6 that the study of the moduli space of instantons yields 
deep insight into the differential topology of 4-manifolds. Here, we deal with a similar 
situation which, in fact, is much simpler according to the fact that the gauge group 
is Abelian.*® Thus, let us consider the moduli space corresponding to the Seiberg— 
Witten equations. In complete analogy to (6.5.1), we define the moduli space as 


M, :={(t,6)e¢: D,@=0, QF =p} /F. 


As already mentioned at the beginning, as in the Yang—Mills case, all the mappings 
and spaces involved in the study of 9%, may be understood within the setting of 
Sobolev theory. For a presentation including these analytical details, we refer to 
[553] or [487]. 

To start with, in sharp contrast to the Yang—Mills case, the following holds. 


Theorem 7.6.9 The Seiberg—Witten moduli space IN, is compact. 


For a proof see [393, 553]. The key point is the a priori estimate (7.6.21). Then, by 
standard bootstrap-type arguments, the assertion follows. We do not work out these 
details here. 

Now, to study 9Jt,, one can proceed as in the instanton case: one constructs a 
local model of the moduli space by linearizing the field equations and associates to 
that linearization an elliptic complex whose index, calculated by the Index Theorem, 
yields minus the (virtual) dimension of the moduli space. 


?8Of course, the Seiberg—Witten equations are nonlinear as well, but the nonlinearity given by the 
quadratic form q(®) is much milder than the nonlinearity of the Yang—Mills equation. 
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Lemma 7.6.10 The linearized Seiberg—Witten equations at the point (t,®) € @ 
have the following form: 


(da)+ = B?*, Dipt 5a =0, (7.6.24) 


with the indeterminates a € Q'(M,iR) and @ € T°(S{(M)). Here, Breve 
hn (M, iR) is given by 


BP ?(X, Y= Sim ((@,X- Y-¢) —g(X, Y)(®, d)} . (7.6.25) 


Proof Consider the 1-parameter families t, = t + ta and ®, = ® + t@ generated 
by (a, ¢). Then, 2,, = dt + tdq and, thus, < to Qt = (da)*. We calculate 


| a. 


d 
aa pr, Yy= {(®,,X-Y - ®,) — g(X, Y)|®,|?} 


~ 
o 


(~,X-Y¥-@)+(®,X-Y-$) — g(X, Y)((®, b) + (b, ®))) 


—a_ a 


Nis Ale BLE 


This yields the first assertion. To show the second assertion, we note that D;,®; = 
D,,@® + tD,,¢ and, thus, 


d 
(D,, ®,) = dt (D,,®) = D,¢ : 


dt to to 
But, 
t 
D,@ =i i: (Ve ~a(e;)P). 
. oa ( ib + =a(e;) ) 
This yields the second assertion. ie 


We obtain an infinitesimal model for the moduli space by factorizing with respect to 
the action of Y. By (7.6.13), the tangent space to the gauge orbit through (tT, ®) is 


Tir,0)(Y - (t, ®)) = {(- 2d, FE) € Tre) :& € Q°(M,IR)}. (7.6.26) 


To summarize, for every solution (t, ®) of the Seiberg—Witten equation, we have 
constructed two natural operators: 


PO. 5): 2°(M, IR) > 2'(M, IR) ® F°( FEM) 


given by 
Pr. oy (&) = (—2dé, £6), 
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and 
Pie) 1 2'(M,iR) ® P°(SE(M)) > Q7(M, IR) @ P*(.FE(M)) 


defined by 
i 
Plo) (@, &) = (da) — 6°, Dip + 50). 
Lemma 7.6.11 For every solution (t, ®), the sequence 


a oe . ar ae é 
0—> Q2°(M,iR) — 2 (M, iR) 6 '(74(M)) > 24 (M,iR) 8 P(72(M)) > 0 


is an elliptic complex of first order differential operators. 
Proof We must show that Pie) fo) Fe) = 0. Thus, let a = —2dé and @ = E@. 
Then, by (7.6.25), for any X, Y € TM, 
i 
((day* — B%*)(X, ¥) = —5 Im {§((®, X- ¥- ) — G(X, Y)IGI")} 


—2&Re {8° (x, Y)} 
— 0, 


because B® and é are imaginary-valued. Moreover, using an orthonormal local frame 
{e;}, we compute 


D.¢ + sab = D,(E®) — i(dé)® 
=i > 6: {e\(E)® +EV., 0} — i(dé)® 
j 
=€D,@. 


But D, @ vanishes by (7.6.17). Finally, the complex is elliptic and the operators ue ®) 
and Pee ) are Fredholm, because they are built, up to lower-order terms, from the 
elliptic differential operators discussed in Examples 5.7.22 and 5.7.23. EB 


Let us denote the above elliptic complex by €5" and call it the Seiberg—Witten 
complex. In the next step, we have to calculate its index over the reals. 


Theorem 7.6.12 The index of the Seiberg—Witten complex is given by 
indg(€°¥) = —}e)(L)* + 5(2x(M) + 30(M)), (7.6.27) 


where ¢,(L) is the first Chern index of L and x (M) and o (M) are the Euler charac- 
teristic and the signature of M, respectively. 
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Proof Since lower order terms do not contribute, the index of €°” is equal to the 
index of the complex 


2°(M, iR) “3S 21 (mM, iR) @ °F (M)) £225 22(M, IR) @ P°(.F(M)), 


which we denote by €3" . By (5.7.44), in turn, the index of €}” coincides with minus 
the index of the assembled complex 


21 (M, IR) @ F™(.%! (My) SEES, 


2°(M, iR) ® 22M, iR)® T° (72M). 
Next, using the additivity of the index, we obtain 


—indg(€}") = 2indc(D,) + indg(d* + d*). 


By (5.8.53), (4.7.15) and (4.7.25), we have 
: tei(L)4 1 1 oD: 1 
indcD, = | e?*A(M) = | (14+ <e1(L) + =e) (L)’)(1 — —pi(M)). 
M M 2 8 24 
Since, by (4.7.11) and the Hirzebruch Theorem 5.9.6, o(M) = tpi (M), we obtain 
F 1 > | 
indp D; = qo) _ qo). (7.6.28) 


Next, we calculate the index of T = d* + d*. For that purpose, we use the Hodge 
Theorem 2.7.2 and the remarks thereafter. Let a € 927(M). Then, a € ker(T) iff 
d*a = 0 anddta = 0. In this case, 
(d+ d*)(a+ xa) =da+d*xa=2dta=0. 
Thus, d*da = 2d*dta@ = 0. Taking the L?-scalar product of this equation with 
a implies da = 0. We conclude that the kernel of T coincides with the space of 
harmonic 1-forms, 
ker(T) = #'(M) = ker(d) M ker(d*) . 
Next, we need the adjoint 
T* : 2°(M) ® 23 (M) > QM), (T*(E, B), a) = (E, d*ee) + (B, dt a), 
for any a € 2'(M). Thus, 


T"(€, 8) =d&+d"B. 
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Now, (&, 8) € ker(7*) iff dé = 0 and d*8 = O. But, fora self-dual form 6 € Sha (M) 
we have d*6 = O iff d§ = 0. Thus, we obtain 


ker(T*) = #°(M) @ #22(M), 


where He (M) denotes the space of self-dual harmonic 2-forms on M. To summarize, 
we have 


ind(T) = dim(ker(T)) — dim(ker(T*)) = —bp + by — bt , (7.6.29) 


with the b; denoting the Betti numbers. Now, by definition, o(M) = by — by and, 
hence, b} = 5 (bo +oa(M)). Moreover, by Poincaré duality, x (M) = 2(bp —b,) +b. 
This yields 


indg(d* + dt) = 50 (M)+o0(M)). (7.6.30) 


Adding up (7.6.28) and (7.6.30), we obtain the assertion. | 


Now, H!(€5") serves as an infinitesimal model for the tangent spaces of t,. Then, 
as in the Yang-Mills case, the index of €}" yields the virtual dimension of It, 
provided H°(€5") and H?7(€5") vanish. First, note that the action of @ is not free 
when ® = 0. Such configurations give rise to singular points in the moduli space. 


Definition 7.6.13 A solution (t, ®) of the Seiberg-Witten equations is called re- 
ducible if = 0. Otherwise it is referred to as irreducible. 


By (7.6.13), the stabilizer of a reducible configuration is isomorphic to the subgroup 
Ud) Cc & consisting of the constant mappings. Clearly, if (t, &) is irreducible, then 
H°(€5") vanishes. For later purposes, we also note the following. 


Remark 7.6.14 If ® is a solution to the equation D; = 0 ona connected manifold, 
then @ either vanishes identically, or it is different from zero everywhere on an open 
dense subset. This is called the Unique Continuation Theorem, see e.g. Theorem E.8 
in [553] for a proof. Thus, for an irreducible configuration (t, ®), the matter field ® 
is nowhere vanishing on an open dense subset of M. 4 


Now, as in the Yang—Mills case, one would like to be able to perturb the system 
in order to achieve transversality, that is, to achieve the vanishing of H°(€°"”) and 
H?(€5"). Coming from Yang-Mills theory, it would be desirable to do this by 
perturbing the metric g and, thus, to obtain a counterpart of the Freed-Uhlenbeck 
Theorem, see the discussion in Sect.6.5. Here, the dependence on the metric is, 
however, more complicated. The system depends on g not only via the Hodge star 
operator but also via the Spin‘-structure. This leads to a quite complicated variational 
problem, which to our knowledge has not yet been completely understood in the 
general case. Sources for this approach are [180, 559]. For a summary of various 
perturbations used in various special cases and for yet another perturbation approach, 
we refer to [228]. The most convenient and, probably therefore, the most prominent 
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perturbation is given in terms of a generic self-dual 2-form n € 2? (M, iR). From 
now on, let us limit our attention to that case. Instead of (7.6.17), one considers the 
perturbed Seiberg—Witten equations 


D.@=0, Qt+n=f?. (7.6.31) 
Then, for a reducible solution, we have 
OF +n=0. (7.6.32) 


It turns out that if by (M) > 0, then for a generic choice of 7 there are no solutions 
to this equation. In more detail, let Qe Cc Qe (M, iR) be the subset of elements 7 
such that there exists a connection t € &/(P) fulfilling (7.6.32). 


Lemma 7.6.15 Assume that bj (M) > 0. Then, the set 22+ is an affine subspace 
of Qe (M, iR) of codimension b3 (M) whose translation vector space is given by the 
image of d* : 2'(M, iR) > 27(M, iR). 


Proof First, we show that 2?-* is an affine subspace with translation vector space 
im(d*). For that purpose, let ng € at and let t) € .&(P) be a connection such 
that 2+ + no = 0. On the one hand, for any n € 922+ there exists T € &(P) such 
that 27 + n = 0. Thus, 7 — no = dt (t — T). On the other hand, if 7 = no + dta 
for some a, then ese +n = 0. This implies 


22+ = no +im(d*). 


It remains to compute the codimension. For that purpose, using Hodge theory, we 
prove the following direct sum decomposition: 


22M, iR) = #2(M, iR) @im(d*). (7.6.33) 


For any 7 € 2 (M,iR), we have 7 = x + da + «df, where x is harmonic and 
a, B € 2'(M, iR). Thus, 


n=*n=*x +d6+xda. 


This implies y = *x and da = df and, thus, 7 = x + 2d*q@. Since every self-dual 
harmonic 2-form is orthogonal to the image of d*, the sum in (7.6.33) is direct. I 


Passing in Eq. (7.6.32) to the de Rham cohomology classes, we obtain 
[n] = 2mic,(L)*. (7.6.34) 
If this equation holds, then (7.6.32) admits a solution and, in this case, 7 is said 


to be bad (with respect to the chosen Spin‘-structure). Otherwise, 7 is said to be 
good. By the above discussion, for bj (M) > 0, the 2-form 7 is generically good 
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and, thus, generically every solution of the Seiberg—Witten equations is irreducible. 
Also note that for b} (M) = 0 a reducible solution exists for any metric and for any 
perturbation. 

Now, consider the mapping 


F: A (P) ®I(-SE(M) \ {0}) 6 27.(M, IR) > 27(M, iR) @ '(.H(M)) 


given by 
F(t, ®,n) = (2+ — B? +7, D,®). 


Then, F~'({0}) is the set of solutions of the perturbed Seiberg—Witten equations. 
The tangent mapping 


Pleon) : 2'(M, IR) ® P(E (M)) @ QF (M, IR) > 27M, iR) @ F(-7(M)) 


of F is given by 


Pleom (Os %, 6) = (dat — B°* + 6,D 6+ 500) . (7.6.35) 


The following lemma shows that, for generic 7, the second cohomology group of the 
perturbed Seiberg—Witten complex vanishes. 


1 


Lemma 7.6.16 For a generic perturbation, P cei) 


is surjective. 


1 


(eda the 


Proof Let (vy, @) be in the orthogonal complement of the image of P 
sense of the L?-scalar product. Then, 


0= (7,9), Pio, (0,0,7)) =I I. 


and, thus, y = 0. In the same way, 
0 = ((0, 9), Ple.o,m (@, 0, 0)) 


implies (Za®, gy) = 0. But, by assumption, @ is not vanishing identically and, thus, 
by Remark 7.6.14, ® is nowhere vanishing on an open dense subset. It follows that 
the linear mapping a +> @@ is fibrewise injective. This implies g = 0. 


By point 1 of Remark 7.6.6, the zero set of the mapping F agrees with the zero set 
of the corresponding extended mapping between appropriate Sobolev completions. 
Thus, we may view F as a mapping between Banach spaces. Then, by the Implicit 
Function Theorem, F~! ({0}) is a Banach manifold. Moreover, one can show that the 
canonical projection 


a: F—'({0}) > Q2(M,iR), (1, 9,n en, 
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is a smooth Fredholm mapping.”’ Then, by the Sard-Smale Theorem*”, the set of 
regular values of zr is dense in the target space. Thus, we can choose a regular value 
n of x and we can build 

x" (n) = F,'({0}). 


Then, by the Implicit Function Theorem, F; '({0}) is a manifold. Clearly, 
Mr = FO) /F (7.6.36) 


is the moduli space for the perturbed Seiberg—Witten equations with Y acting freely 
for generic perturbations. Theorem 7.6.12 and Lemmas 7.6.15 and 7.6.16, combined 
with the above functional analytic arguments, imply the following. 


Theorem 7.6.17 Let a (M) > 0. Then, for generic values of n, the moduli space 
Mz,» is a smooth manifold whose dimension is given by 


1 1 
dim MN, = gy = 2x(M) +30(M)). a 
Remark 7.6.18 


1. The subset of regular values 7 is a countable intersection of open and dense sets, 
see Theorem 7.16 in [553]. 

2. One can prove that, for generic perturbations, SJt,,, is oriented. Let us sketch the 
idea of the proof. Clearly, a manifold is orientable iff the top exterior power of 
its tangent bundle is trivial. Then, choosing an orientation at one point yields an 
orientation everywhere. Thus, here, it is enough to prove that the determinant line 
bundle A‘? T Mz, is trivial. For that purpose, following [159] one embeds IN, 
into (@ (P) BP. FE(M) \ {0})) /Y. Then, triviality follows from the simply- 
connectedness of the latter space. Moreover, since the fibres of T 90t,, are given 
by H!(€5”), the bundle (\°? Ti.,6) Mtz,, coincides with the determinant of the 
complex €°”. Analyzing this isomorphism according to Theorem 7.6.12, we 
obtain a natural bijection between orientations of 9Jt,,,, and orientations of the 
vector space #°(M) ® #'(M) ® H2(M). ry) 


In the remainder of this section, we outline that the moduli space gives rise to differ- 
ential topological invariants, called Seiberg—Witten invariants, which may be used to 
distinguish between smooth structures on a given topological 4-manifold. By con- 
struction, the moduli space depends both on the metric g, the spin structure s and 
the perturbation 7. The Seiberg—Witten invariants will be independent of g and n 
and only dependent on the isomorphism class [s] of the Spin‘-structure.*! Now, let 


2°See e.g. Sect. 3.4 in [459] for an easily readable proof. A smooth Fredholm mapping is a smooth 
mapping whose tangent mapping is Fredholm. 


30See e.g. Theorem B.13 in [553]. 

3!Two Spin°-structures sq and s, corresponding to metrics go and g; are called equivalent if 
1 1 

(Go(X, X))~ 2 80(X) = (gi (X, X))~ 2 81 (X), cf. (5.5.6). 
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Qo and g; be metrics with equivalent Spin‘-structures so and s;, respectively. Let no 
and 7; be regular perturbations corresponding to ($0, go) and ($1, gi), respectively. 
Then, by the same methods as above, one can prove that the corresponding moduli 
spaces are cobordant. Let us make this statement precise: let t > g; and tt» s; be 
fixed paths connecting go with g; and so with s,, respectively. Consider the space 
3 of all smooth paths t +> 7; such that, for every t, 7; is g,-self-dual. For {y,} € 3 
define 


W = {(t,t, ©): te [0,1], [(t, ®)] € MM, {s;}, {or}, {mp} 


Now, in general, it will not be possible to find a path t — n, such that n, is good 
for every t. However, if we additionally assume bj (M) > 1, then there exists a 
regular” subset of 3 of good paths. For a proof of the following proposition, we 
refer to Theorem 7.21 of [553]. 


Proposition 7.6.19 Let bj (M) > 1. Then, for every regular path t > , W is a 
smooth oriented manifold of dimension 


1 1 
dim 25 = goby = qex (M) + 30(M)) + 1 (7.6.37) 
with boundary 
dW = MM, $1, 91,711) — DUM, s0, Go, no) - 
The minus sign accounts for the reversal of the orientation. a 


Proposition 7.6.19 constitutes the basis for the discussion of invariants. It tells us that, 
for a chosen equivalence class of Spin‘-structures, different choices of g and 7 yield 
cobordant moduli spaces provided bj (M) > 1. Now, we are prepared to define the 
Seiberg—Witten invariants. In the remainder, we write c,, o and x for, respectively, 
c,(L), o(M) and x (M). 

First, assume dim 90, = 0. Then, by (7.6.37), 


we =. 7.6.38 
gO) re (7.6.38) 


Since the left hand side is the real index of the Dirac operator, it is an even number. 
By (7.6.29), for connected M, the right hand side is equal to 1 — b; + i and, 
thus, b?, — b, is odd. Moreover, as a zero-dimensional compact manifold, tz, 
consists of a finite number of points for every regular value of 7. Its orientation is 
given as explained under point 2 of Remark 7.6.18. In the case under consideration, 
A" Ti.) Min = R, see Sect. 7.4 of [553] for details. Thus, the orientation is 
given by an assignment of +1 to each point of SWt,_,,, that is, we assign the number 
v(t, ®) = 1 if the orientation of the determinant line bundle coincides with the 
natural orientation of R and —1 otherwise. 


32.4 countable intersection of open and dense sets. 
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Definition 7.6.20 Let (M,g) be an oriented compact 4-dimensional Riemannian 
manifold fulfilling bf > 1. Let there be chosen a Spin‘-structure 5 of (M, g). If 
dim 90t;,, = 0, where 7 is a chosen regular self-dual 2-form, then one defines 


sw(M,5:9,) = > v(t, ®), (7.6.39) 
where the sum runs over the finite set of all equivalence classes [(t, ®)] € Dtz,,. 
Then, the following holds. 


Theorem 7.6.21 (Seiberg-Witten) If by > 1, then the integer sw(M, s; g, n) is 
independent of the choice of g and n. It only depends on the isomorphism class [s]. 
i] 


Consequently, the integer sw(M, s; g, 7) is called the zero-dimensional Seiberg— 
Witten invariant. Clearly, we can write sw(M, s). 
Second, assume dim 9t,,,, > 0. If this dimension is odd, we set 


sw(M, 5;9,7) =0. 
If the dimension is even, dim Mn = 2d, we have 


(<4 2x — 30) = 2d. 


This implies that b — b, is again odd. Now, one proceeds as follows. For a cho- 
sen point mg € M, consider the group of pointed gauge transformations GY, := 
{u € Y : u(mo) = 1}. Then, @ > @/G,,, is a principal U(1)-bundle which we de- 
note by Y. Let c)() be its first Chern class. For any generic perturbation, the 
moduli space is a compact oriented finite-dimensional submanifold of @/G,,,,. Thus, 
we can define 


sw(M, 5; 9, 7) := | c\(P)". (7.6.40) 
IN(M,5,9,n) 


Clearly, c;(A) may be viewed as the first Chern class of a finite-dimensional U(1)- 
bundle obtained by restriction to the submanifold IN(M, s, g, 7). Then, we have a 
counterpart of Theorem 7.6.21. 


Theorem 7.6.22 (Seiberg—Witten) If b} > 1, then the integer sw(M, s; g, n) de- 
fined by (7.6.40) is independent of the choice of g and n. It only depends on the 
isomorphism class [s]. | 


Next, we list a few basic properties of the Seiberg—Witten invariants sw(M, s), to- 
gether with consequences following from their non-vanishing. For the proofs we 
refer to [553]. 
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(a) If bj > 1, then the Seiberg—Witten invariants are zero for all but finitely many 
Spin‘-structures s. 

(b) If (MV, g) has positive scalar curvature and be > 2, then all the Seiberg—Witten 
invariants vanish.** Thus, the non-vanishing of a Seiberg—Witten invariant on 
a manifold M of the above type means that M does not admit a Riemannian 
metric with positive scalar curvature. Note that this obstruction depends on the 
differential (and not merely on the topological) structure of the 4-manifold. 


(c) Assume that (M, g) has constant scalar curvature Sc. If b> > 2andsw(M, s) # 
0, then 
2. vol(M) Se? 
1 = 309? , 
Equality holds if there exists a pair (t, ®) fulfilling 
|Qt/? = ey 2Q>=0, V@=0, |@P= eae 
. 32 , , , 2" 
(d) Let (M, g) be an Einstein space. Assume ct = 2x+30, by > 2andsw(M, 5) 4 


0, then 
=2¢ = 30 2 y, 


Moreover, 30 = x iff the universal cover of M is either R* or the complex 
hyperbolic space SU(2, 1)/U(2). This result belongs to LeBrun, see [408]. 


Far beyond the above points, there is a lot of deep applications of Seiberg—Witten 
theory both in geometry and in differential topology.** 


(a) First of all, Seiberg—Witten theory yields alternative, much simpler proofs of 
results obtained via Donaldson theory, see e.g. the proof of the Donaldson Theo- 
rem 6.6.3 in [553] or [487]. Nowadays, the Seiberg—Witten invariants belong to 
the standard tool kit of differential topology of 4-manifolds. In particular, there 
exists a cut-and-paste technique for the calculation of Seiberg—Witten invariants. 
The geometry of embedded algebraic curves in the complex projective 2-space 
was studied. In this context, the Thom conjecture was proven by Kronheimer 
and Mrowka, Morgan, Szabo and Taubes and Fintushel and Stern. 

Applying Seiberg—Witten theory to symplectic geometry turned out to be espe- 
cially fruitful. In particular, Taubes identified the Seiberg—Witten invariants of a 
compact 4-manifold with Gromov invariants. This led to an existence theorem 
of pseudo-holomorphic curves in such manifolds. 


(b 


wm 


(c 


wm 


33This is an immediate consequence of the a priori estimate (7.6.21) extended to the perturbed 
Seiberg—Witten equation. 

34Many of the results mentioned here were found immediately after the birth of Seiberg—Witten 
theory. References can be found in the literature cited at the beginning of this section. 
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Exercises 


7.6.1 Prove the statements of Lemma 7.6.2. 
7.6.2 Confirm Eqs. (7.6.15) and (7.6.16). 


7.6.3 Check that the Eqs. (7.6.19) and (7.6.20) yield a static solution to the Seiberg— 
Witten equations on Minkowski space. 


7.7 The Standard Model of Elementary Particle Physics 


From the phenomenological point of view, the electromagnetic, the weak and the 
strong interactions differ drastically, both in their strength and in their range. Nonethe- 
less, it turns out that the principle of local gauge invariance is applicable to all of 
them, leading to what nowadays is called the standard model of particle interactions. 
All the particles described by the standard model are considered to be fundamental, 
that is, they do not show any internal structure and may be considered as pointlike.*° 
The model whose classical field theoretical structure we are going to describe has 
a long history. First, based on earlier work by Glashow [247] and others, Weinberg 
[656] and Salam [552] unified the electromagnetic and the weak interactions.°° One 
of the basic ingredients was the Higgs mechanism as discussed in Sect. 7.3, see [106, 
186, 273, 274, 298-300, 364]. The second piece of the standard model, the the- 
ory of strong interactions called Quantum Chromodynamics, was developed at the 
beginning of the seventies, see [264, 513, 655]. This work was based upon funda- 
mental earlier work by Gell-Mann and collaborators [235, 236]. For an exhaustive 
presentation of the history of the standard model we refer to [657]. 

We start with recalling some basics from Chap. 5, see Examples 5.1.21, 5.2.10, 
5.3.9 and 5.3.25 where the general structures were illustrated for the case of the 
Minkowski space. Comparing with these examples, the reader should note some 
changes in the notation which we invented in order to be as close as possible to the 
notation in the physics literature.*” 

Consider the Minkowski space (M, g), where g = diag[1, —1 — 1 — 1], and its 
(complexified) Clifford algebra C/°(M, g). For its generators {y,}, ~ = 0,...,3, 
we choose the following representation 


_ {01 = 0k 
%M=l19l° “= —y 0}? 


35The Large Hadron Collider (LHC) at CERN allows to study the physics of the standard model 
down to distances Ax ~ 107!8cm. The experiments confirm that, down to such distances, the 
fundamental particles do not show any internal structure, indeed. 


36For this work, Glashow, Weinberg and Salam received the Nobel prize in 1979. 
37The conventions used below coincide e.g. with those in [565]. 
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where % , k = 1, 2,3, are the Pauli matrices. Then, the chirality operator*® is given 
by ys = iyoviy273, that is, 
_|-10 
ee eh 


Thus, (ys) = 1, that is, y* has eigenvalues +1. This yields a direct sum decompo- 
sition of the bispinor representation space Ay = C* into eigenspaces of ys, 


As=AT@OA. 


For a bispinor wy, we denote the elements corresponding to this decomposition by 


1 5 1 5 
Wi i= 5 —Y)W, vR= ees dw, (7.7.1) 


and call them the left-handed and the right-handed components of wy, respectively. In 
the sequel, instead of Ay we will rather write C*. For building Lagrangians, we will 
use the standard Hermitean form given by (5.3.55) which, here, will be denoted by 
(-, -). Finally, we should stress that in this section we use the physical representation 
of gauge potentials, cf. Remark 6.1.1. 

Now, we can start building the standard model. It is an (SU(3) x SU(2) x Ud))- 
gauge theory, containing three fermionic families, see Table 7.1, a Higgs field and 
gauge fields mediating the electroweak and the strong interactions. The fermionic 
families consist of leptons and quarks with equal quantum numbers but different 
masses. There is no theoretical explanation of this fact. For clearness of presentation, 
we will limit our attention to the first fermionic family, consisting of the leptons 
(Ve, €), Where e denotes the electron and v, the corresponding neutrino, and the 
quarks (u,d). The remaining families must be dealt with in essentially the same 
way. We will comment on that at the end of this section. 


Table 7.1 The fermionic families of the standard model. The data are taken from [71]. The quark 
masses cannot be measured directly, but must be determined indirectly through their influence on 
hadronic properties 


Particles and their masses in MeV Charge 
Leptons Ve | <0.0000006 Mu <0.19 vr | <18.2 0 
7 0.510998928 i 105.6583715 1776.82 £0.16 |—1 
+0.00000001 1 +0.0000035 
Quarks u— | 2.3+0.7(—0.5) | c 1275 + 25 t 173070 + 890 +3 
d |4.8+0.5(—0.3) |s 9545 b_ | 4650 + 30 —5 


38Note that, in order to apply the general formula (5.3.9) for the chirality element, we must use the 
presentation (5.1.28) for the generators of Cj. 
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We begin with describing the electroweak interaction of the leptons. In the standard 
notation from particle physics, we associate with e and v, a bispinor field on M which 
we denote by the same letter. It is an experimental fact that in weak interactions 
parity is not conserved and a right-handed neutrino is not observed. There is no 
theoretical explanation of this fact within the model. Consequently, we decompose e 
and v, into their left-handed and right-handed parts, according to (7.7.1), and build 
an SU(2)-doublet from the left-handed parts of e and v, and an SU(2)-singlet from 
the right-handed electron part, 


eL 


L.= | >. BR (7.7.2) 


that is, we postulate that L, transforms under the basic and er under the trivial 
representation of SU(2). From these objects we build 


We:M>C@C, v(x) := ie (x). (7.7.3) 


Here, the bispinor space C+ carries the representation of the spin group SL(2, C) of 
M given by (5.2.15) and C? carries the representation of SU(2) just defined, 


Z1 Z1 
o,:SU2)xC>C?, o@]| a] = . A 
Z3 23 


In order to accommodate the electromagnetic interaction in this model, we proceed as 

follows: we introduce a U(1)-symmetry, called weak hypercharge symmetry, acting 
3 . 

on C° via 


> exp(iyra) a 
oy : U(1) x C= c* oy(exp(ia)) | z2 | = PUYL 22 ‘ 
23 exp(iyRa)z3 


with yz, yr € R determined by the following postulate: let t, be the Pauli matrices. 
Consider the bases {ty = xt} and {i} of su(2) and u(1), respectively. Denote the 
generators of the representations o, and oy by 


iT, = 0) (ty) = E 7 . = oh (i) =| (7.7.4) 


and require that, in any representation, the electric charge generator Q, be given by*” 


Q.=1T3+Y. (7.7.5) 


3°Note that [Y, T3] = 0. 
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Applying Q, to L. and er, from Table 7.1 we read off the eigenvalues y, = 5 and 
yr = —1, respectively. 

To summarize, in the terminology of Sect.7.1, wy, is the global representative of 
a section of type (4, 0) of the bundle EF = FE, ® E; associated with Q xy P, where 


(a) E, is the spinor bundle with typical fibre C* carrying the standard spinor rep- 
resentation jz of SL(2, C), associated with the (trivial) spin structure bundle 
Q(M, SL(2, C)), 

(b) E; is the complex vector bundle with typical fibre C? carrying the representation 
o = or, X oy of SU(2) x UC), associated with the (trivial) principal bundle 
P(M, SU(2) x U()). 


In the next step, we introduce the gauge potential mediating the electroweak interac- 
tion. In the geometric terminology, it is described by a connection form on P. Since 
P is trivial, we can work with a global representative on M. We denote the su(2)- 
component of the gauge potential by W and the u(1)-component by B, respectively. 
Since in the analysis below, the coupling constants are relevant, we must use the 
physical representation, cf. Remark 6.1.1. We denote the coupling constant with re- 
spect to the SU(2)-symmetry and the U(1)-symmetry by g and g’, respectively, and 
write gW and g’B, respectively. By the principle of minimal coupling introduced in 
Sect.7.1, the interaction of gauge fields and fermionic matter fields is given via the 
covariant derivative. According to (7.1.4), we have*? 


De = (d+ go, (W) + g'o(B)) We. (7.7.6) 


Now, we are prepared to write down the gauge-invariant Lagrangian describing the 
(SU(2) x U(1)) -gauge theory of the leptonic family under consideration. According 
to (6.2.1) and (7.1.9), it reads 


1 : 1 
L.= 5Fw A*Fw + 5Fs A *E a + (Ve Pe), (17.7) 


where Fw and Fz are the field strength tensors of W and B, respectively, and P is 
the Dirac operator built from (7.7.6), cf. formula (5.5.27). For convenience, in some 
places below, instead of writing the Lagrangian as a 4-form we will write it as a 
function on M without further commenting on that. 


Remark 7.7.1 In standard coordinates {x“} on M and in the Lie algebra bases {tj} 
of su(2) and {i} of u(1) introduced above, we decompose 


W=W21,@dx", B=iB, dx". (7.7.8) 


By (7.7.4) and (7.7.6), we have 


Dube = (8, + igWeT, + ig'BuY) We (7.7.9) 


40Note that the spin connection % is trivial here. For simplicity, we omit the factor idr,. 
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and the Lagrangian reads 


1 1 - 
Lo = — 3 (Wu W) — 7 BuvBY + Wey" Due , (7.7.10) 
where 
Wuv = 0.W, — Wi + glWi, Wil, Buy = 0, By — By 
are the representatives of Fw and Fz, respectively. 4 


We stress that, up until now, all fermions are massless. Naive mass terms of the 
form m(WiWr + WrW_) would violate gauge invariance. We will see below that the 
fermions are endowed with their masses via the Higgs mechanism. This will be our 
next issue. We add a bosonic scalar field 


1 
g:M>C?, g(x) := ¢2| (x), (7.7.11) 


carrying the following representation of SU(2) x U(1): 


pr: SU(2)x C2 + C2, pr (a) [2 - | . 
£2 22 


py :U(1) x C? > C?, py (exp(ia)) 2 | = exp(iyy@) [2 ; 
22 22 


with yy = i The generators of these representations are given by 


Pita) = ta, pili) = ivy. (7.7.12) 


In the terminology of Sect.7.1, g is the global representative of a section of type 
(0, e) of the bundle E = E, ® E; associated with Q xy P, where 


(a) Ey, is the tensor bundle TS (M) associated with the orthonormal frame bundle 
Q = O(M) carrying the trivial representation of the Lorentz group, that is, g is 
a scalar field. 

(b) E; is the complex vector bundle with typical fibre C? carrying the representation 
Pp = pr X py of SU(2) x UCL), associated with the (trivial) principal bundle 
P(M, SU(2) x U(1)). 


According to (7.7.12), the covariant derivative of g reads 


Ta . f 
Dg = (3, + igWy s+ i<8,1) 9. 


4! This choice of the eigenvalue yy is implemented by the postulate of hypercharge conservation in 
elementary processes, like e, > er + y?, see [468]. 
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Next, we choose a typical Higgs Lagrangian, see (7.2.1) and (7.2.2), 


il. . 4 2\? 
Ly = Dp A Dp 2 (iol? = =) Vie: (7.7.13) 


supplemented by a so called Yukawa coupling term, describing the interaction of the 
leptons with the scalar field, 


Ly = —Co (Leper + r(g'Le)) Var - (7.7.14) 


Here, c. is a dimensionless coupling constant which can be chosen to be a real 
non-negative number. 

To summarize, the full Lagrangian describing the electroweak interaction of the 
first lepton family is then given by 


L= Lo4+ Ly t+ Ly. (7.7.15) 


Let us discuss the Higgs mechanism for this model. For that purpose, we observe 
42 


that Finin coincides with the 2-sphere with radius aE We choose 
: H (7.7.16) 
p= : 7. 
J21¥ 


Clearly, the stabilizer H of go under the (SU(2) x U(1)) -action consists of transfor- 
mations of the form 


X F> exp (ian) (F + yn1)) ; 


that is, H is isomorphic to U(1) and its generator is 
i [10 


Comparing with (7.7.5), this means that H is generated by Q, in the representation 
p, that is, H is the electromagnetic subgroup U(1)em of SU(2) x U(1). Now, we can 
apply the general theory of Sect.7.3. By Proposition 7.3.4, the particle content after 
symmetry breaking is given by a triple ((, T), n), where @ is the connection form 
of the residual gauge symmetry H, t describes the intermediate vector boson and 7 
is the surviving Higgs field. As usual, we denote the Lie algebra of H by h and take 
the orthogonal decomposition 


su(2) Bul) =H Om. 


42Comparing with the general theory, instead of n, we simply write v here. 
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Clearly, m is spanned by ¢,, f and t_ := 5 (t3 -D=-i k ‘ Correspondingly, 
we decompose 

ph 8 oe _l 34 1 3 oo 

igW,, 5 +i 5 B,1= 5 (8 Wy, + g Byte + 5 (8M, — gB,)t_. (7.7.17) 


Then, in the representation p’, the representative of @ is 


[L 1 3 y 
A=A,t, @dx", A, = 5 (eW + 8'B,), (7.7.18) 
and that of t is 
: 1 
V=Vide", Vi=s >) Witt 5 (8M — g'B,)t_. (7.7.19) 
a=1 


Remark 7.7.2 The following statements are left to the reader (Exercise 7.7.2). Under 
a residual local gauge transformation 


exp(ia(x)) 0 
aah 


the following transformation laws hold: 


Ay t> Ay, + dua, Wi > exp(tia)W_, 


where : 
Wa = Wie: + iW;). (7.7.20) 


The component 5(gW; — g’B,,)t- is gauge invariant. Thus, the components W/- 
constitute a complex (charged) vector field in the fundamental representation of 
U(1) and the t_-component is an R-valued (neutral) vector field. + 


It is now convenient to introduce the Weinberg angle 6w describing the above mixing 


via g and g’, 
/ 


anes =. (7.7.21) 
g 


/ 9/2492 
5 Zu, where 


Then, the t_-component in (7.7.19) can be rewritten as 


Ly i= cos(Oy)W,; — sin(Ow)B,, . (7.7.22) 
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In this notation, the mass term (7.3.5) for the intermediate vector boson reads as 
follows: 


that is, the masses of the bosons W~ and Z are 


2 12 
ips. pee, (7.7.23) 
2 2 
We also see that, via the Yukawa coupling term in (7.7.13), the electron field receives 
a mass, whereas the neutrino remains massless. Indeed, inserting (7.7.16) into this 
term, it reduces to 


= _ + CeV = 
—ce {(Leg er + ér(y' Le)} = — 5 Cre + ézer), 


B 


that is, 


Finally, for the surviving Higgs field we get the mass 
mM, = hi. 


Now, it remains to identify the electromagnetic gauge potential A‘™. It turns out 
that A°™ does not merely coincide with the full t;-component A given by (7.7.17). 
We will find the correct electromagnetic potential by postulating that after symmetry 
breaking the minimal coupling term 5 (We, Dy) in (7.7.7) must produce the correct 
coupling term eAr™ yt, with the electromagnetic current** 


Jem = —(éry"er + ery“er) . (7.7.24) 
By (7.7.9) and (7.7.10), we get the following interaction term 


£2 = — Wey" (gW2T, + g'B,Y) ve 


=i#. (Wi Dey“er + W, ery" ver) — 


J2 


+ Apery"er + g Biéry"er : 


2 


= m 
Zu VeLY" Vel 


We see that the t,-component A does not fulfil our postulate, indeed. Now, the 
following decomposition formulae can be easily checked (Exercise 7.7.1): 


43We use the sign convention e > 0. 
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12 


7B, = yrears + a (7.7.25) 
ere a re 
2 12 ! 
§ —8 &§ 
Ay = Za + Ae (7.7.26) 
” 2/e2+22 " epg ” 
where 
Ay = sin(w)W; + cos(Ow) By, . (7.7.27) 
We denote ; 
sD (7.7.28) 
/ g? + g? 
define the fermionic currents 
ot - — - 3 1 lw - bw 
Ju = LY uVens Jy = Verner, Jy = 3 vey Vee — ery"et), — (7.7.29) 
and insert the decompositions (7.7.25) and (7.7.26) into a . This yields 
em: & — —T: 
a = =A, lass = a Wud B + wii) 
~ V2 4+ 9?Z,(P" — sin? (Ow)j%,) - (7.7.30) 


From this we see that A’ may be interpreted as the electromagnetic potential and e 
as the electromagnetic coupling constant. 


Remark 7.7.3 


1. Recall that Z, is invariant under local gauge transformations. Thus, it may be 
viewed as the representative of a horizontal 1-form on the reduced principal 
H-bundle. Thus, (7.7.26) may be interpreted as a relation between two represen- 
tatives of connection forms differing by a horizontal 1-form, that is, AS™ is the 
representative of a U(1)-connection form on the reduced bundle, indeed. 

2. Up until now, the model contains 5 free parameters. They may be chosen as 
e, sin(Ow), me, my and m,. Then, 


Mwy sin(Oy) 
mz = ———, v= 2my——. 
= cos(Ow) i 


Clearly, the full Lagrangian 2 + %, may be rewritten in terms of the physical 
fields yr, Whe Zs Ans n and the chosen free parameters above. We omit this 
lengthy expression here. The model obtained so far is called the Weinberg—Salam 
model of electroweak interactions. 4 
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Table 7.2. Masses and and charges of the gauge bosons and the Higgs boson 


Particle and mass in MeV Charge 
Gauge bosons y <3- 107-8 0 
wt 80385 41 
+15 
1187. 
Z 91187.6 0 
+2.1 
125500 
Higgs boson 0 
i i +600 


In Table 7.2, we list the measured values of the masses and the charges of the gauge 
bosons and of the Higgs boson.*° 
The experimental value of the Weinberg angle was found to be, see [16] for details, 


sin? (Ow) = 0.23153 + 0.00016. (7.7.31) 


Finally, we include the quark family (u, d). Again, we decompose u and d into 
their left handed and right handed components and build an SU(2)-doublet and two 
SU(2)-singlets, 


Ly = ae es Be: (7732) 


Now, applying again (7.7.5) and using the fractional electric charges of the quarks 
provided by the quark model, see Table 7.1, we obtain for Y the eigenvalues y = 7 for 
Igy= z for up and y = — ; for dr. Next, we have to take into account that the quark 
fields interact also strongly. In the standard model, the corresponding gauge group, 
called colour group, is chosen to be SU(3). With respect to this gauge symmetry, 
the quarks are assumed to build triplets whereas the leptons and the Higgs field are 
assumed to be singlets. Thus, we introduce the quark matter field 


Lg 
Wai MoCeCet, v(x) :=]ur|&). (7.7.33) 
dr 


“4The values are taken from [16]. 


+The existence of the Higgs boson was announced on July 4th 2012 by the ATLAS and CMS 
Collaborations at CERN and confirmed by later experiments, see [16] for details. The mass value 
in the table is the one found by ATLAS. The CMS Collaboration found 125.7 + 0.4 GeV. This 
discovery confirmed the Higgs sector as a fundamental building block of the standard model 
experimentally. One year later, the Nobel Prize was awarded jointly to Frangois Englert and 
Peter W. Higgs. 
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Here, the first C*-factor represents the bispinor space carrying the action of the spin 
group SL(2, C) of M. The second C*+-factor carries the action of SU(2) x U(1) given 
by 


Z1 ae | 
an: SUQ)xC*>C*, az@)|7] = ao ie 
£3 3 
£4 Z4 
Zz . Zz 
, ; > exp(iy.a) 2 | 
Ay: U0)xC* > C’, Ay(exp(ia)) 1 Sea tinaes ; 
can exp(iyaa)z3 
with y, = 7 Ju = z and yg = —i. The C3-factor carries the fundamental represen- 
tation of SU(3), 
£1 Z1 
4;:SU3B)xC? > C3, A,@}a|=a-| a 
£3 £3 


From these formulae, the reader can easily read off the structure of the associated 
bundle E of quark matter fields. We postulate that the strong interaction also be 
mediated by a gauge field. Accordingly, we pass to the (trivial) principal bundle P 
over M with structure group (the full gauge group of the standard model) 


SU(3) x SU(2) x U1) 
and we introduce an additional SU(3)-gauge potential G mediating the strong inter- 
action. We denote the field strength tensor of G by Fg. Again, by the principle of 


minimal coupling introduced in Sect. 7.1, the interaction of gauge fields and quark 
fields is given via the covariant derivative, 


Dig = (d+ gsd,(G) + ga, (W) + 8/0} (B)) ve, (7.7.34) 


where g, denotes the strong coupling constant. Now, we can write down the full 
Lagrangian of the standard model before spontaneous symmetry breaking: 


L=L,+ B+ Ly + Lin, (7.7.35) 


where 


& 
| 


1 . 1 . 1 
Sete ta eer rt eens 


and 


Ly = (We, Dy) a (Wa, Dy.) . 
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Since the matter field ¢ is in the trivial representation of SU(3), the colour symmetry 
remains unbroken and the Higgs part %, is the same as in (7.7.15), that is, the Higgs 
mechanism described before remains exactly the same. Clearly, the Yukawa coupling 
term given by (7.7.14) must be modified by adding the corresponding interaction 
terms of g with the quark fields, 


Lik = —Co (Leper + er (g'Le)) — Cu (LeP)ur + tirG'Ly)) 
— ca (Leg)dp + da(g'L,)) . (7.7.36) 


where @ = iT29*. 


Remark 7.7.4 


1. If one wishes to include the other two fermionic families, then formula (7.7.36) 
must be modified essentially. Instead of the constants c. , c, and cg, one must 
allow for complex matrices, called Kobayashi—Maskawa matrices, mixing lep- 
tons and quarks of the same charge.*° Diagonalizing these matrices and passing 
to fields with a well-defined mass leads to a mixing of the original fields. This 
change implies that in the charged currents built from the quark fields, mixing 
matrices show up. The neutral currents are not affected by this change. For a 
discussion of phenomenological consequences of these facts we refer to [468]. 

2. It turns out that, on quantum level, the standard model is renormalizable, that 

is, the renormalized perturbation theory may be applied, see e.g. [656]. The 
theoretical predictions obtained from this quantum field theory have been very 
well confirmed by various types of experiments, see [16] for details. 
We stress that the high energy and the low energy properties of the model are quite 
different. For high energies E >> mz ~ 100 GeV, the boson mass corrections of 
order e may be neglected. In such an approximation, the full SU(3) x SU(2) x 
U(1)-symmetry is manifest. In contrast, for small energies E < mz, one only sees 
the broken symmetry SU(3) x U())em. Schematically, this is often represented 
as follows: 


SU(3) x SU(2) x UC) ‘2SS" sua) x Uem - 


In particular, for high energies, one may neglect the electroweak interactions of 
quarks and one may consider a theory based upon the Lagrangian*” 


1 : 
F= 5 Fg A *Fo + (vq, DB — m)y) . 


This is the Lagrangian of Quantum Chromodynamics (QCD). For large momen- 
tum transfers (deep inelastic scattering), the renormalized perturbation theory still 


46This is due to the postulate of fermion number conservation. Clearly, the matrices must be such 
that the Yukawa coupling term remains gauge invariant. We refer to Sect. 22.4 of [468] for details. 


47 With m denoting the matrix of quark masses. 
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may be applied. However, in the low energy sector, perturbative methods do not 
work appropriately. In particular, it cannot be explained this way why quarks and 
gluons are not observed. This is the famous quark confinement problem. 4 


To summarize, the full standard model contains the following set of free parameters: 


(a) The coupling constants g,, e, sin(@yw), 

(b) the boson masses my, m,, 

(c) the lepton masses m,, m,,, Mz, 

(d) the quark masses m,,, mg, M-, Ms, 4, Mp, 

(e) the parameters of the Kobayashi—Maskawa matrix 1), Yo, 03, 6. 


For a fundamental theory, this number of independent parameters seems to be rather 
high. Moreover, on the way we have pointed out a number of ad hoc assumptions 
(taken from the experiment) which could not be explained theoretically. We should 
add that the standard model predicts massless neutrinos, whereas several experiments 
require small but non-vanishing neutrino masses. Moreover, the model does not really 
explain the quantization of electric charge. Thus, the reader may ask himself whether 
the standard model may be viewed as a truly unified theory. 

Consequently, a lot of effort has been put into building further unification schemes. 
One of the most prominent variants, the so-called grand unification (GUT) was 
proposed already in 1974 by Georgi and Glashow [240]. The basic idea of grand 
unification is that, beyond a very high energy scale, elementary particle physics is 
described by a gauge theory with a simple gauge group Gy, that is, by a theory with 
a single coupling constant. The Lie group Gy should be large enough so that Gsy = 
SU(3) x SU(2) x UC) can be embedded into Gy. At some energy My, the symmetry 
Gy is spontaneously broken to Gsy, thus, leading to the standard model. This idea 
works, indeed [241]: by a renormalization group analysis within the standard model, 
one shows that the values of the SU(2)- and SU(3)-coupling constants decrease at 
larger momentum scales, whereas the value of the U(1)-coupling constant increases. 
The coupling constants approach each other at the energy scale My = 10!° GeV. 
This is called the grand unification scale. According to the idea of grand unification, 
we may now replace the reduction scheme outlined under point 2 of Remark 7.7.4 by 


Gyo Gap SUG) SI (173) 


The search for an appropriate simple group Gy was guided by a number of natural 
requirements: first, as already mentioned, it should be possible to embed Gsy into 
Gy. Thus, Gy must be at least of rank 4 and it should contain SU(3) as a subgroup. 
Second, it must admit representations allowing for the correct particle spectrum and 
it should be anomaly free.** If one insists to accommodate the fermions in complex 
representations, then only the simple Lie groups SU(n), with n > 2, SO(4n + 2) 
and the exceptional group E, remain as good candidates, see [438]. The requirement 
that the theory be anomaly free excludes SO(6) and puts limitations on the allowed 


48See Remark 9.3.8. 
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representations for the unitary group. For a quite exhaustive study of the underly- 
ing group theory as well as of the admissible representation schemes we refer to 
[238, 597]. In the historical paper of Georgi and Glashow [240], the unifying gauge 
group SU(5) was proposed. One year later, Gy = SO(10) was introduced [222, 
239]. 

In the sector of such a unified theory where Gy is unbroken, completely new 
phenomena occur. Since in this sector the gauge bosons involve both flavor and color, 
the baryon number is not conserved any more and thus, in most models, proton decay 
is possible.*? Another remarkable feature of all realistic grand unifications is the fact 
that they admit (superheavy) magnetic monopoles. 

For an exhaustive review over the first period of the development of GUT’s we 
refer to [400]. For more modern aspects, including supersymmetric GUT’s, see [474] 
and references therein. 

In the next section, we are going to present another unification approach which 
has attracted much attention over the decades. 


Exercises 


7.7.1 Check the formulae (7.7.25) and (7.7.26). 
7.7.2 Prove the statements of Remark 7.7.2. 


7.8 Dimensional Reduction. Basics 


The idea of dimensional reduction can be traced back to the classical Kaluza-Klein 
theory invented by Kaluza and Klein [355, 377], Einstein, Bergmann [181, 182] and 
Wey! [660, 662]. Its application to non-Abelian gauge theories starts with the work 
of Kerner [363], Forgacs and Manton [207] and Harnad, Shnider and Tafel [284]. 
Here, we concentrate on dimensional reduction of pure Yang—Mills theories. This 
variant is often referred to as the CSDR scheme.*? Our presentation will be along 
the lines of [394, 546], but we also refer to the review [356]. We will give further 
references in the text and will comment on other variants of dimensional reduction at 
the end. Our emphasis is on the method rather than on applications, as dimensional 
reduction is an important tool for the study of differential equations with symmetries 
in many branches of physics. 

Let us consider a pure Yang—Mills theory on a (pseudo-)Riemannian manifold 
(M,g) of signature (-,+,...,-+). In the literature, M is given different names. 
Often it is called a multidimensional universe, sometimes also a Kaluza-Klein space. 
We will rather stick to the first term. In short, the idea of dimensional reduction goes 
as follows: assume we are given a symmetry group K acting on M in such a way that 


4°But the lifetime of the proton is estimated to be beyond 10°? years. 
5°CSDR standing for Coset Space Dimensional Reduction. 
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the quotient M/K (or some piece of it) may be identified with physical spacetime. 
Further assume that this symmetry may be lifted to the principal bundle of the gauge 
theory under consideration. Then, one postulates K-invariance of the gauge field 
configurations and of the action functional and reduces the latter with respect to 
this symmetry. This way, interesting unification models may be constructed. In this 
section, we use the notation and the results of Sect. 1.9. 

In more detail, let G be the gauge group and let (P, G, M, W, 1) be the gauge 
principal bundle. We consider a simple group action?! 5: K x M — M of K onM 
and assume that it can be lifted to an action A : K — Aut(P) such that the induced 
left action p : (K x G) x P > P given by (1.9.1) is also simple. As in Sect. 1.9, we 
denote the orbit space P/(K x G) of this action by M. We limit our presentation to 
the version described by Remark 1.9.9 and Corollary 1.9.15, that is, given a stabilizer 
H of 5, we assume that the principal 17 /Z-bundle M; > M is trivial. Note that then 
also the principal Iy-bundle Mu > M is trivial. Here, [yy = = Nx (H)/H. Thus, we 
may choose a global section s : M —> My. As before, we denote M := s(M). Recall 
that, in this situation, bundles admitting a lift of the K-action have the following 
structure, cf. Eq. (1.9.24): 


P=K XH ( X Cg (Ao(H)) P) : (7.8.1) 


Here, Ayo : H — Gis the Lie group homomorphism given by Eq. (1.9.4), PC Pisa 
principal Cg (Ao(#))-bundle over M and the right H-action on K x (G X Co (a0) P) 
is given by 

(h, (k, L(g, P)])) > (kh, [(gro(h), p))), hed. 


The diffeomorphism (7.8.1) is given by 


[(k, L(g, P))] > Ago Mop). 


Now, the setting is given and we may start with the dimensional reduction procedure. 
In the first step, we must classify the K-invariant configurations (w, g) entering the 
action functional. For the gauge field configurations @, this problem has already been 
solved: by Corollary 1.9.15, K-invariant connection forms w on P are in one-to-one 
correspondence with pairs (a, ®), where 


(a) a) is a connection form on P, 
(b) ®: P > L(m, g)” is a Cg(Ag(H))-equivariant mapping. 


Here, m C €is given by 
m=nOp, (7.8.2) 


where n = fiy is the Lie algebra of I. With this notation, € = h@m. As usual, let us 
denote the Ad-invariant scalar products on € and g by (-, -)¢ and (-, -)g, respectively. 


5! Recall that an action is called simple if it has only one orbit type. 
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By the discussion in Sect. 1.9, without loss of generality we may assume that the 
decomposition (1.9.25) is orthogonal with respect to (-, -)¢. Then, the decomposition 
(7.8.2) is orthogonal, too. Consequently, from now on we denote 


m=h°,.gen, (7.8.3) 
Next, let us classify the K-invariant metrics on M. For any y € M, we decompose 
T,M =T,M OT, (K-y), (7.8.4) 
where K - y is the K-orbit through y. We denote 
MN, = d(n), a = 5,(0") (7.8.5) 
Then, T, (K - y) = 3t, ® N; and thus 
T,M=T,MON ON. (7.8.6) 


Recall the isotropy representation>” 5, : H — Aut(T,M) induced from 6. Since 
Ty (K - y) = 6)(b*) and 
5,0 5,(A) = 5,(Ad(h)A) : (7.8.7) 


for any A € +, the restriction of the isotropy representation to T, (K-y) is equivalent 
to the restriction of the adjoint representation to h+. 

In the sequel, in order to exclude pathological situations, we further assume that, 
for any y € M, none of the components in the decomposition (7.8.6) is tangent to 
the light cone {Y € T,M : g(Y, Y) = O}. 


Lemma 7.8.1 The subspace a is g-orthogonal to T,M and to Nt,. 


Proof Since g is K-invariant, the isotropy representation 5, : H — Aut(T,M) is 
orthogonal. It clearly acts trivially on T,M . By Remark 1/6.2.10, T, (K -y) is invariant 
under the isotropy representation. Thus, the decomposition (7.8.4) is invariant, too. 

By reductivity of the decomposition § =  @ +, the action of H induces an action 
on 6+. Clearly, the maximal subspace of ht on which Ad(H) acts trivially is n. Thus, 
in the decomposition of n and n+ into Ad()-irreducible components, 


m 


n 
n=@u, th =Qah 
ii j=i 


the n,; are (mutually orthogonal) one-dimensional subspaces. Inserting these decom- 
positions into (7.8.5), we obtain 


%2Cf. point 1 of Remark 1/6.2.10. 
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N= Din), w= Ds. 
i=l j=l 


Consider the corresponding components of the metric viewed as mappings 
Day: 5,0) > 6(n;))*. 


Then, 
dan fe) Qii.j) . 5,(1;) -_> 5, (0) 


is an operator intertwining the irreducible representations of 5,,(ni) and di (nj-). This 
follows from the K-invariance of g. Now, since the representations carried by the n; 
are trivial and those carried by the ni are nontrivial, Schur’s Lemma implies that this 
operator must vanish for all pairs (7, /). Consequently, St, and Le are orthogonal to 


each other. In the same way, one shows that T,M is orthogonal to es 5 
From Lemma 7.8.1, we immediately get the following. 


Corollary 7.8.2 If ly is discrete, then the decomposition (7.8.4) is orthogonal with 
respect to Q. LE) 


The following proposition yields the classification of K-invariant metrics. 


Proposition 7.8.3. Let 6 and p be simple group actions and assume that the bun- 
dle My — M is trivial. Then, the K-invariant metrics g on M are in one-to-one 
correspondence with 4-tuples 


(9, B, B°), (7.8.8) 


where § is ametric on M, & is aconnection form on the principal Py-bundleMy > M 
and B and B~ are functions on M with values in the Ad(H)-invariant non-degenerate 
symmetric bilinear forms on n and w+, respectively. 


Proof By K-invariance, the metric g is completely characterized by its values on M. 
Let y € M and denote 

WaT. 9 a a, 
Let g*) :oN (at) , k,l = 1,2,3, be the corresponding components of g. By 


Lemma 7.8.1, we have 
gi") - go) =f, 


for] = 1, 2. The component g"':! yields g. To define the connection form &, consider 
the right K-action on M defined by 5, := 4,-1. Its restriction to IT yields the right 
principal action on My andx > UY, := 5, (n) is the canonical vertical distribution. 
As the horizontal distribution x — §, defining € we take the orthogonal complement 
of % with respect to g, 
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T,Ma = Din ® Hx : 


By the K-invariance of g, § is [};-invariant and thus a horizontal distribution on the 
principal bundle My, — M. Finally, the functions 6 and B+ are given by 


1\T , Ht 
By = (5,) tn? gee 2 (8;,) In? B; = (8;) tnt © gy o (5;) tnt? 


for any y € M. We check their Ad (H)-invariance. Since Ad(#) acts trivially on n, 
for 6 the statement is obvious. Using (7.8.7) and the K-invariance of g, for By we 
obtain , 


T / / 
By (Ad(h)A) = (5,) n° g? 0 8), 0 5(A) 
T , T ! 
= (8) ne 2 (Bit) 0 Gy"? 0 5,A) 


= Ad*(h7') 0 By (A). 


The remaining properties are obvious. Finally, for the reconstruction of the K- 
invariant metric g from the 4-tuple (7.8.8), we need to calculate the connection 
form &. For that purpose, given y € M, we decompose any vector Y ¢ T,My with 
respect to (7.8.6), 


Y = (X,d/(A), 5% (B)), KeT\M,Aen, Ben", 


and, using the orthogonality condition, we read off the following vertical part: 
Pf] —1 ~ 
ver (Y) = (0, 5,(4) + (9%)! og), 0) . 
Then, by (1.3.6), we obtain 
ey \7! 4 - 
&(Y) = (5) ) 0 (92?) og@ OK) +A. (7.8.9) 
Finally, the values of € along the fibre through y are found by transporting &, with é. 


Now, it is clear that, given a tuple (7.8.8), g can be reconstructed uniquely. be 


Remark 7.8.4 Proposition 7.8.3 may be taken as a starting point for dimensional 
reduction of theories including gravity, see [394] for a list of classical references. 
In particular, we refer to [141] for more details. For an alternative approach based 
upon reduction theory of the bundle of orthonormal frames, we refer to [538]. In this 
paper, also the torsion case is included. 4 


Now, we can reduce the action functional 


1 . 
sw) =5 | rsa. 
2 Ju 
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For clearness of presentation, we limit our attention to the following case. We assume 
that the metric is of the form 
g=909g, (7.8.10) 


where g is obtained from a metric on M by K-invariant extension and g is defined by 
(Ax, Bs) = Gx/H(A, B), A,Ben. 


Here, gx/y is a K-invariant metric on K/H. Then, the decomposition (7.8.4) is 
orthogonal, that is, together with at , also Jt, is orthogonal to T,M and, consequently, 
€ = Oin the classifying 4-tuple (7.8.8). Under this assumption, the canonical volume 
form on M reads 

Vg = Vg A Vg - 


Using this and (2.7.5), we have*? 
1 -1 
S@=- ] g (2, 2)vgAVvg. 
2 Ju 


Since both the connection and the metric are K-invariant, g~!(2, 2) is K-invariant 
and, thus, we may integrate over K /H. For that purpose, it is convenient to decompose 
the scalar product defined by 6B @ B+ on each K-orbit with respect to a K-invariant 
scalar product>* (de, 


BO) =f), BO) =AOM, dnt - 


This yields the volume form on the orbit K - y in terms of the canonical volume form 
Vx/H Modified by a function f on M: 


Vey =fO) VK/H- 


Then, integration over the orbits yields: 
1 
S(@) = svoliK/H) f g (2, Q)f Vg - (7.8.11) 
M 


Next, we decompose the integrand with respect to the direct product structure (7.8.10) 
in terms of the classifying objects (®, ®) given by Corollary 1.9.15. We rewrite 
(7.8.4) as 

T,M =T,M @6,(6-) =m @ mM (7.8.12) 


>3Note that g~! includes the scalar product in the Lie algebra g of the gauge group G. If the manifold 
M is pseudo-Riemannian with signature (—,+,..., +), then one has to add an overall minus sign. 


54E.¢., minus the Killing form if K is semisimple. 
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and denote the corresponding components of 2 by 2“), i,j = 1, 2. 


Lemma 7.8.5 The components of the curvature with respect to the decomposition 
(7.8.12) are given by 


20 = 8, 
QA) Ve, 
1 
QE” = F([P, O] — # of, ys — Ao. os Is)» 
where QQ is the curvature form of @ and @ is the section of the associated bundle 
P X coco) L(, g)” corresponding to ®. 


Proof By the Structure Equation, we obviously have 2“) = Q2. It remains to 
calculate Q“'?) and 2°. Since w is K-invariant, it fulfils Y4,@ = 0, where 
(Ax)p = A, (A) denotes the Killing vector field of the K-action on P. Thus, for any 
vector field Y on P we have 


0 = (La, a) (VY) = As(W(Y)) + O(LY, Aa). (7.8.13) 


Now, using this and (1.9.48), for any y € M and p € P such that 2(p) = y, we 
calculate 


Qh) (X, 5,(A)) = tp 0 25(Y, Aw) 


1 ai 
lp (do + zo. w]),(¥, Ax) 
= po {¥p@A.) + lop(P), op (Aw) 
43 0 (dB(A) + [8, (A)]),(Y) 
= (V°O) (A, X), 


where X € T,M ,A€ ht and Y isan arbitrary vector field on P such that n'(¥5) =X. 
In the same way, using (7.8.13), we calculate 


23) (8) (A), 8,(B)) = 0 D(A, Be) 
1 
= 150 {op (Ax, Bal) + [05 (As), op B01} 


= tj 0 {lop(Ax), «5 (Bs)] — op 1A, Bld} 


55Here, in order to avoid confusion, the curvature viewed as a horizontal form on P is denoted by 


2. For the notation in the last step of the calculation, recall Definition 1.5.2. 
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= 1 0 {LB GA), FG)B)] — FPA, Bly.) — Ao (1A, Bly) 
= [P(y)(A), Py) (B)] — POVIA, Blpt) — AOA, Bly) - 
B 
We denote the fibre metrics in the spaces of differential forms with values in g, 


(h+)* @ g and (/\*h+)* ® g by, respectively, (-, ‘\@, i=1,2,3, and write 2°? = 
LY (P), where 


P(®) = ~([G, ©] — Gol, -Jys — AQ OL, Ip) - (7.8.14) 


NIle 


Then, inserting the decomposition given by Lemma 7.8.5 into (7.8.11), we obtain 
1 —— 5 : 
S(w) = souk /H) f ((2, 2) a) + (V°®, V°®) oy — V(®)) frvg, (7.8.15) 
M 


where 


V(®) = —(A@), A(®)) 3). (7.8.16) 


Remark 7.8.6 For an orthonormal basis {e,} in h+, we have 


V(®) =— > Fu, Fy) g 5 (7.8.17) 
kl 
with 
Fy = [® (ex), B(e:)] — ® (Lex, er] py) — Ap (Lex, er}py) (7.8.18) 
6 


To summarize, as a result of dimensional reduction of a pure Yang—Mills theory, 
we obtain a theory of a Yang—Mills field interacting with a bosonic matter field. The 
action functional contains a self-interaction term of the matter field which is of fourth 
order. Thus, it is interesting to ask whether via this method one may construct Higgs 
potentials. This would lead to a unification scheme for the pure Yang—Mills and the 
Higgs sector. 

This question will be addressed in the next section. For a much deeper discussion 
of this issue we refer to [394] and a lot of further references therein. 


Exercises 


7.8.1 Show that € defined by (7.8.9) is the connection form of the horizontal distri- 
bution x > §,. 
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7.9 Dimensional Reduction. Model Building 


In this section, we show that the dimensional reduction procedure leads to models 
which are unified in the sense that one obtains constraints between the physical 
parameters (coupling constants and masses) of the reduced theory. This way, one 
can obtain predictions for the mass of one or of a number of particles in terms of the 
remaining parameters. 

From now on, we make the following technical assumptions. 


(a) Both g and € are compact simple Lie algebras. 
(b) Both § and A5(h) are regular°° Lie subalgebras of € and g, respectively. 


From the point of view of unification, the first assumption is certainly natural, because 
in this case the reduced theory contains the smallest possible number of parameters. 
In particular, there are unique, up to a constant, Ad-invariant scalar products (-, -)¢ 
and (-, -), on € and g, respectively. Concerning assumption (b), it is only for regular 
subalgebras that we have canonical methods for calculating the centralizer and other 
characteristics, see Appendix C. 

Now, if we wish to construct models, we must of course explicitly solve the 
constraint equation (1.9.47) expressing the H-invariance of &, 


&(p) o Ad(h) = Ad(Ao(h)) 0 O(p), heH. (7.9.1) 
From now on, we will use the following simplified notation: 
Myo =K, P=. 
Recall that any @ fulfilling the above relation may be interpreted as an operator 
intertwining the representations Ad(H)(h+) and Ad(Ao(H))(g). Consequently, to 
construct @, one has to decompose the representations in (7.9.1) into irreducible 


components. By Schur’s Lemma, ¢ can only intertwine equivalent ones. Technically, 
it is convenient to pass to the Lie algebraic version of (7.9.1), 


o(p) o ad(B) = ad({x(B))od(p), Bed, (7.9.2) 


and to work with the complexifications © and g© of € and g, respectively. Corre- 
spondingly, we extend ¢ to the complexified Lie algebras: 


© (A, + iA2) = O(A1) + ib (Az), A1,A2 E67. (7.9.3) 


Then, _ nm 
o°(A) = (A), Ae (h)S, 


with the bar denoting complex conjugation, and we may extend (7.9.2) linearly to 


5©See Appendix C. 
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© oad(h©) = ad(k(h®)) og. (7.9.4) 


Given a solution $© of this equation, by restriction to ht C (h+)© one obtains an 
operator ¢ fulfilling (7.9.2). To summarize, we may first solve (7.9.4) and then obtain 
the solution by restriction to h+. For the first step, we may use the representation 
theory of (semi-)simple Lie algebras, see Appendix C or [170, 329] for a detailed 
exposition. 

In model building one is often interested in theories with one irreducible multiplet 
of scalar fields only. As was shown by Kubyshin and Volobuev [643, 644], for 
classical Lie groups this is always the case under the following additional assumption. 


Proposition 7.9.1 Let the assumptions (a) and (b) be fulfilled, with K,H and G 
being classical Lie groups. If, additionally, K/H is a simply connected irreducible 
symmetric space, then the reduced theory contains only one irreducible multiplet of 
scalar fields. 


Proof The symmetric spaces fulfilling the assumptions are provided by Table2.1. 
They read as follows: 


Gx(m,m+n), Sp(m)/U(m), SO(2m)/U(m), K=R,C,H. 


Now, under the assumptions (a) and (b), ad(h) acts irreducibly on ead Using this 
fact, by direct inspection of these spaces in terms of the corresponding root lattices one 
can show the following: if one passes to the complexification, either ad(h) remains 
irreducible or it yields two inequivalent complex representations which are conjugate 
to each other. Thus, ¢ either intertwines representations of one type or representations 
of two types, conjugate to each other. By construction, the centralizer ¢ of «(h) in g 
acts irreducibly on the intertwining operators. Thus, the latter constitute an irreducible 
multiplet. ic 


By Proposition 7.9.1, the above class of symmetric spaces is especially interesting. 
Thus, we concentrate on this case and, finally, add some comments on more general 
settings. Let us define the following mappings: 


fi: \76> > 6, fir Az) = [Ay Add, 
foi N+ > 9, falAr A Ad) := [PAD), 6d)1- 
By point 1 of Remark 2.5.6, we have 
[6 b= 6. (7.9.5) 


Thus, the mapping f; is surjective. If, additionally, K/H has rank one, then /; is 
an isomorphism of vector spaces. Indeed, in that case, f;(A A B) = [A, B] = 0 


57Cf. point 2 of Remark 2.5.6. 
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implies that A and B must be proportional, that is, A \ B = 0. Moreover, under the 
assumptions (a) and (b), the representation ad(h)(h+) is irreducible. This fact has 
two immediate consequences. First, it implies that the Ad-invariant scalar product 
on Tj1}K/H = 6+ is unique, up to a constant,>® and we may write 


x 1 
Qi) = —Fa Yo s (7.9.6) 


where (-, -)y1 denotes the restriction of the canonical scalar product (-, -)¢ to ht. 
Second, since ¢ is an intertwiner, the transport of the canonical scalar product on g 
to h+ is an Ad(h)-invariant scalar product on + and, thus, by the above assumption, 
it must be proportional to the canonical scalar product on ht. Denoting the factor of 
proportionality by |¢|*, for any A;, Az € h+ we obtain 


(f(A1), 6(Aa)) 9 = 1PI7(A1, Aa) pe - (7.9.7) 


Remark 7.9.2 For later purposes, let us calculate |o|* explicitly. Let {e;} and {E;} be 
orthonormal bases in h+ and ¢(h+) C g, respectively. Then, the intertwiner @ may 
be expanded as follows: 


o=9",(e?)* @ En. 
Then, for the left hand side of (7.9.7), we obtain 
(b(A1), (A2))g = AA!" mn » 
whereas for the right hand side we have 
IPP (Ai, Ar)g = IGA A265 


Thus, 


1 : 
lo|? = ——_~ 6" bm = (*). (7.9.8) 


1 
~ dim) dim(4) * 
4 


Let us denote by ¢ the ratio of indices*’ of «(h) in g and h in €. The following was 
shown in [547]. 


Proposition 7.9.3 Let the assumptions (a) and (b) be fulfilled. Let K/H be a sym- 
metric space of rank 1, let h be simple and let x be injective. Then, 


Vig) = (1-6?) ene, 


58Cf, formula (2.5.7). 


5°The index of a simple Lie subalgebra h of a Lie algebra gis the factor by which the scalar product 
on h induced from the canonical scalar product of g differs from the canonical scalar product of h. 


628 7 Matter Fields and Model Building 


where Sc is the scalar curvature of Qx/1. 


Proof Since f; is an isomorphism, there exists a mapping 
ftooe fan: 


Moreover, for any C € b, there exists a unique element a € Abt such that fj (@) = 
C. Without loss of generality, we may assume a = A; A Az with Aj, Ao € h+. Then, 
C = [A, A2] and we have 


F({A1, A2]) = [A1), 6(A2)I. (7.9.9) 


Using this, together with the Jacobi identity in g and the fact that ¢ is an intertwiner, 
we show that f is an operator intertwining the representations ad(h) and ad(«(h)): 
indeed, on the one hand, for any B € § we obtain 


(ad (B) of) (C) = [k(B), f(IA1, Aa))] 
= [k(B), [6 (A1), (A2) I] 
= —[(A1), [6 (A2), «(B)]] — [6 (A2), kK BO ADI 
= [$(A1), 6((B, A2})] — [6 (A2), 6B, Ai))]. 


On the other hand, 


(f oad(B)) (C) = fp of, | ([B, C]) 
= —f, of; ' ({A1, [A2, Bl] — [A2, [B, Ail) 
= —f,(A1 A [A2, B]) — fo(A2 A [B, Ail) 
= [(A1), @([B, Az])] — [6 (Aa), @([B, Ai). 


Since, by assumption, « is an isomorphism onto its image and since k(h) C g is 
regular, there is only one adjoint representation of h in g, namely ad(« (h)) acting on 
«x (h), see [170]. We conclude 

f(B) = ck(B), Beh, (7.9.10) 


where c is some real constant. Then, for any A;, Az € h+ and any Beh, 


(f([A1, A2]), «(B))g = e(« ([A1, A2]), (B))g = ce([A1, Ao], B)e- 
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On the other hand, using the Ad-invariance of the scalar products, 


(f([A1, Az}), K(B)) g = (Ip (Ai), 6(A2)], «(B)) g 
= (p(A2), 6B, Ai))) g 
= |) ((A1, Aol, Bye. 


Thus, 
La 
c= -|¢| ’ 


E 


and, consequently, by (7.9.9) and (7.9.10), 


1 
[p(A1), $(A2)] = ~lPP «(AL Aa). 


Next, we observe that for a symmetric space the second term in (7.8.14) vanishes. 
Thus, 


1/1 
PO) =5 (<0? - 1) os. (7.9.11) 
Finally, by (2.5.21), the scalar curvature is given by 


Sc = — > G({lex, ev), er). ex). (7.9.12) 
k,l 


where {e;} is an orthonormal basis in h+ with respect to gx /H. Inserting (7.9.11) into 
(7.8.17) and using (7.9.6) and (7.9.12), together with the Ad-invariance of the scalar 
product, we obtain the assertion. a 


The following example is taken from [547]. 


Example 7.9.4 (Georgi-Glashow model) We consider the case 
K/H = SOU +1)/SO(), G=SOU+p), 


with / = 2n and p = 2k + 1. Then, h and «(h) may be embedded regularly. Let 
us find the decompositions of the Lie algebras € and g in terms of the root lattices 
introduced in Appendix C. The left diagram in Fig. 7.2 shows the decomposition of 
€. The roots contained in the triangles with the corners a), @,-1, a@(1, 2 — 1) and f;, 
Bn—-1, BC, n — 1) correspond to the Lie subalgebra h = D, C B,. To prove this, we 
observe that the root B,_; = @,—; + 2a, together with the roots a1, ..., @,_1, may 
be taken as a system of simple roots of . This follows from the fact that 6,_; — a; 
is not aroot for i = 1,...,— 1. On the other hand, (6,_1, o;), = 0 fori An —2 
and (By—1, @n—2)x = —1. Thus, the roots a, ...,@,-1, 6,—-1 constitute the Dynkin 
diagram of D,, cf. Fig. C.1. The subspace h+ is spanned by the root vectors of the 
roots a(1,7),..., a(n, n) (filled circles) and the root vectors of the corresponding 
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c= B, 


Ont+k-1  Ontk 


a: . Bn+k-1 


Fig. 7.2, Decomposition of ¢ = B,, (/eft) and g = By+, (right) in terms of the root diagram 


negative roots —a(1,n),..., —a(n,n). Since dimh+ = 2n, b+ carries the vector 
representation of D,,. 

Next, let us discuss the right diagram in Fig. 7.2 showing the decomposition of g. 
In analogy with the left diagram, the roots in the triangles (a), @,-1, a(1,n—1)) and 
(B1, Bn—1, BU, n— 1)) build a D,,-subalgebra of B,,4,. We denote the root vectors in 
Bn+~ by Ey and choose the homomorphism « : h — g as follows: 


k(Co,) = Ea, K(Cs,,):= Es... i=1,....2-1. 
Thus, ¢ = 1, that is, 
(«(B)), K(B2))g = (Bi, Bo)e, Bi, Br €b. 


Now, the decomposition of the representation ad(g)},(y) looks as follows: clearly, 
the triangle (41, Mn+, Bn41) Carries the trivial representation of D,. Thus, the 
centralizer of «(§) in g is c = B,. Consequently, the structure group Cg(A(A)) of 
the reduced theory is SO(2k + 1). The fact that, in the case under consideration, c¢ 
does not contain any Abelian subalgebra is an immediate consequence of equation 
(C.1). Next, the two segments (a@(1,n —1+),...,a(7,n —1+)) withi = 
1,...,k +1 and(6U,n-—1+4)),...,B(,n—1+2) withi=1,...,k, together 
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with the corresponding negative roots 2k+ 1, form vector representations of D,,. More 
precisely, we have one real representation %9, and the 2k complex representations 13; 
spanned by the root vectors (€g(n-14i), +--+» €-g(j,n—14i)) and B; spanned by the root 
vectors (€_a(j,n—1+i), +++» €s(.n—14i)), Where j = 1,..., 7. 

For the sake of completeness, let us write down the scalar field 6: 


=> He) @Ex. 


ki 


Here, {e;} is the basis of root vectors in h+ and {Ex} are bases in the representations 
Vo and v;, invariant under complex conjugation. Clearly, @ carries the vector repre- 
sentation of the centralizer c. Finally, using (7.9.6) and (7.9.12), one easily calculates 
the scalar curvature (Exercise 7.9.1), 


Se = m2/(1 — 1). (7.9.13) 


This yields 
Vo) = m1 — 1). — |¢)?)”. 


If one writes down the scalar products in (7.8.15) explicitly, then the first two terms 
acquire factors which are functions of the constants m, / and p. Thus, if one wants to 
bring the reduced action to a canonical form, one must rescale both the gauge potential 
and the matter field appropriately. After that, the potential takes the following form: 


V@= 


207 Wy 2 
eu) (* eS?) or) (7.9.14) 


A4l(p — 2) s 


where g is the coupling constant of the reduced theory. For p = 3 we get the bosonic 
sector of the Georgi-Glashow model, cf. Example 7.3.7. Using the formulae for the 
masses of the Higgs boson, the intermediate vector boson W and the monopole as 
given by *t Hooft [623], we get 


1 4 20-1 
my =m) 5-1), eines non = imc ( a ‘). 
8 ! 


where C is a slowly varying function. Thus, 


[20-1 
My >= a > 


that is, within this unified model one gets a prediction of the Higgs mass in terms of 
the mass of the W-boson. 4 


60By Proposition 7.9.3, in the case of a symmetric space, @ need not be calculated explicitly. 
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In a similar way, one may attempt to construct the bosonic sector of the Weinberg— 
Salam model, see [423, 644]. In the following example, we present the results of 
Kubyshin and Volobuev [644]. Since the method is the same as in Example 7.9.4, 
we omit the calculations. 


Example 7.9.5 (Weinberg—Salam model) The results of [644] are summarized in the 
following table. In each case, one obtains the bosonic sector of the Weinberg—Salam 


G K/H Mw Mz Muy sin? Ow 
SOd+4) |Gr2,1+2) |mvi my/1 m/2l I 
SUd +2) |CcP! m1 m/2t+1) |m/20+D) te 
Spd+1) |cP’ m/2 |mJ/20 +1) |mV/20 +1) | ay 


model described in Sect. 7.7. It is interesting to compare the masses and the Weinberg 
angle obtained via the dimensional reduction method with the experimental data. 
Instead of the four parameters Mw, Mz, My and sin” Ow characterizing the bosonic 
sector, cf. Remark 7.7.3, we have only 3 independent parameters here: the non- 
Abelian coupling constant g, which is proportional to the coupling constant of the 
unreduced pure Yang—Mills theory on the multidimensional universe, the reciprocal 
linear scale m of the internal space, cf. Eq. (7.9.6), and the dimension / of that space. 
This allows for a prediction of the Higgs mass on tree level. It can be shown that in 
all the above cases, the correct value of the electric charge e can be obtained by an 
appropriate choice of the coupling constant g. This should be clear from (7.7.28). 
Comparing with (7.7.31), we see that the third model of the above table yields the best 
agreement with the experimental value of the Weinberg angle: for / = 3 we obtain 
sin’ Oy = 0.25. Unfortunately, in this case, the predicted value of the Higgs mass is 
too small. It coincides with the mass of the intermediate vector boson Z. It should be 
noted that, on the other hand, the relation of the Z- and the W-mass is in quite good 
agreement with the experimental value. Comparing with the corresponding table in 
Sect. 7.7, we see that the model in the first row yields a rather nice prediction of the 
Higgs mass, but sin? Oy is too large. 

Finally, we note that Manton [423] has obtained similar results for models with 
gauge groups SU(3), SO(5) and G2 on the six-dimensional universe M x S? with 
rotational symmetry. 4 


Remark 7.9.6 


1. Ifone departs from the assumption that K /H be symmetric, while keeping « injec- 
tive, then new phenomena occur. In this case, ht decomposes into ht =n@ni, 
cf. (7.8.2) and (7.8.3). Now, in addition to intertwining non-trivial representations 
in n+ with non-trivial representations in g, in general also trivial representations 
of n and of ¢ C g will be intertwined. The latter phenomenon is new, comparing 
with the case of a symmetric space. For details, see Proposition 4.2 in [547]. An 
example of this type is provided by 
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K/H = SU(5)/SU(4) = S’, G=SO(9). 
If we also drop the assumption that « be injective, then h decomposes into 
h=hi Oho, 6) Simk, h2=kerk, 
and the intertwining condition (7.9.2) reads 
po ad(B) = ad(k(Bi))o¢, poad(Br) =0, 


for B; € h; and By € hz. The second of these equations says that we get a 
non-trivial operator @ iff there is a trivial representation in ad(€) ry, (h+). On the 
other hand, to get a non-trivial self-interaction for @ subject to the first of these 
equations, there must be a non-trivial representation in ad(€) py, (h+). An example 
illustrating this situation is provided by 


K/H = SO(9)/(SU(3) x SU(2) x U1),  G=SU(+3). 


This example is worked out in detail in [547]. 

2. Finally, we note that a lot of effort has been put into building grand unification 
models via dimensional reduction, see e.g. [51, 417, 548] and a lot of further 
references therein. Later on, the method has been extended to include supersym- 
metric models, see e.g. [337, 422] and further references therein. 

3. From the above discussion we see that the dimensional reduction method yields 
relations between the parameters of the classical theory. It is interesting to ask 
whether these relations survive in some sense on quantum level. This problem 
is related to the procedure of reduction of couplings in quantum field theory, cf. 
[588] and references therein. 4 


Exercises 


7.9.1 Prove formula (7.9.13). 


7.9.2. Work out the details of the examples provided by point 1 of Remark 7.9.6. 


Chapter 8 
The Gauge Orbit Space 


In the first part of this chapter, we discuss the mathematical structure of the gauge 
orbit space stratification. In Sect. 8.2, we prove that there is a one-to-one correspon- 
dence between orbit types and a certain type of bundle reductions of the principal 
bundle under consideration. In Sect. 8.3, we study the structure of the gauge orbit 
stratification in some detail. We prove a Tubular Neighbourhood Theorem and use 
this to show that the strata are smooth manifolds and that the stratification is regular. 
In Sect. 8.4, we study the geometry of the strata. We show that every stratum admits a 
natural Riemannian metric, calculate its volume element and find the corresponding 
Riemann curvature. We also briefly comment on geodesics. 

In the second part of the chapter, we present our results on the enumeration of 
gauge orbit types in detail. For clearness of presentation, we limit our attention to the 
case G = SU(n). The result is given in terms of certain characteristic classes fulfilling 
a number of algebraic relations. We also show how the natural partial ordering of 
strata, which contains information on how the strata are linked, can be read off from 
these relations. 


8.1 Introduction 


Let us start with a brief introduction to the final two chapters which are closely 
related. In the present chapter, we study the rich geometric and topological structure 
of the classical configuration space of gauge theories. In the next chapter, we will 
discuss some aspects of the significance of this structure for quantum gauge theory. 

Roughly speaking, the methods used in quantum field theory may be divided into 
perturbative and non-perturbative ones. In the case of the standard model, whose 
classical field theoretic structure was presented in the previous chapter, perturbation 
theory works well for high energy processes. On the other hand, the low energy hadron 
physics turns out to be dominated by non-perturbative effects. For the latter there is no 
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rigorous theoretical explanation yet. To study them, a variety of different concepts and 
mathematical methods has been developed. In particular, for some aspects, methods 
of differential geometry and algebraic topology seem to be unavoidable. This is 
certainly true if one wants to investigate the influence of the structure of the classical 
configuration space, the gauge orbit space, on quantum level. Let us discuss some 
aspects indicating the physical relevance of this structure. 

First, studying the geometry and topology of the generic (principal) stratum, one 
gets an intrinsic topological interpretation of the Gribov ambiguity [258, 591]. We 
stress that the problem of finding all Gribov copies has been discussed within spe- 
cific models, see e.g. [401]. For a detailed analysis in the case of 2-dimensional 
cylindrical spacetime (including the Hamiltonian path integral) we refer to [584]. 
By investigating the topology of the determinant line bundle over the generic stra- 
tum, one gets an understanding of gauge anomalies in terms of the Family Index 
Theorem [17, 41], see also [114] for the Hamiltonian approach. In particular, one 
gets anomalies of purely topological type [674], referred to as global anomalies. 
The latter cannot be seen by perturbative quantum field theory. Moreover, there are 
partial results and conjectures concerning the relevance of nongeneric strata. First, 
generally speaking, nongeneric gauge orbits affect the classical motion on the orbit 
space due to boundary conditions and, in this way, they may produce nontrivial 
contributions to the path integral. They may lead to localization of certain quantum 
states, as it was suggested by finite-dimensional examples [185]. Further, the gauge 
field configurations belonging to nongeneric orbits can possess a magnetic charge, 
i.e. they can be considered as a kind of magnetic monopole configurations. Accord- 
ing to *t Hooft [624], these could be responsible for quark confinement. The role of 
these configurations was investigated within the framework of Schrédinger quantum 
mechanics on the gauge orbit space of topological Chern—Simons theory in [25], see 
also [24] for an approach to 4-dimensional Yang—Mills theories with 6-term. Within 
*t Hooft’s concept, the idea of Abelian projection is of special importance and has 
been discussed by many authors. For example, this concept was studied within the 
setting of quantum field theory at finite temperature on the 4-torus [205, 206]. There, 
a hierarchy of defects, which should be related to the gauge orbit space structure, was 
discovered. Finally, let us also mention that the existence of additional anomalies 
corresponding to nongeneric strata was suggested, see [290]. 

Most of the problems mentioned here are still awaiting a systematic investigation. 
For that purpose, a deeper insight into the structure of the gauge orbit space is 
necessary. In a series of papers [296, 297, 543-545] we have made a step in this 
direction. We have given a complete solution to the problem of determining the 
strata that are present in the gauge orbit space for gauge theories with the classical 
gauge groups SU(n), Sp(n) and SO(n) in compact Euclidean spacetime of dimension 
d = 2,3,4. Our analysis is based on the results of Kondracki and Rogulski [388], 
who have investigated the general structure of the full gauge orbit space for the first 
time in detail. In particular, they have shown that the gauge orbit space is a stratified 
topological space. Moreover, they have described the relation between orbit types 
and bundle reductions we are using. 
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Let us mention that there is an approach based upon parameterizing the full gauge 
orbit space by a so called fundamental domain. The latter is characterized by the 
property that it is intersected by every gauge orbit exactly once, up to possible 
identifications on the boundary, see [148, 223, 640, 641, 699] and the review [642] 
for further references. This concept was developed in order to solve the Gribov 
problem, see Sect.9.2 for further details. However, for the study of the stratified 
structure of the gauge orbit space, this concept seems not to be efficient. Finally, we 
note that the stratification structure for gauge theories within the Ashtekar approach 
has also been studied, see [203]. 

Clearly, as already mentioned above, the main challenge consists in clarifying the 
possible role of the nongeneric strata on quantum level in a systematic way. For that 
purpose, one needs a general concept how to implement these strata in a quantum 
gauge theory. For the case of spaces carrying a Kahler structure, one may use the 
concept of Hilbert space costratification as proposed by Huebschmann [326]. In 
[328], these ideas were substantiated for a toy model of Hamiltonian quantum gauge 
theory on a finite lattice as developed in [368, 369, 386]. Here, the classical phase 
space may be identified with a product of copies of the complexified structure group, 
which carries a natural Kahler structure, and the classical stratification is encoded 
in terms of a costratification of the representation space of the observable algebra. 
Details will be explained in Sects. 9.6 and 9.7. 


8.2 Gauge Orbit Types 


We start with recalling some basics from Sect.6.1. The configuration space @ of a 
Yang-Mills theory on a principal bundle P(M, G) is the set of connections on P. It 
carries a natural affine structure with translation vector space 


TF = QM, Ad(P)) = Qa nor(P, 9)» (8.2.1) 


and is acted upon by the group of vertical automorphisms ¥ = Auty (P). By Remark 
6.1.2, elements wu € Y may be viewed as sections of the vector bundle End(Ad(P)). 
Then, local gauge transformations read 


o =wot+u!V2u. (8.2.2) 
As explained in Sect.6.1, if we assume that G be a compact connected linear Lie 
group and that M be a compact orientable Riemannian manifold, we can pass to 


Sobolev completions of @ and Y. As before, we denote the Hilbert space of cross 
sections of Sobolev class k of a vector bundle E by W*(E). In the sequel, we assume 


1 
k> S dim(M) + 1. (8.2.3) 
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Then, by the Sobolev Embedding Theorem 5.7.7, connection forms are of class C! 
and, therefore, have continuous curvature. This theorem also implies that Y is a 
Hilbert-Lie group with Lie algebra LY = W**+!(Ad(P)) and exponential mapping 
given by (6.1.13) acting smoothly on @. Moreover, by Theorem 6.1.7, the action of 
@ is proper. Thus, the orbits of the action of Y on @ are closed and the gauge orbit 
space 


M :=6/G (8.2.4) 
is Hausdorff. 


Remark 8.2.1 Clearly, .@ should not depend essentially on the technical parameter 
k. Thus, let k’ > k and let @’, Y and .@’ be the Sobolev completions corresponding 
to k’. Then, one has natural embeddings Y — ¥Y and @’ — @. As a consequence 
of the first, the latter projects to a mapping g : .W! — -@. Since the image of @’ in 
@ is dense, so is y (4') in .@. To see that ¢ is injective, let mj, a € G@’ andue GY 


such that w) = w\". Then (8.2.2) implies 
du = ua, —@,U. (8.2.5) 


Due to 2k’ > 2k > dim M, by the multiplication rule for Sobolev functions, the 
right hand side of (8.2.5) is of class W**!. Then wu is of class W‘+?. This can be 
iterated until the right hand side is of class W*. Hence, u € Y’, so that @, and w> 
are representatives of the same element of .@’. This shows that .7@’ can be identified 
with a dense subset of .@. Another question is whether the orbit type stratification 
of @ to be discussed below depends on k. Fortunately, the answer to this question 
is negative, see Theorem 8.2.8. ¢ 


As discussed in Chap. 6 of Part I, the orbit space of a proper Lie group action in finite 
dimensions is a stratified space with the strata being the connected components of 
the orbit type subsets. Kondracki and Rogulski [388] have shown that in the case of 
the gauge orbit space, the situation is similar. We will discuss this in Sect.8.3. For 
now, let us recall the notion of orbit type and relate orbit types to bundle reductions. 
For a connection w and a point po, let .%,, (w) and P,, (w) denote the holonomy group 
and the holonomy bundle of w based at po, respectively. Since, under the assumption 
(8.2.3), w is of class C!, Py )(@) is a bundle reduction of P of class Cc. 
The stabilizer of @ € @ under the action of Y is given by 


G, ={ueGY: 0” =o}. 
By the Stabilizer Theorem 6.1.5, this is a compact Lie subgroup of Y with Lie algebra 


LY, = ker(V®) = {€ € LY: Erp, () = const} . (8.2.6) 


PO 


Since 


G nw) = u'Gu 7 


8.2 Gauge Orbit Types 639 


the stabilizers along an orbit form a conjugacy class in Y. This class is referred to as 
the type of that orbit. The set of all orbit types of the action of Y on @ will be denoted 
by =. This set carries a natural partial ordering: for t,t’ € X, one has t < tv’ iff 
there are representatives Y,, of t and Y,, of t’ such that Y, > Y.,.! 

The discussion of the orbit types of the action of Y on @ rests on the fact that they 
can be expressed in terms of bundle reductions of P. This relation will be analyzed 
now. Given a subset A C G, let Cg(A) denote the centralizer in G. For repeated 
centralizers, we write CZ(A) = Cg(Cg(A)) etc. 

Now, let po € P be chosen. To every subgroup S C Y, we assign a subset of P by 


®,,(S) = {p € P : u(p) = u(po) for all u € S} . (8.2.7) 


Given Lie subgroups H C K C G and a reduction Q of P to H, for the induced 
reduction of P to K we write 


QO-K={peP:p=%;(q) for some k € K and some g € Q}. 


Lemma 8.2.2 
1. Foranyw€ @, 


Poy (Go) = Pp (w) - CG (Ho (@)) (8.2.8) 
G, = {u € Y : wis constant on Py, (G.)} (8.2.9) 


2. For any u € G and any subgroup S C &, 

Dy, (uSu~") = Wy)-1 © Du( Pp, (S)) - (8.2.10) 
Proof 1. First, we prove (8.2.8). Letw € @ andu € Y,. By Lemma 6.1.4, the 
restriction of u to P,,. (@) is constant. By equivariance, it is also constant on the bundle 
P,,(w) - CZ (Hp, (@)): indeed, for p € P,,(w) and k € Cz (%,(w)), we have 

u (Ye (p)) = k'u(p)k = k-'u(po)k = u(po) . 
because u(po) € Cg (4, ()) by the Stabilizer Theorem 6.1.5. Thus, 
Ppp (@) + CG (Hp (@)) C Ppp (Go) - 


Conversely, let p € By, (Y..). Then, u(p) = u(po) for all u € Y,. Clearly, there exists 
a € Gsuch that Y,(p) € P,,(@) and, by Lemma 6.1.4, 


u(po) =u (Wa(p)) = a ‘u(p)a = a‘ u(po)a 


' This choice of partial ordering corresponds to comparing the size of the orbits. It is consistent with 
[103] but not with [388] and several other authors who choose the inverse partial ordering. 
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for all u € Y,,. Thus, by the Stabilizer Theorem 6.1.5, a € CZ (%,(w)). Hence, 


p= Ve (Walp) € Pp (@) » CE (HG, (@)) - 


Now, consider (8.2.9). Inclusion from left to right holds by definition of &,, (G,). 
Conversely, by (8.2.8), if uv is constant on ®,, (Y,), then it is constant on P,, (w). By 
Lemma 6.1.4, this implies u € Y,,. 


2. We have p € ®,, (uSu~') iff u(p)h(p)u(p)“! = u(po)h(po)u(po)~ | for all 
h € S. This is equivalent to 


h(po) = u(po)‘u(p)h(p)u(p)'u(po) = h (Pup) Ou (P))) 
for all h € S, that is, it is equivalent to Wy(p,) (Yy-1(p)) € Bp, (S). o 


Remark 8.2.3 According to point 1 of Lemma 6.1.4, ifthe subgroup S is the stabilizer 
of a connection a, then ®,, (5) is a bundle reduction of class C**! of P. In [388], the 
subbundle @,, (Y,) is called the evolution bundle generated by w. 4 


Definition 8.2.4 (Howe subgroup) A subgroup H C G is called a Howe subgroup 
if H = Cc(A) for some subset A C G. 


Remark 8.2.5 


1. Since the centralizer is a closed subgroup, a Howe subgroup is closed and, there- 
fore, a Lie subgroup. Moreover, it is easy to see that C2(A) = C,(A) for any 
subset A C G. Thus, if H = Cc(A), then 


C2(H) = C2,(A) = Ce(A) =F. 


Since H Cc cc (7), we conclude that H C Gis Howe iff H = C2.(H). 
2. If H C Gis Howe, then H’ = Cg(H) is Howe, too, and one has 


H = C2(H) =Co(F’). 


A pair (H, H') of subgroups of G fulfilling H = Cg¢(H’) and H’ = Cg(A) is 

referred to as a Howe dual pair in G. To summarize, Howe subgroups are in 
one-to-one correspondence with Howe dual pairs via H > (H, Cg(A)). 

3. Denote Y,(po) = {u(po) : u € Yq}. By the Stabilizer Theorem 6.1.5, Y,(p0) = 

Co(%, (@)). Thus, by point 2, (Y.(po), C4(H%p (@))) is a Howe dual pair in G. 

4. A Howe dual pair is called reductive iffits members are reductive. Reductive Howe 

dual pairs play an important role in the representation theory of Lie groups, cf. 

[319]. There exist, essentially, two methods for the classification theory of reduc- 

tive Howe dual pairs. One of them applies to the isometry groups of Hermitean 

spaces and uses the theory of Hermitean forms [456, 524, 561]. The other method 

applies to complex semisimple Lie algebras and uses root space techniques [537]. 

4 
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Definition 8.2.6 Let P(M, G) be a principal bundle. 


1. A bundle reduction of P to a Howe subgroup will be called a Howe subbundle. 

2. A bundle reduction Q of P of class C” is said to be holonomy-induced if there 
exists a connected bundle reduction Q of P of class C’ to a subgroup H C Gsuch 
that 


O=0-C, (#) , (8.2.11) 


The set of isomorphism classes of holonomy-induced reductions of P of class C°, 
factorized by the action of the structure group G, will be denoted by Red,.(P). 


Remark 8.2.7 


1. We equip Red,.(P) with a partial ordering as follows. For 7, n’ € Red,(P) we 
write 7 > 7 if there exist representatives Q of 7 and Q’ of n’ such that Q Cc Q’. 

2. The reduction Q is the extension of Q to the Howe subgroup of G generated by 
H.In particular, every holonomy-induced reduction is a Howe subbundle. 

3. Assume that Q and Q are of class C°. By Proposition 3.6.2, Q is vertically C°- 
isomorphic to a smooth principal H-bundle O~. Let Q© and P® denote the 
extensions of Q® to the structure groups Cg (A) andG, respectively. Every eae 
C°-isomorphism O > 0” extends to a vertical C°-isomorphism Q —> Q© an 
to a vertical C°-isomorphism P — P®. Since P and P®™ are of class C® = 
vertically C°-isomorphic, Proposition 3.6.4 implies that they are vertically C®- 
isomorphic. Via such a C~-isomorphism, 0~ and Q® become beundle reductions 
of P of class C®. This shows that Red,,(P) coincides with the set of vertical C°- 
isomorphism classes of smooth holonomy-induced bundle reductions. 4 


Theorem 8.2.8 Let M be a compact connected manifold and assume dimM > 
2. Then, the assignment ®,, induces an order-preserving bijection from & onto 
Red, (P). 


Proof In the proof, we have to make the Sobolev classes transparent. 

Let t € and let there be chosen a representative S C Y*+!. There exists 
wo € @* such that S = Y**!, According to point 1 of Lemma 8.2.2, ,,(S) is 
given by the extension of the bundle reduction P,,(@) C P to the structure group 
CUS, (w)). Since P,,, (@) is of class C°, so is ®,,(S). Since P,, (w) is connected, 
®,, (5) is holonomy-induced of class C”. °. According to point 2 of Lemma 8.2.2, if S is 
conjugate in Y**! to some S$’, ®,, (S) and ®,, (S’) are conjugate under the actions of 
G**! and G. Then, since vertical automorphisms from Y k+l are continuous, Dp, (S) 
and @,, (S’) are C ° isomorphic. Thus, ®),, projects to a mapping from & to Red, (P). 

To check that this mapping is surjective, let an element of Red,,(P) be given. 
By Remark 8.2.7/3, we may choose a representative Q C P which is smooth and 
which is generated via (8.2.11) by a smooth connected bundle reduction QO. Using 
the principal action Y, we may achieve that po € Q. Since dimM > 2, point 5 of 
Remark 1.7.16 yields that Q carries a smooth connection with holonomy group H. 
This connection extends to a unique smooth connection w on P obeying P,, (@) = QO 
and 4, (@) = H. Then, by point 1 of Lemma 8.2.2 and (8.2.11), 
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This proves surjectivity. 

To show that the projected mapping is injective, let t, t’ € X&. Choose representa- 
tives S, S’ and assume that ®,, (S’) and @,,(S)-a are C ° isomorphic for some a € G. 
Since these bundles are of class C‘*+!, Proposition 3.6.4 implies that there exists a 
vertical isomorphism of class C«+!. Every such isomorphism extends equivariantly 
to a vertical C‘+!-automorphism & of P. Let u € Y*+! denote the corresponding 
equivariant mapping. By construction, 


Py (S') = 0 (Ya Pp (S))) = Fal (Pro (S))) « 


By (8.2.10), then 
Pp, (S’) = Wupoa (Pp, (uSu')) é 


This implies, in particular, that Y%p,)a(po) is in ®,, (S’) again, so that u(po)a belongs 
to the structure group of ®,,(S’). Thus, in fact we have 


@,,.(8 = G,,(uSa"). 


Now, the assertion follows from (8.2.9), because S$ and S’ are stabilizers. | 
Remark 8.2.9 


1. As aconsequence of Theorem 8.2.8, the set & does not depend on k. 

2. For later use, let us introduce the notation @° for the subset of connections with 
stabilizer S, @* for the subset of connections of orbit type t and .@* for the 
subset of orbits of type t. Correspondingly, we define 


Calle, veel, Atel) xe, 


S'DS t<T Ct 


and, by analogy, @=°, =", .@=". 

3. The notion of holonomy-induced bundle reduction may be viewed as an abstract 
version of the notion of evolution subbundle generated by a connection which 
was introduced in [388]. Correspondingly, Theorem 8.2.8 is an abstract version 
of Theorem 4.2.1 in [388]. The geometric ideas behind are also contained in [289, 
Sect. 2]. However, a rigorous proof was not given there. 

4. General arguments show that Red,.(P) is countable, see Theorem 8.3.14 below. 
Hence, so is &. Countability of & is a necessary condition for this set to define a 
stratification. 4 


Theorem 8.2.8 will be used in the study of the gauge orbit stratification in Sect. 8.3 
and in the computation of the gauge orbit types in Sects. 8.5 and 8.6. 


?Clearly, the proposition holds with C® replaced by any differentiability class. 
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8.3. The Gauge Orbit Stratification 


In this section, we discuss the gauge orbit stratification in some detail. Our presenta- 
tion is along the lines of the work of Kondracki and Rogulski, see [388] for a much 
more detailed exposition. 

To start with, recall from Sect. 6.1 the natural operators 


d,, d&, A,=dtod,, O,=d,od* +d* ody, 


depending smoothly on w and sharing the equivariance property (6.1.15). Also recall 
that for d,, acting on sections we write V®. The corresponding operators acting 
between appropriate Sobolev complections are denoted by the same symbols. By 
Theorem 6.1.9, these operators give rise to a natural L?-orthogonal splitting TY = 
U @ H, where V,, = im(V”) and 9, = ker(V®*). Thus, 


TG =im(V”) @ ker(V™) . (8.3.1) 
Due to (6.1.15), the distributions U and § are equivariant, 
Gow = (Go), How = (Ho). (8.3.2) 


Consequently, ker(V®*) may be viewed as a model of the tangent space of 4 at [w]. 
This will be made precise in the sequel. 

The splitting (8.3.1) will be fundamental for all constructions discussed within 
this and the next two sections. In particular, it guarantees that the gauge orbits are 
submanifolds, it is basic for the construction of tubes and slices, it provides the fibre 
bundle structure on each stratum and it induces natural (weak) Riemannian metrics 
on each stratum of the gauge orbit space via a Kaluza—Klein-type construction. 


Theorem 8.3.1 (Orbit Theorem) For any w € @, the orbit of w under the action of 
¢ is a smooth embedded submanifold of @, naturally diffeomorphic to G /Ge. 


Proof The orbit mapping u, : Y > @ defined by u,,(u) := w™ descends to an 
injective mapping t,, : 4/Y, — @. The latter is smooth, because Y > Y/Y, is 
a locally trivial principal bundle. It is a homeomorphism onto its image, where the 
latter is endowed with the relative topology induced from @: this follows from the 
properness of the action by the same argument as in the finite dimensional case, 
see Corollary 6.3.5 in Part I. It remains to show that ¢,, is an immersion, that is, its 
tangent mapping at any point is injective and has closed range. Clearly, it suffices to 
check this at the point [1] € 4/Y,,, the class of the unit element of Y. Choose a local 
section sof @ > 4/Y,, ina neighbourhood of [11]. Then, the image Y of T1;9/G., 
under the tangent mapping Sta is a closed complement of the subspace LY, in LY. 
Since 
(CA = (lon) ° St ; 


644 8 The Gauge Orbit Space 


it suffices to show that (i,,);, has closed range and that its restriction to Y is injective. 
Using (1.8.7), for € € LY, we compute 


d d 
U = — ty ex t =—_ — (exp(té)) = Vv? : 
of = Gy, tolexps)) = Gg é 


Thus, closedness follows from the decomposition (8.3.1) and injectivity follows from 
the Stabilizer Theorem 6.1.5. Oo 


Remark 8.3.2 As a consequence of the Orbit Theorem 8.3.1, the vector bundles 
T@ - ) and T@;g.,, are smooth subbundles of T@. 4 


A second important consequence of the decomposition (8.3.1) is a Tubular Neigh- 
bourhood Theorem for the action of Y. As we will see, the local slices are simply 
given by the distribution 9 intersected with local balls in @. The radius of the latter 
must be defined in accordance with the Sobolev norm. For that purpose, we use the 
strong Riemannian metric y* on @ defined by assigning to w € @ the corresponding 
Sobolev scalar product given by formula (5.7.8), that is, 


Yos(0t, B) = / { (a. B) + (Va, VB) +--+ (V%)Kar, (V)KB)} vg, (8.3.3) 


where a, B € T,,@ = W*(T*M @ Ad(P)) and @ = w° + w with w denoting the 
Levi-Civita connection of the metric g on M. Due to V®”” = Ad(u~!) 0 V® 0 Ad(w) , 
the metric y* is Y-invariant, 


Viola”, p) =i (e, 8). 


where a” = Ad(u~!)a according to (8.2.2). Putting k = 0 in (8.3.3), we obtain the 
natural weak Riemannian metric y° = y corresponding to the L?-scalar product. 

The following theorem is a generalization of the Tubular Neighbourhood Theorem 
6.4.3 of Part I to the infinite-dimensional context under consideration. Except for the 
use of an invariant metric, the idea of the proof is the same. The notions of tubular 
neighbourhood and slice, introduced in Definition I/6.4.1, carry over in an obvious 
way. 


Theorem 8.3.3 (Tubular Neighbourhood Theorem) Every gauge orbit admits a 
tubular neighbourhood. 


Proof Leta : @ — be the canonical projection. By (8.3.1), for any x € .@, the 
normal bundle of the orbit 2 ~! (x) may be identified with 


Ny = HN tx-l¢x) : 


According to (8.3.2), N, is equivariant. This, together with the local triviality of the 
projection Y > 4/Y,,, implies that N, is a smooth locally trivial vector subbundle 
of T@ }z-1(~). For ¢ > 0, consider the smooth subbundle 
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Nye (= for ENy: J yk(a,a) < e| 


of N,.° Due to the Y-invariance of y*, Ny. ¢ is equivariant. As Y-manifolds, N, and 
N,.- are equivariantly diffeomorphic through the rescaling mapping 


Pe: Nr > Nee, (,a@) > [o, a (8.3.4) 
Vya(a,a) +1 


(Exercise 8.3.2). By restriction, the mapping 
exp: T@ > ©, (@,a)raota, 


which is in fact the exponential mapping with respect to the L?-metric, defines a 
smooth Y-equivariant mapping N,.. > @. The image is 


Une ={o+aE€: m(w) =x, (w,a) E Nye}. (8.3.5) 


Clearly, %,.. is open in @ and Y-invariant. Moreover, by the same argument as in the 
proof of the Tubular Neighbourhood Theorem 6.4.3 of Part I, one can show that there 
exists € > 0 such that the restriction of exp to Ny. C T@ is injective. Consequently, 
the composition 

expop, :N, > @ (8.3.6) 


is an equivariant diffeomorphism onto %,.¢, that is, it defines a tubular neighbourhood 
of the gauge orbit 2~!(x). a 


In the following, whenever we write %,- or -%,<, it is understood that ¢ is small 
enough to make the subset a tubular neighbourhood or a slice, respectively. 


Remark 8.3.4 (Slices) As a consequence of the Tubular Neighbourhood Theorem 
8.3.3, the action of Y on @ admits a slice at every point w € @. According to (8.3.5), 
this slice is given by the subset 


Syei={w+ae@: (w,a) E Nye} (8.3.7) 


of %.-. By construction, .%,,- obeys the defining properties of a slice (Exercise 
8.3.1): 


1. Wes = G 7 Sisks 
2. Su, is closed in %.<, 


3Note that Ny,¢ is not just the e-disk bundle of N,, because orthogonality and length are taken with 
respect to different metrics. 
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3. A,,¢ is invariant under the stabilizer Y,,, 
4. Foranyu é &, if (Aa Soe FS, thenu €Y,. 


Since .%,,- is an open subset of the closed affine subspace w + 9, of @, for every 
w' € 4x ¢, the tangent space is given by Ty.» = Aw. Consequently, 


TH6 = we Dw . (8.3.8) 


For further use, let us draw the following conclusion from this observation. Since 
Uy ¢ is generated from .%,- by the action of Y, for every w’ € -%y. we have 
Ty “oe +t Tw (GY - o') = Ty %,- = FZ, where the sum need not be direct, as G., 
may be strictly smaller than Y,,. Thus, for all w’ € -%a.¢, 


4 


Remark 8.3.5. (Local Slice Theorem) The authors of [388] actually prove more: they 
show that for any x € .@ and any open invariant neighbourhood U of 2~!(x) in 
@ there exists ¢ > O such that %,. C U and U\ Ye # OG. They call this 
the Local Slice Theorem. As a consequence, .@ is a regular topological space, 
meaning that whenever one has a closed subset V and a point x ¢ V, then there 
exists a neighbourhood of x , whose closure in .@ does not intersect V. According to 
Urysohn’s metrization theorem, regularity in combination with second countability 
(which is due to the separability of @) then implies that .W is a metrizable space. @ 


Theorem 8.3.3 has the following immediate consequence. 


Corollary 8.3.6 For every stabilizer S and every orbit type t, the following subsets 
are open: 


Cin€S, CinG=, Mina. 
Proof This is a consequence of the fact that property 4 of slice implies that 
Une CO, Fog CCP (8.3.10) 


for any x € .@ and any w € @°. Indeed, let w € @*. Since Yiw),¢ is a neighbour- 
hood of @ in @, its intersection with @=5 is a neighbourhood of w in @=°. Due to 
(8.3.10), the intersection is contained in 


E28 fa) ES = es : 


The argument applies without change to @*. For .@* it suffices to note that %... 
projects to a neighbourhood of x in @. Do 


It is well known that the connections with trivial stabilizer are dense in @, see 
[591]. More generally, the question arises, whether @* is dense in @=*, that is, in 
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other words, whether a connection with nontrivial stabilizer can be approximated by 
connections with a prescribed, strictly smaller stabilizer. The answer is given by the 
following result of Kondracki and Rogulski [388]. 


Theorem 8.3.7 (Approximation Theorem) Assume dim M > 2. Let w € @ and let 
Q be a connected bundle reduction of P to a (not necessarily closed) Lie subgroup. 
Assume that Q contains a holonomy bundle of w. Then, there exists a € F such that 
all w + ta, t € R \ {0}, have holonomy bundle Q. QO 


Corollary 8.3.8 For every stabilizer S and every orbit type t, the following subsets 
are dense: 


Cin, Cin, M ina. (8.3.11) 


Proof Choose a point pp € P. Let w € @25. Then, S Cc Y,, and hence By. (Go) C 
®,,(S). By Lemma 8.2.2, then ®,,(S) contains the holonomy bundle P,,(w). Of 
course, so does the connected component (®,, (S)),, of ®p, (5) containing po. Thus, 
Theorem 8.3.7 yields that w can be approximated by connections with holonomy 
bundle (@,, (S))p,. Since ®,, (S) is holonomy-induced, it is induced via (8.2.11) by 
(@,, (S))p)- Hence, all connections with holonomy bundle (@,, (S)),, have stabilizer 
S. This shows that @° is dense in @=°. Then, denseness of @* in @=* and denseness 
of 4° in. =" follow. oO 


Remark 8.3.9 


1. Corollaries 8.3.6 and 8.3.8 imply that @°, @" and .@ are generic subsets of, 
respectively, @=°, @<* and .@=". 
2. For every orbit type tT, 


C=6", M =~. (8.3.12) 


The inclusions from right to left are obvious from Corollary 8.3.8. The converse 
inclusions follow from the Tubular Neighbourhood Theorem: let w € @*. Con- 
sider Y%, -  @*. Since this is a neighbourhood of w in @*, it contains some 
w' € @*. According to (8.3.10), then t is greater than or equal to the type of w. 
Thus, w € @5". The inclusion for .@* then follows by noting that for saturated 
sets like @*, closure and projection commute. 

3. Similarly, for stabilizers S one has 


C=C. (8.3.13) 


While the inclusion from right to left is again due to Corollary 8.3.8, the converse 
inclusion can be proved without the Tubular Neighbourhood Theorem by the 
following simple argument. For any u € Y, define a mapping 


Pu * C—>T, Qu(@) = ol” — 


Qo. 
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Since these mappings are continuous, the subsets vy, '(0) are closed in @. Then 
ES = Nes ¥, | (0) is closed. Hence, 5 c =. ry 


Next, we study the projections 
uw 3:6 >a 
induced from z : @ — .@. We will see that they can be equipped with the structure 
of smooth locally trivial fibre bundles. As a result, in a sense, z fibres over the set 
of orbit types into such bundles. 
We start by showing that the configuration space strata are submanifolds. For any 


w € G"*, define 


PE SP ANE, (8.3.14) 
Ho = {0 € Ho: Gr DGu}, (8.3.15) 


Dg He EH, al yon) <8} 
Due to (8.3.10), for all w' € 5 ,, we have 
Gy = Gy. (8.3.16) 


Proposition 8.3.10 For every orbit type t and every stabilizer S, @" and @* are 
smooth submanifolds of @. 


Proof To prove that @* is a submanifold of @, it suffices to show that for any.x € “/* 
the subset 
Uae = Ux,¢ a) C* 
is a submanifold of %,,-. By (8.3.16), 
Soe ={O+FHE Sue: Gora = Go}. 
Since Gig = G, iff G D Y,, then 
Sie={ot+aee?: aeH,,} (8.3.17) 


and thus 
Ur,={o+0EC: wen '(xX),aEH,,}. 


Therefore, the preimage of %,", under the equivariant diffeomorphism (8.3.6) is the 
vector subbundle 
Ni = q nt, 


wen! (x) 
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of N,. Since Nf is equivariant and since its fibres are closed subspaces of 7, it is 
a smooth subbundle of T@}7-1() and hence of N,. By the Tubular Neighbourhood 
Theorem, it follows that %", is a smooth submanifold of Y%,,., for any x € .@*. As 
aresult, @* is a submanifold of @, as asserted. 

To prove that @° is a submanifold of @, we observe that @=* is a closed affine 
subspace of @ with translation vector space given by the closed subspace {a € 7 : 
G, D S} of Z. Thus, the assertion follows from Corollary 8.3.6. Oo 


Remark 8.3.11 


1. The vector subbundle NY is in fact trivial, with a smooth trivialization given by 
G/G, x 9, > NE, (ul,a) > @®, a), 


for some w € 2~!(x). Note that this mapping is well defined precisely because 
G, D G,. It follows that %,", also has a direct product structure. This can be 
made explicit by introducing mappings 


Soe? Fie ole Ze (oul) oo, (8.3.18) 


W(w),€ ? 
which are easily seen to be diffeomorphisms. Note that, for obvious reasons, the 
roles of fibre and base are interchanged here. 

2. Clearly, *, is a closed subspace of @ for every w € @*. Hence, by (8.3.17), the 
partial slice .%* . is an open subset of the closed affine subspace w + 9¥, of @. 


W,é 


By analogy with the case of the full slice .%,- in Remark 8.3.4, this implies 
EX Se gD (8.3.19) 
4 


Proposition 8.3.12 For every orbit type t, the following hold true. 


1. 4° is a smooth manifold. 
2. @* has the structure of a locally trivial fibre bundle over M* with typical fibre 
G/G,, wherew EC". 


Proof We shall construct an atlas of the stratum .#* using the partial slices 7} ., 
w € ©". For any x € “@", define 


Vie = MQ). 


This is is an open subset of .@*, because V’,, = .@* N1(%,,-) and 1(%_~) is open 
in .@. By restriction in domain and range, for any w € 1 ~!(x), 7 defines a mapping 


Ret eS Vg ; (8.3.20) 


OE 
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By (8.3.16), we have that 2, is bijective. We show that it is open and hence a 
homeomorphism onto V‘,. Let U C .%5, be open. Then, U = 5 , M U’, where 
U’ Cc A, is open. Using a local trivialization of the normal bundle N,, one can 
check that the saturation U’ = U' is open in %,- and hence in @. Therefore, 
(U’) is open in .@. Using (8.3.10) and the fact that U’ is saturated, we obtain 
nO =n6 Nea Jory=vV. nat’), 

which shows that 2 (U) is open in VY ,. Hence, (8.3.20) is a homeomorphism, indeed. 
Combining this with the observation of Remark 8.3.11/2 that the partial slices 7 , 
are open subsets of closed affine subspaces of @, we conclude that the family 
‘eee a) w € @", provides a covering of .@* by local charts (one can 
make this more explicit by further mapping %} , > 97,..)- 

It remains to check that the transition mappings between these charts are smooth. 
Due to (8.3.18), for any @), @. € @*, we have a diffeomorphism 


xX G/Gy, > SNK 


t =i T . (a T 
(Xone) . Xo,€ . Fi qn U, @2,€2 7 (@1),€1 x F/G», 


(2) ,€2 


Now, the transition mapping (ee) © 7, e, 18 given by the composition of the 
embedding w’ +» (w’,[1]), the above diffeomorphism, and projection to the first 
component. Hence, it is smooth. Thus, the atlas we have constructed equips .7/* 
with the structure of a smooth Hilbert manifold. This proves the first assertion. 

To prove the second assertion, we observe that the local diffeomorphisms x { , 


define local diffeomorphisms 


(az, ,)~!xid Xs 


Vice @ 219 > Fe * SS — * Zee 
These mappings provide a covering of @* by local trivializations of the projection 
w': 6° — “*.Thus, the latter is a smooth locally trivial fibre bundle with typical 
fibre Y/G,,. oO 


Remark 8.3.13 Letus consider, in particular, the principal orbit type t = tp, whichis 
the conjugacy class consisting of the subgroup Z(G) of constant functions P + Z(G), 
where Z(G) denotes the center of G. Since Z(G) is normal in Y, the smooth locally 
trivial fibre bundle 


we: E> > 4 


is in fact principal, with structure group G:=Y /Z(G). This bundle has been studied 
intensively [454, 455, 476, 591]. An important aspect is that the nontriviality of this 
bundle is an obstruction to the existence of smooth (or even continuous) gauges 
[591]. This explains the Gribov ambiguity [258] in geometric terms, see Sect. 9.2 for 
a detailed discussion. 

For the other orbit types, representatives S are not normal in Y. In order to have 
a similar picture as in the case of the principal stratum, one would have to take the 
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submanifold @* of connections with stabilizer S. @° is acted upon freely by N/S, 
where N denotes the normalizer of S in Y. Provided one could show that N is a Lie 
subgroup of Y (a problem which, to our knowledge, has not been solved yet) the 
projection 2° : @° + .@* would be a smooth locally trivial principal fibre bundle 
and 2° : @* — .@ would be associated with this bundle via the action of N/S on 


gS. + 


In the remainder, we discuss the properties of the decomposition of -W into the 
orbit type subsets .@* . Following the terminology of Kondracki and Rogulski [388],* 
a Stratification of a topological space X is a countable disjoint decomposition into 
smooth manifolds X;, called the strata, such that for all i, i’ the frontier condition 
holds: 

XX FOB > X, CX. 


As this notion is rather weak, one usually adds additional assumptions about the 
linking between the strata, thus arriving at special types of stratification. According 
to [388], the type of stratification appropriate here is defined by the additional property 


X,NXy AS => xX; closed in X;U X;. 


Such a stratification is called regular. 
The following result belongs to Kondracki and Rogulski [388]. 


Theorem 8.3.14 (Stratification Theorem) The decomposition of M by orbit types 
is a regular stratification. 


Proof We first check countability of orbit types. By Theorem 8.2.8, orbit types are in 
one-to-one correspondence with certain reductions of P to Howe subgroups, modulo 
isomorphy of the reductions and modulo conjugacy of the subgroups. In view of this, 
the following facts ensure countability: 


(a) Howe subgroups are closed. 

(b) There are at most countably many conjugacy classes of closed subgroups in a 
compact Lie group [383].° 

(c) There are at most countably many isomorphism classes of principal bundles 
with a given compact structure group G over a given manifold M: by Theorem 
3.4.23, these classes are in one-to-one correspondence with homotopy classes of 
mappings from M to the classifying space BG. Since both M and BG can be given 
a CW-complex structure and since that of M is finite, the Cellular Approximation 
Theorem implies that there are at most countably many such classes. 


4See the remarks on the notion of stratification in Sect. 6.6 of Part I. 

Let us note that the number of Howe subgroups in a compact Lie group is actually finite. This 
follows from the fact that any centralizer in a compact Lie group is generated by finitely many 
elements [92, Chap. 9] and that a compact group action on a compact manifold has a finite number 
of orbit types [103]. 
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It remains to prove the frontier and regularity conditions. Let t, t’ be orbit types such 
that.@* 1.@° #@. According to the closure formula (8.3.12), #7 is a union of 
strata. If .#" intersects this union, then it must in fact coincide with one of these 
strata. This implies.#/* C .@*. Thus, the frontier condition is fulfilled. 

On the other hand, by Corollary 8.3.6,.@* is openin.@=* and hence in. @*. Then 
M* isopenin “UM v’ because the latter is a subset of #7 due to the frontier 
condition. Then .@" , being the complement, is closed. Hence, the decomposition 
by orbit types is a regular stratification. Oo 


Remark 8.3.15 


1. Define a relation > on the set of strata by 
Mo > Mo =e MOM EB. 


Clearly, this relation is reflexive. By the frontier condition, it is transitive and thus 
a quasi-ordering (the natural quasi-ordering of the stratification). By the regularity 
condition, it is also anti-symmetric and hence a partial ordering. By construction, 
M* > Md" ifft > tv’. That is, the natural partial ordering of strata is compatible 
with the natural partial ordering of orbit types. 

2. Instead of using Sobolev techniques one can also stick to smooth connection 
forms and gauge transformations. Then one obtains essentially analogous results 
about the stratification of the corresponding gauge orbit space where, roughly 
speaking, one has to replace “Hilbert manifold’ and ‘Hilbert Lie group’ by ‘tame 
Fréchet manifold’ and ‘tame Fréchet Lie group’, see [1, 2]. 4 


Exercises 
8.3.1 Prove the properties 1-4 of slices listed in Remark 8.3.4. 


8.3.2 Prove that the mapping defined by (8.3.4) is a diffeomorphism. 


8.4 Geometry of Strata 


In this section, we will show that the weak Riemannian metric y? on @ induces a 
weak Riemannian metric on each stratum .#*. This was discussed for the case of the 
principal stratum in [47, 592] and for the general case in [75]. The basic idea consists 
in restricting the tangent bundle splitting TY = U @ H given by Theorem 6.1.9 to 
the strata. This yields a natural smooth connection on each bundle which allows to 
lift tangent vectors, thus projecting y° to a metric on each stratum. By restriction, the 
distribution UJ made up by the tangent spaces of the orbits induces a distribution U* 
on @*. Contrary to UV, GW" is smooth and locally trivial, because UW" = ker((z™)’) 
and z‘ is asmooth submersion. Let §* denote the distribution orthogonal to U* with 
respect to y®. By construction, 
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N= HATS, 
and, thus, we have the L?-orthogonal splitting 
TSC’'=VOH'. (8.4.1) 
Moreover, by (8.3.2), 97 is Y-equivariant, 


Ke= (Gi, wee, 


We draw the attention of the reader to the fact that we had already introduced the 
notation §*, for the subspace of §,, consisting of elements invariant under %,,, see 
(8.3.15). This notation suggests that 7, is in fact the fibre at w of the distribution 
*. To see that this holds indeed, recall that 5,, = T,.%,,-. Hence, the fibre of §* is 


Tali ge = tyes 


According to (8.3.19), the right hand side is given by $9’,. 
Proposition 8.4.1 The distribution 9° is smooth. 


Proof Recall from Theorem 6.1.9 that the orthogonal projectors onto U,, and Hy 
are given by 
Vy, = V°G,V™, hy = id—-va, 


respectively, where G,, is the Green’s operator of A,,. To prove that 9° is smooth it 
is enough to show that the restriction of v to T@* C T@ is smooth. By restriction, 
Vv induces a mapping (denoted by the same symbol) 


v:6@ > BOY), oP W\ := V°G,V™, 


where B(.7) denotes the Banach space of bounded operators on 7. Since the diag- 
onal embedding @* > @* x @* x @* is smooth and since V® and V®* depend 
smoothly on w, it suffices to prove the smoothness of the mapping 


6 > B(W*|(Ad(P)), Wt (Ad(P))), wr Gy. (8.4.2) 


Pulling the latter back with a local trivialization Mo its wm € 6", see (8.3.18), we 
obtain a mapping 

Seo XG/Gu. > BOW! (Ad(P)), WS*'(Ad(P))), (@, [u]) FH Gaw, (8.4.3) 
which is well defined, because Y%,, = 4. for all m € %, ,. Due to (6.1.29), this 


mapping is smooth along 4/Y,,,. Thus, what we actually have to show is that the 
restrictions of the mapping (8.4.2) to the partial slices Y%* ., wo € @*, are smooth. 


w0,é? 
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For that purpose, recall from (5.7.34) that G,, is constructed from the (bounded) 
inverse of the operator 
Aw . ker(A,)+ > im(A,). (8.4.4) 


Due to Y, = G,,, the Stabilizer Theorem 6.1.5, Eq. (6.1.23) and the Hodge Decom- 
position Theorem 5.7.18, we have 


ker(A,,) =ker(A,,), im(A,) = im(A,,). (8.4.5) 


Hence, (8.4.4) reads 
Aw : ker(A,,)+ > im(A,,) » 


for all m € 7}, .. Thus, the mapping under consideration decomposes into 


ee S inv (ker(A,,.)", im(A,,)) —> inv (im(A,,,), Ker(Ag,)~) » 
followed by prolongation to a bounded operator W!(Ad(P)) > W**!(Ad(P)). 
Here inv(-, -) C B(-, -) denotes the open subset of invertible bounded operators and 
inv stands for the inversion mapping. Since the first step factorizes into continuous 
linear mappings and composition of bounded operators and since the inversion map- 
ping of linear operators is smooth, we conclude that the restrictions of the mapping 
(8.4.2) to the partial slices .Y%* . are smooth, indeed. Oo 


@0,€ 
Next, we show that the distribution §* on @* is locally trivial. For that purpose, 
recall that, due to (8.3.10), .%,,,- is transversal to any orbit in @* it meets. Hence, 


Ho, ADy = ker(V°*) Nim(V®) = {0} (8.4.6) 


and thus (8.3.9) implies that we have a direct sum decomposition 


FT = Huy, B By = ker(V) © im(V”) (8.4.7) 
for all w € }, .. Consider the mapping 
Apa? Wt!(Ad(P)) > WE (Ad(P)), Aaa = VO"V". (8.4.8) 


It will be referred to as the Faddeev—Popov operator. Let us construct the correspond- 

ing Green’s operator. By (8.4.6), we have ker(A,,.) = ker(V®). Since Y, = Gay, 

the Stabilizer Theorem 6.1.5 implies ker(V®) = ker(V) = ker(A,,,). Thus, 
Ker(Agyo) = ker(A.,) - 

On the other hand, by (8.4.7), 


im(A,,o) = im(V°*) = im(A,,) . 
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AS a consequence, by restriction, A,,,.. induces an isomorphism (denoted by the 
same symbol) 
Aegis ker(A,,,)~ —> im(A,,). 


Consequently, we can define a Green’s operator 
Goow 1 W*'(Ad(P)) > W*t!(Ad(P)) 
similar to G,,, and G,,. Then, 
Gio Aww = Gey Aon = GaoAo » 


because Gy Ago is the identical mapping on ker(A,,,)+ 


and ker(A,,,) = ker(A,,). Similarly, 


and trivial on ker(A,,), 


Napa Guo _ A Ge , 


because AyGapw is the identical mapping on im(A,,,) and trivial on im(A,,)+. 
Lemma 8.4.2 Let w € Shere Then, 


1. the Faddeev-Popov operator Ag, is formally self-adjoint, 
2. the operator 
Vine = V "Gaya Vo™ (8.4.9) 


is the projector onto the subspace G,, = im(V®) in the decomposition (8.4.7). 


Proof Using the Ad-invariance of the L?-scalar product, for any € € W*+!(Ad(P)) 
and n € W‘—-!(Ad(P)), we calculate 


(n, (verve _ Voy yg é) = Von , Ve) — (Vein: VE) 
Von — Vn, VE) — (Vn, VE — VE) 


( 
=| 
= ([o — wo, n), VS) — (Vn, [o = a0, §1) 
=| 
= 


ai tig; [yy VSI — [6 VR) 
v°*(w — wo), [n, €])- 


T 
Since  € FY), es 


that G,,,~ Awow is the identical mapping on ker(A,,, )+. Since ker(A,,,)+ = im(G,y), 
this implies 


the right hand side vanishes. To prove the second assertion, we use 


v, oo = V°Ge a Awa Gaya Vo" = Vay > 


wo 


showing that V,,,«) 1s a projector. Since ker(A,,,) = ker(V%), this furthermore implies 


Vow (VE) = V Giga Aagn' = sae 5 , 
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showing that im(v,,,.) = im(V®). Since v,,,.. acts trivially on ker(V*), it is the 
projector onto the subspace im(V”) in the decomposition (8.4.7), indeed. i 


Remark 8.4.3 Correspondingly, hy.) := 1 — Va. is the projector onto the subspace 
Noy = ker(V*) in the decomposition (8.4.7). Associated with v,,,,. and h,,,, We 
have their adjoints, 


Vow = V "Gao, Wyo = 1—Vigo = 1 -— V" Gaya V™ » 


Wow 


which are the projectors onto U,,, and $,,, respectively. By (6.1.26), 


h, oho = hy, boow = hyve , hy oho, = h,,, , h wDeoa _ h,, ’ (8.4.10) 
ho h* , = he ho, = he, Bohs, =bo, be, ho = ho (8.4.11) 
0 0 0 0 0 
for all@w € eg Similar formulae hold for v. 4 


Now, for w € -%j, ., consider the induced action of Y,, = Y, on T,,@". It leaves 
the decomposition 


T,,6* = Uy @ 9%, 


invariant. Moroever, it leaves 97, invariant pointwise. Hence, denoting the subspace 
of the Y,,-invariant elements of U,, by U,,, we have the decomposition 


(1.67) = B., © HF. 
In particular, this decomposition holds for @ = wo. By point 2 of Lemma 8.4.2 and 


the equivariance property (6.1.30), Vv... induces an isomorphism 


A 


Von : Don > Bo - (8.4.12) 
Correspondingly, h,,,.. induces an isomorphism 


Ruyo : 95 > 95, - (8.4.13) 


Clearly, the projectors v,,,.. and h,,,.. define a splitting of the restriction of the tangent 
bundle of the stratum to the slice 7}... We will now see that these splittings yield 
a system of local trivializations of the TecHGE bundle 9°. 


Proposition 8.4.4 The distribution 9° is a locally trivial subbundle of T@*. 


Proof To construct a local trivialization of §*, choose wy) € @* and consider the 
distribution Df, , on 7}. x Y/Y, made up by the subspaces tangent to 7%}, . 
Due to (8.3. 19), it is trivial. We claim that the mapping 


(X5y.« 
DE, TK g X G/Go) > THis « HF wie, (8.4.14) 


@0.€ @0.€ 


8.4 Geometry of Strata 657 


is a smooth vector bundle isomorphism and, thus, provides a local trivialization of 
§". By equivariance of (x, .)’ and h, it suffices to show that the mapping 


(D5, 2) ine = pa ig Des. » (@,a) > (@, hea), (8.4.15) 
is a smooth vector bundle isomorphism. By the same argument as in the proof of 
Proposition 8.4.1, one can show that the mapping 

FBO)». Oi Wigs, 
is smooth. Moreover, by (8.4.10), for a € Disa one finds h,,,.h,a = hy,wa = a. 
Hence, the mapping 


Die Ge hs 


Se G @ ag (0) > (@; Nagai) , 


provides a smooth inverse of (8.4.15). o 


Remark 8.4.5. Associated with the distribution § there is an equivariant differential 
form Z on @ with values in LY given by 


Z(@,a@):=GyV"a, (@aECxX F=TE. (8.4.16) 


By definition, Z,, annihilates the elements of ),,. If @ belongs to the principal stratum 
@°, we have 
Z(@, V°E) = E (8.4.17) 


for all € € LY, showing that Z restricts to an ordinary connection form on the 
principal bundle @? — ./@?. For w in another stratum, however, Z,, maps the value 
at w of the Killing field generated by & to the projection of € onto the L?-orthogonal 
complement of LY, in LY. We will comment on that below. 4 


The natural connection §* and the (weak) Riemannian metric y = y° induce a 
Riemannian metric y* on .@* as follows. Due to the Open Mapping Theorem, the 
restriction of (7*)’ to a fibre Hi, O€ @*, induces a Banach space isomorphism 
onto Tz(~)@*. This allows to lift tangent vectors at x € .@* to horizontal tangent 
vectors at w € 1 ~!(x) and to evaluate their scalar product with respect to y. Due to 
equivariance of $)* and invariance of y, the result does not depend on the choice of 
the representative w. Due to smoothness of °, the Riemannian metric y* on .4* 
so constructed is smooth. 

Let us determine the local representatives of y‘ in the charts provided by the slices 
Foye? Ch (8.3.20). Let w € YX), .. For (@, ai) € To 5,6 = “one X Day» We have 


(55,6) V7) ((@, a1), (@, 02) = ¥7 (5, 6) (@, 1), (Eh y,¢)/(@, 02) - 


The Z-horizontal lifts of (77 


don.) (@, &;) to w are given by (w, h,,a;). Hence, 


658 8 The Gauge Orbit Space 


(5,6) V7) ((@, a1), (@, @2)) = (a1, oar) 22 - (8.4.18) 


By (8.4.10), 
(a1, h,a2)72 = (a1, hy, h,h,,@2) 72 « 


Since, by restriction, h,, defines an isomorphisms 
h, : 93, > HF, (8.4.19) 


in the chart provided by the slice 7}, ., the metric is given by the smooth mapping 


A UA 


Se, > BH), OH VE = Baghale - (8.4.20) 


M0,€ 


By (8.4.10) and (8.4.11), the inverse of the metric is given by 
(vt)" = hago’, (8.4.21) 


Thus, in particular, y° is a Banach space isomorphism. 


Remark 8.4.6 (Kaluza—Klein-type structure) For every orbit type T, the restriction 
of the Y-invariant L?-metric y to @* is uniquely characterized by the triple 


(v7, Z, (due), 


where (-,-),g denotes the L?-scalar product on LY. This is a structure similar to 
that in Kaluza-Klein theory, cf. Proposition 7.8.3, where K-invariant metrics g on a 
K-bundle Q with fibre K/H over the manifold M are in one-to-one correspondence 
with triples (gy, &, (-, :)) . Here gy is a metric on M , € is aconnection form on the 
principal bundle P with structure group NV /H associated with Q and (-, -) isan Ad(K)- 
invariant scalar product on the Lie algebra of K. Moreover, N denotes the normalizer 
of Hin K . According to Remark 8.3.13, in the case under consideration, it is unclear 
whether the normalizer of a given stabilizer Y,, in Y is a Lie subgroup. Thus, we 
cannot construct the above associated principal bundle and give an interpretation of 
Z as a connection form on this bundle. Such an interpretation is only possible on the 
principal stratum. 4 


Let us write down the formal volume element of the metric y* on .@* in the local 
charts provided by the slices .7}, .. This generalizes a result for the generic stratum 
due to Babelon and Viallet [46]. Recall that A,,, maps the orthogonal complement of 
ker(A,,) in W'*!(Ad(P)) isomorphically onto im(A,,, ), which by (6.1.21) coincides 
with the L?-orthogonal complement of ker(A,,,) in W*-'(Ad(P)). Thus, we may 
view A,,, aS an operator on the closed subspace im(A,,,) of W*-!(Ad(P)) which is 
densely defined and which has an inverse, given by the Green’s operator G,,,. Since 
ker(A,,) = ker(A,,0) = ker(A,,), this applies also to A,, and the Faddeev—Popov 
operator A,,,.., aS well as the corresponding Green’s operators. By equivariance, all 
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these operators restrict to operators on the subspace im(A.)* “~ of Go-invariants. 
Let us denote the restricted operators by Aays Aos A ysis and Goo: em Gack The 
following expression is formal in the sense that the determinants involved have to be 
regularized. For the regularization of determinants, we refer to Appendix D. 


Proposition 8.4.7 In the local chart defined by a slice YF; 


Doel the formal volume 
element at w € 5, . of the metric y* on M* is given by 


ye _ det(A,,.) 


~ (8.4.22) 
det(A,,,)!/? det(A,,)!/2 


det (v5 


Proof Define a mapping x : 7 > 7 by x := h,,Vwo. Then, x* = v,,h,,, and hence 


d — XX “Yt 0 = =(1- hye Vola) 155, = (hy ghoho,) | 5; = h,,hh,,, : 


Therefore, 
Yo = 1 — xx"Dteg, « (8.4.23) 
On the other hand, consider the isomorphism 
@ : im(A,,) > > im(A,,)%, ¢:= GyA* Gay Aare - 


Wyo 


Using that the Faddeev—Popov operator is self-adjoint, we obtain 


det(A,,0)* 


d SS" — os ee 
one det(A,,,) det(A,,) 


(8.4.24) 


Next, by (8.4.16), 
ZV? = (GoV*V") fim(Agy) = idim(4.,) : 


and 
VL = (V°GaV") 1, = Yorn, = ida, 


We conclude that Z,, : U,, — im(A,,,) is an isomorphism inverse to V°. By equivari- 
ance, Z, and V® induce mutually inverse isomorphisms 


2.8 ., => im(A,,,)“ , Wes im(A,,)“ = T,,. 


Thus, 7 . 
b:= V°bZ,: Uo > Bu 


is an isomorphism. We compute 
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= x*X) pj, = CL — Volta Vo) 5, = (VoVonVo) oy, = V°bZo « 


Thus, 


o=(1-x*x)ig, - 
This implies 
det(#) = det(@) = det (a - xr) : (8.4.25) 


Now, assume that u € G., is an eigenvector of x* x witha nonzero eigenvalue 4. Then, 
xx* (xu) = A(xu) and xu # O. Thus, xu is an eigenvector of x x* with the same 
eigenvalue 4. Moreover, xu € 97,,. Consequently, x defines isomorphisms between 
the eigenspaces of (x*x) it, and (x x*); 55, corresponding to nonzero eigenvalues. 
Thus, by (8.4.23) and (8.4.25), 


det(y) = det (a = 120) 195,) — det (a = xO) — det(¢). 


This yields the assertion. Oo 


Remark 8.4.8 


1. In the case of the principal stratum .#?, we have ker(A,,,) = 0 and LY,, = 0. 
Thus, by the Hodge Theorem, im(A,,)%0 = W**!(Ad(P)) and (8.4.22) repro- 
duces the formula given in [46]: 


1/2 det(A.yw) 
~ det(A,,)!/2 det(A,.)!/2 * 


det (y?) (8.4.26) 


2. Since the Faddeev—Popov operator is not elliptic, the standard ¢-function regu- 
larization procedure for determinants of elliptic operators on compact manifolds 
as summarized in Appendix D does not apply directly. However, it can be shown 
[506] that this procedure may be extended to a larger class of operators including 
the Faddeev—Popov operator. 4 


Next, we compute the Riemann curvature tensor of y‘. This is again a generalization 
of a result of Babelon and Viallet for the principal stratum, see [47]. Our proof 
will be along the lines of Groisser and Parker [262] who use the O’ Neill Formula 
for a Riemannian submersion [495]. Indeed, by construction of y*, the canonical 
projection z : @* — .@* is a Riemannian submersion, that is, it has maximal rank 
and it preserves the length of horizontal vectors. For a € , define an operator 


Cy : 2?(M, Ad(P)) > 2°*1(M, Ad(P)), Ca(B) := la, 6] (8.4.27) 
and let C* denote the adjoint with respect to the L?-scalar product. Then, 


dy = dey +Ca, @=O—a. (8.4.28) 
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Let V® and V* denote the Levi-Civita connections of the Riemannian metrics y 
on @ and y* on .@, respectively, and let R® and R® denote the corresponding 
Riemann curvature tensors. According to [495, Lemma 1], for given vector fields 
a, B on. @* and their horizontal lifts w, 6 to @*, the covariant derivatives v B and 
Vip are 7r-related. 


Proposition 8.4.9 The Riemann curvature of y* is given by 
(Ri.(@, B)O, F) = (Cab, GoCgp) — (Cpo, GoCyo) + 2(Cz0, Guz), 
where a, B, p and ¢ are the horizontal lifts to 7, of ©, B, pandt € Tio}. 


Proof As already noted, 7 : @" — .@° is a Riemannian submersion. Thus, by 
formula {4} in Theorem 2 of [495], for @, B € Tia|@* we have 
2 


(Ri, @, B)B, @) = (RE (a, B)B, a) + F || Vola, B]| (8.4.29) 


where the commutator is that of vector fields on @* and where @ and B are arbitrary 
extensions of a and f, respectively, to horizontal vector fields on @*. We choose a 
and £ so that 


Oey! — h,ya - Buy — hy 6 


for all w’ € @*. Since @ is open in @5", the curve t +> w! + td, is contained in @* 
for small ¢ and has tangent vector @,, at tf = 0. Hence, using (6.1.26) and (8.4.28), 
we may compute 


6 d ~- 
ve =) say wo! +ta7 
( a B) yy ae +ta,, 
= _d@ (ven eae (viens) 
dt he w Qe! 
= —Ca,, Gy V"B — VGC B 
+ VGus (CLV +. V°Ca,) Go VP"B. (8.4.30) 


Using this, as well as V°* 6 = Oand Ci 6 = —Cha, by a tedious but straightforward 
calculation (Exercise 8.4.1) one finds 


7 d @ 4 dd. 
6 C Sk Ee i oe 2 
([V3 ry Vi ]B)., = dt to ds jp Perttact Bsa dt ‘ ds jo Pottbtstinn 
= 2(V°G,C3)"a. (8.4.31) 


Moreover, (8.4.30) yields 


[@, Bl, = (ve B- Vea) = 2V°G, Cia. (8.4.32) 
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On the one hand, plugging in [@, B] for @ and w for a’ in (8.4.30), from (8.4.32) we 


obtain 
(7s 


: ; _ 
ap) = 2V°G C54, B],, = 2(V°GoC%) a 


and thus a 
R% (a, B)B =0. 


On the other hand, (8.4.32) yields 
| vo[é, B]||” = 4] V°GuCzB |” = 4(C28, GuC3 A) 


and thus 7 Ss 
(Fi, @. BB, @) = 3(CtB, GaC% Bp). (8.4.33) 


The assertion now follows by using the symmetry 


(Ri, @, BYP, £) = (Ri, Se, B). (8.4.34) 


and the multilinearization formula given in the proof of Proposition 2.4.2 (Exercise 
8.4.2). oO 


Remark 8.4.10 From Proposition 8.4.9, or directly from (8.4.33), we read off the 
sectional curvature K of a 2-plane B C Ty}, 


KiB) = 3(CUB, GoCZB) 


where a, 8 € 9%, are the horizontal lifts of two orthonormal vectors spanning SB. 
We claim that the sectional curvature is non-negative, as in the case of the principal 
stratum [47, 592]. To see this, denote = C% A. Using that 


im(G,,) = ker(A,,)+ C im(Aj) 


and that, according to (6.1.22), A,,G, is the L?-orthogonal projector onto im(A,,), 
we find 
(€, Gof) = (AaGué, Gaé) = ||VoGuE ll’. 


For an analysis of the scalar curvature we refer to [591]. + 


We conclude this section with a brief discussion of geodesics. In [75], a proof of the 
following proposition was outlined. 


Proposition 8.4.11 Letw € @* anda € §\.. Let I denote the connected component 
of 0 in {te R: w+ta € @*}. Then! is nonempty, open, and 


Ilo HH, trea'(otta), 
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is a geodesic in M". Conversely, any geodesic in M* is of this form. 


Proof Clearly, the curve is contained in @* and is a geodesic in @. Hence, it is a 
geodesic in @*. Since it is perpendicular to the Y-orbit through w, Corollary 26.12 
in [447] yields that its projection to .Z* is a geodesic in 4. 

Conversely, let 7 be a geodesic in.#* and let y be the horizontal lift of 7 starting 
at some representative w of ¥(0). By Lemma 26.11 in [447], y is a geodesic in @*. 
Since the segment containing w of the straight line t + w+ty (0) in @ is a geodesic 
with the same initial conditions as y, the latter coincides with that segment. Oo 


Remark 8.4.12 Inthe proof we have used that the straight line w+¢a@ is perpendicular 
to the orbit through w. Since Cia = 0 (Exercise 8.4.3), we have 


Vorary — Vy — 0, (8.4.35) 


that is, this straight line is perpendicular to any orbit it meets. This is consistent 
with the general situation, where one can prove that if a geodesic in a Riemannian 
submersion is perpendicular to one fibre, then it is perpendicular to all fibres it meets, 
cf. Corollary 26.12 in [447]. 

Thus, Proposition 8.4.11 states that the geodesics in.@* are given by projections 
of segments of straight lines inside @* which are perpendicular to orbits. In particular, 
the charts defined by the slices 7}, , provide normal coordinates. + 


In [75], the above characterization of geodesics is used to prove that the principal 
stratum need not be geodesically complete. In fact, the argument given there proves 
the following. 


Proposition 8.4.13 ./@* is geodesically complete iff there is no t' with t’ < T. 


Proof Indeed, for w € @* anda € 97, we have 41a D GAG, = Gy. Therefore, 
wt+ta€e =", (8.4.36) 


for all t € R. In particular, if there is no t’ with t’ < tT, the geodesic associated to w 
and aq is defined for all values t € R. 

Now assume that t’ < t for some t’. Choose x’ € .@™ and a tube Y- about 
the orbit z~!(x’). Since Y,- is a neighbourhood of 2~!(x’) in @, the denseness 
properties (8.3.11) imply %,. V@* #4 @. Hence, we find w’ € 27! (x') andw ec @* 
such that wm € .%,.. Leta € F such that w = w+a. Then, aw € H, and hence 
V’*a = 0. Since Cia = 0, this implies V°*a = 0 and hence a € §,,. Since w 
and w’ are invariant under Y,, so is w. Thus, a € *,. By Proposition 8.4.11, then a 
segment of the straight line t +> w + ta projects to a geodesic in .#*. Clearly, this 
geodesic cannot be prolonged to tf = 1. Oo 


Proposition 8.4.13 implies, in particular, that the principal stratum is geodesically 
complete iff there are no secondary strata. 
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Proposition 8.4.14 Let w € @* anda € S)-. The set of values t € R for which 
wot+ta ¢G* is discrete. 


Proof Consider the continuous mapping 7 : R > @ defined by n(t) := w + ta. 
According to (8.4.36), the preimage n~!(@*) of @* is open in R, because @" is open 
in @=*. Hence, R \ n~!(@°) is closed in R. 

Let t9 € R \ n-'(@*). By Remark 8.4.12, a € ker(Vii(.))> so that the Tubular 
Neighbourhood Theorem implies that n(t) = n(to) + (t — toa € -Aym),¢ for t close 
to fo. If f were an accumulation point of R \ n~'(@*), there would exist f, 4 to such 
that n(t1) € pm), E* for some t’ < t. By the slice properties, Yr.) C Gow)- 
Since n(f1) = n(to) + (4 — fo)a, then % D Gq). Writing w = n(t) — ta one 
sees that then %r,) C Y (contradiction). Hence, R \ n '(@°) consists of isolated 
points. Due to closedness, it is then discrete. | 


Exercises 
8.4.1 Prove formula (8.4.31). 


8.4.2 Derive the formula for the Riemann curvature given in Proposition 8.4.9 from 
(8.4.33), using (8.4.34) and the multilinearization formula given in the proof of 
Proposition 2.4.2. 


8.4.3 Show that Cha = 0 foralla € 7. 


8.5 Classification of Howe Subgroups 


According to Theorem 8.2.8, to determine the gauge orbit types of a gauge theory 
defined on a principal G-bundle P(M, G), one has to classify the holonomy-induced 
bundle reductions up to isomorphy and conjugacy under the principal action. Thus, 
one has to work through the following programme. 


. Classify the Howe subgroups of G up to conjugacy. 

. Classify the Howe subbundles of P up to isomorphy. 

. Extract the Howe subbundles which are holonomy-induced. 
. Factorize by the principal action. 

. Determine the natural partial ordering. 


nN BWN Re 


In a series of papers, we have accomplished this programme for M having dimension 
2,3 or 4 and G being SU(n) [541, 543, 544] or another classical compact Lie group 
[296, 297]. Here, we will discuss the case G = SU(n) in detail. In the present 
section, we determine the Howe subgroups, thus accomplishing the first step of the 
programme. 

Recall that, by Definition 8.2.4, a subgroup H of a Lie group G is called Howe 
if there exists a subset A C G such that H = Cg(A). The basic properties of Howe 
subgroups have been listed in Remark 8.2.5. In order to determine the set of conjugacy 
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classes of Howe subgroups of SU(n), we consider SU() as a subset of M,(C), 
the associative algebra of complex (n x n)-matrices. By Remark 8.2.5, any Howe 
subgroup H may be represented by its associated Howe dual pair (H, Cg(H)). A 
Howe dual pair is called reductive iff its members are reductive. In our case this 
condition is automatically satisfied, because SU(n) is compact and Howe subgroups 
are always closed. 

Let K(n) denote the collection of pairs 


J = (k,m) = ((ki,...,k,), (m,.-.,m,)), r=1,2,3,.-..7, 


of sequences of equal length consisting of positive integers which obey 
k-m= > kim =n. (8.5.1) 
i=l 


For any permutation o of r elements, define oJ = (ok,om). Every J € K(n) 
generates a decomposition 


C= (c* @ c™) @:---@® (ce ® Cc) (8.5.2) 


and an associated injective homomorphism 


[[M@&¢<©O>MA©, (.,...,D) 6 PB (Di @ In) . (8.5.3) 
i=] 


i=l 
We denote the image of this homomorphism by M,;(C) and define 
UJ :=M;(C)NU(m), SUS :=M7(C)NSU(n). 


Clearly, UJ is the image of the subset Vx U(k;) C ee Mi, (C) under (8.5.3). 


Lemma 8.5.1 A subgroup of SU(n) is Howe iff it is conjugate to SUJ for some 
J€K(n). 


Proof One can check that the Howe subgroups of SU() are obtained from the Howe 
subgroups of U() by intersection with SU (7) and that, for the latter, conjugacy under 
U(n) boils down to conjugacy under SU(7) (Exercise 8.5.1). Hence, it suffices to 
prove that a subgroup of U(n) is Howe iff it is conjugate to UJ for some J € K(). 

First, let H be a Howe subgroup of U(n). Let H’ = Cuq(H) and let K denote the 
subgroup generated by H and H’. The vector space C” decomposes into an orthogonal 
direct sum of K-irreducible subspaces, 


C"=V, @---@V,. (8.5.4) 
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Each V; is invariant under H and thus decomposes orthogonally into H-irreducible 
subspaces, 
Vi = Wii B--- B Wim; - 


Since V; is K-irreducible, the subgroup H’ acts by intertwining all of these repre- 
sentations with one another. Thus, by Schur’s Lemma, all Wj; are isomorphic to 
W;,1. Choosing an orthonormal basis in W;,; and denoting k; := dim(W;), we obtain 
V,;= Ck @ C’. Since H and H’ are mutual centralizers, under this isomorphism, 


Ay, = {ai @ Im, 2 ai € UK}, Wty, = (1a, @ Bj 2b) EC UC) }- 


As a result, in an appropriate orthonormal basis in C”, the elements of H can be 
written in the form 


a, @ In, B+ Ba, @ In, , a; € U(K;). 


Thus, H is conjugate under U(n) to the subgroup UJ with J = (k, m). 

Conversely, let J € K(n). It suffices to show that UJ is Howe. Consider the 
centralizer M’ := Cy, (M;(C)). Since M;(C) is a unital +-subalgebra, so is M’. 
In particular, M’ is spanned by the subset M’ = M’M U(n). Moreover, the Double 
Commutant Theorem yields Cy, (c)(M’) = M;(C). Thus, we obtain 


Cum (M’) = Cue’) NUM) = Cu, (MW) NU) = My (C) NU(n) = US. 


This shows that UJ is Howe. | 


Lemma 8.5.2 For J, J’ € K(n), the Howe subgroups SUJ and SUJ' of SU(n) are 
conjugate iff there exists a permutation o such that J' = oJ. 


Proof It suffices to check that the subalgebras M;(C) and M,(C) of M,(C) are 
conjugate under SU(n) iff J’ = oJ for some permutation o. If o exists, one can 
construct a matrix T € SU(n) mapping the factors C @ C!i of the decomposition 
(8.5.2) defined by J’ identically onto the factors C @ C”* of the decomposition 
defined by J. Then, My (C) = T~'M,(C)T. Conversely, if My (C) = T~'M,(C)T 
for some T € SU(n), then M;(C) and M;(C) are isomorphic. Hence, k’ = ok for 
some permutation o. Since T is an isomorphism of the representations My, (C) x 


-.+ x My, (C) —> M,(C) and 


My, (C) x +++ x My, (C) 2> My (C) x ++ x Mu (C) > M,(C), 


where J, J’ indicate the respective embeddings (8.5.3), it does not change the mul- 
tiplicities of the irreducible factors. Thus, m’ = om. It follows J’ = oJ. oO 


As a consequence of Lemma 8.5.2, we can introduce an equivalence relation on the 
set K(n) by putting J ~ J’ iff J’ = oJ for some permutation o. Let K(n) denote the 
set of equivalence classes. Lemmas 8.5.1 and 8.5.2 yield the following. 
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Theorem 8.5.3 The assignment J +> SUJ induces a bijection from K(n) onto the 
set of conjugacy classes of Howe subgroups of SU(n). oD 


This concludes the classification of Howe subgroups of SU(7). 

In the remainder, we calculate the homotopy groups of SUJ. This will be needed 
for the discussion of the Howe subbundles in the next section. For a given positive 
integer /, define the homomorphisms 


y:U0d) > U0), pz, (8.5.5) 
ji ty UL, jk) = ek (8.5.6) 
Moreover, let 
jp:SUJ > US, i7:UJ > UM), pr: Ul > UK, 


denote the natural inclusion mappings and the natural projections to the factors. 
Finally, for a given element J = (k, m) of K(v), let g denote the greatest common 
divisor of the members of m and define m = (/,...,m,) by gm; = m; for all i. 
For D € UJ, we compute 


detygn 0 i(D) = | | pm, 0 detuy 0 pr)! (D) = pe ( [ [pm  detuay o pry? w)) 
i=l i=l 
Thus, if we define a group homomorphism A; : UJ > U(1) by 
A,(D) = | [ pi, 0 detua, © pre’ (D), (8.5.7) 
i=l 


then 
detumn Oty = pg Od. (8.5.8) 


As a consequence, the restriction of 1 to the subgroup SUJ takes values in ker p, = 
Je(Zz). Hence, we obtain an induced homomorphism 


pe : SUJ > Z, 


satisfying 
Az ofp =jeo dd. (8.5.9) 


The situation can be summarized in the commutative diagram 


668 8 The Gauge Orbit Space 


si7—" 3 wr —" = Te) 
| |. | (8.5.10) 
7, hy ny 


Lemma 8.5.4 The homomorphism ie projects to an isomorphism from the group of 
connected components SUJ/SUJo onto Ze. 


Proof Since Z, is discrete, Ae must be constant on connected components. Hence 
SUJo C ker Ae and r§ projects to a homomorphism SUJ/SUJo — Z,. The latter 
is surjective, because so is es To prove injectivity, we show ker Ae Cc SUJo. Let 
D € ker i and denote D; = pi oj;(D). Define the homomorphism 


g: U0) > UG), (iy... a) oe, 


Then, 
ie (D) =@ (detug)D1, Sead detyct,)D,) : 


By assumption, (detyu,) Di, ..., detuy,) D-) € ker g. Since the exponents defining 
gy have greatest common divisor 1, ker g is connected. Thus, there exists a path ft > 
(i(t),..., ¥-(¢)) in ker g running from (dety¢,) Di, ..., detuy,) D-) to 7, ..., 1). 
For each i = 1, ..., 7, define a path t > G;(t) in U(K;) as follows: first, go from D; 
to (detyy,)D;) ® 14,1, keeping the determinant constant, thus using connectedness 
of SU(k;). Then, use the path t +> y;(1) @ 1,,-1 to get to 1;,. By construction, the 
image of (G; (ft), ..., G,(t)) under the embedding (8.5.3) is a path in SUJ connecting 
D with 1,. This proves ker i Cc SUJo. o 


Theorem 8.5.5 The homotopy groups of SUJ are 


Lg i=0, 
n(SUs) = | Z90-) ai, 
mi(U(ki)) ®--- @m(Uk)) i> 1. 


In particular, 1,\(SUJ) and 13(SUJ) are torsion-free. 


Proof For i = 0, this follows from Lemma 8.5.4. For i > 1, the assertion follows 
from the exact homotopy sequence induced by the principal SUJ-bundle UJ — U(1) 
with projection g = detyi,) oiy. For i = 1, consider the following portion of this 
sequence: 


m(U(1)) > 2,\(SUJ) > 2, (UJ) Bit mw, (U(1)) > mo(SUJ) > mo(UJ). 


I Il I rl I 
0 Ze Z Le 0 


One has Z®"/ ker(q,,) = im(q,.) and exactness implies 
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ker(q,) = m(SUJ), im(q.) = gZ=Z. 


It follows that 2,(SUJ) = Z®°—), as asserted. Oo 


Exercises 


8.5.1 Show that the Howe subgroups of SU(n) are obtained from the Howe sub- 
groups of U(7) by intersection with SU(n). 


8.6 Classification of Howe Subbundles 


In this section, we are going to derive the Howe subbundles of principal SU(n)- 
bundles up to vertical isomorphisms. By the results of the previous section, we can 
restrict attention to the structure groups SUJ, J € K(n). Thus, let J € K(7) be fixed. 

We shall first derive a description of principal SUJ-bundles in terms of suitable 
characteristic classes and then characterize those which are redutions of a given 
principal SUJ-bundle P. We start from the general classification result of Chap.3 
stating that there exists a bijective correspondence between the set of vertical isomor- 
phism classes of SUJ-bundles over M and the set [M@, BSUJ] of homotopy classes of 
continuous mappings from M to the classifying space BSUJ, given by assigning to 
f :M — BSUJ the pullback under f of the universal SUJ-bundle ESUJ. Recall that 
BSUJ can be realized as a CW-complex, cf. Remark 3.4.19. In general, [M, BSUJ] 
is hard to handle and it cannot be expected to be classified by characteristic classes. 
However, Theorem 4.8.7 allows us to successively construct the Postnikov tower of 
BSU/J up to the fifth stage, thus obtaining a 5-equivalent approximation (BSUJ)s. 
Thus, if we assume that dim(M) < 4, then [M, BSUJ] = [M, (BSUJ/)5] and the 
explicit form of (BSUJ/)s; allows for finding the kind of characteristic classes which 
are necessary to classify principal SUJ-bundles. Finally, we shall construct these 
classes explicitly. The procedure described is common if one deals with bundle clas- 
sification problems, see for example [43] or [677]. 

Now, let us construct (BSUJ)5. We use the results and the notation of Sect. 4.8. 
Recall, in particular, that for a given Abelian group A and a given integer / > 0, 
the Eilenberg—MacLane space K(A, /) is defined up to homotopy equivalence by 
having the homotopy group A in dimension / and trivial homotopy groups in all 
other dimensions, cf. Appendix G. Let r* denote the number of indices i for which 
k; > 1. 


Theorem 8.6.1 The fifth stage of the Postnikov tower of BSUJ is given by 


r-1 r* 


(BSUJ)s = K(Ze, 1) x [| KZ, 2) x [] K@.4). (8.6.1) 


j=l j=l 
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Proof 1n the proof, we denote B = BSUJ. First, we check that B is simple, that 
is, that the natural action of 2;(B) on 7;(B) is trivial for all i > 1. According to 
Proposition 3.2.9, it suffices to check that the natural action of 29 (SUJ) on z;_; (SUJ), 
induced by inner automorphisms, is trivial. This follows by observing that any inner 
automorphism of SUJ is generated by an element of (SU/)o and hence is homotopic 
to the identity automorphism. Thus, having realized B as a CW-complex, we can 
apply Theorem 4.8.7 to construct the Postnikov tower. According to Theorem 8.5.5, 
the relevant homotopy groups are 


m(B)=Z,, m(B)=Z®"-), m3(B)=0, m4(B) =Z®". (8.6.2) 
Moreover, we shall need that H7(K (Z, 2)) is torsion-free and that 
A KZ,.2))=0, BV EG S90) 7201, Be, (8.6.3) 


see Appendix G. 

Stage 1. B, is contractible and may therefore be replaced by B; = . 

Stage 2. By is weakly homotopy equivalent to the total space of the pullback of 
the path-loop fibration over K(z,(B), 2) under a mapping 6; : By — K(z,(B), 2). 
Since B; = x, the total space coincides with the fibre K(z,(B), 1). Thus, Bz is 
weakly homotopy equivalent to K(Z,, 1). Realizing the latter as a CW-complex, we 
can conclude that B» is in fact homotopy equivalent to K(Zg, 1) and, therefore, can 
be replaced by the latter: 

By = K(Z,, 1). (8.6.4) 


Stage 3. B3 is weakly homotopy equivalent to the total space of the path-loop 
fibration over K (72(B), 3) by some mapping 62 : By — K(z2(B), 3). In view of 
(8.6.4) and (8.6.2), @2 is a mapping K(Z,, 1) > K(Z®"—), 3). Using 


K(A; ® Az, 1) = K(Aj, 1) x K(A2, J) 


and (G.1), we find 


r-1 rl 


[K(Z,, 1), K(Z®"—, 3)] =] ] [K@,, 1), KZ, 3)] = | [HzK@Z,, 0). 


i=1 i=1 


By (8.6.3), the right hand side vanishes. Hence, 92 is homotopic to a constant mapping. 
It follows that B3 is weakly homotopy equivalent to, and thus may be replaced by, 


r-1 
B; = K(Z,, 1) x [|] K@, 2). (8.6.5) 
j=l 
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Stage 4. B,4 is weakly homotopy equivalent to the total space of the pullback of 
the path-loop fibration over K (773(B), 4) under a mapping 63 : B3; > K(73(B), 4). In 
view of (8.6.2), the total space coincides with the base space and we obtain By = B3. 

Stage5. Bs is weakly homotopy equivalent to the total space of the pullback of the 
path-loop fibration over K (7r4(B), 5) under a mapping 64 : By = B3 — K(z4(B),5). 
By analogy with stage 3, 


[Bs, K(Z®", “1 H3(B3). (8.6.6) 


According to (8.6.5), since H7(K(Z, 2)) is torsion-free, we can apply the Kiinneth 
Theorem for cohomology [598, Thm. 5.5.11] to write H3 (B3) as a sum over tensor 
products 

Hy, (K(Zg, 1)) @ HZ (K(Z, 2)) @--- @ HZ" (K(Z, 2)), 


where j + jj + +--+ j,-1 = 5. Due to this constraint, each summand contains a 
tensor factor of odd degree and hence is trivial by (8.6.3). Thus, 64 is homotopic to 
a constant mapping. It follows that Bs; may be replaced by the direct product of B3 
with the fibre K(Z®”",, 4) = ae K(Z, 4). This proves the theorem. oO 


Corollary 8.6.2 Let J € K(n) and let P and P' be principal SUJ-bundles over M, 
dim M < 4. Ifa(P) = a(P’) for every characteristic class a defined by an element 
of Hz, (BSUJ), Hz (BSUJ) or Hi (BSUJ), then P and P’ are isomorphic. 


Proof As before, we denote B = BSUJ. Let pr,, pry,,..., Pfo,_;,and pry,,..., Pl4,« 
denote the natural projections of the direct product (8.6.1) onto its factors. Let 71, y2 
and y4 be characteristic elements of, respectively, Hy, (K(Zg, 1)), Hie (K(Z, 2)) and 


He (K(Z, 4)). Let ys : B — Bs be the 5-equivalence provided by Theorem 4.8.5. 
Composition with ys defines a bijection [M, B] — [M, Bs], cf. Corollary VU.11.13 
in [104]. Hence, Theorem 8.6.1 and equation (G.1) imply that the mapping 


r-1 r* 


y :(M, B] > Hj, (M) x | [aa «Taian, 
i=l i=1 


defined by 
of) = (Fer os). (FPR oys")Ey + (Fras oys)*74)/-1) 
is a bijection. Here, for all i, 
(pr, oys)*y1 € Hz,(B), (Pra; oys)"y2 € HZ(B), (pra; oys)*v4 € Hz(B). 


As a consequence, given classifying mappings f, f’ : M — B for P and P’, respec- 
tively, the assumption implies g(f) = g(f’). Hence, f and f’ are homotopic. Oo 
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From the proof of Corollary 8.6.2 we read off that the cohomology elements 
(pr oys)” Vis (pry; oys)” y,i = 1,...,r —1, and (pra; oys)” Vat = leet; 
of BSUJ define a set of characteristic classes which classifies SUJ-bundles over 
manifolds of dimension <4. These classes are independent and surjective. However, 
they are hard to handle, because we do not know the homomorphism yz explicitly. 
Therefore, we prefer to work with characteristic classes defined by some natural 
generators of the cohomology groups in question. The price we have to pay is that 
the corresponding classes are subject to a relation and that we have to determine 
their image explicitly. Thus, our next aim is to construct generators of Hz (BSUJ), 
H3(BSUJ) and Hy, (BSUJ). 

First, let us discuss the integral cohomology groups. Generators for H7(BSUJ) 
can be obtained as follows. Consider the classifying mappings 

Bjy 


Bprv! 
BSUJ —> BUJ —> BU(k;), 


cf. Definition 3.7.1. By Theorem 4.2.1, HZ (BU(&;)) is the polynomial ring over Z in 
the universal Chern classes oe E Hy (BU(K;)), 7 = 1,..., k;. Define 


ot" := (Bpr’’)* co” € HA (BU), (8.6.7) 
om" = (Bjy)* oh" € HY (BSUJ) (8.6.8) 


and write 
ov Sl te +: +e", ota ith +e. +e, i=l,...,r, 


as well asc’ = (ome ee eu) and oc = (cnet ee eo), 


Lemma 8.6.3 H7(BUJ) is the polynomial ring over Z in the generators ce, J= 
Dyce hp FS Lye oh 


Proof As aconsequence of Theorem 4.2.1 and the Ktinneth Theorem for cohomol- 
ogy, H5({]; BU(K,)) is the polynomial ring over Z in the generators 


Uk) 
Ipuay X++° X Ipua@y XG" X Iputiay +++ X Bua,» 


where j = 1,...,k;,i = 1,..., rand x denotes the cohomology cross product. By 
means of the isomorphism 


n prey . 
wes yur = Le, 
where A, denotes r-fold diagonal embedding, this yields the assertion. oO 


Lemma 8.6.4 The homomorphism (Bj;)* : H3(BUJ) > H5(BSUJ) is surjective. 
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Proof According to Proposition 3.7.8/2, the mapping Bj; : BSUJ — BU/J is the 
projection in a principal bundle with structure group UJ/SUJ = U(1). Denote this 
bundle by Q. Being orientable, Q has a Gysin sequence, cf. Theorem 4.1.10, 


(Bjs)* 


.> HBUN —S HLesUN S HE eUN 3S 


HT BU) > --- 


If QO were trivial, we would have z;(BSUJ) = 2,(BUJ x U(1)) = Z, which would 
contradict Theorem 8.5.5. Hence, Q is nontrivial. According to Theorem 4.8.1, then 
c:(Q) 4 0. Due to Lemma 8.6.3, HZ (BUJ) does not have zero divisors. It follows 
that multiplication by c;(Q) is an injective operation on H7 (BU). Then, exactness 
of the Gysin sequence implies that the connecting homomorphism ¢ is trivial and, 
therefore, (Bj;)* is surjective. Oo 
Lemmas 8.6.3 and 8.6.4 yield the following. 
Corollary 8.6.5 (Integral cohomology of BSUJ) The ring H;(BSUJ) is generated 
by oi", f=1,...,k,i=1,...,7. oO 
The generators ce are subject to a relation. Since this relation turns out to be a 
consequence of a nabre fundamental relation which will be derived below, it does not 
play a role in the sequel. 

Next, we construct generators for H. 2, (BSUJ). For that purpose, we use the homo- 


morphism A$ : SUJ — Z, defined by (8.5.9). 
Lemma 8.6.6 The mapping (BA$)" : Hz, (BZ,) > Hp, (BSUJ) is an isomorphism. 


Proof By Lemma 8.5.4, the induced homomorphism as , . Mo(SUS) > mo(Zz) is 
an isomorphism. Hence, so is (BA5), : 11(BSUJ) — 2(BZ,) . Now, the assertion 
follows by the Hurewicz Theorem and the Universal Coefficient Theorem. D 


We conclude that generators of H7, (BSUS ) can be obtained as the images of gener- 


ators of Hz, _ (BZ) under (BaS)”. Sinus according to the discussion prior to Theorem 
4.8.3, BZ, is an Eilenberg—MacLane space of type K(Z,, 1), we have 


H,(BZ,) = Hom(Z,, Z,) = Z 


To choose a generator, we use the homomorphism jg : Z, — U(1) defined by (8.5.6) 
and the short exact sequence of coefficient groups 


637575 7,30, (8.6.9) 
where jg denotes multiplication by g and p, reduction modulo g. Recall that 


this sequence induces a long exact sequence of coefficient homomorphisms [104, 
Sect. IV.5], 


> Hi) AG) Hz, (-) = He), (8.6.10) 
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where f, is the Bockstein homomorphism. 


Lemma 8.6.7 There exists a unique element 5, € Hz, (BZ,) such that 


B,(8,) = (Bip) €{”, (8.6.11) 
and this element is a generator of Hy, (BZ,). 


Proof Clearly, both B,(5,) and (Bj,) * ci" are elements of Hz, (BZ,) so that equation 
(8.6.11) makes sense. 

Since BZ, is an Eilenberg—MacLane space of type K(Z,, 1), we can read off 
H;(BZ,) from (G.4) to obtain the following portion of the exact sequence (8.6.10): 


H}(BZ,) “S H} (BZ,) “ H3(BZ,) “S H2(BZ,) 
T I I T 
0 Zs Zs Lg 


We conclude that ker(f,) = 0 and that jv, is trivial. Thus, 6, is an isomorphism. 
This proves existence and uniqueness of dy. 

To check that 5, is a generator, consider the pair J° = ((), (g)) € K(g). Observe 
that Zp = SUJ°, U(1) = UJ®, and that j, corresponds to jy : SUJ° > UJ®. 
Then, Lemma 8.6.4 implies that (Bj) is surjective. Thus, He (BZ,) is generated by 
(Bj,)* cj" and, therefore, Hz, (BZ,) is generated by Sy. o 


We define 
5; = (BaS)” 8,. 


As a consequence of Lemmas 8.6.6 and 8.6.7, we obtain the following. 
Corollary 8.6.8 The cohomology group Hz, (BSUJ) is generated by 5,. oO 
By naturality of the Bockstein homomorphism, the relation (8.6.11) entails 


Be (5s) = (BAS)* (Bj,)* cf”. (8.6.12) 


This relation leads to a relation between the generators 6; and ce as follows. Given a 


topological space X and a finite sequence of non-negative integers a = (a), ..., ds), 
define a mapping 


Ey: | [ Hi) > HEX), @,...,a) Raftu...va®, (8.6.13) 
i=] 


where powers are taken with respect to the cup product. Let E, ; denote the composi- 
tion with the projection to Hy (X). One can check (Exercise 8.6.1) that for elements 
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of the form a; = 1+ aj; +aj2+--- withaj; € H (X), the components in degree 
2 and 4 are given by 


Ss 


Ei.) = > ada, (8.6.14) 


i=1 


aj(a; — 1 
Paalen,..04) = Saat WY af + >) aia; a1 va, (8.6.15) 


i=1 i<j 
respectively. For such elements, (8.6.14) implies that for every / € Z, 
Eig.1(Q1,..., Os) = LEg 1 (Q1,..., Qs). (8.6.16) 


Recall that m = (7, ..., m,) is defined by gm; = m; for all i. 
Lemma 8.6.9 We have 


(ie = Fale”); (8.6.17) 
(BA,)* oc = Eni (c”) . (8.6.18) 


Proof To prove (8.6.17), we decompose i; into 


Tip 


Tl Hi Ane 


wai ws eS i U(k) —S T], (Ue) x “x UK) & UM). 


Here j stands for the natural blockwise embedding. By Theorem 4.3.1, 
(Bj)* ch = (ch) x es x CURD) x 26 x (CRM x oe x Clery , 
Using this, we compute 


(Bi;)* co = A* o (T], B pr’ )* o([]; 4m)” (Byy*o™ 
7 Abe ° (TI; Bp) (ey Kase & (cow yr) 
=A5 ((c quay™ ste (c")"") 
= (gay Gr fac. (our) ; 


This yields (8.6.17). To prove (8.6.18), we observe that (8.5.10) implies 
(BA,)* (Bp,) cl = (Biy)* (Bdetymy)* cy” (8.6.19) 


and compute (Bp,)*c}"” = ge;"” and (Bdetyny)*c;"” = c;’. Plugging this into 
(8.6.19) and using (8. 6. 17) and (8.6.16), we obtain 


9B)" = En ie”) =¢Faie’). 
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Since this holds in He (BUJ), which is free Abelian, (8.6.18) follows. o 


SULi 


Theorem 8.6.10 The generators 5; and ¢;" satisfy the relation 
Be (57) = Em i(e™’). (8.6.20) 
Proof Using (8.6.12), (8.5.9) and (8.6.18), we compute 
Be(5y) = (BA3)” (Bie) ¢° = (Bin (BAs)* ch? = (Biy)* Emm (€) - 
By definition of ¢*’, this yields the assertion. oO 


Remark 8.6.11 To summarize, we can replace the 1 + (r — 1) + r* independent 
generators 


(pr, oys) v1, (pr; oys)* 2, i=1,...,r—1, (pty oy5) Vay f= Lace, 


which arise from the construction of the Postnikov tower and are hardly manageable, 
by the 1 + r+ 7* natural generators 


SUG . . 
OF, co", b= iieg Ped Saag? 3 


fulfilling the relation (8.6.20). This relation is, in effect, a consequence of (8.5.9). @ 


Now, we discuss the characteristic classes for principal SU/J-bundles Q defined 
SUSI 


by the cohomology elements Cj and 67. We denote them by, respectively, ci(Q) 
and 6;(Q). Let 


c'(Q) =1+¢)(Q)+---+¢,,(Q), ¢(Q) = (c'(Q),...,c7(Q)). 


Then, 
c:(Q) = fron" : c'(Q) =o" ' c(Q) =_ * SUI ; (8.6.21) 


for any classifying mapping f : M — BSUJ for Q. Theorem 8.6.10 entails that the 
characteristic classes c! and 5, satisfy the relation 


Be (87(Q)) = Em.1(€(Q)) (8.6.22) 
for all principal SUJ-bundles Q. As a consequence of Corollary 4.1.4, they can 


furthermore be expressed in terms of the ordinary characteristic classes of associated 
principal U(k;)-bundles and Z,-bundles (Exercise 8.6.2): 


c'(Q) = o(a'm” a) , (8.6.23) 
5; (Q) = 8e (0) , (8.6.24) 
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The characteristic classes c! and 6, allow for classifying principal SUJ-bundles. 
To state the result, let iy (M) denote the subset of ies H7(M) consisting of the 
sequences a = (a, ..., @,) whose members are of the forma; = 1+aj.)+-+-+0;,4, 
with a, € Hz/(M) and define 


KM, J) := {(a, £) € Hz) x Hz,(M) : Ei (@) = Be(E)}- 


Theorem 8.6.12 (Classification of principal SU/-bundles) Let M be a manifold of 
dimension < 4 and let J € K(n). Then, the characteristic classes c' and 8; define a 
bijection from the set of vertical isomorphism classes of principal SUJ-bundles over 
M onto K(M, J). 


Proof By Corollary 8.6.2, it remains to prove that for every (a, €) € K(M, J), there 
exists a principal SUJ-bundle Q over M such that c(Q) = a and 46;(Q) = &. Since 
dim M < 4, by Theorem 4.8.8, there exist principal U(k;)-bundles over M such that 
c(Q;) = a;,i = 1,..., r. Consider the fibre product O = Q| Xm-:: Xm Q,, which 
has structure group [];_, U(k;) and may thus be interpreted as a UJ-bundle. Then, 


OlrI~g,, i=1,...,r. (8.6.25) 


The desired SUJ-bundle Q will arise as a reduction of O; To find it, consider the 
associated principal U(1)-bundle O™!, 

We claim that 0! admits a reduction to the subgroup Z, C U(1). By Theorem 
4.8.3, there exists a principal Z,-bundle R over M such that 5,(R) = &. Consider the 
principal U(1)-bundle Rs! obtained by extension with the homomorphism j, defined 
by (8.5.6). On the one hand, using Corollary 4.1.4, Lemma 8.6.7 and naturality of the 
Bockstein homomorphism f,, we find cy (Rie!) = B,(&) . On the other hand, a similar 
calculation using (8.6.18) yields c; (o1) = Ea \(a) . Since (a, €) € K(M, J), these 
classes coincide. As a consequence, Theorem 4.8.1 implies that OQ! and RV! are 
vertically isomorphic. Hence, R is a reduction of OQ), 

Now, we can define Q to be the preimage of the reduction R of QO! under the 
natural bundle morphism Q + Q!/!, By construction, Q is a reduction of Q to the 
subgroup pan = SU/J c UJ. 

It remains to compute c'(Q) and 8,(Q). Since QU! = QO, using (8.6.23) and 
(8.6.25), we find 


o'(Q) = (ali) = o( (otter) — o( Gir”) — 6) = ay. 


Finally, since Q"/] = R, the relation (8.6.24) implies 5 (Q) = 5, (R) = €. o 


To classify the Howe subbundles of a given principal SU()-bundle P up to vertical 
isomorphy, it remains to characterize the reductions of P to the subgroups SUJ in 
terms of the characteristic classes ¢ and 6;. Let he : SUJ — SU(n) denote the natural 
inclusion mapping. 
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Lemma 8.6.13 For every principal SUJ-bundle Q, we have c(Qlii!) = En (c(Q)). 


Proof Denoting the natural inclusion mapping SU(n) > U(n) by Jj, we find 
c(Q'!) = c(Qu=ti!) = (Ql) | 


Using Corollary 4.1.4 and equation (8.6.17), one can check that 


o(Ql7i!!) = Ey (c(olm’ al)... e(Q =H) (8.6.26) 
(Exercise 8.6.3). Then, (8.6.23) yields the assertion. Oo 


Define 
K(P, J) = {@, €) € KM, J) : En(a@) = c(P)}. 


Theorem 8.6.14 (Classification of Howe subbundles) Let P be a principal SU(n)- 
bundle over a manifold M of dimension < 4and let J € K(n). Then, the characteristic 
classes c! and 8; define a bijection from the set of vertical isomorphism classes of 
reductions of P to the subgroup SUJ onto K(P, J). 


Proof Let Q C P be a principal SUJ-bundle over M. By Theorem 8.6.12, the pair 
(c(Q), 57(Q)) belongs to K(M, J). Lemma 8.6.13 implies that it belongs to the 
subset K(P, J) iff c(Qlii!) = c(P). Since dim M < 4, by Theorem 4.8.8, the latter is 
equivalent to Ql’!  P, that is, to the condition that Q be a reduction of P. | 


Remark 8.6.15 The equation Ej(a@) = c(P) actually contains the two equations 
Eni(@) = O and Ey2o(~) = Co(P). However, under the assumption that (a, &) 
belongs to K(M, J), the first one is redundant, because in this case, due to (8.6.16), 
one has Em,1(@) = 9 Ein,1(@) = g Be(€) = 0. Thus, the relevant equations are 


Eya,1(@) = BE), (8.6.27) 
Em,2(@) = 2(P), (8.6.28) 


where @ € ren (M) and é € Hz, (M). The set of solutions of equation (8.6.27) yields 
K(M, J) and hence the principal SUJ-bundles over M. The set of solutions of both 
Eqs. (8.6.27) and (8.6.28) yields K(P, J) and, therefore, the reductions of P to the 
subgroup SUJ. 4 


This concludes the classification of Howe subbundles of P, that is, Step 2 of our 
programme. 


Example 8.6.16 Letus discuss some examples of J € K(n), including the two trivial 
ones, corresponding to the center and the whole group. For brevity, we shall write J 
in the form J = (k,,...,k,|m,..., m,). 
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1. J=(1|n). Wehave SUJ = Z,, the center of SU(n), and hence g = n. Variables 
are& € Hy, (M) anda = 1+ aq, witha; € Hz(M). According to (8.6.14) and 
(8.6.15), Eqs. (8.6.27) and (8.6.28) read 


n(n — 1) 


5 a? = ¢(P). 


a = Br), 
Since the first equation yields na, = 0, the second one requires C2(P) = 0. It 
follows that K(P, J) is nonempty iff P is trivial. In that case, the first equation 
implies that K(P, J) is parameterized by €. This coincides with what is known 
about Z,,-reductions of SU(n)-bundles. 
2. J = (n|1). We have SUJ = SU(n) and hence g = 1. Accordingly, the variable 
isa = 1 +a; + a. Equations (8.6.27) and (8.6.28) read 


Thus, as expected, K(P, J) consists of P itself. 
3. J = (1, 1/2, 2) € K(4). One can check that SUJ has the connected components 


{diag(z,z,z1,z-') : zeU()}, {diag(z, z, -z7!, -z-): ze UM}. 


It is therefore isomorphic to U(1) x Z». Variables are € € Hy, (M) and a; = 
1+ .a;,1,1 = 1, 2. Equations (8.6.27) and (8.6.28) read 


ati. + 0,1 = B2(E), af +7) + 4011 V021 = c2(P). 
Since products including f2(&) vanish, by eliminating a2; we obtain 
— 2a7, = 02(P). (8.6.29) 


4. J = (2,3|1, 1) e KG). We have SUJ = S(U(2) x U(3)) which is isomorphic 
to the symmetry group U(1) x SU(2) x SU(3) of the standard model. In the grand 
unified SU(5)-model this is the subgroup to which SU(5) is broken by the heavy 
Higgs field. Variables are a; = 1 + a@;,; + a;,2. Equations (8.6.27) and (8.6.28) 
read 

Oy, +A21;=0, a2 +022 + a),,U 02) = C2(P). 


Eliminating o2,; = —a,; and a2. = Co(P) —a)2+ Ore we see that K(P, J) can 
be parameterized by a (or a2), that is, by the Chern class of one of the factors 
U(2) or U(3). Due to the important role S(U(2) x U(3)) is playing in elementary 
particle physics, this has been known for a long time [338]. 4 


Remark 8.6.17 As an illustration, let us discuss Eq. (8.6.29) explicitly for the base 
manifolds M = S*, S* x S? and L; x S!, where L} denotes the 3-dimensional lens 


space of order p. Since M is compact and orientable, we have Ht (M) = Z. 
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1. 


2 


M =S*. Since HZ(M) = 0, K(P, J) is nonempty iff c2(P) = 0. In that case, it 
consists of the trivial U(1) x Z2-bundle only. 
For M = S? x S?, we choose a generator (orientation) oe of He (M) to expand 


a1 = ay;x1 +b1xy,, Co(P) = cy; x ys 
with a, b,c € Z. Then, Eq. (8.6.29) becomes 
—4Aab=c. (8.6.30) 
If c = O, there are two obvious series of solutions. In particular, K(P, J) is 
infinite here. If c = 4/ for some / 4 0, then a runs through the positive and 


negative divisors of / and b = —I/a. If c is not divisible by 4, then K(P, J) is 
empty. 


_M= L; x S!. The relevant cohomology groups of L¥ are 


H7L})=0, Hz0})=Zp,, Hz,(L5) = Hom(Zy, Z,) = Zo» , 


where (p, g) denotes the greatest common divisor of p and g. Hence, by the 
Kiinneth Theorem for cohomology, 


Hz,(M) = Zo,9) ® Ze, H2(M) = Z,. 


Since HZ(M) is torsion, K(P, J) is nonempty iff c2(P) = 0. In that case, it is 
parameterized independently by € € Zi2,») ® Zz and a), € Zp. 


The case of base manifold S* x S? illustrates that equation (8.6.28) generally leads 
to a Diophantine equation. Here, this equation is bilinear. For bilinear Diophantine 
equations, there exists an algorithm to parameterize the set of solutions [596]. The 
situation is different, for example, for the base manifold M = CP?. Here the equation 
obtained from (8.6.28) is quadratic and, therefore, substantially harder to discuss. 


Exercises 


8.6.1 Confirm Eqs. (8.6.14) and (8.6.15). 


8.6.2 Use Corollary 4.1.4 to verify the relations (8.6.23) and (8.6.24). 


8.6.3. Use Corollary 4.1.4 and Eq. (8.6.17) to prove (8.6.26). 


8.6.4 Analyze Eqs. (8.6.27) and (8.6.28) forJ = (1, 1|2, 3) € K(5) andJ = (2|2) € 


K(4), cf. Example 8.6.16. 
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8.7. Enumeration of Gauge Orbit Types 


In this section, we complete the enumeration of gauge orbit types. First, we accom- 
plish step 3 of our programme, that is, we determine which Howe subbundles of a 
given principal SU(n)-bundle P are holonomy-induced. 


Lemma 8.7.1 Let H and H' be Howe subgroups of SU(n) such that H C H’. If 
dim H = dim H’, then H = H’. 


Proof There exist J, J’ € K(m) such that H and H’ are conjugate to SUJ and SUJ’, 
respectively. Consider UJ and UJ’. Since H Cc H’, we can find D € SU(n) such that 
D~!UJD Cc UJ". By assumption, 


dim(UJ’) = dim(H) + 1 = dim(A’) + 1 = dim(UJ) . 


Since UJ’ is connected and D~'UJD is closed in UJ’, equality of dimension implies 
D7!UJD = UJ’. Then, D~'SUJD = SUV’ and hence H = H’. Oo 


Theorem 8.7.2. Any Howe subbundle of a principal SU(n)-bundle is holonomy- 
induced. 


Proof Let P be a principal SU()-bundle and let Q be a Howe subbundle of P with 
structure group H. Choose a connected component Q of Q and let H denote the 
corresponding structure group. Since H is Howe, Cou (H) Cc Say) = H. 
Since dim H = dim H, the subgroups Sires (H) and H have the same dimension. 


Then, Lemma 8.7.1 implies Sues (A ) = H and, hence, the assertion. | 


One may wonder whether there exist Howe subbundles which are not holonomy- 
induced. Let us give an example. Consider the subgroup H = {13, diag(—1, —1, 1)} 
of SO(3). One can check that H is Howe. Thus, the reduction Q = M x H of the 
trivial bundle M x SO(3) is a Howe subbundle. Any connected reduction O of QO has 
the center Z = {13} as its structure group. Since the center is Howe itself, we find 
Q- Ce (Z) =O 4 Q. Thus, Q is not holonomy-induced. 


Now, we turn to step 4 of our programme, that is, we determine which of the 
isomorphism classes of Howe subbundles get identified under the principal SU(n)- 
action on P. Since this action conjugates the structure groups, it suffices to restrict 
attention to the reductions to the subgroups SUJ with J € K(n). Define 


K(P) = |_| K(P, J). (8.7.1) 


JeK(n) 


We shall denote the elements of K(P) by L and write them in the form L = (J; a, &), 
where J € K(m) and (a@,&) € K(P,J). By a Howe subbundle of P of type 
L = (J; a@,&) we mean a bundle reduction Q of P to the subgroup SUJ with the 
characteristic classes c(Q;) = a and 6;(Q;) = &. On the set K(P), we introduce the 
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following equivalence relation: (J; a, €) ~ (J’; a’, &’) iff there exists a permutation 
o such that J’ = oJ and a’ = oa. Clearly, in that case, the sequences constituting 
J and J’ must have the same length r. Let us furthermore introduce the following 
notation. For every combination of elements J, J’ € K(n), we put 


N(J, J’) = {D € SU(m) : D'SUJD Cc SUJ’}. 
This is a subset of SU(m). Every element D € N(J, J’) defines an algebra embedding 
hy :MVJ) > MW’), Cr D'CD, 


and, by restriction, Lie subgroup embeddings h} : UJ — UJ’ and hf, : SUJ > 
SU’. 


Lemma 8.7.3 Let L, L' € K(P) and let Q and Q' be Howe subbundles of P of type L 
and L’, respectively. Then, Q' is vertically isomorphic to Wp(Q) for some D € SU(n) 
if L’ ~ L. 


Proof Let L = (J; a, €) and L’ = (J’; a’, €'). One can check that 


Wp(Q) = Ol! | 


Accordingly, by Proposition 3.7.2/1, if Q has classifying mapping f, then Wp(Q) has 
classifying mapping Bh}, of. Due to aS fe) h}, = AS, this implies, in particular, 


57 (W(Q)) = 8/(Q). (8.7.2) 


First, assume that Q’ is vertically isomorphic to Wp(Q) for some D € SU(n). 
Then, 
e(Y(Q) =a", br (Wr(Q) = &'. (8.7.3) 


In view of (8.7.2), the second equation implies &’ = €. Moreover, D € N(J, J’) 

and A} and hi, are isomorphisms. Consequently, there exists a permutation o such 

that A} maps the o(i)-th factor of UJ isomorphically onto the i-th factor of UJ’. 

Then, in particular, J’ = oJ. It remains to show that a’ = oa. For that purpose, we 

bring D to a normal form as follows. Given o, we can find D, € N(J, J’) such that 
Us’ 


pry’ ohp, = pryz, for all i. Then, 


pry” of hd, = prgdy ofr - (8.7.4) 


Moreover, C = DD;! e€ N(J, J) and AY is an automorphism of UJ which leaves 
each factor invariant separately. One can check that he. and hence he., is inner. Since 
any inner automorphism of SUJ can be generated by an element of the connected 
component of the identity, we conclude Bhs = idgsu, and thus Bh}, — Bhi, . Asa 
consequence, Bh}, of is aclassifying mapping for Wp(Q). Using this and Corollary 
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4.1.4, from (8.7.4) we derive 


e(%p(Q)) = o(e(Q)). (8.7.5) 


In view of (8.7.3), this implies a’ = oa@ and hence, finally, L’ ~ L. 

Conversely, assume that &’ = € and a’ = oa, J’ = oJ for some permutation 
o. Then, in particular, there exists D = D, € N(J, J’) satisfying (8.7.4) and hence 
(8.7.5). It follows that c(%p(Q)) = oa = a’ = c(Q’). Similarly, (8.7.2) yields 
57(Wp(Q)) = 6,(Q’). As a consequence, Theorem 8.6.12 implies that %p(Q) and 
Q’ are vertically isomorphic. Oo 


Let K(P) denote the set of equivalence classes in K(P). Combining Lemma 8.7.3 with 
Theorem 8.6.14, we finally arrive at the following result. Recall that Red,,(P) denotes 
the set of holonomy-induced bundle reductions of P modulo vertical isomorphisms 
and conjugacy under the principal action on P. 


Theorem 8.7.4 (Classification of holonomy-induced bundle reductions) Let P be 
a principal SU(n)-bundle over a manifold M of dimension <4. The assignment to 
L € K(P) ofa bundle reduction Q of P of type L induces a bijection from K(P) onto 
Red,.(P). oO 


With Theorem 8.7.4 we have accomplished the enumeration of gauge orbit types. As 
a result, these orbit types are in bijective correspondence with the elements of K(P). 
Let us summarize. 


Corollary 8.7.5 (Enumeration of gauge orbit types) For G = SU(n) and dim M = 
2, 3,4, gauge orbit types are in one-to-one correspondence with symbols [(J; a, €)], 
where 


1. J = ((kh,...,k,), (m,...,m,)) is a pair of sequences of positive integers 


obeying 
‘ 
D> kim; =Nn, 
i=l 


2. a& = (qj,...,a,) is a sequence of elements a; € H7(M) representing admissible 
values of the Chern classes of U(k;)-bundles over M, 
3. €€ Hz, (M), where g is the greatest common divisor of (m,,..., My). 


The cohomology elements a; and & are subject to the relations 


F 
Wi: 
»y —aj) = BAS): 2,6. .0e’ = OP), 


i=l] * 


where Bz : Hz, (M) > He (M) is the Bockstein homomorphism associated with the 
short exact sequence of coefficient groups0 > Z—> Z— Z, — 0. For any 
permutation o of {1,...,r}, the symbols (VJ; a, €)] and (oJ; oa, &)] have to be 
identified. Oo 
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8.8 Partial Ordering 


In this section we are going to characterize the natural partial ordering of gauge orbit 
types in terms of the classifying set K(P). For the technical details, we refer to [544]. 

According to Theorem 8.2.8, the partial ordering of gauge orbit types corresponds 
to the partial ordering on K(P) which is induced from the inclusion relation between 
bundle reductions. Thus, we put [L] < [L’] if there exist bundle reductions Q of type 
L and Q’ of type L’ such that Wp(Q) C Q’ for some D € SU(n). Let L = VJ; a, €) 
with J = (k,m) = ((ki,...,4,-), (m,...,m,)) and L’ = (J’; a’, €’) with J’ = 
(k’, m’) = ((kj,...,k/), (mm), ..., m'.)) be given. 

First, we observe that YWp(Q) C Q’ implies D € N(J, J’). Since M;(C) and 
M, (C) are finite-dimensional unital C*-algebras, the embedding hy defined by C 
D~'CD is characterized by a so-called inclusion matrix A. This is an (r’ x r)-matrix 
whose entries Aj; are given by the numbers of basic representations contained in the 
representations 


nM 
M;,(C) > Mj(C) — My(C) > My, (C), 


where the first arrow is the canonical embedding to the ith factor of M;(C) and the 
third arrow is the natural projection to the i’th factor of My (C). Since the embedding 
he is unital, }°; Ay;k; = k;, for all i’. Since conjugation of M;(C) by D"! preserves 
the total number of basic representations of the factor M;,(C) in M,(C), we have 
yy Ajim, = m; for all i. Thus, A solves the system of equations 


Ak=k’, m=A'n’. (8.8.1) 


Conversely, assume that a solution A of (8.8.1) is given. Then, the decompositions 
(8.5.2) associated with J and J’ admit subdecompositions 


cr A ck @ (@ C4 @ cr) ; c= @( ck @ oi) @ cm ; 
i=1 v=1 


v=1 i=] 


respectively, which differ by a permutation of the factors C* @ C4’ @ C”. From 
this permutation, a matrix D € N(J, J’) with inclusion matrix A can be constructed. 
It follows that SUJ Cc SUJ’ up to conjugacy iff the system of equations (8.8.1) has 
a solution A. 

Second, we observe that the extension of Yp(Q) to the structure group SUJ’ is 
vertically isomorphic to Ql»), Hence, Wp(Q) C OQ’ iff 


c("!) =a’, 8,(Qlel) =e". (8.8.2) 
By (8.6.23) and jy o hS, = AY oj, 


of (OMB) = (gin otbeil) 
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A computation analogous to the proof of formula (8.6.17) then yields 


c! (Q!"91) = (c'(Q))*" co. (c’(Q))*"" ; 


Thus, using the notation 


t ’ 


Ea) = (aa, ct ot) , 
which is a generalization of (8.6.13), we obtain 


c(Q!"!) = E,(e(Q)). (8.8.3) 


By (8.6.24) and AS, o hs, = py o Ae: we have 


5(Q081) = by (Q), 


Here, reduction mod g’ is well defined on Z,-valued cohomology, because the second 
equation in (8.8.1) implies that g’ divides g. Using that the characteristic class of the 
mod g’-reduction of a Z,-bundle is given by the mod g’-reduction of the characteristic 
class of this bundle (Exercise 8.8.3), we obtain 


5,(Q"">!) = py (8,(Q)). (8.8.4) 

From (8.8.2), (8.8.3) and (8.8.4) we conclude that YWp(Q) C QO’ iff 
Ea(a) =a, (8.8.5) 
pe(§) = &. (8.8.6) 


Let us introduce the following notation. If (8.8.6) holds, let N(L, L’) be the set of 
solutions of the system of equations (8.8.1) and (8.8.5). If (8.8.6) does not hold, let 
N(L, L’) = &. To summarize, we have shown the following. 


Theorem 8.8.1 Let L, L' € K(P). Then [L] < [L'] ifand only ifN(L,L') 4S. 
Example 8.8.2 Consider the trivial bundle P = M x SU(4). Let L = (VJ; a, €), L' = 
(J’; a’, &') € K(P) with J = (1, 1/2, 2) and J’ = (2, 2|1, 1). Then, SUJ = U(1) x 
Z. The subgroup SUJ’ can be parameterized by 


ss ZA 0 * 2 
SUS = {( 0 ) :z€U(), A,Be SU); . 


It is therefore isomorphic to (UC) x SU() x SU(2)) /Zz. To determine N(L, L’), 
we first consider the system of equations (8.8.1): 
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(a edl]= [2] G)= [22 24] [1]- 


The solutions are 


For a = (@1, @), they yield 
Ego(@) = (a0, a102), Ego() = (af, 03), Eae(#) = (a3, a7). 


Condition (8.8.6) is trivially satisfied due to g’ = 1. Thus, N(L, L') # @ precisely 
in one of the following cases: 


2 2 2 2 
(a) a) =a) =a1a2, (b) a) =aj,a,=a5, (c) a, =a5, a =ay. 


4 


Remark 8.8.3 Any inclusion matrix A can be visualized by a diagram consisting of 
a series of upper vertices, labelled by i = 1,..., 7, and a series of lower vertices, 
labelled by i’ = 1, ..., 7’. Foreach combination of i and i’, the corresponding vertices 
are connected by A;; edges. For example, the matrices A“, A? and A‘ in the above 
example give rise to the diagrams 


il 2. tl 2 it 1 2 
= Xx ~ | a x 
i 1 2 i ol 2 a | 2 


The diagrams assigned in this way to the elements of N(/, J’) are special cases of 
so-called Bratteli diagrams [101]. The latter have, in general, several stages pictur- 
ing the subsequent inclusion matrices associated to an ascending sequence of finite 
dimensional von-Neumann algebras A; C Ay C Az C---. For this reason, we refer 
to the diagram associated to A € N(J, J’) as the Bratteli diagram of A. We remark 
that, due to the first equation in (8.8.1), A cannot have a zero row. By the second 
equation, it cannot have a zero column either. Accordingly, each vertex of the Bratteli 
diagram of A is met by at least one edge. 4 


In what follows, we give a brief survey about the characterization and generation 
of direct successors and direct predecessors. Proofs can be found in [544]. 


Theorem 8.8.4 (Characterization of direct successors and predecessors) Let L = 
(VJ; a, &), L’ = J’; a’, &') € K(P). Then, [L'] is a direct successor of (L] if and only 
if N(L, L’) contains an element with Bratteli diagram 
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or 


1 i -1 = 1 io jot] n—l in 

1 i;-1 7 A+. ; ig tl eres : ve r+ 
1 i; -1 4 i+ ip iotl n-1l i tl 

! : ul 1 /. / 
1 i, —1 ipn—1 ip igt 


for some ig and i, < in. 


To generate direct successors and predecessors, let L = (J;a,&) € K(P) with 
J = (k, m). Consider the following operations applied to L. We leave it to the reader 
to check that all the tuples L’ = (J’; «’, &’) produced by these operations belong to 
K(P) (Exercise 8.8.2). 


1. 


Splitting. Choose ip such that m;, A 1 and decompose mj, = mi.,1 + Miy,2 With 
strictly positive integers mj,.1, Mi).2. Define k’ and a’ by doubling the entries k;, 
and a@;,, respectively, and m’ by replacing the single entry m;, by the two entries 
Miy.1, Miy.2. Then, by construction, the greatest common divisor g’ of m’ divides 
g and we can put &’ = p,’(&). 

Merging. Choose i; < iz such that m;, = m;,. Define k’, m’ and a’ by deleting 
the i2-th entry and replacing the entry k;, of k by k;, + k;, and the entry a;, of a 
by a;, Ua;,. Then, g’ = g and we can put &’ = &. 

Inverse splitting. Choose ij < iz such that kj, = k;, and a;, = a;,. Define 
k’, m’ and a’ by deleting the i,-th entry and replacing the entry m;, of m by 
m;, + m;,. Then, g divides g’. Choose &’ € Hz, (M) such that € = p,(&’) and 
By (E') = Eww (a). 

Inverse Merging. Choose ig such that k;, 4 1 and decompose kj, = ki..1 + Kig,2 
with strictly positive integers kj, 1, ki,,2. For! = 1, 2, choose cohomology elements 
Cin. = 1+ aini1 +:- HF Qig Lkig.t with Qin Lj E HM) such that Qjy,1 UAiy.2 = Aiy- 
Define k’ and a’ by replacing the corresponding ig-th entry by the two entries 
ki1,ki2 and a; 1, a; 2, respectively, and define m’ by doubling the ip-the entry. 
Then, g’ = g and we can put &’ = &. 


Theorem 8.8.5 (Generation of direct successors and predecessors) Let [L] € K(P) 
and let L be a representative. The direct successors (predecessors) of [L] are obtained 
by applying all possible splittings and mergings (inverse splittings and inverse merg- 
ings) to L and passing to equivalence classes. 
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Remark 8.8.6 


1. It may happen that for certain elements of K(P) no splittings or no mergings can 
be applied. Among such elements are, for example, those with m; = 1 for all 7 
(no splitting) and those having pairwise distinct m; (no merging). An analogous 
statement is true for inverse splitting and inverse merging. 

2. A direct inspection shows that for every L € K(P), the number of splitting or 
merging operations which can be applied to L is finite. It follows that an element 
of K(P) can have at most finitely many direct successors and hence at most finitely 
many successors. + 


In the remainder of this section, we discuss two examples. 


Example 8.8.7 Let P be a principal SU(4)-bundle and consider L = (J; a, €) with 
J = (1, 1|2, 2). Here, a; = 1+ a;1,i= 1,2, and € € Hj} (M). 

First, there are two splitting operations which can be applied to L. One is given 
by io = 1 and the decomposition m; = 2 = 1+ 1. It yields L/, = (J/; a, &/), where 
J’ = (1,1, 1/1, 1,2), af = (a1, a1, a2), and &’ = 0. The passage from L to L/ can 
be conveniently visualized by a Bratteli diagram whose vertices are labelled by the 
respective quantities k;, m; and a;: 


ay 23) g 
L 1,2 1,2 
Li, 1,1 1,1 1,2 
ay a Oy oa = 


The other splitting operation is given by i9 = 2 and mz = 2 = 1 + 1. It yields Lj, 
represented by the labelled Bratteli diagram 


ay % g 
L 1,2 1,2 
° ° 
° IN 
i 1,2 11 11 
a 0 Op & =0 


The equivalence classes of L/, and L;, coincide iff a; = a. In order to see for which 
bundles P this can happen, consider the Eqs. (8.6.27) and (8.6.28). The first one 
requires @|,; = @2,; to be a torsion element. Then, due to aj. = a22 = O, the 
second one implies c2(P) = 0. Thus, L/ and L;, can be equivalent only if P is trivial. 

Next, there is a single merging operation, given by i; = 1, iz = 2. It yields L’ 
represented by 
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ay a g 
L 12 1,2 
L’ 2,2 
0 UO g=é 


As aresult, generically, [L] has three direct successors, represented by L’, Ly, and L’.. 
Now, we turn to the generation of direct predecessors of [L]. Inverse splittings can 
be applied only if a; = a. In this case, J’ = (1/4) and a’ = (a1). Every solution 
Ee Hy, (M) of the system of equations 


&’mod2=§, fa(&') =a, (8.8.7) 


complements J’ and a’ to an element L’ of K(P). The passage from L to L’ can be 
summarized in the labelled Bratteli diagram 


eT & 
pe 1,4 
L 1,2 ie 
ay ay g 


which has to be read upwards. Since the L’ differ in the class &’, they generate a 
separate equivalence class each. Finally, since kj = ky = 1, inverse mergings cannot 
be applied to L. Thus, in the case a; = a, the direct predecessors of the equivalence 
class of L are labelled by the solutions of equations (8.8.7), whereas in the case 
a, # @ direct predecessors do not exist. Recall that the first case can only occur if 
P is trivial. 4 


Example 8.8.8 Let P be a principal SU(2)-bundle. We shall construct the partially 
ordered set K(P), starting from its maximal element. 

Let Lo denote the unique representative of the maximal element of K(P). Since 
the latter corresponds to P itself, Lo is given by Jo = (2|1), @ = c(P) and & = 0. 
Inverse mergings yield the following elements L: 


(oa) 2 f=0 
L 1,1 1,1 
Lo 21 

c(P) G0 =9 


Here, a; = | + a;,; such that aja. = c(P). Sorting by degree yields the equations 
11 +21 = 0 and a 1a.) = C2(P). The first one implies a2; = —a,,; and the 
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second one then reads 
— at, =0(P). (8.8.8) 
The solutions a;,; and —;,; yield equivalent direct predecessors.° 
Next, we determine the direct predecessors of the classes generated by L. Inverse 
mergings cannot be applied. Inverse splittings can be applied provided a, = a. In 
this case, every solution &’ € Hy, (M) of the equation 


bo (') = a1, (8.8.9) 
yields an element L’ by 
on é! 
LU 1,2 
L v1 ui 
Oy (on f=0 


and each of these elements generates a separate equivalence class. Clearly, J’ = (1|2) 
labels the center Z. of SU(2) and &’ is the natural characteristic class provided 
by Theorem 4.8.3 of the corresponding reduction. In particular, L’ does not have 
predecessors and we are done. 

Let us present the Hasse diagram of the partially ordered set K(P) for the base 
manifolds M = S*, S? x S? and Lj, x S!. In a Hasse diagram, vertices stand for the 
elements of the partially ordered set and edges indicate the relation ’left vertex < 
right vertex’. When viewing the elements of K(P) as Howe subbundles, the vertex 
on the right hand side represents the class corresponding to P itself, whereas the 
vertices in the middle and on the left hand side represent reductions of P to the Howe 
subgroups U(1) and Zp, respectively. When viewing the elements of K(P) as orbit 
types, or strata of the gauge orbit space, the vertex on the right hand side represents 
the generic stratum, whereas the vertices in the middle and on the left hand side 
represent the secondary strata. 


1M =S*. If o(P) = 0, Eq. (8.8.8) is trivially satisfied by aj; = 0. Then, 
Eq. (8.8.9) is trivially satisfied by &’ = 0. Since H (M) = 0 and H3(M) = 0, 
there are no further solutions for either one. Thus, in the case where P is trivial, 
the Hasse diagram of K(P) is 


We note that the Howe subgroup labelled by J = (1, 1|1, 1) is the toral subgroup U(1) of SU(2) 
and that a},1 is just the first Chern class of the corresponding reduction of P. By virtue of this 
transliteration, Eq. (8.8.8) is consistent with the literature [338]. 
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If P is nontrivial, K(P) consists only of the class corresponding to P itself. On the 
level of strata, this result means that in the sector of vanishing topological charge 
the gauge orbit space decomposes into the generic stratum, a U(1)-stratum, and 
an SU(2)-stratum. If, on the other hand, a topological charge is present, then only 
the generic stratum survives. 

2. M =S* x S*. Choosing a generator of He (M) and expanding a ,; and C2(P) as 
in Remark 8.6.17/2, Eq. (8.8.8) yields 


—4ab=c, 


cf. (8.6.30). Since Hz, (M) = 0, only the solution a = b = O has a direct 
predecessor. Thus, if c2(P) = 0, the Hasse diagram of K(P) is 


The vertices in the middle are labelled by the corresponding values of (a, b). Note 
that passage to equivalence classes requires that solutions (a, b) and (—a, —b) 
are identified. If c = 2/, the Hasse diagram is 


(1,-l) ° 
(q,-l/q) => ‘ 


W-ls 


where, according to the identification (a,b) ~ (—a,—b), q runs through the 
positive divisors of / only. Finally, if cis odd, K(P) has one element, corresponding 
to P itself. 

3. M= L3, x S|. The relevant cohomology groups of L3, are given in Remark 
8.6.17/3. Let yj and y} be generators of Hz, (L3,) and Hé (L3,), respectively. 
In addition, choose a generator y$ of Hi(S!). Then, Hz, (M) = Zp.) B Zrp is 
generated by y{ x 1 and 1 x frp (VP) and He (M) = Zz, is generated by yy. One 
can check that y} can be chosen so that the Bockstein homomorphism B, is given 
by 

2p 


Bly el) = aa yr X 1; Bl <p GP) =0, (8.8.10) 


where (-, -) denotes the greatest common divisor. We expand 


ai=ayyxl, & HF yp xl+&y 1x p,(yp). 


692 8 The Gauge Orbit Space 


First, consider Eq. (8.8.8). Since Hy. , (Ly ) is torsion, we have of = = 0. Hence, 
(8.8.8) admits a solution iff c2(P) = ‘0, fa this case, the solutions are given by 
a € Zyy. Since when passing to equivalence classes we have to identify a with 
—a, the direct predecessors are labelled by a = 0,..., p. 

Now, consider Eq. (8.8.9). According to (8.8.10), in the present situation it reads 
p &, = a. Thus, only the elements labelled by a = 0 and a = p have direct 
predecessors. These are given by the values & = 0, & = 0,1 and & = 1, 
& = 0, 1, respectively. As a result, if c7(P) = 0, the Hasse diagram of K(P) is 


Here the vertices on the left hand side are labelled by (&, &$), whereas those in 
the middle are labelled by a. If co(P) 4 0, then K(P) is trivial. 4 


Exercises 
8.8.1 Determine the direct successors and the direct predecessors for J = (2|2). 


8.8.2 Verify that the tuples L’ obtained by splitting, merging, inverse splitting and 
inverse merging belong to K(P). 


8.8.3 Let g and g’ be positive integers such that g’ divides g and let Q be a principal 
Ze-bundle. Show that 5 (Q!?«'!) = py (5(Q)). 


Chapter 9 
Elements of Quantum Gauge Theory 


In this chapter, we discuss some elements of quantum gauge theory with the main 
emphasis on those aspects which are related to the structure of the classical gauge 
orbit space in one or the other way. In Sects.9.1 and 9.2, we present the classical 
Faddeev—Popov path integral quantization procedure, address the famous Gribov 
problem and formulate the latter in the language of differential geometry. In this 
formulation, the problem boils down to the study of the obstruction against the 
existence of a global section (a global gauge) of the generic stratum of the gauge 
orbit space. Following Singer, we prove that for some model classes, there does not 
exist any global gauge at all. Next, in Sect.9.3, we discuss another general aspect 
of quantum gauge theories. It turns out that a symmetry of the classical Lagrangian 
of a gauge model is not necessarily maintained on quantum level. If this happens, 
one speaks of an anomaly. We discuss this phenomenon for models of gauge fields 
coupled to fermionic matter. We address Abelian and gauge anomalies in detail and 
comment on global anomalies at the end. The discussion is based on the path integral 
formulation and heavily uses the Atiyah—Singer Index Theorem. 

In the second part of this chapter, we present some of our results on non- 
perturbative quantum gauge theory for (finite) lattice models in the Hamiltonian 
framework. In Sect.9.4, we construct the quantum model via canonical quantization 
and in Sect. 9.5 we derive the field algebra and the observable algebra of the system. 
We show that, for the finite lattice model, these algebras are uniquely defined up to 
equivalence. We discuss the Gaul law, indicate how to classify irreducible repre- 
sentations of the observable algebra in terms of global colour charge and, finally, 
also comment on recent results for the infinite lattice model. In Sect. 9.6, we explain 
how to include the nongeneric gauge orbit strata on quantum level. This presen- 
tation is based upon the concept of a Hilbert space costratification in the sense of 
Huebschmann and uses the generalized Segal-Bargmann transform of Hall. Finally, 
in Sect. 9.7, we discuss the costratification for a toy model. 


© Springer Science+Business Media Dordrecht 2017 693 
G. Rudolph and M. Schmidt, Differential Geometry and Mathematical Physics, 
Theoretical and Mathematical Physics, DOI 10.1007/978-94-024-0959-8_9 


694 9 Elements of Quantum Gauge Theory 


9.1 Path Integral Quantization 


In this section, we limit our attention to the principal orbit type t = t), which is the 
conjugacy class consisting of the subgroup Z(G) of constant functions P > Z(G), 
where Z(G) denotes the center of G. As already noted, since Z(G) is normal in Y, 
the smooth locally trivial fibre bundle 


mw? : GP > 4” (9.1.1) 
is in fact principal with structure group 
G :=G/Z(G). 


This bundle has been studied intensively [454, 455, 476, 591]. For convenience, we 
assume that Z(G) is discrete. Thus, LY = LY. 

Below, we will describe a procedure for quantizing a gauge theory within the 
functional integral approach which was proposed in 1967 by Faddeev and Popov 
[188], building on earlier work by Feynman [194, 195] and De Witt [151]. Basically, 
the functional integral obtained in this way! serves as a tool for perturbation theory, 
see e.g. [340]. In this approach, effects which potentially may come from the possible 
nontriviality of the bundle P over spacetime M where the gauge connections live on 
are not taken into account. Thus, we will represent the gauge connections w by their 
local representatives A on M. As before, the local representative of the field strength 
will be denoted by F. Moreover, we pass from spacetime to Euclidean space, also 
denoted by M, and consider the functional integral there. This step is achieved by 
replacing real time f by imaginary time if. 

Thus, the starting point is the Euclidean Yang—Mills action 


1 
Sym(A) = =f IF /?vg. (9.1.2) 
2 Ju 
see (6.2.2), together with the naive generating functional” 
ZS) = [ade Sonne ea 0.13) 


Here, [dA] := [] dA(x) is the formal measure on @? and [ uJ: A is called the 
source term. For the time being, let us drop it. 

The Faddeev—Popov procedure may be written down for the theory on physical 
spacetime as well. Anyway, the above functional integral is not defined rigorously. 


'Combined with the machinery of renormalization, see [532, 556, 656] and references therein. 


?For the time being, we neglect matter fields. They will be included in Sect. 9.3. For convenience, 
the Planck constant fi is set equal to 1. 


3Note that this term is not gauge-invariant. 


9.1 Path Integral Quantization 695 


Passing to the Euclidean space is the first step in the constructive programme of 
quantum field theory. Before we continue, let us briefly outline the main steps of this 
programme. 


Remark 9.1.1 (Non-perturbative quantum gauge theory) In the programme of con- 
structive quantum field theory, one proceeds as follows. 


1. Approximate the underlying classical field theory on a finite lattice in Euclidean 
space. 

2. Quantize this system via the functional integral approach. This way, one obtains 
a rigorously defined finite-dimensional quantum statistical model.* 

3. Construct the continuum limit of this theory. This includes both passing to an 
infinite lattice (thermodynamical limit) and passing with the lattice spacing to 0 
(ultraviolet limit). In particular, this way, one constructs the measure in the func- 
tional integral and, consequently, the Euclidean Green’s functions (Schwinger 
functions) rigorously. 

4. Use Osterwalder—Schrader type arguments [497, 498] to pass to the model on 
Minkowski space, the ultimate goal being the construction of Wightman functions 
fulfilling the Wightman axioms [275, 605]. 


For some types of models, this programme has been fully accomplished, see e.g. 
[192, 586]. However, for gauge theories on 4-dimensional spacetime this is still an 
(extremely hard) open problem. As a matter of fact, itis one of the famous Millennium 
problems formulated by the Clay Mathematics Institute, see [160, 347] for details 
and references to the main results obtained in this field. In this context, we also refer 
to the textbooks [248, 532]. 

Alternatively, one may try to develop a rigorous approach within the Hamiltonian 
framework. Here, one starts with an infinite-dimensional Hamiltonian system with 
a symmetry (the gauge symmetry) and one may try to develop a rigorous quantum 
theory by possibly extending methods working for finite-dimensional systems to 
the infinite-dimensional context. Again, lattice approximation may be helpful as an 
intermediate step. In Sect.9.4, we will explain the finite lattice version of gauge 
theory in some detail. Clearly, the above problem does not become simpler by just 
passing to the Hamiltonian framework. But, as a matter of fact, different methods of 
functional analysis, in particular, spectral theory and operator algebras, play a role 
here. In this context, we refer to a series of deep papers by Bach, Fréhlich and Sigal,° 
see the review [49] and further references therein. We also refer to [48, 50] for further 
developments. 4 


Now, disregarding the hard problems discussed in the above remark, let us explain 
the Faddeev—Popov procedure in some detail. To start with, let us assume that the 
principal bundle (9.1.1) is trivial. Obstructions against this property will be discussed 


4Combined with appropriate computer methods, like Monte-Carlo simulation, this also serves as a 
tool for non-perturbative calculations in elementary particle physics, see [143, 233, 536]. 

5These authors have studied the theory of non-relativistic electrons bound to static nuclei and 
interacting with the quantized radiation field in the Hamiltonian approach on a rigorous level. 
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later. In this case, we can choose a global section s : .@? > @?, called a gauge. 
Clearly, s can be defined by a local gauge fixing condition 


f(A) =0, 
where f : @? > LY is a smooth mapping whose restriction to 
im(s) = {Ae @: f(A) =0} 


is of maximal rank.® Then, by an infinite-dimensional version of the Level Set The- 
orem, f determines s uniquely, indeed. 


Remark 9.1.2 We have met already a number of gauge fixing conditions in the 
previous chapters. In view of the natural splitting (8.3.1), the covariant Lorenz gauge 
defined by 

f(A) = V4*(A - A) (9.1.4) 


is somewhat distinguished. Here, A € @? is referred to as the background gauge 
potential. Another gauge popular in the context of functional integrals is the axial 
gauge. It is defined by 

f(A =n-A, (9.1.5) 


where n € M is a fixed vector. We will further comment on axial-like gauges below. 
4 


Now, Faddeev and Popov proposed to implement the gauge fixing defined by s in 
the functional integral and, thus, to remove the unphysical gauge freedom from the 
naive functional integral (9.1.3) as follows. By the assumption on /, the restriction 
to im(s) of the derivative of f in the vertical direction, 


fia): Ustay > LY, 


is an isomorphism for every [A] € -@?. Recall from Sect. 6.1 that the distribution 
MJ is spanned by the Killing vector fields of the Y-action, 


Va = VALY), 


and, thus, (jj) may be identified with LY. Thus, for every LA] € .@?, we have 
an isomorphism f/,,0 V*(AD : LY > LY. Clearly, this is the derivative of the 
mapping 7 

Pray :G>LY ; Pray (u) = f(A”) ; 


By Proposition 1.1.6, s uniquely determines an equivariant mapping « : @ > Y. Given x, one can 
take f := x’. But, clearly, s does not determine f uniquely. 


9.1 Path Integral Quantization 697 


where A = s({A]) and A“ is the local gauge transformation of AA generated by 
u € Y, see (6.1.3). That is, 


C= iaeve (9.1.6) 


Note that for the covariant Lorenz gauge (9.1.4), ®/,, coincides with the 
Faddeev—Popov operator as given by (8.4.8). Therefore, we call PD, ay the (general- 
ized) Faddeev—Popov operator. As a consequence, formally, we now can generalize 
the standard formula 


i= / dx [det (9')| 0 5 (YP) 


for a bijective smooth mapping g : R” — R” to the case under consideration: 
l= [tel |det (Pia) spcay—o9 (Paj\()) . (9.1.7) 


where [dp] := [| d(x) is the formal Haar measure on G. We denote 


A,(A) := |det (®{,,)| (9.1.8) 


lf(A)=0 
and call it the Faddeev—Popov determinant. Inserting the identity (9.1.7) into the 
generating function (9.1.3) with J = 0 and using the gauge invariance of [dA], 
A, (A) and Sym(A), we obtain 


Z(0) = / [do] i [dA]A -(A)S (f(A)) eS 


The volume | [dp] of Y is an infinite constant factor which may be dropped. Thus, 
also adding the source term again, we finally get 


Z(J) = / [ATA ¢(A)5 (f (A)) eo Se At Su x7 09-A 00 (9.1.9) 


This is an integral over the gauge fixing submanifold im(s). 
Remark 9.1.3 


1. Inthe covariant Lorenz gauge, using (8.4.26), one can rewrite (9.1.9) as an integral 
over the gauge orbit space with the volume form induced from the natural weak 
Riemannian metric on .#?. We refer to [46, 349] for further details, see also [234] 
for a rigorous study on the lattice. 

2. If we choose a system of local coordinates {x'} on M, a basis {e,} in the Lie 
algebra of G and a local frame {€¢} in LY = W*t!(Ad(P)), then Pia may be 


represented by a matrix-valued distribution as follows.’ 


7We use the notation of functional derivative as common in physics. 
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éf4 (A”? (x)) 
5&°(y) 


’ 


QO" r(x, y) = ( ta) 1 y) = 
§=0, f(A)=0 


where p = exp(&“e,). Using (6.1.8), we calculate 


6f4(AM (x) | apf (A@) (AP), @ 
SS Z 
5&"(y) dAC(z) — d&>(y) 


_ df“ (A(x) 7 
— | Ree Piste = Z) . 
where Di, = 6°, 0, + ad(A,,)°,. Thus, 
off (A 
Q",(x, y) = [ou at (0) Dé,5(y — z) . (9.1.10) 
u() I f(A)=0 


Clearly, this is the local form of (9.1.6). For the gauges given in Remark 9.1.2, 
this matrix-valued distribution may be calculated easily. For the Lorenz gauge, 
putting for simplicity A = 0, we get 


O"y(x, y) = (87,0 + ad(A,,)"59") 5(x — y), (9.1.11) 
whereas for the axial gauge we obtain 
O"4(x, y) = 8%,n!",5(x — y). (9.1.12) 


4 


To make formula (9.1.9) tractable for perturbative calculations, one represents the 
Faddeev—Popov determinant in terms of a Berezin integral [66],* 


A,(A) = / [de][de]e! A aye @O% ene?) | (9.1.13) 


where c and ¢ are GraBmann-valued Lorentz scalars carrying the adjoint representa- 
tion of the Lie algebra of G. They are called Faddeev—Popov ghosts and anti-ghosts, 
respectively.’ Finally, one usually gets rid of the 5-distribution by averaging over 
an arbitrary auxiliary field with a Gaussian weight. This way the 6-distribution gets 
replaced by a factor 


8Here, we temporarily assume that the determinant is positive. Consequently we neglect the absolute 
value. 

°This naming goes back to Feynman. It is due to the fact that c and ¢ do not contribute to the spectrum 
of observables of the quantum theory. In the language of perturbation theory, these quantities cannot 
occur in external lines of Feynman diagrams. 
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ent J XFACO)? 


where a is the width of the Gaussian weight. As a result, the generating functional 
now reads as follows: 


Z(J) = / [dA] [de][dz]e7 (SH A+5er(A.c) tS (3) A) (9.1.14) 
with the gauge fixing term given by 
1 
Spf(A, ¢, 6) = — / dx dy Ca(x) O% (x, ye" (y) + =~ i, dx f(A(x))”. (9.1.15) 
M 


Now, the Euclidean quantum expectation value of an observable @ is defined by 


(0) = aa i, [dA] [dc]fdz] OLA] e~ (SAS (Bcd) | (9.1.16) 


Correspondingly, using Z(J), one defines the Euclidean n-point Green’s functions 
(Schwinger functions). 


Remark 9.1.4 Clearly, there are now various gauges corresponding to various 
choices of a. In particular, the case w = | is usually referred to as the Feynman 
gauge. The choice a = 0 is called the Landau gauge. Note that in this case the width 
of the Gaussian weight vanishes and so we are actually back to the Lorenz gauge 
dA =0." 4 


By the above gauge fixing procedure, the local gauge symmetry has been broken. 
However, a new symmetry occurs. To exhibit it, we further rewrite the functional 
integral (9.1.14) as 


Zs) = / [dA ][AB] [dc] [az] em (SM +5eA.B.e.0) Hy XIAO (9.1.17) 


where B is a bosonic scalar field in the adjoint representation, called the 
Nakanishi—Lautrup field, and 


Sep(A, Bc.) =— / dx dy Za(x) Op (x, ye? (y) — a dx(B(x) - f(A() + 5 BOO”). 


'0Some authors, however, reserve the term Lorenz gauge for the more general condition d*/A = B, 
where B is an arbitrary scalar field in the adjoint representation. 
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The functional integral (9.1.14) is reobtained by integrating out the B-field. Con- 
sider the following transformation of @ = (A, B,c,¢): 


1 
5,A4 =ADi,c?, 5,B°=0, &¢*=—-AB, 8,c* = — shh oacrc" 


where A is a constant parameter which anti-commutes with the ghost fields (and with 
all fermionic matter fields of the theory) and f“ are the structure constants of the 
Lie algebra of G. For any functional F of @, one defines the Slavnov variation s F 
by 

5, F (p) = A(sF@)). 


By definition, s is an odd derivation. One can prove that it is nilpotent and, using this 
fact, one shows that the effective action Sy y + S f 1s s-invariant.!' The symmetry 
obtained this way was found independently by Becchi, Rouet and Stora [62] and by 
Tyutin [635] and it is, therefore, referred to as the BRST symmetry. It constitutes the 
basic technical tool both for the proof of the renormalizability and of the unitarity 
of Yang—Mills theory in the perturbative approach. For these topics we refer to the 
standard literature, see [656]. 


9.2 The Gribov Problem 


Unfortunately, in general, the procedure explained in the previous section does not 
work globally. That is, there are obstructions against the existence of a global gauge 
section s : @? — @?. This observation was first made by Gribov [258] in 1978 in 
the context of the Lorenz gauge d*/A = B, see Remark 9.1.4. He showed that a 
gauge orbit can intersect a Lorenz gauge section more than once.!? To understand 
the geometry of this phenomenon, we proceed in two steps: 


(a) We reformulate the arguments of Gribov in the geometric language. 
(b) Following Singer [591], we show that, in general, there does not exist any global 
gauge fixing at all. 


To discuss point (a), we denote 


Sy i={@+ta: HEH} (9.2.1) 


'l Ror a detailed proof of these facts we refer to Volume II of [656]. 

'2 As a matter of fact, he also mentioned the possibility that some orbits may not intersect a chosen 
gauge at all, but he seemingly was not aware of any example. This can happen, indeed, e.g. in the 
axial gauge with periodic boundary conditions, see [684]. 
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for any w € @?. We keep on assuming that the metric g on spacetime M has 
Euclidean signature, but now we additionally assume that M is compact. Below, stan- 
dard examples will be M = S* or S? which may be viewed as being obtained from 
Euclidean space via a one-point compactification.'* 


Proposition 9.2.1 (Singer) Let wy € @?. Then, for every line wy + ta € -%,,, there 
exists a vector T € Hq, which is tangent to the orbit at wo + toa for some to € R. 


Proof The tangent space to the orbit at wp + fa is spanned by elements of the form 
Voortag — (v™ + fCy)é withé € LY andCy given by Cyé = [a, &]. Thus, a vector 
T € $j, is tangent to the orbit at wo + ta iff there exists € €¢ LY such that 


pS (VOHiG)e: (9.2.2) 
Together with V°*r = 0, this implies 
(very 47V" oC,)e = 0, 


Now, since g is positive definite, V*V™ is a self-adjoint positive operator. More- 
over, since the symbol of the self-adjoint operator V°* o Cy is not non-negative, this 
operator is not non-negative. Thus, there exists a smallest finite value ft) € R such 
that the operator 

P (to) = VO*V™ 4 tyoVO* 0 Cy 


has a nontrivial kernel. Any element € belonging to that kernel yields via (9.2.2) an 
element t which is tangent to the orbit at wo + fo. o 


Remark 9.2.2. (Gribov ambiguity) The connection wo + foa is said to be on the 
Grivov horizon around qo in the direction w. At every point of this horizon, there 
exists a vector from §,,, which is tangent to the orbit through that point. Moreover, 
the operator P® (fy) coincides with the Faddeev—Popov operator A,,,., where @ = 
@o + toa. Thus, extended to the Grivov horizon, the Faddeev—Popov operator has zero 
modes and, consequently, the Faddeev—Popov determinant vanishes on the horizon. 
This means that this determinant can switch sign and, thus, the Faddeev—Popov 
procedure fails. In the language of geodesics, the exponential mapping around wo 
becomes singular at the horizon. 4 


Now, let us turn to point (b). In [591], Singer has shown that for some spacetime 
manifolds the bundle (9.1.1) is nontrivial and thus there does not exist any global 
gauge fixing at all. The idea of the proof goes as follows. First, show that the homotopy 


'3Which may be implied by the requirement of considering finite energy field configurations only, 
cf. Chap.6. More generally speaking, passing to a compact manifold may be viewed as the intro- 
duction of an infrared cutoff needed as an intermediate step for a non-perturbative understanding of 
Yang—Mills theory. In this spirit, as already mentioned by Gribov himself, the Gribov problem is 
likely to be related to non-perturbative problems like the quark confinement problem. 
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groups of the principal stratum @? vanish. Assume that the bundle (9.1.1) were trivial. 
Then, 7 
Cz=>MxG. 


Since 2;(@?) = 0, we could conclude that the homotopy groups 7; G ) vanish for 
i > 1. Since in many cases this is not true, it follows that in these cases (9.1.1) is 
nontrivial. Below, we present Singer’s arguments in some detail. 


Proposition 9.2.3. The homotopy groups of the principal stratum @? vanish. 


Proof Let w € #4 := G\G". Then, by Remark 8.8.6/2, the orbit type t of w has 
finitely many successors 7, ..., T- 4 p with respect to the partial ordering.'* By the 
Tubular Neighbourhood Theorem and formula (8.3.10), there exists a neighbourhood 
& of w such that Y Cc @=". It follows that 


U\B = U\ (C2 UVC), 


The subsets @5" are affine subspaces. Since they have infinite codimension in @, 
there exists an infinite dimensional affine subspace which is orthogonal to all @5". 
By a standard deformation argument, it follows that 7;(@%\&) = 0 for all j. Now, 
let f : 0A'+! — @? be a continuous mapping representing an element of 7)(@°). 
Since @ is affine, f can be extended to a continuous mapping 7 : Atl _, ©. By 
the Simplicial Approximation Theorem, there exists a subdivision of A!+! and a 
homotopic mapping g : A’! — @ such that g maps each subsimplex to either @? 
or to some Y. Since 1 ;(W\A) = 0 for all these Y, by induction on the dimension 
of the skeleta of the subdivision, we can deform g homotopically in such a way that it 
takes values in @?. The deformed mapping induces a homotopy from f to a constant 
mapping 0A’*! > @?, o 


From now on, we limit our attention to G = SU(n). For some chosen point m € 
M, consider the pointed gauge group!» 


G, = {ueG:u(m)=1}. 


Lemma 9.2.4 For M = S’, the pointed gauge group G» is weakly homotopy equiv- 
alent to the space of continuous mappings (S’,m) — (SU(n), 1) endowed with the 
compact-open topology.'© Moreover, for all j, 


1) (Gn) = Hj4r(SU(n)). (9.2.3) 


4See Sect. 8.8. 
15 Here, we view u € Y asa Section of the associated bundle P x c G, cf. Remark 6.1.2. 
16See Sect. 3.1. 
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Proof Let m = eo be the north pole of S’ and let S’, and S’ denote the upper and 
the lower hemisphere, respectively. Elements u of Y, correspond to pairs of W‘t!- 
mappings v4 : S’. > SU(n) fulfilling 


u+(@o) = 1, u_(%) = p(x) -u4(x)- p(x)! (9.2.4) 


for all x on the equator S’~!, where p denotes the transition mapping of a chosen 
pair of local trivializations. Consider the homomorphism 


0: Gn > W*"((S1, e0), (SU(n), 1), GW) := U4. 


Its kernel is ker(y) = {u € G, : uy = 1}. By (9.2.4), the assignment u +> u_ de- 
fines a mapping 


ker(g) > W*t!((S",S’~!), (SU(m), 1)), (9.2.5) 


which clearly is an isomorphism. Since the group wl (gs! »€o), (SU(n), 1)) is 
contractible, the natural inclusion mapping ker(g) > GY, is a weak homotopy equiv- 
alence. Composing this with the isomorphism (9.2.5) and identifying 


w**!((S", S’~'), (SU(@), 1) = W*t!((S", eo), (SUM), 1)), 
we obtain a weak homotopy equivalence 
Gm ~ W'*((S’, eo), (SU(n), 1)). 


Finally, using the Smoothing Homotopy Theorem, one can check that the natural in- 
clusion mapping wel ((S’, eo), (SU(n), 1)) > cs’, eo), (SU(n), 1)) is a weak 
homotopy equivalence, too. This yields the first assertion. The second assertion fol- 
lows by iterated application of Theorem 3.1.5/2. a 


Remark 9.2.5 The first assertion of Lemma 9.2.4 carries over to arbitrary compact 
manifolds of dimension r < 4. Indeed, for r < 4, P is trivial, which means that 
Gy, = W**!((M, m), (SU(n), 1)). Forr = 4, SU(n)-bundles P are classified by the 
second Chern class c)(P). Hence, one may apply the argument for S* to all elements 
of a set of generators of Ay (M). 4 


The following propositions are simple generalizations of Theorem 3 in [591]. 
Proposition 9.2.6 Let M = S’ withr > 2 and assume n > r/2. Then, 1 (Y) # 0. 


Proof The exact homotopy sequences of the principal bundles Z, ~ ¥ > G and 
Gn > G — SU(n) are given by 


-+ => 1 (Z,) —> (GY) — my (Y) — m-\(Zn) — >: (9.2.6) 
~—> (Gn) —> (GY) — mx (SU(n)) —> mK-1(Gn) —> +++ (9.2.7) 
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First, consider the piece 
1 (Y) —> 19(Zyn) = Zy — TY) (9.2.8) 


of (9.2.6). Since mo(SU(n)) = 2,(SU(n)) = 0, exactness of (9.2.7) and Lemma 
9.2.4 imply that for M = S’ we have 


T(Y) = T (Gn) = 1, (SU(N) . 


Forn > r/2andr > 2,2,(SU(n)) = 0 or Z, see e.g. [104], Example VIL8.5. In the 
first case, exactness of (9.2.8) implies that 7;(¥) 4 0. Since the only homomorphism 
Zy, — Zis the trivial one, 2;(Y) 4 0 must hold in the second case, too. Oo 


Proposition 9.2.6 covers the cases S* and S$? for any n and S* for n > 2. For S* and 
n = 2, we need another argument. 


Proposition 9.2.7 Let M = S* and n = 2. Then, 13(Y) # 0. 


Proof Consider the piece 
13(4) —> m3(SU(2)) = Z — m2(Gn) 
of (9.2.7). By exactness of (9.2.6), 73(Y) = 713 (Y) and by Lemma 9.2.4, 
12(Gm) = W6(SU(2)) = Zip. 


Since there is no injective homomorphism Z — Z 2, we conclude that 73 (F) #0. 
a 


Remark 9.2.8 


1. By Propositions 9.2.6 and 9.2.7, the Gribov problem occurs on S?, S? and S* for 
every unitary group SU(n). 

2. Using general results on the structure of the mapping space C(M, G) for M being 
a product of spheres, Killingback [376] has shown that the Gribov ambiguity is 
also present in SU(n)-gauge theory on the 4-torus and in SU(2)-gauge theory on 
Ss x 8’. + 


We emphasize once again that the whole discussion above is limited to the principal 
stratum. 
Finally, we comment on attempts to overcome the Gribov ambiguity. 


(a) One approach consists in trying to reformulate the functional integral explicitly 
in terms of local gauge invariant quantities, see e.g. [366, 372] and references 
therein. In the process of constructing local gauge invariants, topologically non- 
trivial configurations show up in a natural way. Typically, they are of magnetic 


9.2 


(b) 
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monopole or magnetic vortex type, leading to a hydrodynamical picture of mat- 
ter.'’ There were many speculations on the usefulness of such a formulation for 
the proof of quark confinement, see the papers of Mandelstam [421] and ’t Hooft 
[624-626]. According to these authors, a non-Abelian gauge model with matter 
fields may exhibit various phases: 


e a Georgi—Glashow phase containing photons, charged particles and magnetic 
monopoles, 

e asuperconductivity phase containing magnetic monopoles which are confined 
by magnetic vortices. 


In [540], these phases have been analyzed for a model with gauge group SU(3). 
Together with the classical paper of Montonen and Olive [457], the above papers 
of *t Hooft and Mandelstam may be viewed as precursors of modern charge- 
monopole duality, see also the discussion and the references at the beginning of 
Sect. 7.6. Finally, we also refer to the papers of Asorey and collaborators, see 
[24, 25] and further references therein, which are close in spirit. 

Another approach, already suggested by Gribov in his classical paper [258], 
was developed by Zwanziger [696-699]. Consider the covariant Lorenz gauge 
(9.1.4) and define the Gribov region!® 


Q- [Ac@: V™*(A —A) =0, 6/5, > o| (9.2.9) 


Equivalently, £2 may be viewed as the set of relative minima of the family of 
Morse functionals jz defined by 


wa(p) = |A® — Bl’. 


Indeed, 


6 = _ 62 is 
Ea — —2V*(A—B), | — —2VAryA, 
80 Itp=1 lp=1 


showing that the Hessian of jz coincides with the Faddeev—Popov operator. Using 
this, it was shown that every gauge orbit intersects with the Gribov region. 
Moreover, it was proven that {2 is a convex set bounded in every direction. 
Unfortunately, 92 still contains Gribov copies [581]. To improve the situation, one 
passes to the subset 2 C Q, called the fundamental modular domain, consisting 


'7For electrodynamics interacting with matter fields, such a hydrodynamical description was found 
already in the nineteen fifties, see the classical paper of Takabayashi [607]. We also refer to [367, 
370, 371] and further references therein. 

'8One can consider different gauges. In particular, an axial-like gauge on the torus has been analyzed 
in detail, see [401]. In this case, the fundamental modular domain was found to be an orbifold, 
obtained by factorizing the Gribov region with respect to an infinite discrete group. 


706 9 Elements of Quantum Gauge Theory 


of the absolute minima of the Morse functionals jz. That is, on every gauge 
orbit one selects the gauge configuration closest to the origin, 


a= {A —e¢: VA*(A—B) =0, wa(p) > ua(1) forallp eY 

(9.2.10) 
Again, Q is convex and bounded in 1 every direction and all gauge orbits intersect 
with $2. Moreover, the interior of 2 contains at most one representative of each 
gauge orbit. However, on the boundary 92 Gribov copies still can and do occur 
[640, 641]. The general idea now consists in restricting the functional integral to 
2 and arguing that the contributions from the boundary should be neglectable. 
In this context, a lot of work has been done including case studies, numerical 
simulations and, in particular, calculations within the lattice approximation. For 
further reading we refer to the review [642]. 


9.3 Anomalies 


In this section, we will meet another peculiar property of gauge theories. It turns out 
that asymmetry of the classical Lagrangian is not necessarily maintained on quantum 
level. If this happens, one speaks of an anomaly. We discuss this issue for models of 
gauge fields coupled to fermionic matter. As before, we assume that spacetime M is 
a compact four-dimensional manifold with Euclidean signature. Since we are going 
to deal with spin structures, we assume moreover that the first two Stiefel-Whitney 
classes of M vanish. As explained in Sect. 7.1, fermionic matter fields are classically 
described in terms of sections of the canonical spinor bundle .“(M) twisted with a 
vector bundle F carrying a representation of the gauge group G and, possibly, some 
further flavour-type representation. In Chap.7, we have seen a number of relevant 
examples of that type. 

To pass to quantum theory, we use the concept of the functional integral as 
explained in the first section. In this approach, fermions are represented by anti- 
commuting GraBmann-valued variables y and wy taking values in sections of E. 
As already mentioned in the first section, the functional integration for Grafgmann- 
valued fields has been developed by Berezin [66, 67]. Using this concept, the (naive) 
functional integral of a theory of gauge fields interacting with fermionic matter fields 
reads 


Z(0) = / [Ady ][dy Je SM Snar FA) | (9.3.1) 


where Syw(A) is given by (6.2.2). As before, we keep on representing the gauge 
connections w by their local representatives A, that is, we assume that the principal 
gauge bundle P is trivial.'° If we assume that the matter fields are massless, the 


matter field action is of the form 


!9We will comment on the nontrivial bundle case on the way. 
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Snat(W, ¥, A) = | dx((x), Daw), (9.3.2) 


see (7.1.9), where Pa is the Dirac operator of the twisted Dirac bundle & = 
-/(M) ® E. Beware that, while the canonical Hermitean scalar product for fermions 
on Minkowski space is given by (5.3.55), for the Euclidean signature we have 


(v.o)='¢. 


We keep on using the notation y, but here y = w*. Carrying out the fermionic 
integration in (9.3.1) in the sense of Berezin yields a fermionic determinant. The 
latter turns out to be the crucial object for the study of the question whether an 
anomaly occurs with respect to a given classical symmetry. Below, we discuss two 
types of anomalies in some detail: Abelian”? anomalies and gauge anomalies. Finally, 
we add some remarks on global anomalies. For an exhaustive treatment of the subject, 
including also gravitational anomalies, we refer to [74, 530]. We stress that anomlies 
may also be discussed within the Hamiltonian approach, see [114, 187, 189, 448]. 


(a) Abelian Anomalies 


We use the approach developed by Fujikawa [224-226] and combine it with the 
Index Theorem. Consider the Dirac operator Pa of a twisted Dirac bundle & = 
-S(M) ® E, locally given by 


Dav = iD y"*Vuwe, Viv =(.+0,+ An), (9.3.3) 
a 


with J), representing the spin connection. For the Euclidean signature, the following 
choice of y-matrices is convenient: 


0 01 oe 0 105 = 
yoi= i ale yes ; in |. k = 2,3,4, (9.3.4) 


OK 


cf. (5.1.28). Then, the chirality operator is given by 
5 _, 0.,1,,2,3.,|1 0 
= rrivy=[5% . (9.3.5) 
Now, consider the chiral transformations 


prey, repel”, aeR. (9.3.6) 


Since y“y> + y>y“ = 0, they leave the fermionic action invariant. For local chiral 
transformations with functions x + a(x), the fermionic action transforms as (Exer- 
cise 9.3.1) 


20 Also referred to as axial anomalies or as Adler—Bell—Jackiw anomalies [10, 65]. 
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Smat (Ws Wy A) > Sma, A) +f dx a(x)d" ji (x), (9.3.7) 
M 


where 


R&®) =V@y"y? ve) (9.3.8) 


is referred to as the axial current. Thus, the chiral transformations constitute a classical 
symmetry with the Noether current j - 
Now, let us study the behaviour of the fermionic functional integral 


i [dwlldye Sm) = det(Da) (9.3.9) 


under chiral transformations.2! To find the transformation of the measure, we first 
perform a formal calculation and then we introduce a gauge invariant regularization 
making the calculation meaningful. By Propositions 5.7.4 and 5.7.11, Da is a self- 
adjoint elliptic operator admitting a complete orthonormal basis ¥1, Wz, .. . of L?(&) 
consisting of eigenvectors, that is, Da Wn = An Wn. Moreover, the eigenspaces are all 
finite-dimensional and limy_,. |A,| = oo. Thus, we can expand 


w= dai, V=> diy. 
The coefficients are Grafimann variables fulfilling 
Laj, aj] =0, [bi bj ly =0, [a;, b+ =0. 


By the orthonormality of the basis {y%}, 
tava) = [] dea. J &xGFe0, Pavoo) =D rbuan. 
iM: k 
Thus, the fermionic functional integral (9.3.9) takes the form 


det(Da) = a [ [ davddpen 2 = TT] ax, (9.3.10) 
k k 


justifying the notation in (9.3.9). Now, consider an infinitesimal local chiral transfor- 
mation (Wy, Ww) > (W’, Ww) induced by a function x — a(x). Then, the corresponding 
transformation of the coefficients a, and b; reads (Exercise 9.3.2) 


21 By Appendix F, det(P,q ) must be viewed as a section of the determinant bundle Det(P,q ) over the 
gauge orbit space, as will be explained later. However, it turns out that, for the study of the Abelian 
anomaly, it is enough to consider det(D, ) for a fixed background field A. 
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= = _ 
a > a, = >) Cyyaj, by > Dy = >- Cid; 
j j 
where 


Cup = Sup +i | dx or(x) ef SY} () (9.3.11) 
M 
and, according to the Berezin calculus, 


[ [aa = ( det(C))~ ‘1s, [1% = (det(C))' [] addy. (9.3.12) 
k k 


Next, using det(C) = exp ( trdnC )) and expanding the logarithm up to first order, 
we obtain 
Licaas= []a.c6, 2 Sng Ans) A(R) (9.3.13) 


where 


A(x) = Do vi@y Wn. (9.3.14) 
k 


This shows that the measure is not invariant under chiral transformations. 
Clearly, 2l is not well defined. Following Fujikawa, we regularize it by damping 
the contributions coming from the large eigenvalues of Da, 


; _PA 
Wx) > Aw) =D Wyre yaa). (9.3.15) 
k 
Clearly, in the end, one has to take the limit A — oo. Now, consider 


. dx 2, (x) = >/ dx yt (w)y5e7 F Vex). (9.3.16) 
M 7, MM 


Since PD, anti-commutes with y°, the spinor field y> yy is an eigenvector with eigen- 
value —A,. Thus, by the orthogonality of the basis {yw}, all contributions in (9.3.16) 
coming from non-vanishing eigenvalues cancel and we obtain a reduction to the sum 
over zero-modes. Next, since [y>, Da] = 2y>Da., restricted to the eigenspace of zero 
modes, y> and Pa commute. Thus, this space decomposes into subspaces with fixed 
chirality, 
(0) 
Y Waa = Vi 


This yields 
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| dx a(x) = >> | dx ve YL.) — >) | dx WOT w(x). 
M 7 JM , 7 UM , ; 


(9.3.17) 
Since the eigenfunctions are normalized, the right hand side coincides with the differ- 
ence of the numbers of zero modes with positive and negative chirality, respectively, 
that is,22 


| dx 2(x) = ind(Da), (9.3.18) 
M 


with ind(Pq) given by (5.8.16). Here, 
+ 1 5 - 1 5 
Pa=Paz(ity hs Pa =Paz(l-y i? 
Now, by the Atiyah—Singer Index Theorem 5.8.14, 


[axa = | A(M) A ch(4|-Y), (9.3.19) 
M M 


where A(M ) is the A-genus form of M and ch(&|.%) is the relative Chern character 
form of &. Here, ch(é|.%) = ch(E). Moreover, by (9.3.15), 


Pi 
= tr (ve-®) : 


Thus, by the heat kernel analysis in the proof of Theorem 5.8.14 leading to the Local 
Index Theorem,7? viewing 2 as a differential form, we obtain 


2% = A(M) A ch(E). (9.3.20) 


In particular, for M = S*, we have A(M ) = | and the axial anomaly is given by the 
second Chern class of E. Thus, for G = SU(n), we obtain 


1 1 JK. 
Mi a EAR) = goo BO Bais: 


Now, let us calculate the Euclidean vacuum expectation value of 0” j a treating A as 
a classical background field: 


»2Note that in the course of this calculation, the regularization term is automatically gone. 
3Cf. Remark 5.8.15. 
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3 2 a <5 Spar (WW A) 
(8" 8) = 7 / [dyrIldy] (3" j5(%)) 


1 6 _ AR 5 
_ — fy dy (Va waa" j3) 
~ ZO) 8a(X) o=0 / dvlldy}e 


By (9.3.7) and (9.3.13), a chiral transformation of wy and y in this integral yields 


i5 = Jt 8 / ie ~ Jy dy (7 Da ¥+2i02) 
(0" ji) = Z(0) 50(X) j0 [dy |[dyJe : 


that is, (a" 72 (x)) = —2i A(x). For M = S* and G = SU(n), we obtain 


(a4 jp) =— ca tr(FyvF ya) - (9.3.21) 


This is the classical result of Adler, Bell and Jackiw [10, 65],24 


Remark 9.3.1 


1. The above result does not depend on the concrete choice of the regularization as 
given by (9.3.15). The factor e~4 ‘PA may be replaced by f (A7! D4), where 
f is any smooth function decreasing rapidly at infinity. It is easy to see that this 
choice yields the same anomaly [74, 224]. 

2. In perturbation theory, the above anomaly is found by a one-loop calculation 
(axial-vector triangle diagram). It turns out that radiative corrections do not pro- 
vide additional contributions to the anomaly. They merely result in a renormal- 
ization of fields and charges. This deep result is due to Adler and Bardeen [11] 
who carried out the analysis for spinor electrodynamics and for a o-model. Later, 
this result has been generalized to arbitrary gauge theories with fermionic matter 
fields by various authors using various techniques, see e.g. [412, 429, 687]. So, it 
is the Adler—Bardeen Theorem which guarantees that the above functional inte- 
gral calculation, with the gauge potential treated as a classical background field, 
yields the correct anomaly. ® 


(b) Gauge Anomalies 


Now, we consider invariance under local gauge transformations. In the same spirit 
as before, if local gauge invariance cannot be maintained on quantum level, then we 
speak of a gauge anomaly. A gauge anomalous theory should be discarded. We refer 
to the classical papers [54, 85, 263, 603, 693, 695]. 

Locally, gauge transformations are given by 


At A” =p"Aptp do, prw?=p'y, 


?4When passing to Minkowski space, the —i in the formula below must be replaced by 1, for the 
convention ¢°!?3 = 1, 
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cf. (6.1.3) and (7.1.8). Let Dy, : & — & be the Dirac operator of a twisted Dirac bun- 
dle & = .Y(M) @ E. We have to study the behaviour of the fermionic determinant 
of Pa under local gauge transformations. To start with, we note that 


Pan =e ‘Dap. 


This implies that Pa») and Pa have identical spectra and that, in particular, 


ker (Daw) = p(ker(Da)) . 


That is, the index of Da viewed as an element of K (@)-theory, see Appendix E, is 
equivariant under the action of Y on @. Thus, it descends to an element of K (.Z) 
where “ = @/@ is the gauge orbit space. As in the previous section, we limit 
our attention to the principal stratum .#?. By Appendix F, the Quillen determinant 
det(P,) must be viewed as a section of the determinant bundle Det(D,) over .@?. 
If this bundle is trivial, then det(P,) can be globally represented by a C-valued 
function and, then, no anomaly can occur. 

First, consider the fermionic action Sma:(w, w, A) = J, vu &x(w, Day). In the 
physics literature, this case is referred to as the vector coupling. By Theorem 5.7.17, 
Pa is a Fredholm operator with index zero, that is, the index bundle of Da is 
zero-dimensional. Thus, by Appendix F, the determinant bundle of Pa is also zero- 
dimensional and, consequently, no anomaly can occur. 

In the remainder, let us consider the case where & has a natural Zy-grading induced 
by the chirality operator y>. Accordingly, the Dirac operator decomposes into its 
chirality components, 

Pa =P +DPy- 
In physical models such as the standard model,” 
actions, 


we have parity violating fermionic 


Smat(W, Vv, JA) = I dx (Wy, Div) ; 


where Di :T°(S*(M) @ E) > '™@(.Y~(M) ® E). Locally, Di is given by 


‘ 1 
Da=i Dy" (Gut Tut Austr’). 
UL 
The corresponding axial current is given by 
ah oe 1 5 
jt =P volts (Lt vv, (9.3.22) 


25 See Sect. 7.7. 
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where o is a representation of G and {t,} is a basis of the Lie algebra of G. On 
classical level we have the conservation law 


Vij" =0. 


In the sequel, for simplicity, we suppress the chirality index and write P, instead of 
Di. We proceed along the lines of Atiyah and Singer [41]: 


1. We show that the determinant of Pa gives rise to an element [jz] of the first de 
Rham cohomology group of @G. This element will be identified with the gauge 
anomaly. We prove that [jz] is the transgression of the first Chern class c; of the 
determinant line bundle. 

2. Using the Atiyah—Singer Family Index Theorem, we express c; in terms of the 
characteristic classes of a universal principal bundle over M x -@? and calculate 
its transgression explicitly via secondary cohomology classes. 


To accomplish point 1, choose a reference connection Ao such that Pa, has index 
zero and consider the operator 


Pa = Dy Da : P(A" (M) ® E) > F™(.F*(M) @E), 


for any A € @?. 


Remark 9.3.2. Assume M = S* and G = SU(n). Then, by Theorem 4.8.8, principal 
G-bundles P over M are classified by their second Chern class. But, by the Atiyah— 
Singer Index Theorem, vanishing of the index of D,, implies vanishing of the second 
Chern class. We conclude that, in this case, the above assumption implies that P is 
trivial. ¢ 


Since ind (Da,) = 0, by the deformation invariance of the index, we can pass to a 
gauge potential Ao fulfilling ker (p Ao) = 0 without violating the condition that the 
index be zero. But, then, also the kernel of Pi, is empty. Thus, the determinant line 
bundle of the family {Pa} may be identified with Det(Daq). Under this identifica- 
tion, det( Pa) gets identified with the Quillen determinant det(P, ). Thus, instead of 
studying the determinant of the family {P,}, we can study the section det(Pa) of 
the determinant bundle of {P,}.”° Note that, for every A € @, the operator Pa is 
elliptic with symbol & +> |&|?. Thus, Pa can only have a finite number of zero and 
negative eigenvalues, that is, we are in the situation described in Appendix D, see 
formula (D.4), and we can apply ¢-function regularization for det(Pa).7’ This way, 
we obtain a section”® 


?6In the language of physics, the above transformation results in a constant factor in front of the 

functional integral, see [430] for further details. 

27 4s mentioned in Appendix D, this regularization procedure may be extended to the case where 

zero eigenvalues occur. 

8Note that Pa does not transform equivariantly under gauge transformations. Thus, the regularized 
eterminant will not be gauge invariant, that is, it does not descend to a function on .@?. 

det t will not be gaug t, that is, it d td d to a funct M? 
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®:.M° > Det(Da), P((A}) := det; (Pa). (9.3.23) 


On connected components where the index of Pa is nonzero, this section vanishes. 
Let @ be the open subbundle of @ where ®([A]) 4 0. For any A € @ , consider the 
function 

fa:G9—>C, fa(p) :=dety(Paw). (9.3.24) 


By construction, it is smooth and nowhere vanishing. Thus, denoting the exterior 
differential on Y by 6, for any A € @, 


1d fa 
= — — 9.3.25 
ja o= a ( ) 


is a closed 1-form on and, therefore, it defines an element [tua] € HLG ). This 
quantity is referred to as the gauge anomaly. 

Now, as an immediate consequence of the exact homotopy sequence of the prin- 
cipal G-bundle G? > .#°” and Proposition 9.2.3, we have 7;(.@?) = m1). In 
particular, 


m(Y) = m(@), (9.3.26) 


where the isomorphism is given by the connecting homomorphism of this sequence. 
Explicitly, this isomorphism is realized as follows: any 2-sphere © in .#/? may be 
viewed as being obtained from projecting a disc D in @? whose boundary @D lies 
completely in the gauge orbit of some reference point A. On the other hand, via 
AA the boundary 0D defines a loop y in G. The assignment 2 +> y descends to a 
mapping 72(.@?) > m(Y) yielding the above isomorphism. Next, since 2’\zr(y) 
is diffeomorphic to the interior of D, for the first Chern class of the determinant line 


bundle we obtain 
i Cc} =i Cj = f mes. (9.3.27) 
>» D\1(y) D 


Since @? is weakly contractible, the 2-form z*c; on @? is exact, that is, there exists 
a 1-form 6, such that z*c; = df). Thus, by Stokes’ Theorem, 


[we =) dp; =f bi. (9.3.28) 
D D vd 


The restriction of 6; to the orbit through A is a closed 1-form f(c;) on G which is 
referred to as the transgression of C,. 
The following proof is along the lines of [430]. 


Proposition 9.3.3. The anomaly form {1a is cohomologous to t (C1). 


Proof As above, let y be a loop in the fibre through A. By the isomorphism (9.3.26), 
there exists a disc D with 0D = y. Let X be the corresponding 2-sphere in .@? 
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obtained by projecting D. Consider any loop y on XY. Then, 2~!(7) is a loop in D 
homotopic to y. Thus, the winding number of the S!-valued function | fjay|~' fia 
on y coincides with the winding number of the S!-valued function |Pray | Aj on 
y. On the other hand, by standard arguments, for any loop y in G, 


deg (Ifiail”' fia) = fur. deg (|®,ay|"' D,a)) = fa. 


Y 


fus=f Gis (9.3.29) 
y >») 


Combining (9.3.29) with (9.3.27) and (9.3.28), we obtain 


fl ae / (cr), (9.3.30) 
¥ Y 


for any loop y in the fibre over [A]. This shows that the 1-form ja is cohomologous 
to t(C)). | 


We conclude 


Remark 9.3.4. As announced in [41], one can give an analytic proof of Proposition 
9.3.3 as well. For that purpose, view the restriction of the index bundle to any 2-sphere 
» C -@” as being associated with the corresponding restriction of the principal G- 
bundle @? — .@?, take the connection induced from the natural connection Z given 
by (8.4.16) and calculate c; via its curvature. Formally, this quantity is given by 


5 tr (Dq'dA) 


and, thus, it transgresses to tr (Dx '5A). It is easy to see that the latter quantity 
coincides with jz q. This heuristics can be made precise via ¢ -function regularization, 
see Sect.4 in [593]. Note that the proof of Proposition 9.3.3 presented here has the 
advantage of holding for any regularization. 4 


From now on, let us limit our attention to the case M = S* and G = SU(n) with 

n > 2. Then, by Remark 9.3.2, the principal SU(n)-bundle P is trivial. Using (9.2.3), 

together with 2; (SU(n)) = 0 = m2(SU(n)), from the exact sequence (9.2.7) we read 
off 

my(Y) = m5(SU(n)) = Z. (9.3.31) 


By Proposition 9.2.3 and by the fact that 74(SU(”)) = 0 for n > 2, we also have 
m(M°) = mo(Y) = 0. (9.3.32) 


Moreover, since 2(.@?) = 0 for any fixed isomorphism class of principal bundles 
P, the Hurewicz Theorem implies 
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HAG) = m9), HEM) =m). (9.3.33) 


By exactness of (9.2.6), formula (9.3.31) implies 77 (FY) = Z. Now, by the first equa- 
tion in (9.3.33), in the case under consideration, a nontrivial anomaly will occur unless 
[4a] vanishes identically for some reasons. By (9.3.26), the second isomorphism in 
(9.3.33) implies that, in the case under consideration, the transgression yields an 
isomorphism F 

Hz(M°) = Hy). (9.3.34) 


By Proposition 9.3.3, this isomorphism identifies the first Chern class of the deter- 
minant line bundle with the anomaly. 

Following Atiyah and Singer [41], we further proceed as follows. Consider the 
action of Y on P x @?, given by 


(p, A) > ((p), A”), 


where p — v,(p) denotes the vertical automorphism of P defined by p € G. Since 
this action is free, it yields a principal Y-bundle P x @? over 


P=(PxX @ YG. 


Since the action of G on P x @? induced from the right principal action on P 
commutes with the action of Y , it descends to a free action on Y and, thus, it defines 
a principal G-bundle 

P>+Mx MUM. 


We endow P x @? with a natural metric as follows. For (p, A) € P x @?, via 
a standard Kaluza—Klein construction, the metrics on M and G together with the 
connection A yield a metric on T, P which we combine with the natural L?-metric 
on Ta@? to the product metric at (p, A). By construction, the latter is G x G- 
invariant. Thus, it descends to a G-invariant metric on Y. Taking the orthogonal 
complement of the canonical vertical distribution on Y with respect to this metric, 
we obtain a connection t on #. Analyzing this orthogonality condition, one easily 
finds (Exercise 9.3.3) 


tay =[Ap+Zal, [p, Ale F, (9.3.35) 


with Z given by (8.4.16). 


Remark 9.3.5 The pair (, T) is universal in the following sense [41]: assume Q isa 
principal G-bundle over M x X, with X compact and O;yxx = P forevery x € X, 
endowed with a fibre connection t2 on Qj}mxx for every x, which is continuous 
with respect to x. Then, there exists a morphism ® : Q > # inducing tr? from T. 
Conversely, any mapping gy : X —> -@? provides a fibre connection by pulling back 
(Y,t)viaidxg:MxX—>Mx@. 4 


9.3 Anomalies 717 


First, let us calculate the curvature of t. Recall that in the case under consideration 
P is trivial.2? Thus, we can view A as a 1-form on M = S* and, consequently, 
Tt is represented by a g-valued 1-form on M x .@?. Consequently, we represent 
its curvature by a g-valued 2-form @ on M x .@#°. Clearly, 2 is given by its form 
components 2 , 27-) and 2), where the first index refers to M and the second 
one to .@?. For convenience, in the lemma below, we represent 2 by a 2-form on 
M x @°. Since P is trivial, we can identify tangent vectors at @? with elements of 
2'(M) @ g. 


Lemma 9.3.6 The curvature 2 € 27(M x G°) ® g of t is given by 


2,0 
os = Fin ? (9.3.36) 
20:2 (X, 0), 0, @)) = om (X), (9.3.37) 
29,(O, a), (0, B)) = -2(GaCZA),, (9.3.38) 


where X € TM, a, B € Ta@? = 2'(M) @g fulfilling Dia = 0, F is the curva- 
ture of A and Cy is given by (8.4.27). 


Proof Equation (9.3.36) is obvious. To prove (9.3.37), extend X € T,,M to a vector 
field X € X(M) and a to a Z-horizontal vector field (also denoted by w) on @?, 
that is, Dia = 0 for all A in @?. Then, by the Structure Equation, there is only one 
non-vanishing term, 


Qin ay (CX, 0), O, &)) = —(, &)m,ay(t(X, 0)) « 


To calculate the right hand side, we represent (0, ~) by the Z-horizontal curve s +> 
A + sq through A and calculate 


Tm, A+sa) (X, 0) = (A + SQ)m (X) : 


Thus, 
d 
(0, )(m,A) (r(X, 0)) = dst T(m, A+se) (X, 0) = Am (X) : 
0 


This yields (9.3.37). To prove (9.3.38), extend a, B € 2'(M) @ g to Z-horizontal 
vector fields on @?. Then, using the Structure Equation and (8.4.32), we obtain 


Qn-ay (0, &), (0, B)) = —Tom,ay (LO, w), (0, B)1) 
= — (Gad) ([e, 61), 
= —2(GaCy8) 


m* 


2°The case of a nontrivial bundle P can also be dealt with, see [41]. 
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Clearly, 2 given by Lemma 9.3.6 descends to a 2-form on M x .@?, which we 
denote by the same letter. Next we apply the Atiyah—Singer Family Index Theorem 
to the fibration 

Mx "> Ml. 


For M = S4 and G = SU(n), formula (5.8.68) takes the form 


ch(Ind(Dq)) = i: ch(E), (9.3.39) 
s4 


where E = Y xg C" with SU(n) acting in the basic representation. In particular, 
this yields an explicit formula for the first Chern class c; of the determinant line 
bundle in terms of the Chern classes k; of F: 


_i 3 
Cc} = I, k3 (2) 4,2) = Fan I, tr (240) ; (9.3.40) 


where the double index refers to taking the form degree 4 on M and 2 on .@?. Using 
Lemma 9.3.6, one obtains an explicit formula for c;. Here, we are only interested in 
the transgression [a] of c,. To calculate [j1.q] explicitly, we use standard secondary 
cohomology class techniques, see [130]. Since the following observations hold for 
all Chern classes of Y, let us consider the general case. Denote 


dj = [ kj42(82)4,2/) « 
S 


Lift the closed 2j-forms dz; from ./@? to @?. Since @? is weakly contractible, the 
lifted forms are exact. That is, there exist (2 — 1)-forms f2;_; on @? such that 


"do; = 8B2;-1, 


with 6 denoting the differential on @?. Moreover, by transgression as explained above, 
the restriction f);_ of 62;-; to the orbit through a chosen reference connection A 
is a closed (27 — 1)-form on G, Applying the technique of secondary characteristic 
classes, one can calculate 6;_; and f2;_; in terms of differential forms, up to exact 
forms. In detail, the lift of kj4,(2) from M x -@° to Y coincides with the exterior 
differential of the secondary characteristic class*? a j+3 and, according to formula 
(3.1) in [130], this quantity is given by 


1 
0 j43(t) = + 2) f dt kjso(t, 2),..., 2), (9.3.41) 
0 


where 


30 Often referred to as the Chern—Simons form. 
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1 2 
2 = 12+ (P — Olt, TI. (9.3.42) 


Let @2;+3(T) be the lift of a2;+3(t) to P x @?. Embedding M C P via a global 
section and integrating, we obtain a (27 — 1)-form on @?, 


Boj. t= | 02 ;43(T) . 
St 
Let fr j—1 be its restriction to the orbit through A. By construction, 


dBxj-1 = dp;. 


Moreover, /; is a transgression of c, and, thus, it represents the anomaly [j1 4]. Thus, 
it remains to calculate the restriction of 


| dete) 
s4 


to the fibre through A. For that purpose, we need the restrictions t and 2, of t 
and {2,, respectively, to a chosen fibre. First, since the restriction to the fibres of a 
connection form on a principal bundle may be identified with the Maurer—Cartan 
form on the structure group, the restriction of t to the fibre through A is given by 


t=A+n, (9.3.43) 
where 7 is the Maurer—Cartan form on G. The latter is a 1-form on Y with values in 


the Lie algebra LY. Since P is trivial, it may be identified with a 1-form on ¢ with 
values in 2°(M, g). Next, by Lemma 9.3.6, we have 2 = F and, thus, 


P 1 
Q,=tF + a —f)[A+n, A+n). (9.3.44) 


Proposition 9.3.7 The gauge anomaly [a] can be represented by the following 
1-form on &: 


i 1 
wa = ype fi fra(Angd + 500. 80)} (9.3.45) 


Proof Inthe computation below, we omit the symbol of the wedge product. We must 
calculate the (4, 1)-component of the restriction of the 5-form A5(t) = tr(tQ?) to 
the chosen fibre. In analogy to (9.3.42), denote 


1 
F, =tF+ 5 — 1), A, A]. 
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Using (9.3.43) and (9.3.44), together with the Bianchi identity, we obtain 


dai CA +) = te(nlF? + (? — 1)(ALA, nF, + AF,LA, n))) 
= tr(F; + 27 — 1).ALA, nF) 
= tr(nF? + 2(0? — 1)(LA, AlnF, + An[A, F,])) 
= tr {n(F? +2(¢ — 1) (LA, AIF, — AfrA, F,]))} 


_ (nt 4p 201 »((<r, = dA), + nar) 


= 


d 
=tr {of P24 2(1 — )d(AE,) + (t — vor] 


Since Fo = O and 


d d 
—((t—1)F?) =F? +(¢-—1)—F”’, 
aa )F?) + ( Er 


we obtain 


1 1 
[ ahaa +m =2 [| dt tr (n(1 — t)d(AF;,)) . 
0 0 


Thus, by (9.3.40) and (9.3.41), we obtain the following transgression of c;: 
t o | fa t ( (1 —t)d(AF )) 
— T = 
PA? Isls ' 
61 


1 1 
=-5 I. w[na(a dr N(dA+ 571A, an) | 


i ie 
=-35 [{na(aca+ 50°) 


Remark 9.3.8 


1. Recall that the Maurer—Cartan form fulfils (&.) = & for any € € LY. Thus, in 
local coordinates {x“} on M and with respect to a basis {t,} of g, we obtain 


1 
lig = —— <8” | d‘xd, t [to (BeBe Abe + sAedede| _ (9.3.46) 
s4 


~ 2403 
The first term is obviously a contraction with the totally symmetric tensor 
Dane = tt (ta (tote + tety)) « 


Using 


ANAAA=-—(AA[A, A] +[A, A]A A) 


Ale 
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one can check that the second term is a contraction with Daj. as Well. Thus, unless 
Dabce vanishes identically, there is a nontrivial gauge anomaly. If Day. = 0, then 
one speaks of a safe theory. Note that, for any unitary representation of G, the 
coefficients Dap. are imaginary. Thus, for all real or pseudo-real representations, 
these coefficients vanish and, consequently, no anomaly occurs for Lie algebras 
having only representations of that type. This happens for so(2n + 1), s0(4n) with 
n > 2, sp(n) forn > 3, Go, Fy, E7 and Es. In particular, this is true for su(2) = 
s0(3). Moreover, there are some Lie algebras for which the coefficients D,,, 
vanish even though they admit representations which are neither real nor pseudo- 
real. This happens for s0(4n + 2) (except for s0(2) = u(1) and so(6) = su(4)) 
and for E¢. As a result, anomalies are only possible if G contains SU(7)-factors 
with n > 3 or U(1)-factors. Fortunately, for the case of the standard model where 
we have G = SU(3) x SU(2) x U(1) the coefficients Dap, vanish, see Sect. 22.4 
in Volume II of [656] for a detailed proof. Thus, the standard model is safe. 

2. There is a calculus developed by Wess, Zumino, Stora and others [603, 664, 693, 
695], which on the one hand led to a geometric understanding of BRST transfor- 
mations and on the other hand turned out to be useful in anomaly calculations. 
Its rigorous mathematical meaning has been clarified by Kastler and Stora [359, 
360], see also [85, 166, 165, 167]. Here, we only describe the basic structure 
and refer to the above papers for details. Let 2*(P, g) be the vector space of 
Ad(G)-equivariant g-valued forms on P. Consider 


QP? = 29(G,.2? (Pg) = 2? (Po) @ 2°9, 
and define 


2” = Bar. 


p.a 


Let d and 4 be the differentials of 2*(P, g) and 2G, respectively. Then, 


A A A 


*V=d=0, dd—dsd=0, 


that is, (92**, d, 8) is a double complex. We have an associated total complex 
(92*, A) defined as follows. Take 


oa = Ba", Q = Pp Qe, 


pta=n 


with n called the total grading. For U € 92”"", define 
sU := (-1)"8U, A:=d+s. (9.3.47) 


Then, 
A=ds+sd= 0, 
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and, clearly, both d and s are nilpotent. Moreover, endow ({2*, A) with the fol- 
lowing exterior product: 


[a @ p, B @o] := (-1)[a, 8] ® (pA), 


where a @ p € 2”, B@o € 2%” and [a, f] denotes the standard exterior 
product on 2*(P, g) defined by the commutator. Then, (§2*, A, [-, -]) becomes 
a graded differential Lie algebra. In this formalism, the infinitesimal gauge trans- 
formation (6.1.20) takes the form 


s@ = —(dn+[w,7]), (9.3.48) 


and the Maurer—Cartan equation for the Maurer—Cartan form 7 reads 


1 
sH= —5ln, ny]. (9.3.49) 


Here, clearly, @ € 21'-° and n € 2°'. If one interprets s as the BRST operator, 
then these equations coincide with the BRST relations. Thus, the above structure 
provides a differential geometric setting for the BRST formalism.*! 

Note that, by the definition of the anomaly, 


Sua =O. 


This property is referred to as the Wess—Zumino consistency condition. Wess, 
Zumino and Stora noticed that this condition can be used to calculate the anomaly, 
up to the correct coefficient, via a system of descent equations. This way, the 
calculation of the anomaly becomes related to a problem in local cohomology. 
In more detail, if we denote 


1 
o:=A+n, F = ho + =[o, 0], 


then, by (9.3.48) and (9.3.49), ¥ = F. Then, by analogous arguments as in the 
proof of Proposition 9.3.7, 


AQon—1(@) = P(F), (9.3.50) 


where P is a symmetric invariant polynomial of SU(m) and the Q»,_; are de- 
fined by the right hand side of (9.3.41) with j =n — 2. Now, expanding the 
Chern—Simons forms Q in powers of 7 and decomposing (9.3.50) in the above 
double complex yields the following system, referred to as the system of descent 


3!The question how to accommodate the anti-ghost fields in such a geometric setting is an old 
problem, see e.g. [86] for a discussion. In this paper, the anti-ghosts are introduced via a certain 
gauge group doubling procedure based upon the fibre product bundle construction. 
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equations, 


P(F) —dQo2n-1 = 0 
SQo0,2n-1 + dQ} 27-2 =0 
SQ} 2n-2 +dQ2,2n-3 = 0 


SQon—-2,1 +A Qon-1,0 = 0 
SQon—1,0 =0. 


Note that, up to a normalization factor, the first equation expresses dQo.2,_1 in 
terms of the Abelian anomaly in 2n dimensions. Solving the above system for the 
chain of Chern—Simons forms yields the gauge anomaly in 2n — 2 dimensions 
(up to the correct normalization). It is obtained by integrating the term Qj 2,—2 
over M. It is in this sense that some authors say the Abelian anomaly implies the 
gauge anomaly. For the solution theory of the system of descent equations we 
refer to [165] and further references therein. 

3. Since the anomaly (9.3.45) satisfies the Wess—Zumino consistency condition, it 
is sometimes referred to as the consistent anomaly. The corresponding current 
obtained as the variation of the vacuum functional does not transform covariantly 
under gauge transformations. However, by adding a local polynomial in the gauge 
potentials, one can construct a covariant current and, then, the corresponding 
anomaly transforms covariantly. One finds 


i N. 
-s5 | tr (nE?).. (9.3.51) 


From the point of view of perturbation theory, the consistent and the covariant 
anomaly correspond to two different regularization procedures. In the first case, 
gauge invariance is lost in the regularization, in the second one it is maintained. 
In particular, the Fujikawa method explained above may be applied here as well. 
Within this approach, it is natural to use a gauge invariant regularization of the 
Jacobian corresponding to the transformation of the path integral measure. Thus, 
via this method one finds the covariant form (9.3.51) of the gauge anomaly. We 
refer to Chaps. 5 and 10 in [74] for a detailed discussion. 4 


(c) Global Anomalies: 


a= 


The following example was analyzed by Witten [674]. Consider the case M = S* 
and G = SU(2). Then, combining (9.2.3) with the exact homotopy sequence (9.2.7), 
we obtain 

(FY) = M(Gn) = 14(SU(2)) = Zp. 


This means that ¥ is not connected, that is, there are global gauge transformations 
which cannot be continuously deformed to the unit element of Y. As before, consider 
a single left-handed fermion doublet coupled to an SU(2)-gauge field. Let det(D a ) 
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be the corresponding fermionic determinant. Then, since such a doublet may be 
viewed as being composed of two left-handed doublets,** the fermionic determinant 


of one left-handed doublet is given by (det(Da))? up to the sign. The latter must 
be chosen by hand. Then, the determinant is invariant under infinitesimal gauge 
transformations. But, as was shown by Witten, it is odd under gauge transformations 
which cannot be continuously deformed to the unit element. That is, if is such a 
transformation, then 


Nic 


(det(Dq))? = — (det(Daw))? - (9.3.52) 


This implies that the path integral of this theory is ill-defined. 

Let us outline Witten’s proof of Eq. (9.3.52). Recall that the Dirac operator Da 
has a discrete spectrum consisting of real eigenvalues and to every eigenvalue 4 there 
corresponds an eigenvalue —A. To have a non-vanishing determinant, we assume that 
there are no zero modes. Otherwise, (9.3.52) is trivially true. We may choose the sign 


1 
of (det(D 'a)) * e.g. by taking the product of positive eigenvalues. Now, consider the 
following continuous path in @: 


te A®):=(1-)A+tA”, te [0,1]. 


It clearly interpolates between A and A). Consider the flow of the eigenvalues of 
Da as t varies from 0 to 1. Clearly, the spectra for t = 0 and t = 1 are the same, 
but the individual eigenvalues may rearrange on the way. It turns out that the Atiyah— 
Singer Index Theorem implies such a rearrangement. The simplest one is given by a 
single pair of eigenvalues (A(t), —A(t)) which cross at zero and change places as tf 
runs from 0 to 1. Thus, in this simple case (9.3.52) follows. It is also a consequence 
of the Index Theorem that the number of positive eigenvalues which can become 
negative is always odd. This yields (9.3.52) in the general case. 

We briefly explain the idea of the proof of the above statements. Let py be the 
Dirac operator on the 5-dimensional manifold S* x R or, rather, on the conformal 
compactification M = S°. Let y be a doublet of fermions on M carrying the ten- 
sor product representation of the spinor representation of O(5) and the fundamental 
representation of SU(2). Explicitly, view w as a two-component column vector of 
quaternions, let the spin group Sp(2) act by multiplication from the left and let 
Sp(1) = SU(2) act by diagonal multiplication from the right. This is a real repre- 
sentation and, thus,** py is a self-adjoint operator on M with a discrete spectrum 
consisting of real eigenvalues which are either zero or come in pairs (A, —A). As t 
changes from 0 to 1, the number of zero-modes can only change whenever such a 
pair moves to or away from zero. Thus, the number of zero modes of pe? mod 2 


is a topological invariant called the mod 2 index of pe. There is a corresponding 


32Since the 5 representation of SU(2) is pseudo-real, a left-handed doublet can be mapped to a 
right-handed one. Note that the argument is still formal as long as one does not regularize the 
determinant. 


33Keep in mind our conventions, see Definition 5.5.12. 
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mod 2 Index Theorem, see Part IV of [40]. Applying this theorem to the case of an 
instanton-like SU(2)-gauge potential varying adiabatically from A to A” along the 
above defined path, one obtains that the number of zero-modes is equal to 1 mod 2. 
Combining this with the study of the eigenvalue flow of pe, see [38], one obtains 
the above statement. 

The above arguments immediately extend to the case of n copies of Wey] fermions. 
If 1 is even, there is no problem, but, if 7 is odd, we have an anomaly. Moreover, the 
above anomaly clearly extends to any symplectic group Sp(), because zr4(Sp(n)) = 
Zy for any n. On the other hand, z4(SU(n)) = 0 for n > 2 and z4(O(n)) = 0 for 
n > 5, that is, for these cases no global anomaly occurs. For an extension to massive 
fermions we refer to [45], for a generalization to higher SU(2) representations see 
[53]. We also refer to [379] for a slightly different proof circumventing a debatable 
argument in the proof of Witten and to [184] for a proof based on homotopy theory. 
Nowadays, there exist various studies including other groups and theories in higher 
dimensions, see e.g. [690] and further references therein. 


Exercises 
9.3.1 Confirm the transformation law (9.3.7). 
9.3.2 Prove formula (9.3.11). 


9.3.3 Prove formula (9.3.35). 


9.4 Hamiltonian Quantum Gauge Theory on the Lattice 


In the final sections, we use some basic tools from functional analysis for which we 
refer to the classical textbooks, see [82, 102, 354, 507, 529]. Our main objective is 
to show how to implement the classical gauge orbit type stratification on quantum 
level. For the time being, we are able to do this in the Hamiltonian approach only. 
For putting the discussion below into a broader perspective, the reader may wish to 
recall Remark 9.1.1. We proceed as follows: 


(a) We formulate quantum gauge field theory on a finite lattice within the Hamil- 
tonian approach. In particular, we construct the field algebra and define the 
observable algebra as the algebra of gauge-invariant operators factorized with 
respect to the ideal generated by the GauB law. Next, we comment on the classifi- 
cation of irreducible representations of the observable algebra in terms of global 
colour charge. Finally, we comment on recent results concerning the extension 
to an infinite lattice. 

(b) We present the concept of a costratified Hilbert space as proposed by 
Huebschmann and explain how it can be used to encode the classical stratifi- 
cation of the gauge orbit space on quantum level. For this purpose, we use the 
Hilbert space representation of the observable algebra constructed in Sect. 9.5. 
We illustrate the construction of the costratification for the case of a toy model. 
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In the subsequent two sections, we accomplish point (a). So, we consider a model of 
gauge theory with gauge group G in the Hamiltonian framework on a finite regular 
cubic lattice A in a chosen equal-time hypersurface R* of spacetime M. For com- 
pleteness, we also include fermionic matter fields although they will not be relevant 
for the discussion of the gauge orbit strata. For basic notions and results concerning 
lattice gauge theories, we refer to the classical papers [385, 386, 672] as well as to 
the textbooks [143, 233, 458, 536, 579, 580] and further references therein. 

We use the standard notation common in lattice models. For k = 0, 1, 2, 3, we 
consider the set A‘ of k-dimensional elements with a chosen orientation. In increasing 
order of k, such elements are called sites, links, plaquettes and cubes. In more detail: 


1. A° = {x =a(nj,no,n3) ER? :n, €Z,ae R,}X, where X is an open 
connected set in R? and a is the lattice spacing. 


2. A‘ is a subset of the set A! of all oriented links between nearest neighbours, *4 


Alc A! = {€=(x,y)e€ A°x AP: y =x +ae; for some i}, 


with the property that for each pair of nearest neighbours x and y it contains 
either (x, y) or (y, x) but not both. Thus, the pair (A°, A!) is a directed graph. 
We assume that it is connected. 

3. A? is a subset of the set of all oriented plaquettes, 


Ac {p = (€1, 2, £3, €4) € (A!)* : pry €; = pr, €i41, pr, l4 = pr, £1}, 


for i = 1, 2,3. Here, pr, : A° x A° + A° is the projection onto the k-th com- 
ponent. 
4. Finally, oriented elementary cubes c € A? are defined in an analogous way. 


It is easy to see that a change of the chosen orientations induces an isomorphism of 
the field and observable algebras to be constructed below and leaves the Hamiltonian 
of the system invariant, cf. [369]. 

Now, given a classical gauge field model with compact gauge group G and a 
matter field of type (u,o) taking values in the finite-dimensional Hilbert space 
F = F, ® Fj, its lattice approximation is obtained by restricting the matter field y 
to A° and by approximating the gauge potential A by its parallel transporters along 
the elements of A!, that is, the lattice approximation of the classical configuration 
(A, W) is given by the following pair of mappings 


pi: A° oF, f,:A' OG. (9.4.1) 
Thus, the classical lattice configuration space is given by #4 x @,, where 


Fac= I] F, €,:= I] G. (9.4.2) 


34Here, {e;} is the standard basis of R°. 


9.4 Hamiltonian Quantum Gauge Theory on the Lattice 727 


Note that the phase space of the gauge configuration space @, is 


Ao [| Fe= [[texy). (9.4.3) 


le A! le A! 


Remark 9.4.1 Since, on the lattice, continuity of the underlying space R? is lost, 
any parallel transporter on a link can be continuously deformed to the trivial one. 
Thus, one can naively conclude that the possible nontrivial topological character of 
a gauge field configuration is lost on the lattice. However, one can show [413] that 
non-Abelian gauge fields with a sufficiently small action density carry a topological 
charge which, in the continuum limit, reproduces the instanton number. We also refer 
to [512] for a similar study in the context of a simplicial lattice. There, it is shown 
that for sufficiently small action densities one can construct a principal bundle which 
may be trivialized over the 4-dimensional dual cells of the lattice. Topologically 
nontrivial configurations of monopole type may be dealt with as well, see [365]. @ 


Next, one defines local lattice gauge transformations by restricting Y to A°, that 
is, a lattice gauge transformation is given by a mapping p : A° > G and, thus, the 
lattice approximation of ¥ is given by 


G, =|] Gace". (9.4.4) 


xeA? 


By, (7.1.8) and (1.8.6), Y, acts on Fy x G4 via 


(Ur, €a) > (2 (P(e) Wr, (xe) La pQW)™'), (9.4.5) 


forany x € A° and & = (xp, ye) € A!. This is the classical kinematical model we start 
with. In our presentation, we limit our attention to fermionic matter fields only. For 
G = SU(3), F, = C* carrying the bispinor representation and F; = C? carrying the 
fundamental representation o of SU(3), we obtain the classical lattice approximation 
of QCD. 

We construct the quantum model along the lines of [271, 368, 369]. Let us start 
with the fermionic matter field. We equip -¥, with the natural pointwise inner product 
(Ww, o) := > (w(x), 6(*))-, and define the quantum matter field algebra as the 


xeA? 
CAR-algebra 
Sal= CAR(F,) ; (9.4.6) 


That is, to every classical matter field yy € 4, we associate a fermionic field a(y) € 
a, and these quantum fields satisfy the CAR-relations, 


[a(y), a(x)", = (vx) 1, [oQ), aX) =0, 


for any Ww, x € F,. Since A° is finite, ¥, is a full matrix algebra, hence up to 
unitary equivalence it has only one irreducible representation which we will denote by 
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(#1, x*). Clearly, a natural choice is provided by the fermionic Fock representation 
of Jordan and Wigner [351]. 
In physics textbook notation, the matter field generator at x is given by 


W(x) = a(fy ‘ 5x) > 


where {f,,} is an orthonormal basis of (F, (-, -)) and 4, : A° —» Ris the characteristic 
function of {x}. For a model with Dirac fermions, the spacetime component of F 
is F, = C’*, standing for the bispinor degrees of freedom, and the internal part F; 
is a tensor product of some C*, carrying a representation o of G, with some vector 
space describing flavour degrees of freedom. Neglecting the latter, the matter field 
generator at x € Ao is given by 


Wii (x) = a((e, ® ej) : 5x) , (9.4.7) 


where {e,,} and {e;} are orthonormal bases in C* and C*, respectively. We note that 
a is generated as a C*-algebra by the set 


{Ws() | w=1,...,4, 6=1,...,8, x € A} 


Next, to quantize the classical gauge connections, we generalize the Schrédinger 
representation for a particle on the real line acting on the Hilbert space L?(R) as 
follows: for any g € L?(G), we define the bounded operators 


(Usg)(h) = 9(g 'h), (Tre)(h) = fieth), (9.4.8) 


where g, h € Gand f € L™(G). Here, U is the left regular unitary representation of 
G and T is the natural representation of L°(G) given by left multiplication. Clearly, 
T and U represent the position and momentum operator analogues, respectively. The 
pair 9 := (U, T) will be referred to as the generalized Schrédinger representation. 
Below, it will be interpreted in the language of C*-algebras. Note that zo is irreducible 
in the sense that the commutant of Ug U T;~(G) consists of the scalars. Also note that 
there is a natural ground state unit vector gy € L?(G) given by the constant function 
go(h) = 1 for allh € G.* Then, U,go = go, and, by irreducibility, go is cyclic with 
respect to the *-algebra generated by Ug U T;.~(q). By construction, 7 fulfils the 
intertwining relation 

Uz ° Tr fe} as = Th (f) > (9.4.9) 


where 
A:G— Aut(C(G)), Ag (f)(h) = f(g th), (9.4.10) 


for any g,h € G. This relation implies generalized commutation relations as follows. 
By (9.4.3), identifiying g* = g, the classical canonically conjugate momenta, also 


35 Assuming that the Haar measure of G is normalized. 
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referred to as the colour electric fields, are given by elements of g. For X € g, we 
define the associated momentum operator by 


d 
Py :C’(G) > C®%(G),  Pxg:= a U(e)g. (9.4.11) 


0 


Then, for any f,g € C™(G) and X € g, 


. d tX —tX b d 
[ Px, T; |e = ‘a Re )T;U(e )e — ar py omen? * 


Denoting the right invariant vector field on G by X*, we obtain 
[Px, Ty] = iTxrcyy- (9.4.12) 


For G = R, this yields the standard Heisenberg commutation relations. Since Py = 
dU(X), we obtain a representation of the Lie algebra g on L?(G) which obviously 
fulfils Pygo = 0. 


Remark 9.4.2 (Generators) As above, let o be a faithful representation of G on CF, 
e.g. the fundamental representation of SU(3) on C3 for QCD. Choose an orthonormal 
basis {e;},i = 1,...k, of Cé and define the collection of functions oi; € C(G) by 


oij(8) = (ei, o(g)e;) . (9.4.13) 


Since the oj; are matrix elements of elements of G in the representation o, they fulfil 
obvious relations reflecting the structure of G, see [368, 369] for details. Moreover, 
by (9.4.10), 

Ag (aij) (h) = (ei, 0(87 em) mj (A) « (9.4.14) 


m 


Since o is faithful, the algebra generated by the functions o;; with respect to point- 
wise multiplication separates the points in G, hence by the Weierstrass Theorem, 
it is a dense subalgebra of C(G). Thus, the C*-algebra generated by the operators 
{To,, | i, j =1,...,k} is Tog), that is, the algebra of multiplication operators by 
continuous functions on G. 

Next, choose an orthonormal basis {t,} of g and consider the corresponding basis 
{oj}, (ta)} in End(C*). Then, the operators E, := P,, span all of Pg and, thus, the 
unitary group they generate is all of Ug C M(C*(G)), where M(C*(G)) denotes 
the multiplier algebra of C*(G). From Example 3 in Sect 3 of [679] and [475], we 
also see that they generate C*(G) in the sense of Woronowicz. Associated with the 
generators E,,, we have the following set of End(C*)-valued generators: 


Ej, = > 4; (Q)\Ei3 (9.4.15) 
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In terms of the above generators, the generalized commutation relations (9.4.12) read 
(Exercise 9.4.1) 


Pa Tea ees (9.4.16) 


Clearly, these relations may also be expressed in terms of the E;;, see [369]. 4 


Now, the bosonic Hilbert space of the full system is defined by 


HR = (64) = KW L7G). (9.4.17) 


le A! 


Clearly, x9 = (U, T) induces a representation on #, denoted by mw? := (U ; T). In 
detail, for every € € A!, we define 


T, :=1®---@18T, @1---@l, (9.4.18) 
and . 
UY :=18---@1@UP @1.-- el, (9.4.19) 


where ‘be and U. - are the multiplication and translation operators acting on the ¢" 
tensor product factor of #4, respectively. Then, by Remark 9.4.2, 


ieee :Le Al, i,j=1,...,k} 


and 7 
{E,(t): €€ A’, a=1,...,dimg} 


generate the representation °. To summarize, we denote the total Hilbert space of 
the system by 

KH = Hi ® H (9.4.20) 
and endow it with the tensor product representation 


mi=x' @n?. (9.4.21) 


Next, we show how to implement the local gauge transformation (9.4.5) on quan- 
tum level. For the fermionic part we define 


at: G, > Aut (Fa), a,(a(W)) = a(o(p)W). (9.4.22) 
As already noted, z/ is equivalent to the fermionic Fock representation. Thus, it is 


covariant with respect to a', that is, there is a (continuous) unitary representation 
VEG, > WZ) such that 
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ff _ yf f f 
mal(F)) = Vion'(F)o Via, (9.4.23) 


for any F € ¥,. To implement the action &, on the bosonic part, for any link 
£ = (xc, ye) € A!, we define the unitary representation V : 4, > Y(L?(G)) by 


(V,°p)(h) := G(o(%e)' h p(y) - (9.4.24) 


Then, by definition, p > V{° isa homomorphism fulfilling V\g) = go. Using this 
unitary representation, we define the local gauge transformations of the quantum 
observables from Ug U Ty~;q) by 


Tp > Vo Ty 0 (VO)! = Typ, (9.4.25) 
where f € L~(G) C L?(G), and 
-1 
Up VO eu, o (VO) = Open (9.4.26) 


for any g € G. Moreover, since every operator Ve preserves the space C™(G), 
(9.4.26) implies 
-1 
VE oPro(V") = Praayaies (9.4.27) 


for any X € g. To summarize, for the full system, we have the following unitary 
representation of Y, on H: 


Vi=Vie@v, ve:= ®) Vv, (9.4.28) 


leA! 


Remark 9.4.3 (Gauge transformations of generators) First, from (9.4.22) we read off 
the gauge transformation law for the fermionic generators W,,; (x) given by (9.4.7)°°: 


(Viw) (x) = Dee (e@y'),; W(x). (9.4.29) 


J 


Next, by (9.4.24) and (9.4.25), the transformation law for the gauge generators a;; (¢) 
given by (9.4.13) reads as follows: 


(Vo a;; ()) (g) = > oO (p (xe)'),, Onm (£)(g) oO (00) nj ° (9.4.30) 


nsm 


The transformation law for the quantum gauge momentum operators is obtained by 
setting X = t,,a=1,..., dimg, in (9.4.27). 4 


36Since gauge transformations do not act on the bispinor degrees of freedom, we may suppress the 
index jz. 
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Exercise 


9.4.1 Confirm formula (9.4.16). 


9.5 Field Algebra and Observable Algebra 


In this section, we construct the field algebra and the observable algebra of the model 
presented in the previous section. For functional analytic basics used below we refer 
to [82, 102, 507]. 

Note that the fermionic field algebra §, has already been identified as the C*- 
algebra of canonical anti-commutation relations. Thus, it remains to construct a C*- 
algebra for the bosonic part. By (9.4.9), the generalized Schrédinger representation 
ity = (U, T) is acovariant representation of the C*-dynamical system (C(G), G, i) 
with A: G — Aut (C(G)) defined by (9.4.10). Associated with this C*-dynamical 
system, there is a natural crossed product C*-algebra*’ C(G) x, G. Its representa- 
tions are exactly the covariant representations of the C*-dynamical system defined 
by A. It is well known that C(G) x, G is isomorphic to the algebra of compact 
operators on L?(G), 

C(G) x, G = A(L*(G)) , (9.5.1) 


see [531] and Theorem I.10.4.3 in [82]. In fact, 
m(C(G) », G) = &(L7(G)). 


Since R(L?(G)) has a unique irreducible representation up to unitary equivalence, 
it follows that zo is the unique irreducible covariant representation of (C(G), G, A) 
(up to equivalence). Moreover, as Go is cyclic for R(L? ( G)) , Zo is unitarily equivalent 
to the GNS-representation of the vector state wo given by wo(A) := (G0, 10(A) Go) 
for A € C(G) ™, G. 


Remark 9.5.1 


1. For the convenience of the reader, let us give the definition of C(G) x, G. Take 
L'(G, C(G)), defined as the +-algebra of C(G)-valued L'-functions on G, en- 
dowed with multiplication given by the twisted convolution 


(< x w)(g') = | Z(g)Ag(w(g'g’))dg , 
G 
with the involution induced from the «-structure of C(G), 


Pie =i6GE))s 


37 Also referred to as the generalized Wey] algebra. 
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and with the standard L!-norm. Consider all its non-degenerate Hilbert space 
representations. Then, C(G) ™, G is defined as the completion of the algebra 
L'(G, C(G)) in the sup-norm taken over all these representations. This way we 
obtain a C*-algebra without unit. This algebra can be viewed as a skew tensor 
product of C(G) with the group algebra C*(G) in the following sense: For each 
u € C(G) and f € L'(G) denote by u @ f the element of L'(G, C(G)) given 
by (u® f)(g) :=uf(g). Then, the linear span of such elements is dense in 
L'(G, C(G)). It is easily seen that 


fr-1ef (9.5.2) 


is an isomorphism onto its image, which allows for identifying C*(G) with the 
corresponding subalgebra: 


C*(G) C C(G) XG. (9.5.3) 


As already noted, C*(G) is a C*-algebra generated by unbounded elements in the 
sense of Woronowicz. Consequently, C(G) x), G is of this type, too. It is gener- 
ated by elements (X, f) fulfilling the canonical commutation relations (9.4.12). 
We stress that both the (unbounded) generators X and the (bounded) generators f 
do not belong to the algebra, but are only affiliated in the C*-sense. Moreover, note 
that—contrary to (9.5.2)-the mapping u — u @ | does not preserve the algebraic 
structure of C(G) and, whence, cannot be used to imbed C(G) into C(G) =, G. 
Hence, C(G) is not a subalgebra of C(G) x, G, but belongs to its multiplier 
algebra M(C(G) x, G). Note that, clearly, the operators U, are not compact but 
belong to the multiplier algebra as well. This is not a problem, because a state or 
representation on C(G) x, G has a unique extension to its multiplier algebra, so 
will be fully determined on these elements. If one chose C*(Ug U Ty ~(G)) as the 
field algebra instead of C(G) x, G, then this would contain many inappropriate 
representations, e.g. covariant representations for 4: G — Aut ( (G)) where 
the implementing unitaries are discontinuous with respect to G. 

2. The algebraic counterpart of C(G) » G is the following crossed product of Hopf 
algebras**: 

C™(G) x, L(g), 


see [368] for details. Here, L(g) denotes the enveloping algebra of g. 4 


We combine the above building blocks into the field algebra 
Ay := F1@ Ba (9.5.4) 


with the bosonic part defined by 


38This is an example of a Heisenberg double of Hopf algebras, c.f. [358]. 
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Ba := (& (C@ x, G). (9.5.5) 


leA! 


This algebra is well defined as A! is finite, and the cross-norms are unique as all 
algebras involved are nuclear. Moreover, using (9.5.1), we obtain 


B= ®&) R(L7(G)). (9.5.6) 


fe A! 


Since §, is a full matrix algebra, 21, is simple and, thus, 
Ay, = AKL), (9.5.7) 


where % is some generic infinite-dimensional separable Hilbert space. This shows 
that, for a finite lattice, there will be only one irreducible representation, up to unitary 
equivalence.*? Moreover, since 24 is simple, all representations are faithful. This 
implies the following. 


Proposition 9.5.2 The field algebra X, is faithfully and irreducibly represented by 
(HA, rc), that is, 
1(As) = R(H) - (9.5.8) 


Note that zr (2 A) contains in its multiplier algebra the operators ier and uo for 


all @ € A!. 
Finally, we define the (product) action of the gauge group Y, on A, = F, ®@ Ba, 


a:G, > Aut(%,), a:=a' @a?. (9.5.9) 


Recall that the actiona’ : Y, > Aut (5 A) has already been defined, see (9.4.22). To 
define the action a” : Y, — Aut (B A) , recall that in the representation zr it is given 
by p > Ad(V,), cf. (9.4.25) and (9.4.26). This action clearly preserves 7 (LA) = 
&( 74) and, since p — V, is strongly operator continuous, it defines a strongly 
continuous action a of Y, on 7 (2 s) and, thus, on 2(,, By construction, (7, V) isa 
covariant representation for the C*-dynamical system given by a. As Y, is locally 
compact, we can construct the crossed product 2, 4 Y, whose representation space 
is built from all covariant representations of a: Y, — Aut (2 A}: 

Let us describe the action a> in detail. First, consider one building block 
C(G) x, G of By corresponding to a link (x, y) € A!. In view of (9.4.25) and 
(9.4.26) we define 


t: Gs —> Aut(C(G)), (Tpu)(g) = u(p(x) | gp(y)), 


3°This may be viewed as a generalization of the classical von Neumann uniqueness theorem for 
irreducible representations of the canonical commutation relations on R. 
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and 


BG, — Aut(L'(G)), (Bp f)(g) = f (eo) 'ge(a)). 


By point 1 of Remark 9.5.1, C(G) =, G is the closure of the space spanned by 
L'(G) - C(G). Thus, the pair (t, 6) induces a representation on C(G) x, G by 


Oo(f -u) = Bef): Tl). (9.5.10) 


Now, a? is defined as the tensor product representation of the representations 0 
over all £ € A!, with every 6 defined by (9.5.10). 

Given the action a, we can derive the lattice counterpart of the local Gauf law. 
In abstract terms, a Gau8 law generator is, by definition, a nonzero element in the 
range of the derived action 


da : ga > Der (2%) , 


where g is the Lie algebra of Y, and 29° denotes the subalgebra of smooth elements 
with respect to the action. By (9.5.9), 


da(v) = da‘(v) ®@1+1@da(v), 


for any v € gy. To calculate da explicitly, note that g, is spanned by elements of 
the form v = X - 6, for X € gand x € A®. Using this, we calculate 


da’ (X - 6,)(a(W)) = £ a(exp(tX - d,)w) = ald, - Xp). (9.5.11) 
fo 
Next, by (9.5.10), dO(v) = dB(v) + dr(v). For u € C™®(G), we calculate 


d 
dr(X - 6,)(u)(g) = of u(e* g) = —(X*u)(g), (9.5.12) 


0 


where X* is the right invariant vector field on G generated by X € g. Correspond- 
ingly, for f € L'(G)N C®(G), we obtain 


= d —tX tX\ __ / ! 
BX-)AE) =a Fl ge) =(-R,X +L, X)f. (9.5.13) 


Now, note that a? (X - 5,) affects only those links which contain x, that is, the nearest 
neighbours (x, y,) := (x, x + ae,), with k = 1, 2, 3, of x, 


da®(X -8,) = > doSP(X - 8). 


oye 
(X,Y;% ) 


To summarize, we have 
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da(X + 3,) = dal(X +6.) @1+1@ D> (dr) + apo) (X - 3), 
aye) 
' ‘ (9.5.14) 
with da?, dr) and dB&*) given by (9.5.11), (9.5.12) and (9.5.13), respectively. 
Correspondingly, we have a local GauB law at every lattice point x € A° given by 


da(X -5,) =0, (9.5.15) 


for every X € g. 


Remark 9.5.3 (Local Gaus Law) Recall that, in the representation (#,, 7), the 
gauge group Y, acts via the unitary representation V given by (9.4.28). Using the 
description of the field algebra in terms of generators provided by (9.4.7) and Remark 
9.4.2, in the representation V the local GauB law reads as follows (Exercise 9.5.1): 


>, Fy, ye) = aij(). (9.5.16) 


(xe) 


Here, qj; is the local matter charge density. For G = SU(3), it reads 
1 
gig) = YF (x) Wj (x) — our GM). (9.5.17) 


4 
Now, we can define the observable algebra of the system.*” 


Definition 9.5.4 (Observable algebra) The observable algebra of the lattice gauge 
theory is defined by 
D4 = A/T, A}, 


where A C A, is the subalgebra of Y,-invariant elements of A, and J, C A, is 
the ideal*! generated by gy. 


Recall that, under the representation z, the field algebra 2(, gets identified with 
the algebra R( #4) of compact operators on #, cf. Proposition 9.5.2. Under this 
identification, we have a unitary representation V of Y, on # and the subalgebra 
2% can be viewed as the commutant (Y,)’ of this representation in &(%). 
Consider the closed subspace 7 2 A, consisting of Y,-invariant vectors, 


HOU = {@ € H, | V,(G) = @ forall pe G}. (9.5.18) 


40Tn [271], we have shown that the definition below coincides with the algebra obtained by the 
T-procedure of Grundling and Hurst, see [268, 269, 270]. 

411 et Cbe the ideal in A, generated by the local GauB laws (9.5.16). Then, J, is the ideal generated 
by €inC *(A%4 U ©), see [271] for further details. 
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Theorem 9.5.5 The observable algebra O is isomorphic to the algebra of compact 
operators on FC Ga, 
DO, = K(H%). (9.5.19) 


Proof Consider the direct sum decomposition 
Hy = HO & (HY), (9.5.20) 


with (7 %) + denoting the orthogonal complement of #7. Since. #7 is invariant 
under Y,, by unitarity of V, the complement (7 Ga) 1 is invariant, too. Hence, with 
respect to the decomposition (9.5.20), any element of Y, has the block-diagonal 


form E 4 with some unitary operator B on (# a First, we show 


(Ga) = {| >| € R(H,) : [B, D] = 0 for all E 4 € | : (9.5.21) 


CE 
FD 


10 


belongs to (GY,)’ iff for any E B 


Indeed, an operator € Gz it satisfies 


H=EB. BR=PF, BD = DB, (9.5.22) 


This implies that for every ¢ ¢ #7” we have Fo = BF¢ and hence Fd € #™”. 
On the other hand, Fp € (#7 et because F maps #7” to (#7 a ies It follows 
that F@ = 0 and hence F = 0. By analogy, E = 0. This proves (9.5.21). 


Now, we decompose 
CO} |CcO0 4 00 
0D|  |00 0D|° 


Since the restriction of a compact operator to a closed subspace is compact, we have 


CER(H Gay. Moreover, lo 5 € J, . This yields the direct sum decomposition 


(Gar) = R(”) & (AN Gay’) 


and hence the assertion. oO 


We close this section by three remarks. For details we refer to [271, 272, 368, 
369]. In sharp contrast to the Abelian case,” the local GauB laws (9.5.16) are neither 
built from gauge invariant operators nor are they linear.** Thus, the question arises 


42 See [373-375]. In these papers, the observable algebra for Lattice QED and Lattice Scalar QED 
is analyzed in detail. 


43The apparent linearity with respect to the colour electric fields E, ij on the left hand side is due to 
the fact that, in this formula, every Ej; is ‘parallelly transported’ to the point x. If we would like to 
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whether one can extract from Eq. (9.5.16) a gauge invariant and linear relation for 
each lattice point. These relations could then be summed up over all lattice points to 
produce a gauge invariant global Gaui law. This problem was solved in [368]. 


Remark 9.5.6 (Global colour charge) For concreteness, we limit our attention to the 
case of QCD, that is, G = SU(3). Recall that, for every £ € A!, the colour electric 
fields E;;(€) generate a unitary representation of G. Using the CAR-relations for the 
fermionic generators W(x), one easily shows (Exercise 9.5.2) that, for every x € A°, 
the local charge density operators q;; (x) generate a unitary representation of G, too. 
By construction, 


[Ej ©, Fa) =0, (qi), qa’) = 0, 


for € # €' and x # x’. Thus, let {F,} be a collection of commuting unitary repre- 
sentations of G on a Hilbert space # and let {f,} be the corresponding collection 
of derived representations of the Lie algebra g. If f; and fz belong to that collection, 
then so does f; + fo. Such a collection of operators is an operator domain in the 
sense of Woronowicz, see [678]. We define an operator function on this domain, that 
is, a mapping f > @(f) satisfying p(UfU—!) = Ug(f)U~! for any isometry U, as 
follows: for a given representation f, consider the corresponding representation F 
of G. Its restriction to the center Z of G acts as a multiple of the identity on each 
irreducible subspace %, of F, 


F(2)1e, = xXF@)-1lyw, 2€Z. 
Obviously, x% is a character on Z and, therefore, (x% (z)) = 1. We identify the 


group of characters on Z = {¢- 13 | ¢*> = 1, ¢ € C} with the additive group Z3 = 
{—1, 0, 1} by assigning to any character x a number k(a@) € {—1, 0, 1} fulfilling 


ge yea, 
We define 
FH of) := >) Galf) Loe. (9.5.23) 


with @(f) given by 
gO a (el) (9.5.24) 


Since x% are characters, we have 


efi + fa) = Cf) + (fa) - (9.5.25) 


Now, using the equivalence of each irreducible representation a of G with highest 
weight (m(a),n(a@)) with the tensor representation in the space T" (a) (C*) of 


assign them to, say, the middle of the link they live on we would have to apply the parallel transport 
operator. This would produce the lattice approximation of the covariant divergence on that link. 
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m(qa)-contravariant, m(a@)-covariant, completely symmetric and traceless tensors over 
C3, we get 
xe (z) = c Pu (Ff) = fa m(a)—n(@) ; 


for z= ¢-13 € Z. Thus, we have 
Ga(f) = (m(a) — n(a)) mod 3, (9.5.26) 


for every irreducible highest weight representation (m(a), n(@)). In [368] we have 
given an explicit construction of g(f) in terms of the Casimir operators of f. 

Applying g to the local GauB law (9.5.16) and using the additivity property 
(9.5.25), we obtain a gauge invariant equation for operators with eigenvalues in 
Zz: 


>) (EG, ye) = eq), (9.5.27) 


(ye) 


valid at every lattice site x. Moreover, it is easy to check that 


p(E(x, y)) + p(E(y, x)) =9, (9.5.28) 


for every link (x, y). The quantity on the right hand side of (9.5.27) is the (gauge 
invariant) local colour charge density carried by the quark field. By definition, the 
sum of local colour charges over all lattice sites is referred to as the global colour 
charge** carried by the matter field: 


ty = om y(q(x)). (9.5.29) 


xe A? 


Now, let us extend the picture by assigning to each point of the boundary 0A of A 
exactly one external link and let us assume that gluons and colour electric fields may 
live on these links. Let us take the sum of equations (9.5.27) over all lattice sites x € 
A°. Then, by (9.5.28), all terms on the left hand side cancel, except for contributions 
coming from the boundary. Thus, the global GauB law takes the following form: 


Py, = ty, (9.5.30) 
where 


Pi, = >) G(E(x, 00)) 


xed A 


“Or, triality. 
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is the global Z3-valued boundary flux of the colour electric field. In [369] we have 
proved that the inequivalent irreducible representations of the observable algebra 
are labelled by the global colour charge. We also refer to [348] for an alternative 
proof. 4 


Remark 9.5.7 (Dynamics) Disregarding the fermion doubling problem,*° the dy- 
namics of the lattice system is governed by the Kogut—Susskind Hamiltonian, see 
[385, 386], 


2 1 — 
H = — ¥) By EO — a >, W(p) + WO) 
o le A! oo pea? 
= ae Wai (xe)(y . ng) 013 Oj (ye) + hic. 


+m SG yi(x)Yui(x). (9.5.31) 


xe A 


Here, W(p) denotes the Wilson loop operator associated with the plaquette p = 
(€1, £2, £3, £4) € A’, 


W(P)(81, «+» 84) = Gizir (C1) (B1) Gi; (C2) (82) Oi, (C3) (83) Gigi, (C4) (94) » 


y denotes the End(C*)-valued space vector (y!, y, y?) and nz denotes the unit 
vector pointing from x,¢ to ye. Moreover, h.c. means taking the Hermitean conjugate 
and W ,; = yi aie The constants « and m denote the gauge coupling constant and the 
fermion mass, respectively. The coefficients in H are determined by the requirements 
that, in the naive continuum limit, H tends to the continuum Hamiltonian and that the 
commutation relations tend to the standard commutation relations of the continuum 
theory. Clearly, H is a gauge-invariant (unbounded) operator acting on. #7. By 
Stone’s Theorem, this operator generates a one-parameter group of time evolution 
on #%, 4 


Remark 9.5.8 (Towards the thermodynamical limit) In [271, 272], some steps were 
made towards an understanding of Hamiltonian gauge theory on an infinite lattice. 
The starting point is a natural generalization of the representation (#, 7) con- 
structed above to the infinite lattice. This representation is defined as the tensor 


4>That is, the observable algebra 9 4 extended in an appropriate way in order to include the boundary 
data. 


46The naive Hamiltonian given by (9.5.31) leads to the well known fermion doubling problem, that 
is, the lattice fermion propagator has 16 poles (in four dimensions). Starting with an improvement 
proposed by Wilson [673], various concepts to cure this problem have been developed, see the 
textbook literature cited above. In [488] it was shown that the doubling problem can only be 
avoided by giving up one of a number of plausible requirements, including chiral invariance in the 
zero mass case, see [216] for a rigorous proof. This observation led to an intensive study of the 
lattice approximation of the Dirac operator. We refer to [414-416] and the textbooks [233, 536]. 


9.5 Field Algebra and Observable Algebra TAl 


product of a fermionic and a bosonic part, where the fermionic part is a Fock repre- 
sentation of the CAR-algebra of the full lattice. The bosonic part is an infinite tensor 
product of the generalized Schrédinger representations (in the sense of von Neu- 
mann) for the individual links with respect to a natural reference vector, and a fixed 
enumeration of the links. On that Hilbert space, all the local field algebras, that is, the 
field algebras associated with finite sublattices, are naturally represented. Then, on 
a suitable C*-algebra (containing all the local algebras) acting on that Hilbert space, 
the existence of a one-parameter group generated by the (infinite lattice version of) 
the Hamiltonian (9.5.31) is proven. This one-parameter group is the pointwise norm 
limit of the local time evolutions with respect to a sequence of finite sublattices, 
exhausting the full lattice. Moreover, the existence of regular gauge invariant ground 
states is shown but, for the time being, there is no uniqueness proof. 4 


Exercises 
9.5.1 Prove formula (9.5.16). 


9.5.2 Using the CAR-relations for the fermionic generators, show that the local 
charge density operators q;;(x) generate a unitary representation of G, for every 
een", 


9.5.3 Check that the lattice Hamiltonian given by (9.5.31) is gauge invariant. 


9.6 Including the Nongeneric Strata 


In this section, we limit our attention to pure gauge theory on a finite lattice. In this 
situation, the classical configuration space is @, = G4", acted upon by the group 
of local gauge transformations Y, = G” via (9.4.5). Correspondingly, the classical 
phase space is given by the associated Hamiltonian Lie group action. According to 
Corollary 10.1.21 of Part I, the latter is given by the following data: 


1. the symplectic manifold T*@,, 

2. the action of Y, by the induced point transformations, 

3. the natural momentum mapping 4, : T*@, — LY, defined by evaluating the 
elements of T*@, on the Killing vector fields of the action of Y, on G4. 


Since the Killing vector fields correspond to’unphysical’ directions in @,, they 
should not be recognized by physical’ momenta. Hence, the latter should be an- 
nihilated by _%,. This condition corresponds to the local Gauf law in the continuum 
theory. As a consequence, the classical reduced phase space of the model is obtained 
by symplectic reduction at zero level,*’ 


P= 2 OT Ga: (9.6.1) 


47Cf. Sect. 10.5 of Part I. 
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This is a stratified symplectic space, where the strata are given by the orbit type 
components, that is, the connected components of the orbit type subsets. 

It is convenient to carry out the reduction (9.6.1) in two stages: first with respect 
to the pointed gauge group 


G.. ={g €GY: g(x) = 1} 

for some chosen site x) € A°, and then with respect to the residual action of Y/Y, = 
G. The first stage is obtained by zero level reduction of the Hamiltonian Lie group 
action associated with the action of Y,, on @,. Since the latter action is free and 
since 0 is a regular value of _%,4, we are in the realm of regular zero level reduction. 
Consequently, the symplectic quotient is given by the cotangent bundle of the quotient 
manifold @,/Y,,. Thus, the second stage boils down to zero level reduction of the 
Hamiltonian Lie group action associated with the residual action of G,/Y,, = G on 
€/G.. Since the first stage of the reduction is regular, it is at the second stage where 
a stratification may arise. Consequently, for studying the quantum significance of the 
stratification, it suffices to restrict attention to that stage. 

Let us give a more convenient description of the quotient manifold @,/Y, in 
terms of a tree gauge. For that purpose, choose a maximal lattice tree 7, that is, a 
simply connected subset .7 C A! such that every site belongs to some link in .7. 
One can check the following (Exercise 9.6.1). 


1. For every site x there exists a unique path in 7 from x to the site xp chosen in the 
definition of Y,,. Given a lattice gauge potential {a}, one can use these unique 
paths to construct a gauge transformation p such that 


(? = 1 forall £€ 7. (9.6.2) 


2. Two lattice gauge potentials satisfying (9.6.2) are conjugate under %, iff they 
differ by a constant gauge transformation. In particular, no two such elements are 
conjugate under %,,. 


Via a numbering ¢;,..., €y of the links in A!\ JZ, every element (g1,..., gv) € GN 
defines a mapping A! > G by assigning the members g; to the corresponding off- 
tree links ¢; and 1 to all links in Y. This way, we obtain an embedding GY > @, 
whose image coincides with the subset defined by (9.6.2). Thus, by composing 
this embedding with the natural projection to classes @, > @,/G%., we obtain a 
diffeomorphism GY = @,/Y,, which is equivariant with respect to the action of G on 
GN by diagonal inner automorphisms on G% and the residual action of Y,/Y,, = G 
on 64 /Gey- 

As a result, the second stage of the reduction (9.6.1) is equivalent to zero level 
symplectic reduction of the Hamiltonian Lie group action associated with the action 
of G on GN by diagonal inner automorphisms, 


Weleiss.0s On) = bie ss. hBNE Ys 
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Let us write down the corresponding data explicitly under the identification T*G" = 


(T* G)* =(G x rane The symplectic form w is componentwise given by formula 
1/(8.3.8). According to Example I/10.1.25, the induced action of G reads 


W,(81,---,8n, &1,---,Ev) = (geig',--., gang, Ad*(g)é1,..., Ad*(g)é), 


and the momentum mapping is given by 


N 
PB (8110001 BN» iy oes Ev) = > 8 — Ad*(gi)& (9.6.3) 


i=1 


As noted before, the corresponding reduced phase space 


P= J"W/G 


is a stratified symplectic space with the strata given by the orbit type components 
of Y. Thus, denoting the set of orbit type components by T, we have a disjoint 
decomposition 

P= | |e; (9.6.4) 


TET 


satisfying the frontier condition, that is, for all t, t’ € T, 
P,P, ASD implies A, cP. 


The partial ordering of orbit types defined in Sect. 8.2 extends to a partial ordering 
of T in an obvious way. Since the closures of distinct connected components of an 
orbit type subset do not intersect, 


P,CP» iff t<t'. (9.6.5) 


Clearly, the orbit types appearing in form a subset of the set of orbit types of the 
lifted action W on T*G”. By [509], the latter coincides with the set of orbit types of 
the original action on the base space G". Thus, it is enough to know the orbit types 
of the latter. As an illustration, let us give an example [124]. 


Example 9.6.1 (Orbit types of the diagonal action of G on GN for G = SU(3)) Let 
Z denote the center of G. For N = 1, the action has three orbit types. Let g € G. 


1. If g has three distinct eigenvalues, G, = U(1)? and g lies in the generic stratum. 
2. If g has two distinct eigenvalues, G, = U(2). 
3. If g has a single eigenvalue, it belongs to Z and G, = SU(3). 


For N > 2, the action has five orbit types. Let g := (g1,..., gv) € GY. 
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. Ifthe g; have no common eigenspace, Gg = Z and g lies in the generic stratum. 
. If the g; have exactly one common 1-dimensional eigenspace, Gg = U(1). 

. If the g; have three common 1-dimensional eigenspaces, Gg = U(1) x U(1). 

. If the g; have a 2-dimensional common eigenspace, Gg = U(2). 

. Otherwise, all g; belong to Z and Gg = SU(3). 4 


AWN Re 


There are two strategies for implementing the stratified structure on quantum level. 


1. Quantization after reduction: perform the singular symplectic reduction at zero 
level and develop a quantum theory on the stratified space so obtained. 

2. Reduction after quantization: start with the quantum theory as described in the 
previous section and develop a reduction procedure on quantum level. 


A closer look at (9.6.3) shows that it is hard to perform the reduction to the zero 
level set on the classical level explicitly. For the study of toy models, including the 
investigation of the topological structure of the lattice gauge orbit space, we refer to 
[125, 202]. 

Below, we will follow the second strategy. To implement the stratified structure 
on quantum level, we will use the concept of costratified Hilbert space developed by 
Huebschmann [325, 326]. We start with the Hilbert space representation #7 of 
the observable algebra constructed in Sect. 9.4, cf. formula (9.5.18). Let 


I, = L?(G)®*® = L*(G*) 


and 
H = HN =p € Hy: Wr9 = ¢ forall g € G}. 


We have a natural isomorphism #7” = #. Thus, we may take % as the Hilbert 
space of the quantum system. 


Definition 9.6.2 A costratification of # associated with the stratification (9.6.4) 
is an assignment of a closed subspace # C # to every t € T such that t < 1’ 
implies 4% CH. 


Our definition is adapted to the model under consideration. For the general concept, 
see [325]. Now, the idea is that # should consist of wave functions localized at Y,. 
To make this precise, we must relate the elements of 7 to functions on Y. This will 
be accomplished in two steps. First, we use the Segal-Bargmann transformation for 
compact Lie groups developed by Hall [278] to obtain an isomorphism of # with 
the Hilbert space 


HE := HL? ((Ge)*)% 


of G-invariant holomorphic functions which are square integrable with respect to a 
certain measure given below. Here, Gc is the complexification of G. The benefit of 
this will be that the elements of .#° are true functions on (Gc) and not just classes 
[282]. In a second step, we will relate these elements to functions on FY. 
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By the tensor product structure of the Hilbert spaces involved, for the discussion of 
the Segal—-Bargmann transformation we may restrict attention to one copy of G. Let p; 
be the heat kernel of the Laplace operator** on G with respect to a chosen Ad-invariant 
inner product on g. Since p; is invariant under inner automorphisms, according to 
the Peter-Wey] Theorem, it can be expanded with respect to the characters x, of the 
irreducible representations z of G. The expansion coefficients are given by 


p:(g) = >_ dim Vz ee"? xn (g), 8 EG, (9.6.6) 


eG 


where ¢, is the eigenvalue of the second Casimir operator of the representation 
mz [600, p. 38]. Since every irreducible representation of G extends uniquely to a 
holomorphic representation of Gc, the characters x, may be analytically continued. 
Thus, replacing each x, in (9.6.6) by its analytic continuation, we obtain a candidate 
for the analytic continuation of p,. It can be shown that the corresponding series is 
convergent and holomorphic, indeed. Let us denote the analytic continuation of p;, 
so obtained by the same symbol. Now, the Segal—-Bargmann transformation of G is 
defined by 


C,: L°(G) > Hol(Ge), C:(¢)(g) = pr(g''g)9(g')dg' , (9.6.7) 
G 


where dg’ denotes the Haar measure on G and Hol(Gc) is the space of holomorphic 
functions on Gc. For the proof of the following theorem, see [278]. 


Theorem 9.6.3 (Hall) For every t > 0, there exists a measure v, on Gc such that 
C, is a unitary mapping from L(G, dg) onto HL?(Gc, v;). This measure is given 
by 


we) = f mle ede (9.6.8) 


where |; is the heat kernel of the Laplace operator on Gc.” Oo 


Next, recall that we may identify T*G with G x g* and, using the inner product, with 
G x g. The latter may be identified with Gc via the polar decomposition isomorphism 


®:Gxg>Gc (g,Y):=ge”. (9.6.9) 
According to [279], under this mapping, the measure v, takes the form 


V4(g) = (rt) ~ HM O/2g-18?’ Fe FY nV) dg d¥ , (9.6.10) 


48That is, the second Casimir operator. 


Here, the Lie algebra gc of Gc is viewed as a real Lie algebra endowed with the natural inner 
product obtained by identifying the real vector space gc with the orthogonal direct sum g © g. 
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where 7 is the Ad(G)-invariant function on Gc given by 


ee sin (ad(Y)) 
n(ger ) = Se (9.6.11) 


and 6 denotes half the sum of positive roots of g. The Segal-Bargmann transformation 
takes a very simple explicit form when applied to representative functions. Recall 
that a representative function on G is a linear combination of functions of the form 


G>C, gr (&,x(g)v), 


where zr is some irreducible representation of G on a complex vector space V and 
ve V, & € V*. The characters xy, are examples of that type with the additional 
property of being G-invariant. Since every irreducible complex representation of 
G extends uniquely to a holomorphic representation of Gc, every representative 
function g has an analytic continuation y© to Gc. 


Proposition 9.6.4 (Huebschmann) Let g be a representative function on G associ- 
ated with the irreducible representation of highest weight 2. Then, 


ge di i) 2 
C:(g) = —, Gy = (tr) im(G)/2qt|A+d)? 


Jf Ctr 
Proof See Theorem 6.5 in [327]. o 


In terms of the highest weight A, the eigenvalue ¢, of the second Casimir operator 
of the irreducible representation z is given by 


fr =G = (6 —|A +4)’, (9.6.12) 
see for example [294, Sect. V.1]. 


Remark 9.6.5. (Kdhler Structure) Let J : TGc — TGc be the natural complex struc- 
ture on the manifold Gc defined by multiplication with the imaginary unit i. Under 
the identification of the Lie algebra of Gc with g @ g, it is given by 

J(A, B) =(—B,A), A, Beg. 
Via the isomorphism ®, we can transport J to a complex structure on T*G, 


JTS = (6)! 0J0 @,. 


One easily calculates (Exercise 9.6.2) 
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cos(ad(Y)) estat) 
@(g,Y=[ Reh (9.6.13) 
— sin(ad(Y)) “aay 
and, thus, 
. 1 = cos(ad(¥))—1 
Peg yy fe) 2 am 9.6.14) 
sin(ad(Y)) ad(Y) cos(ad(Y)) — 1 


Combining this with the natural symplectic structure w on T*G, cf. Example 8.3.4 in 
Part I, we obtain a Kahler structure on T*G. Using (9.6.13), one can check (Exercise 
9.6.2) that the canonical 1-form @ of T*G reads 


6=Im(dc), K(g, Y)=I¥/, (9.6.15) 


where 2 is the Dolbeault operator of the complex structure J’ ©, 


Ie = (dey? = &* ((("!)*dx)”) 


Thus, « is a potential of the Kahler structure. It can be shown that the Hilbert space 
HL?(Ge, v;) may also be obtained via half-form Kahler quantization with respect 
to this Kahler structure [281]. + 


Remark 9.6.6 (Holomorphic Peter-Weyl Theorem) In [327], Huebschmann has 
proved a Peter-Weyl Theorem for the Hilbert space HL*(Gc). He has called this 
the Holomorphic Peter-Weyl Theorem. Combining it with the ordinary Peter-Wey] 
Theorem for L?(G) and computing the norms of the analytic continuations of repre- 
sentative functions, one finds that the assignment g +> g©/ /Cr,. uniquely extends 
to a unitary isomorphism L(G) > HL?(Gc). In view of Proposition 9.6.4, this 
provides an alternative proof of Theorem 9.6.3. Conversely, the Holomorphic Peter— 
Weyl! Theorem is a consequence of Theorem 9.6.3 and Proposition 9.6.4. 4 


By applying the Segal—Bargmann transformation to every copy of G, we obtain a 
unitary isomorphism 
C,: Hy > HL? ((Go)"). 


Using bi-invariance of the Haar measure on G and the fact that the irreducible char- 
acters x, are invariant under inner automorphisms of G, one can check that C; is 
equivariant with respect to the actions of G on .%y and HL? ((Gc)” ) induced by 
diagonal conjugation on G% and (Gc), respectively. Hence, C;, restricts to a unitary 
isomorphism of the subspaces of invariants, denoted by the same letter, 


C,: BH > HE. 


As a result, via the isomorphisms C;, wave functions are represented by holomor- 
phic functions on (Gc)" = T*G". As already noted, the elements of #°© are true 
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functions on (Gc) and not just classes. This completes the first step in the process 
of relating the elements of .# with functions on Y. 

In the second step, we must now clarify how to interpret elements of © as 
functions on #. In the case N = 1, we observe that Y(g, Y) = 0 implies that, 
up to conjugacy, (g, Y) may be chosen from T x t, where T C G is a maximal toral 
subgroup and t C g the corresponding Lie subalgebra. Hence, 


P= Txt” =Te/W, 


where W = Nc(T)/T is the Weyl group. On the other hand, restriction to Tc defines 
a unitary isomorphism 


KE = HL*(Gc)® = HL? Tc)” 


with the measure on T being obtained from (9.6.10) by integration over the con- 
jugation orbits in Gc, thus yielding an analogue of Weyl’s integration formula for 
HL?(Gc)®. 

In the case N > 1, the argument is more involved. First, we construct a quotient 
of Ge on which the elements of 7° define functions. Consider the action of Gc on 
(Gc) by diagonal conjugation. For a € Ge , let Gc - a denote the corresponding 
orbit. Since Gc is not compact, Gc - a need not be closed. If a holomorphic func- 
tion on (Gc) is invariant under the action of G by diagonal conjugation, then it is 
invariant under the action of Gc by diagonal conjugation, i.e. it is constant on the 
orbit Gc - a for every a € (Gc). Being continuous, it is then constant on the closure 
Gc. a. As aconsequence, it takes the same value on two orbits whenever their clo- 
sures intersect. This motivates the following definition. Two elements a, b € (Gc) 
are orbit closure equivalent if there exist ¢;,...,¢- € (Gc) such that 


Gco:aNGce-:c¢, 48, Ge-eeNGe:-MFASG,..., Gee, Gc: bFAO. 


Clearly, orbit closure equivalence defines an equivalence relation on (Gc)”. Let 
(Gc)"/ Gc denote the topological quotient.°° By construction, the elements of © 
descend to continuous functions on (Gc)” Ge. 

Second, following [291], we recall how the orbit closure quotient (Gc)” /Gcis 
related to the reduced phase space Y. Via the polar decomposition isomorphism ®, 
we can view the momentum mapping as a mapping 


of Gey sr 


and we can view “ as the quotient of 7% —!() C (Gc)" by the action of G. Since G 
is compact, Gc is linear algebraic. Then, (Gc)” is an affine variety in some complex 
vector space V, the action of G on (Gc) by diagonal conjugation is the restriction 


*9The notation is motivated by the fact that the quotient provides a categorical quotient of (Gc) 
by Gc in the sense of geometric invariant theory [461]. 
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of arepresentation of G on V to (Gc) and the momentum mapping is the restriction 
to (Gc) of the mapping 


~ 2 1 
xiV>o: AF W)A) = 5 tv, Ay) , 


where (-, -) is an appropriate G-invariant scalar product on V and A acts on v by 
the induced representation of the Lie algebra. In this situation, the level set 7 ~!(0) 
has the following properties [361]. 


1. For alla € (Gc), one has Gc-aN Y-'(0) 4 2. 
2. For alla € (Gc), the orbit Gc - a is closed iff (Gc -a)N Y~'(0) #2. 
3. Forallae £~'(0), one has (Gc-a)N Y-'(0) =G-a. 


Properties 2 and 3 ensure that _Y ~' (0) is what is known in geometric invariant theory 
as a Kempf-—Ness set. Using properties 1-3, one can prove the following [291]. 


Theorem 9.6.7 The natural inclusion mapping a (0) > (Gc)* induces ahome- 
omorphism P — (Gc)*|/ Ge. | 


As a consequence, via the homeomorphism of Theorem 9.6.7, the elements of Cc 
can be interpreted as functions on #. Thus, it makes sense to take the restriction of 
such an element to a subset of 7. 


Definition 9.6.8 A wave function g € #° is said to be localized at the stratum Y, 
if it is orthogonal to all wave functions x which vanish at Y,. 


Following this concept of localization, as the closed subspace we Cc #° consisting 
of the wave functions which are localized at the stratum Y, we obtain the orthogonal 
complement of the closed subspace 


WE := {xy € H: xr we, =0). 


T 


It follows that we have an orthogonal decomposition 
KH = KHEOOVE. 
Finally, the inverse of the isomorphism C, maps the subspaces © to subspaces % 
of H%, 
Proposition 9.6.9 The assignment of H to t € Tis a costratification of H°. 


Proof By (9.6.5), if t < t’, then A, C Y,. Since holomorphic functions are con- 
tinuous, this implies %° > VF and thus H° c HE. oO 


Exercises 
9.6.1 Prove the statements | and 2 about maximal lattice trees on p. 744. 


9.6.2 Prove formulae (9.6.13) and (9.6.15) in Remark 9.6.5. 
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Fig. 9.1 The reduced phase 
space Y for G = SU(2) and 
N=1 


9.7 A Toy Model 


In this section, we discuss the example G = SU(2) and N = | in some detail, cf. 
[328]. This corresponds to the toy model of a lattice consisting of one plaquette, 
because here every tree contains three of the four links. Alternatively, it may be 
viewed as a Hamiltonian SU(2)-gauge theory on a circle after reduction by the 
pointed gauge group. 

First, we determine the stratification of the reduced phase space 


P= J-'(0)/SU). 


As already noted, in the case N = 1, the condition Y (g, Y) = 0 implies that up to 
conjugacy, g and Y may be chosen from a maximal toral subgroup T C SU(2) and 
the corresponding Lie subalgebra t C su(2), respectively. Hence, Y = (T x t)", 
where W = Ngyy2)(T)/T is the Weyl group of SU(2). If we choose T and t to 
consist of the diagonal matrices in SU(2) and su(2), respectively, W acts on T x t 
by simultaneous permutation of the entries. The stabilizer of (x, Y) ¢ T x tis W 
in case (x, Y) = (£1, 0) and trivial otherwise. Hence, there are two orbit types and 
three orbit type connected components, given by “, consisting of (the class of) 
(1,0), A_ consisting of (the class of) (—1, 0), and Y; consisting of all the rest. 
Clearly, Y is the principal stratum. Hence, in this simple example, there are only 
two secondary strata and these strata consist of isolated points. The stratified space 
P is depicted in Fig. 9.1. This space is known as the canoe. 

Next, we choose bases in the relevant Hilbert spaces and determine the 
Segal-Bargmann transformation. The Schrédinger Hilbert space is #7 = L7(G)°, 
the subspace of L?(G) consisting of the functions which are invariant under inner 
automorphisms. The holomorphic Hilbert space is. #° = H L?(Gc)®, the subspace 
of HL*(Gc) consisting of the functions which are invariant under conjugation by 
elements of G. Let x,, denote the character of the irreducible representation of G of 
spin n/2. Then, the analytic continuation xo is the character of the corresponding 
representation of Gc = SL(2, C). To find explicit formulae, recall that the represen- 
tation dz, of spin n/2 of su(2) reads 


dz, ( diag(i, —i)) = diag(in, i(n — 2),...,i(-n + 2), -in). 
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It follows that 
7, ( diag(e™, e*)) _— diag Cage el) or eax i) : 


Hence, the restrictions of x, to T and of ro to T x t = Tc are given by, respectively, 


sin ((n + 1)x) 
sin(x) 


Xn(diag(e*)) = xeR, (9.7.1) 


and 
x (diag(z, 27!)) =z" +277 4-42, cect, (9.7.2) 


By the Peter-Weyl Theorem, the x, form an orthonormal basis in .#. By Theorem 
9.6.3 and Proposition 9.6.4, then the x© form an orthogonal basis in #°. 

Next, we determine the Segal—Bargmann transform of x, and the eigenvalues of 
the Laplacian. Since every invariant scalar product on su(2) is proportional to the 
(negative definite) trace form, we have 


1 
\y|?2 = 3g (Y¥7), ¥ esu(Q2), 


for some positive number f. 
Lemma 9.7.1 The Segal—Bargmann transformation reads?! 

Crain) = (hie) 34e PP 772 € (9.7.3) 
and the eigenvalues of the second Casimir operator of the irreducible representation 
with spin n/2 are given by 

tf, = —B’n(n +2). (9.7.4) 
Proof According to Proposition 9.6.4, 


Cc 
Xn 
Chr 


Cr(Xn) = 


2 
» a= (Rar)! ehl+4 . 


To determine the factors cp,,,, recall that the root system of su(2) consists of the two 
roots a and —a@, given by a(Y) = 2y, where Y = diag(iy, —iy) € t, y € R. Hence, 
6= 5a. The highest weight of the irreducible representation of spin n/2 is A, = 5a. 
Relative to the invariant scalar product on t* induced by that on t, the two roots a 
and —a@ have norm |a|* = 467. Hence |6|? = B? and |A, + 6/? = B2(n + 1)?. Asa 
result, 


Chan = ayer ey ‘ 


51 We now write fi instead of r. 
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The formula for the eigenvalues ¢,, follows from (9.6.12). o 


Now, we are in a position to determine the subspaces #4 C # associated with 
the secondary strata A. By definition, under the Segal—-Bargmann transformation 
they are mapped to the orthogonal complements of the subspaces oF of functions 
vanishing on Px. 


Lemma 9.7.2. The subspaces ba and V° are spanned by, respectively, 


xo -—Mm4+ xe, n=1,2,3,..., (9.7.5) 
+1 
xe +(- yr ei , n=0,2,3,.... (9.7.6) 
Proof Under the identification Y = JZ '(0)/SU(2) = (T x t)/W =Tc/W, the 


strata Y,. correspond to the isolated points +1 in Tc. Hence, VE cH is defined 
by the condition y(+1) = 0. By (9.7.2), we have 


,,-D=C4Y as). 


Hence, all the functions given in (9.7.5) belong to 0 and all the functions given in 
(9.7.6) belong to V©. Linear independence is obvious. That the system (9.7.5) spans 
yes follows by observing that, together with Xe: it spans 77°. Similarly, the system 
(9.7.6) spans V“, because together with rie it spans 7° as well. Oo 


To determine #., we turn back to # and take the orthogonal complement there. 
Up to a factor, under the inverse of the Segal-Bargmann transformation, the basis 
elements (9.7.5) and (9.7.6) are mapped, respectively, to 


Pty _ (n+ eth /2y, , n= 1,2,3,..., (9.7.7) 


2 1 2 
ear 2y “en X15 n=0,2,3,.... (9.7.8) 


Proposition 9.7.3 The subspaces #4. have dimension |. They are spanned by the 
normalized vectors 


1 24,2 
Qs = oe (£1)" (nt VD eT PP HV"? y, 25% 2 he (O79) 


n=1 


Proof Clearly, the series on the right hand side converges and its limit is normalized. 
Both the vector y+ together with the system (9.7.7) and the vector g_ together with 
the system (9.7.8) span L?(G)°. Finally, a straightforward computation shows that 
gv is orthogonal to all the vectors in (9.7.7) and g_ is orthogonal to all the vectors 
in (9.7.8). oO 
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Remark 9.7.4 
1. The transition probability |(g,, g_)|? between the states defined by g, and g_ 
has the physical interpretation of a tunneling probability between the strata A, 


and Y_. It can be expressed in terms of the 6-constant 63(Q) = ae oF as 


eo) a Bie) 
G+,9-) = 65 (eh) 

Figure 9.2 shows |(g,, g_)|* as a function of the combined constant if. As one 
would expect, the tunneling probability vanishes in the semiclassical limit h > 0. 


2. According to (9.6.6) and (9.7.4), the heat kernel on G = SU(2) is given by 


CO 
_ 492 
a= > te Prey. 
n=0 


Comparison with (9.7.9) shows that p;, = eM’ N y+. More generally, using the 
analytic continuation of p, to Gc, for every g € Gc, we can define a function 
gy on Gc = SL(2, C) by gf? (h) := p;(gh—'), for any h € Ge. Then, 


—hp* 
e nh 
Cn(ys) = et: 


According to [278], the functions oe admit an interpretation as coherent states 
on Gc. Within the bounds imposed by the uncertainty relation, they are optimally 
localized at the phase space point g. Thus, the states spanning “. are optimally 
localized at the points forming the corresponding strata. 

Expressing the transition probability |(g,, g_)|* in terms of the coherent states 
gi” and go!” , we obtain the identity 


»_ Kor? oP 
= (hy (hy 


(9+, 9-) I" = 7 
Ilo; II? Neral? 


The quantity on the right hand side is referred to as the overlap of the coherent 
(h) (A) : f ; : 
states y; ’ and g_,. It was studied for arbitrary pairs of group elements in more 


general situations in a series of papers by Thiemann and collaborators [619]. @ 


Next, we discuss the eigenvalue problem of the Hamiltonian (9.5.31) for the lattice 
at hand and determine the transition probabilities between the energy eigenstates 
and the states yr associated with the strata. If for simplicity we put a = 1, the 
Hamiltonian reads 


H=-——A-Sn, (9.7.10) 
K 
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probability |(g+, g_)|? asa 0.8 

function of Ap? : 
0.6 
0.4 
0.2 


where A is the Laplacian on SU(2) and « denotes the coupling constant. A core is 
given by the subspace C~(G)°. 

For k — o, that is, in the strong coupling limit, the eigenvalue problem reduces 
to that of the Laplacian. Hence, in this case, according to (9.7.4), H has the non- 
degenerate eigenvalues 

Rex? B2 
EE, = 


n(n + 2) 


corresponding to the eigenvectors x,,. To discuss the eigenvalue problem for finite «, 
we pass from L?(G)® to L?[0, 2] using the unitary isomorphism (Exercise 9.7.1) 


vec : sin(x) (diag(e”, e)). (9.7.11) 


According to (9.7.1), the characters are mapped to the functions 


e 2, 
Xn(xX) = 2 sin ((n + 1)x). 


The subspace {w iwe CHG") C L*[0,7] is a core for the transformed 
Hamiltonian H and on this core, H is given by (Exercise 9.7.2) 


Go (& ie | ee (9.7.12) 
= COS(X). «he 
2 dx? K2 


One can check that H is still symmetric on the larger subspace 
{hy € L*[0, 7]: 0) = w(x) =O}, (9.7.13) 
so we may take the latter as a core (Exercise 9.7.3). 


Now, consider the stationary Schrédinger equation Hi = Ey. Dividing by the 
factor —h?«* 67/2 and substituting y = (x — z)/2, we obtain the Mathieu equation 


f"(y) + @ — 2g cos(2y)) f(y) = 0 (9.7.14) 
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with the parameters 
8E 16 
a= 2B +4, q= phe (9.7.15) 
and with f being a Whitney smooth function on the interval [—z/2, 0] satisfying 
the boundary conditions 


f(—2/2) = f(0) =0. (9.7.16) 


For the theory of the Mathieu equation and its solutions, the Mathieu functions, 
we refer to [22, 436, 440].>? All we need here is that for certain characteristic val- 
ues of the parameter a, depending analytically on g and usually being denoted by 
bon42(q), n = 0,1, 2,..., solutions satisfying (9.7.16) exist. Given a = boy+2(q), 
the corresponding solution is unique up to a complex factor and can be chosen to be 
real-valued. It is usually denoted by se2,42(y; g), where ‘se’ stands for ‘sine elliptic’. 
For given g > 0, define functions Zi” E L’[0, | by 


Xi (x) = (—1)"*1/2/m semnyo((x — 1)/2;q), n=0,1,2,.... 
Since se2,42(y; 0) = sin((2n + 2)y), the factor (—1)"*! ensures that x© = x,. Us- 
ing the results of Sects. 20.2 and 20.5 in [4], we obtain the following. 


Proposition 9.7.5 The functions x, n=0,1,2,..., form an orthonormal eigen- 
~ 2. 2 Qe: 
basis of H with the non-degenerate eigenvalues E, = eee {— a 1) : D 


Finally, we discuss the transition probabilities 


P* = [(x|ps)|° 


between the energy eigenstates Xe and the states g spanning #.. Using the Fourier 


decomposition of se2,42, we obtain 


(-1)” = a 2 te 2: n 
(xn? les) = > GD E+ Dee pera, 
k=0 


where i (q) are the Fourier coefficients, see [4, Sect. 20.2]. 


The transition probabilities P* depend on the parameters h, 6” and « only via 
the combinations hB* and gq = 16/(h?B*«*). For illustration, they are displayed for 
n=0,...,5inFig.9.3 as functions of g for two specific values of 6”, thus treating 
h? B°«* and hB* as independent parameters.** 

We observe that the transition probability Po’ between y, and the ground state 


a has a dominant peak moving to smaller values of « as h6* decreases. In other 


52Mathieu functions have already appeared in Example 9.8.9 of Part 1. Note that the Mathieu 
equation also arises as the Schrédinger equation of the quantum planar pendulum, yet with different 
boundary conditions [137], see also [13, 52,519]. For a discussion of the relation between our system 
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P~ for hB? = 4 
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P} for hB? = 4 P, for hB* = 35 


Fig. 9.3. Expectation values P* for n = 0 (continuous line), 1 (long dash), 2 (short dash), 3 (long- 
short dash), 4 (dotted line) and 5 (long-short-short dash), plotted over log(q/16) = —2 log(hBx*) 


words, for a certain value of the coupling constant, depending on A’, the state 
y+ Spanning -#, is very close to the ground state. The two states do not coincide 
completely though, because the Fourier coefficients of g,, given by (9.7.9), do not 
satisfy the recurrence relations for Bo (qg), given in [4, Sect. 20.2], for none of the 
values of g. This observation should be compared with an earlier result of Emmrich 
and Romer [185]. These authors considered Schrédinger quantum mechanics on a 
double cone and showed that the vacuum state concentrates around the singularity. 
Thus, the nongeneric strata seemingly carry information about the spectral measure 
of the Hamiltonian of a gauge theory. 


Remark 9.7.6 


1. One can derive explicit approximate formulae for P;- in the strong and weak 
coupling limit, cf. [328]. 

2. Letus discuss the extension problem which arises by quantization on the principal 
stratum, see also [542] for further details. While naive quantization after reduction 
on all of T*G fails, because of the presence of singularities in #, it can be 
carried out on the part of T*G where regular cotangent bundle reduction applies, 
that is, on the submanifold made up by the cotangent bundle of the unreduced 
principal stratum G\{-F1}. For this submanifold, symplectic reduction leads to 
the cotangent bundle of the quotient manifold. In the parameterization of the 
quotient of G by inner automorphisms by the closed interval [0, zr], this quotient 
manifold corresponds to the open interval ]0, z[. Since the parameterization is an 


and the quantum planar pendulum, both on classical and quantum level, we refer to Remarks 2.2, 
5.2 and 5.4 in [328]. 


53The plots were generated by numerical integration using the Mathematica function Mathieus. 
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isometry when scaled via 6, canonical quantization of the kinetic energy yields 
the symmetric operator 
h2 Ke Bp d2 
2 dx? 


(9.7.17) 


on the Hilbert space L*[0, 77] having as domain the compactly supported smooth 
functions on the open interval ]0, z[. To arrive at a quantum theory of the entire 
system, one has to determine the self-adjoint extensions of the operator (9.7.17). 
This is the problem studied in [185] where the classical configuration space is a 
double cone. When the classical configuration space arises by reduction, as in the 
system under consideration, the extension problem can be solved by reduction 
after quantization, because this determines the kinetic energy operator uniquely. 
This was already observed in [680] in the context of quantization by Rieffel 
induction. Indeed, in our situation, up to the shift by a constant which can be 
obtained by the metaplectic correction, the first term in (9.7.12) defined on the 
core (9.7.13) is a self-adjoint extension of (9.7.17). In fact, this is the Friedrichs 
extension. 4 


Exercises 


9.7.1 Use Weyl’s Integration Formula to prove that (9.7.11) defines a unitary iso- 
morphism. 


9.7.2 Derive formula (9.7.12). Hint. Apply both sides of (9.7.12) to x, and use 
(9.7.4). Alternatively, one may use the formula for the radial part of the Laplacian 
on a compact group [294, Sect. II.3.4]. 


9.7.3. Show that (9.7.13) defines a core for H. 


Appendix A 
Field Restriction and Field Extension 


Consider right K-vector spaces with IK = R, C or H. We use the obvious subfield 
embeddings R C C and R C Has well as the embedding 


CoH, x+iyr x1+yi. 


First,we discuss field restriction. For a K-vector space V and a subfield L C K, 
we let Vi, denote the L-vector space obtained from V by field restriction, that is, by 
restricting multiplication by scalars to the subfield L. The same notation will be used 
for vector bundles. One has 


dim(V;,) = dim(V) dim, (RK) 


and a similar relation between the ranks in the case of vector bundles. Note that in 
the case IK = H and L = C, scalars keep multiplying from the right. That is, scalar 
multiplication by z € C of an element vq, where v € V and q € H, yields vqz. 

Clearly, Ch = R2" and HR = R*" as real vector spaces, and Ha = C2" as 
complex vector spaces. Throughout the book, the following concrete isomorphisms 
are used: R2” > Cp given by 


(X1,.--, Xan) b> (x1 + xol,. 2+, Xan-1 + Xoni) , (A.1) 
R*” > HH} given by sending (x1, ..., X4n) to 
(x1 + x2i + x3j txak, 2.2, X4n—3 + X4n—2i + X4n—1j + Xank), (A.2) 


C" —> Hit. given by 


(Z1, 6+ +5 Zan) > (21 + Jza, «++ 5 Zan—1 + J22n) - (A.3) 
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We point out that by further field restriction to IR, the isomorphism (A.3) yields 
a real vector space isomorphism ce — Hg. Composition of the latter with the 
isomorphism R*” > Cc given by (A.1) yields the isomorphism R*” > HR given by 
sending (x1,...,X4n) to 


(x41 + xi t+ x3j — xak, ... , X4n—3 + X4n—2i + X4n—1j — Xank) . (A.4) 


In particular, this isomorphism does not coincide with the one defined by (A.2). The 
isomorphisms (A.1)—(A.3) induce subalgebra embeddings 


Mn(C) > Mon(R), MnCl) > Man(R), M,(H) > M2,(C). (A.5) 


The latter are obtained by replacing the entries by blocks according to, respectively, 


. Aj —Bj 
Acces BE md (A6) 
Ay —By —Cy —Di 
By Ag —Dy Gi (A.7) 


Aj + Bil + Cijj + Dik al Cc. Dj Ag = 


Law. Zi —Wi 
Zy +4Wy i a |. (A8) 


where Aj, By, Cij, Diy € Rand Z;, Wi € C, and where Zi denotes the complex con- 
jugate number. These subalgebra embeddings restrict to Lie subgroup embeddings 


GL(n, C) > GL(2n,R), GL(n, H) > GL(4n,R), GL(n,H) — GL(2n,C). 
Since GL(n, C) and GL(n, H) are connected, their images are contained in the iden- 
tity component of GL(2n, R) and GL(4n, R), respectively. 

Next, we discuss field restriction of scalar products and Hermitean fibre metrics. 
If his a scalar product on a complex or a quaternionic vector space V, then 


hry, w) := Re(h(v, w)) , Vwev, (A.9) 


defines a scalar product on the realification Vg. Similarly, if h is a scalar product on 
a quaternionic vector space V, then 


he (vy, w) := Co(h(y, w)) », Vwev, (A.10) 
defines a scalar product on the complexification Vc. Here, 


CoQ, + X2i + x35 + x4k) = x1 +it2, 1,...,%4 ER, 
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is the complex part of a quaternion. One can check that the isomorphism R2” = CR 
defined by (A.1) is isometric with respect to the standard scalar product on R2” and 
the scalar product hg on CZ obtained from the standard scalar product h on C”. An 
analogous statement holds for the isomorphisms R*™" = Hg defined by (A.2) and 
C7 = IH¢ defined by (A.3). It follows that the corresponding subalgebra embeddings 
(A.5) restrict, respectively, to Lie subgroup embeddings 


in? : U@) > On), jr: Spin) > O(4n), FP": Sp(n) > Un). (A.11) 


Now, consider vector bundles. Clearly, if h is a Hermitean fibre metric on a complex 
or quaternionic vector bundle E, then (A.9) defines fibrewise a Euclidean structure hp 
on the realification Ep. Ifhis a Hermitean fibre metric on a quaternionic vector bundle 
E, then (A.10) defines fibrewise a Hermitean fibre metric hc on the complexification 
Ec. 


Lemma A.1 Let (IK, L) = (C, R), CH, R) or (H, C) and let E be a K-vector bundle 
of rank n over a topological space B endowed with a fibre metric h. 


I. Forbeé B, ifu= (uy, ..., Un) is an h-orthonormal frame in the fibre Ey, then 
(uy, i), ..-, Un, in) (K, L) = (C, R) 
“= (uy, ui, uj, uk, sees Un, Uni, UnJs Unk) (K, 4) = (A, R) 
(uy, uj, Lae eee. Un, UnJ) (K, 4) = (H, C) 


is an h-orthonormal frame in the fibre (E\_)p. 
2. The mapping 
O(E) > O(E,), uP a, 


is a vertical morphism of principal bundles with Lie group homomorphism given 


by (A.11). 


Proof Point 1 is proved by direct inspection. Point 2 follows from the equation 
(u-a) =u-j(a) 


for all a € U(m) incase K = C ora € Sp(n) in case K = H. Here, j denotes the 
corresponding embedding in (A.11). | 


Now, we turn to the discussion of field extension. Let (L, K) = (R, C), (R, H) or 
(C, H) and let V be an L-vector space. Since L is a subfield of K, we can view K 
as a vector space over L with scalars acting by multiplication from the left. Since, in 
addition, L is commutative, we can form the tensor product of L-vector spaces 


Ve :=V@LK. 
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For every k’ € K, the mapping V x K —> Vx defined by (v, k) > v @ (kk’) is 
L-bilinear and hence induces an L-linear endomorphism of Vx which maps v @ k to 
v ® (kk’). Thus, letting k’ run through K, we obtain a mapping 


Ve xK> Ve, V@k,kK)R vV® (kk). 


This mapping, taken as the multiplication by scalars on Vx, combines with the ad- 
ditive structure of Vg to a K-linear structure on Vx, thus turning Vg into a K-vector 
space. This vector space is called the complexification of V in case (IL, K) = (R, C) 
and the quaternionification of V in case (L, K) = (R, H) or (C, H). Multiplication 
by scalars will be written in the form 


V@DK :=ve@ckk), kk eK. 


Clearly, if {e;} is a basis in V, then {e; ® 1} is a basis in Vx. Therefore, Vx has the 
same dimension as V. Since (v/) @ 1 = v@/ = (v@ 1)/ for all/ € Land v € V, the 
mapping 

Vo Ve, ve vel, 


is L-linear and embeds V into Vx as a linear subspace over L. In the case V = L”, the 
vector space Vx may be identified with K” via the natural isomorphism Ly — K” 
defined by (,..., tn) @k b> (ik, ..., lnk). 

The concept of field extension carries over to vector bundles as follows. Given 
an L-vector bundle E over a topological space B, by viewing K as above as a left 
L-vector space, we can take the tensor product of L-vector bundles 


Ex := E @, (B x K) 


and endow each fibre EF, ®, K with the K-linear structure of (E,)x. Then, for every 
local frame e;,..., €, in E, the local sections e; @ 1,..., é, ® 1 of Ex form a local 
frame in Ex. Hence, Ex is a locally trivial K-vector bundle and it has the same 
rank as E. It is called the complexification of E in case (L, K) = (R, C) and the 
quaternionification of EF incase (IL, K) = (R, H) or (C, H). The following statements 
have their origin in corresponding statements about vector spaces. 


(a) The mapping E — Ex defined by e +» e @ 1 is an L-linear vector bundle 
morphism and embeds E into Ex as a vertical subbundle over L. 

(b) Given two complex vector bundles E and E’ over B and B’, respectively, and an 
L-vector bundle morphism F : E — E’, there exists a unique K-vector bundle 
morphism Fx : Ex — Ex such that Fx(e ® k) = F(e) @k for all e € E and 
k € K. This morphism is referred to as the K-linear extension of F’. It projects 
to the same mapping B > B’ as F. 

(c) Given a real vector bundle E, the mappings 
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E@E-— (Ec)r, Vw) v@l+w@i, 
E™4 _ (Ey)r, (v1, 72,13, Va) BO v1 @1 + @i+vy3@j+tw@k, 


are vertical isomorphisms of real vector bundles. Given a complex vector bundle 
E, the mapping 


E@E=> (Exc, Ww) v@l1l+wej, 


is a vertical isomorphism of complex vector bundles. Here, E denotes the com- 
plex conjugate vector bundle, cf. Sect. 4.4. 
(d) Given a real vector bundle E, the mapping 


Ec> Ec, e@®ze@Z (A.12) 


is a vertical isomorphism of complex vector bundles. 


Finally, we discuss field extension of scalar products and Hermitean fibre metrics. 
We use the fact that for every scalar product h on an L-vector space V, there exists 
a unique scalar product hx on Vx such that 


he(v@k,v @kK) =ktho, v)k’ forallv,v eV, kk’ eR. 


Accordingly, given a Hermitean fibre metric h on a K-vector bundle E over a topo- 
logical space B, there exists a unique Hermitean fibre metric hx on Ex such that 


hx(e @k,e @k’) =k'hle, ek’ forall e,e’ Ey, be B, kk’ eK. (A.13) 


Let us observe the following. It is clear that the L-linear subspace embedding V > 
Vx given by v > v @ | is isometric with respect to h and hx. In the case V = LL” 
with h being the standard scalar product on L”, one can check that hx corresponds 
to the standard scalar product on K” under the natural isomorphism Ly = K". It 
follows that the L-subalgebra embedding M,,(L) — M,,(IK) induced by the inclusion 
relation L C K restricts to a Lie subgroup embedding of the corresponding isometry 
group. Thus, we obtain Lie subgroup embeddings 


ie: O07) > UM), fe: OM) > Spt), fy? : UM) > Spm). (A.14) 


We have the following analogue of Lemma A.1. 


Lemma A.2 Let (L, K) = (R, C), (R, H) or (C, H) and let E be a L-vector bundle 
over a topological space B endowed with a fibre metric h. 


I. [fu = (uy, ...,U,) is an h-orthonormal frame in the fibre E,, then 


u= (uy, @1,...,u, @ 1) 
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is an hx-orthonormal frame in the fibre (Ex)p. 
2. The mapping 
O(E) > O(EK), ub ub, 


is a vertical morphism of principal bundles with Lie group homomorphism given 


by (A.14). 


Proof Point 1 is obvious from (A.13). Point 2 is due to the fact that for every a € 
M,,(L) which is an isometry of the standard scalar product on L”, one has 


(ujai) @ 1 = (uj @ aj) = (uj ® Iai = (CU; ® D(F;*(@); . 


Appendix B 
The Conformal Group of the 4-Sphere 


Consider the embedded submanifold S* C R° endowed with the standard metric 
go obtained by restricting the Euclidean metric (-, -) on R>. In standard coordinates 
Z,---,24 of R° corresponding to the canonical basis {e9,...,e4} it is given by 
\|z\|? = 1. First, we show that the stereographic projection mappings yield a confor- 
mal identification of S* with HU {oo}, where H = R* is endowed with the Euclidean 
metric. That is, (S*, go) is locally conformally flat. 

First, recall from Example 1.1.22 that S* is diffeomorphic to the quaternionic 
projective space HP!. Under the natural vector space isomorphism H = R’, this 
diffeomorphism is given by 


HP! > S*CRxH=R*, [(q1,q2)] +> z= (llqill’ — llqoll?, 2q2q,). (B.1) 


Under this mapping, [(1, 0)] is sent to eg (north pole), [(0, 1)] is sent to —eg (south 
pole) and the stereographic projection mappings! take the following form?: 


Qn,s: Uns = S*\ {+e0} > H=R*, gr(z):=qiqz’, 9s(Z) :=40q;_- (B.2) 


Indeed, using ||qy||* + ||qo||? = 1, from (B.1) we read off 


2q24, Z— Ze 
(0, q2qy') = (0. = = 9s(2). 

1+ (llaill? — lap ll?) 1+ 2 
Similarly, 

= | Z— Z0€o 

(0. q19) ) > ——_— = {Z).. 
1—z% 

‘Cf. Example I/1.1.9. 
?Here, n refers to the upper sign and s refers to the lower sign. 
© Springer Science+Business Media Dordrecht 2017 765 
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Lemma B.1 The stereographic projection mappings @n,s from S* to the Euclidean 
space R* are conformal. If we choose the orientation of R* C R* defined by +eo 
and the orientation of S* C R> defined by the radial vector field pointing outwards, 
then sy is orientation preserving, whereas @, is orientation reversing. 


Proof LetX, Y € T,S* C R>, that is, (X, z) = 0 = (Y, z). Then, 


(1 + zo) XK — Xo(€o F Z) 
(1 ¥ zo)? 


’ 


Yj, 5(X) = 


and thus 


1 xX-X Jd Y-y 
(,,(%), ¥,,,(X)) = (C1 $ 20) o(€o F Z), (1 F zo) 0(€o + Z)) 


(1 + z0)* 
_ (X,Y) 
~ (1 #20)?” 
Since 1 = z = Teor and g,(X, Y) = (X, Y), we obtain 
g2(X, Y) ‘ (G),,s(X), Pp,s(¥)) 
9 SS a Pe Py s ’ Pn ¥ . 
: (1+ IlGn,s@lI2)2 °° 


The second statement is a consequence of the following identity (Exercise B.1) for 
the canonical volume forms on R* and S?, respectively, corresponding to the above 
defined orientations: 


1 


aaa (Vs4)tu,, ° (B.3) 


ns 


Ons (VRI) = 


We conclude that (U,, g,) and (U,, @;) constitute an oriented atlas of S* consist- 
ing of conformal local charts. One may choose one of the stereographic projection 
mappings, say @,, and extend it to a diffeomorphism 


g:S' = HP! > HU {oo} (B.4) 
by sending the southpole —eg to {oo}. This yields a conformal identification. 


Under this identification, the proper (that is, orientation preserving) conformal 
group of S* is given by 


Co(S*, [go]) = SL, HD/{+1}. (B.5) 
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Its universal covering group is Cats", [do]) = SL@, H). Here, SL(2, H) denotes 
the group of (2 x 2)-matrices with quaternionic entries and determinant equal to 1. 


We present the algebraic part of the proof of this fact. First, let us recall the definition 
of the determinant: the representation of HI on C? given by 


1 10 : i 0 : 0-1 k 0 -i 
6 eae (ss ame cial © acd et 
naturally lifts to an injective homomorphism of algebras, 


Th? M,, (HH) =F Mo, (C) : 


One defines 
dety(g) := det(t,(g)), g € GL(m, H). (B.6) 


Then, one easily checks the following (Exercise B.2): 

dety(g) > 0, dety(gh) = dety(g)dety(h) . (B.7) 
In particular, for n = 2 one has* 

dety(g) = det(ad — aca” 'b) , (B.8) 
where g = k a| , a, b,c, d € H. Now, consider the natural left action of SL(2, H) 
on H?, 
SL@, H) x H’ > H’, (k, (qi, q2)) > (aqi + bap, eq: + dap), 

ab 


cd 
action of SL(2, HI) on HP! = HU {oo}, 


where k = € SL(Q, H). Clearly, this action projects onto a left transitive 


Ww :SL(2,H) x HP' > HP', %[(qi, q2)] = [(aq, + bq,, cq, + dq,)]. 
1. Let q, 4 0. Then, denoting x = a4); we obtain 
[(aq, + bao, eq; + dqp)] = [(1, (¢ + dx)(a + bx)~')]. 


2. Let q; = 0. Under the isomorphism (B.4), this point corresponds to {oo}. For 
b 4 0, {oo} is sent to [(1, db~')] and for b = 0, {00} is a fixed point. 


3A priori, the following formula holds for a # 0 only. But, if we declare conjugation by zero to be 
the identity, then this formula remains true for a = 0 as well. 


768 Appendix B: The Conformal Group of the 4-Sphere 


To summarize, SL(2, Hl) actson HP! = HU {oo} via fractional linear transformations 
(or Mobius transformations“), 


x b> (c+ dx)(a + bx) !, (B.9) 


with the transformation law for {00} specified under point 2.° It is easy to show that 
the kernel of this action is {+1} (Exercise B.3). Thus, SL(2, H)/{+1} acts effectively 
on HIP’. It is also easy to see that its building blocks have the following geometrical 
interpretation (Exercise B.4): 


1. x dxa"! witha 404d: SO(4)-rotations and dilations, 
2. kX x-+e: translations, 


3. x x7!: proper inversions. 


Lemma B.2. The Mobius transformations (B.9) are conformal. 


Proof Since the stereographic projection mappings ¢, , are conformal, it is enough 
to show that the mapping (B.9) is conformal with respect to the metric induced by 
the quaternionic norm. For x, y € H and b ¥ 0, we calculate® 


(c+ dy)(a + by)! — (e+ dx)(a + bx) "| 

= ||[(¢ + dy) — db“'(a + by)](a + by)! 
— [(¢ + dx) — db“! (a + bx)](a + bx)" | 
= ||e — db“‘al|||(a+ by)! — (a+bx)""|| 
|c — db~‘all||(a + by) — (a + bx)|| 


\|a + by||||a + bx|| 
tly —xill 
|a + by||||a + bx\| 
For b = 0, the calculation is trivial. |_| 


To finish the proof of (B.5) it now remains to show that all conformal transformations 
of S* are given by (B.9). This fact is proven in the literature under various regularity 
conditions on the mapping, see e.g. Sect. 15 in [168]. In this complete version, the 
above statement is usually referred to as the Liouville Theorem. 


4Cf. [517, 518, 670] for an exhaustive discussion. 


5The latter also follows from (B.9) by rewriting (c + dx)(a4 bx)~! = (ex! + d)(ax7! + b)7! 
and taking the limit x — oo. 


The trick in the calculation below is taken from [670]. 
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Exercises 


B.1 Prove formula (B.3). 


B.2. Prove the formulae (B.7) and (B.8). 


B.3 Show that the kernel of the fractional linear transformation (B.9) is {+1}. 


B.4 Verify the geometrical meaning of the building blocks of the action (B.9) given 
prior to Lemma B.2. 


Appendix C 
Simple Lie Algebras. Root Diagrams 


We introduce the basic notions of root theory of simple Lie algebras in a rather 
operational spirit. For a presentation of the theory, we refer to [170], [329]. 

Let £ be a complex simple Lie algebra. By definition, a Cartan subalgebra of £ is 
a maximal Abelian subalgebra. Given a Cartan subalgebra £9, we may decompose 
£ into the common eigenspaces of the endomorphisms ad(B) with B € Lo. The 
common eigenspaces are labelled by the eigenvalue functionals a assigning to B € Lo 
the corresponding eigenvalue a(B). The nonzero eigenvalue functionals are referred 
to as the roots of £ relative to £o. They form the root system YW C £5. Givena € YW, 
the corresponding common eigenspace £, has dimension one. It is called the root 
subspace of @ and its elements are called the root vectors of a. As a result, we obtain 
a direct sum decomposition into vector subspaces 


L= Lo Bucw La > (C.1) 


where 
[B, eg | = a(B)eg (C.2) 


for alle, € Ly and B € Lo. 
The restriction to £o of the Killing form is negative definite. Thus, we may use 
a negative multiple of it to define a scalar product (-,-) on £9. The latter induces, 
in turn, a scalar product (-, -),, on £5. We normalize these scalar products by the 
requirement 
(a, a), = 2 


for the longest root w. Via the isomorphism Lp = LG defined by (-, -), toeverya € W 
there corresponds an element hy € Lo, called the Cartan element of a. By definition, 
(hy, B) = a(B) for all B € Lo. 

Let € = rank(£). A subsystem JJ = {aj,...,a¢} C W is called a system of 
simple roots if it is a basis in £6 and if for alla € W one has wa = + >); nj; with 
non-negative integers n;. According to the sign, one speaks of positive and negative 
roots relative to JT. One can show that systems of simple roots exist. Given such 
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a system, one may choose root vectors eg, € Ly, and fy, € L-g,,i = 1,...,£, so 
that the relations 


[hy Ma] =0, [Me,€a]=Ayeo,,  [he,,fo,]=—Ayfe,, (C3) 
[€a;, fo] = —dij he, (€a;, fa,) = —3ij 
hold for all i, 7. The matrix 
Ag = 2(0j, Oj) x / (Oi, Oi) (C.4) 


is called the Cartan matrix. Every positive root can be written as a sum a@ = aj, + 
... + q@;, in such a way that every partial sum is a root. Then, 


ad(€y,,) o-+- 0 ad (€q,, )€a;, E Ly. 


An analogous statement holds for the negative roots. Thus, the vectors hy,, ey, and 
f,, generate £. In addition, one may choose root vectors €g € L_ for the remaining 
roots such that for any a, B € W one has 


ener 0 at+tBEW, 
Na, B Co+p a+ sp EW 


with i 
Nap = 7 'p.0 + Vapa\B, Boe» (C.5) 


where qp,. and rp,. are the largest non-negative integers such that 
a—Trpab,---,4+4pab €W. 


The Cartan matrix may be represented by a diagram, known as the Dynkin diagram, 
as follows. As a matter of fact, the simple roots a; can have at most two different 
lengths. In the Dynkin diagram, they are represented by circles, where the circle is 
filled in case q; is short and unfilled in case it is long. The circles representing a; 
and a; are connected by Aj Aj; edges (no summation). Figure C.1 shows the Dynkin 
diagrams for the classical complex simple Lie algebras. Given the Dynkin diagram, 
one can reconstruct the Cartan matrix and from the Cartan matrix one can reconstruct 
£ up to isomorphy. 

A semisimple Lie subalgebra £’ of £ is called regular if there exists a Cartan 
subalgebra Lo of £ such that L’ is invariant under ad(B) for all B € Lo. In this case, 
there exists a subspace £ C Lo anda subset W’ C W such that 


L= £4 BD La. 


wey’ 
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Pastteice Se a. 
By =50(20+1,C): ““—2 a 
Ce=sp(6C); A. 


Dz, = 50(24,C): ° . see as é 
Fig. C.1_ Dynkin diagrams of the classical complex simple Lie algebras 


Oy 0 Os eee SS Op 


an | 


Se xy coal 


Fig. C.2 Root diagrams of the simple Lie algebras Ag = sI(¢€ + 1, C) and Be = so(2¢ + 1, C) 


In Sect. 7.9, we consider the restriction of the adjoint representation of a complex 
semisimple Lie algebra £ to a regular subalgebra £’ C £ and decompose it into 
irreducible components. For that purpose, it is convenient to exploit a natural ordering 
in the set of positive roots. This allows for extending the Dynkin diagram to a diagram 
of the positive roots. The latter can be represented in the form of a triangle whose 
upper side coincides with the Dynkin diagram, see [643] for further details. Since 
we need the root diagrams for the series Ag and By only, we limit our attention to 
these series, see Fig. C.2. 

In the root diagram of Ay, the circle at the intersection of the lines starting from 
qa; and a, i < j, corresponds to the root a(i, j) = a; +... + aq;. In the normalization 
chosen above, 


2 i=j, 
(aioe = 4-1 |i—jl=1, 
0 |i-fl 22. 


Using this, one can easily calculate the scalar products between all w(i, j), see [643]. 
In the root diagram of Be, the roots contained in the triangle defined by (a, a, ¢) 
have the same form as the roots in the A¢-lattice. In the triangle (a, 61, 1), the circle 
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at the intersection of the lines starting from 6; and f;, i < j, corresponds to the root 
BU) HO +... taj +2Qjr t+... +n), Be =O; +241 +... On). 


As an example, let us consider the decomposition of the restriction of the adjoint 
representation of A, to the regular subalgebra Az C A,. This is used in Sect. 7.9. By 
virtue of (C.3)-(C.5), we obtain the decomposition 


e—2 
Ac =A. ®c® @ (pi Ohi), (C.6) 


i=l 


where c is the centralizer of Az in Ay and where p; and p; carry the basic representation 
of Az. For the calculation of the centralizer, one can use a theorem of Dynkin [170] 
which states that the centralizer of a regular semisimple subalgebra § of a semisimple 
Lie algebra g is the direct sum of a regular semisimple subalgebra g and a regular 
Abelian subalgebra go, fulfilling 


rank(g) — rank(h) — rank(g) = dimgo, [g, go] = 0. (C.7) 
In our case, this implies 
c=Ay3@go, dimgo=1. (C.8) 


In the basis consisting of the Cartan elements hy,, one obtains go = CB, where 


bi 
«Be ~2) 3 
B= [h,, + 2hy, + 3h, + —— D(C +1 -hy 
ai ee tlt Ig 


Up to a multiplicative constant, this form of B follows from the definition of the 
centralizer and from the second relation in (C.8). The constant is fixed by the re- 
quirement (B, hy,) = 2. It is easy to see that then (B, hy;) = 0 for all i ¥ 3. In the 
root diagram of A, in Fig.C.2, the subalgebra Az corresponds to the small triangle 
on the left which is made up by the roots a1, a2 ad a, + a2 and the subalgebra 
A¢_3 corresponds to the large triangle on the right which is generated by the roots 
Q4,...,@¢. The remaining part of the diagram is a rectangle which can be divided 
into € — 2 lines containing three circles each. The root vectors of the roots in these 
lines span the subspaces p; and the root vectors of the corresponding negative roots 
span the subspaces p,. 

Finally, we stress that the graphical method presented here gives more information 
than the mere tables of subalgebras. We do not only get the types and multiplicities 
of irreducible representations for the restriction of the adjoint representation to a 
subalgebra but also their explicit realization on the root vectors. This information is 
needed for calculating the scalar field potentials in Sect. 7.9. 


Appendix D 
¢-Function Regularization 


Let P be a symmetric positive operator on IR” and let p be the associated quadratic 
form, 
p(x) := (x, Px), x eR’, 


where (-, -) is the Euclidean scalar product. Recall the Gaussian integral 


i. dx exp (— p(x) = (det(P))~? . 


In various branches of mathematics and physics, one wishes to generalize this formula 
to the case of operators on infinite-dimensional Hilbert spaces. For that purpose, a 
regularization method for the determinant is needed. Below, we explain the simplest 
and most convenient one. 

Let P be a symmetric, positive operator with a discrete spectrum on the infinite- 
dimensional Hilbert space #. Then, the ¢-function associated with P is defined 
as 


eg VA, (D.1) 
k=1 


where i; are the nonzero eigenvalues of P. Clearly, a priori, this formula makes only 
sense for values of z for which the above series converges. For other values, ¢ (z) 
is defined by analytic continuation, see [581] for details. If ¢(z) can be analytically 
continued to z = 0, then ¢;(0) is well defined and we can put 


det; (P) := exp (— ¢p(0)). (D.2) 


This is motivated by the formal calculation 


[o,e) 
tp(z) = — >) Ina) Ay*, (D.3) 
k=1 
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and, thus, ¢,(0) = — ae In(A,). This also shows that (D.2) reduces to the ordinary 
definition of the determinant in the finite-dimensional case. 

One important class of operators for which the above regularization works is the 
class of elliptic operators of order r on an n-dimensional compact manifold. Then, 
the series (D.1) converges for Re(z) > 2 and ¢(z) may be analytically continued to 
a meromorphic function of z having no singularity at the origin. 

The above result generalizes to the case when P is not necessarily positive, but 
is invertible and has a positive definite symbol. Then, all but a finite number of 
eigenvalues A;,..., A, lie in some cone about the positive axis and, for k > /, the 
quantities A, * = exp(—z1nA,) are well defined using the cut along the negative real 
axis, see [575]. Then, one defines 


det, (P) := A, ...A exp(— > A;°). (D.4) 
k>l 


If P has zero modes, then, roughly speaking, one has to restrict the domain of de- 
finition of P to the space orthogonal to the kernel of P, see Chap. X of [480] for 
details. 


Appendix E 
K-Theory and Index Bundles 


K-theory is a (generalized) cohomology theory for vector bundles defined as follows, 
see [29, 288, 335]. Let X be a compact topological space’ and let V(X) be the set of 
isomorphism classes of complex vector bundles over X. Clearly, the set V(X) is an 
Abelian semigroup with respect to the operation of taking the direct sum. It has a zero 
element given by the zero-dimensional bundle. Let F(X) be the free Abelian group 
generated by V(X) and let E(X) be the subgroup of F(X) generated by elements of 
the form 

VeWw=V QW): (E.1) 


Then, we define the K-group (or Grothendieck group) of X by 
K(X) := F(X)/E(X). (E.2) 
By construction, K(X) is an Abelian group and the elements of K (X) are equivalence 


classes® fulfilling [_V] + [W] = [V @ W]. Clearly, any element € € K(X) may be 
represented as a linear combination with integer coefficients and, thus, 


Pi P2 


E=)onlUJ— >i mlVl, nj > 0, m >. 
i=1 i=1 


Then, using (E.1), we obtain 


Pi P2 
gE = | uP" | - l® ven = (Wil —[Wal, 


i=l i=1 


TMore generally, X can be locally compact, see [29]. 
8Some authors call them virtual bundles. 
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showing that any element of K(X) may be represented as the difference of two 
elements represented by vector bundles. Using the fact that X is compact, one of the 
two bundles W, and W may be assumed to be trivial. Indeed, it can be shown that 
under this assumption, there exists a bundle W3 such that W2 © W3; is trivial. This 
implies 

[Wi @ W3] — [Wo ® W3] = [Wi] — [Wo]. 


Next, we note that two bundles V; and V> define the same element in K (X) iff there 
exists a trivial bundle N such that 


Vi@N=WON. (E.3) 


This condition is referred to as stable equivalence of the vector bundles V, and 
V2. Clearly, if (E.3) holds, then (E.1) implies [V;] + [V] = [V2] + [NV] and, thus 
[Vi] = [V2]. The proof of the converse statement is a simple exercise which we leave 
to the reader. 

Finally, we endow K(X) with a natural ring structure: 


[V]-[W] :-=[V @ Ww]. (E.4) 


It is easy to show that for homotopy equivalent spaces X and Y the rings K(X) and 
K(Y) are isomorphic. 

Recall from Sect. 4.7 that the Chern character ch(V) of a vector bundle V has the 
following properties: 


ch(V 6 W) =ch(V) + ch(W), ch(V @ W) =ch(V)-ch(W). 
Thus, it extends uniquely to a homomorphism of rings: 
ch: K(X) > Ho(X), ch([V]) := ch(V). (E.5) 


Now, consider the following setting relevant for the study of families of Fredholm 
operators. We formulate it in the context of Dirac operators as needed in the Family 
Index Theorem. 


1. Let a : M — Y bea fibre bundle endowed with a fibre metric on the canonical 
vertical distribution VM and a connection, that is, a splitting of TM into VM and 
a complementary horizontal distribution. 

2. Let & = {&} be a family of Dirac bundles over M, := 27 '(y), y € Y. 


Let V and W be complex vector bundles over Y and denote V, := Viy,, Wy := Wrm,- 
Let P = {P)} be a family of Fredholm operators over Y, that is, for every y € Y, 


PPV) EW) 
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is a Fredholm operator. If the subspaces ker(P,) and coker(P,) have constant dimen- 
sion and thus combine to vector bundles over Y, the index bundle of P is the element 
of K(Y) defined by 

Ind(P) := [ker(P)] — [coker(P)]. (E.6) 


In the general case, where the dimensions of ker(P,) and coker(P,) may jump, the 
index bundle is defined as follows. Let yo € Y. Then, 


dim ker(P,,) = dim ker(P)) , 


for y sufficiently close to yo. That is, dim ker is semi-continuous. The same is true for 
dim coker. In fact, one can prove that their difference remains constant. The basic 
idea for proving this is the following.? Let P : H — H be a family of Fredholm 
operators, let eg, e;, .. . be an orthonormal basis of H and let H,, C H be the subspace 
spanned by the vectors {e;} with i > n. Let p™ be the orthogonal projector!? onto 
the Hilbert subspace H,,. Define 


Peep" oP, 


Using the compactness of Y, one can prove that there exists a (sufficiently large) 
number n such that im (P®) = H,, for all y, y’ € Y, and 


dim ker (Fe) = dim ker (ey) . 


Thus, one can define 
Ind(P) := Ind(P”) . (E.7) 


Finally, one proves that this quantity is independent of n and of the choice of the basis. 
This construction extends to Fredholm operators acting between different Hilbert 
spaces. As in the case of the index of a single operator, one proves that Ind(P) is a 
homotopy invariant. 


° See [29] or [83] for a pedagogical presentation. 
!0This is a self-adjoint Fredholm operator. Thus, it has index 0. 


Appendix F 
Determinant Line Bundles 


There is a huge literature on this subject starting from the classical paper by Quillen 
[525], see [72, 79, 80, 210, 211, 593] and further references therein. 

To start with, let V and W be finite-dimensional complex vector spaces with 
dimV = dimW = n and let P : V — W be a homomorphism. Consider the 
complex lines 

Det(V) := A"V, Det(W):= A\"W. 


The determinant line of P is defined by 
Det(P) := Det(V*) ® Det(W), (F.1) 
and the Quillen determinant det(P) € Det(P) is defined as 
det(P) := eT A...Ae€ @(A"P)(1A...A en), (F.2) 
where {e;} is any basis in V and {e;} is its dual. For V = W, the determinant defined 
by (F.2) coincides with the classical determinant of the endomorphism P € End(V), 
because in this case we have a natural isomorphism 
Det(V*) ® Det(V) > C (F.3) 
induced by the canonical pairing Det(V*) x Det(V) — C. The latter implies the 
identity 
(A\"Py(e, A... Aen) = det(P)er A... Aen. 
The canonical isomorphism (F.3) also implies the canonical isomorphism 


Det(P 0 Q) = Det(P) ® Det(Q), (F.4) 


for P € Hom(V, W) and Q € Hom(U, V). Clearly, det(P) vanishes if P has a 
nontrivial kernel and is nonzero otherwise. Using the exact sequence 
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0 — ker(P) — V Ete W — coker(P) > 0 
and the above multiplicative property, we obtain a natural isomorphism 
Det(V*) @ Det(W) = (Det ker(P))* ® (Det coker(P)) . (F.5) 


Next, consider a parameter space Y, vector bundles V and W over Y and a vertical 
vector bundle morphism P : V + W. The latter gives rise to a family of homomor- 
phisms 

Py: Vy > Wy 


varying smoothly with y € B. Then, the above construction yields the complex line 
Det(P,) := Det(V*) @ Det(W,) for every y € B, that is, we obtain a complex line 
bundle 

mz :Det(P) > Y, (F.6) 


which will be referred to as the determinant line bundle of P. Correspondingly, 
the determinants det(P,) combine to a section det(P) in Det(P). In view of (E5), 
it is tempting to generalize the above constructions to Fredholm operators acting 
between infinite-dimensional Hilbert spaces, cf. Definition 5.7.8. In that case, the 
fibres of Det(P) are defined by the right hand side of (F.5).!' Clearly, in general, 
the dimensions of ker(P) and coker(P) may jump, so that one has to show that 
these fibres piece together to form a smooth vector bundle. This is done in terms of 
K-theory over Y, see Appendix E. Let € € K(Y). One defines 


Det(&) := (DetV)* ® (DetW), 


where [V] — [W] is any representative of &. It is easy to show that the line bundle 
Det(&) is independent of the choice of the representative in K(Y). Thus, by (F.5), for 
a family P of Fredholm operators the corresponding element of K(Y) is the index 
bundle 

Ind(P) = [ker(P)] — [coker(P)], 


and one defines 
Det(P) := Det(Ind(P)). (F.7) 


That is, the determinant bundle of P is the top exterior power of the index bundle. It 
can be shown, see Proposition 3.42 in [83] for a detailed proof, that the set 


J (Det ker(P,))* ® (Det ker(P*)) 


yeY 


'! The left hand side of (F.5) no longer makes sense. 
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can be taken as a standard representative of the isomorphism class Det(P). This 
shows, in particular, that the definition (F.7) boils down to (F.6) in the finite- 
dimensional case. Generalizing the results of Quillen [525]!? it has been shown 
by Bismut and Freed [79] that, for families of twisted Dirac operators, there is a 
canonical section det(P) of Det(P) over components of Y where P has index zero. 
Over the connected components where the index is nonzero, det(P) = 0 by defini- 
tion. The section det(P) is referred to as the Quillen determinant of the family P. If 
Det(P) is trivial, then there exists a non-vanishing section o : Y + Det(P) and we 
may represent det(P) by an ordinary C-valued function detc(P) on Y via 


detc(P)(y) := —_ : 


For a global section o to exist, the first Chern class c;(Det(P)) € HEY) must 
vanish. This cohomology class can be calculated using the Atiyah-Singer Family 
Index Theorem, see Remark 5.8.16. In general, Det(P) is nontrivial leading e.g. to 
anomalies in gauge theories, see Sect. 9.3. 

Moreover, generalizing results of Quillen, Bismut and Freed proved that Det(P) 
carries a natural metric and a connection. Clearly, the curvature of the latter may 
be used to explicitly calculate the first Chern class of Det(P). We describe these 
structures in some detail!*: let 7 : M > Y bea fibration of manifolds endowed with 
the structure described in Remark 5.8.16 and let & = .Y @ E bea vector bundle over 
M also endowed with the structure described there. Then, we have a family of Dirac 
operators {D,} over Y which, according to the grading of &’, splits into two families 
Dy : Hy — Hy, where Hy are appropriate Hilbert spaces of sections of é5". The 
spaces H} fit together to form a continuous Hilbert bundle H — Y. The square of 
D is, pointwise on Y, given by 


Cee 0 


0 DtD 


and, by Theorem 5.7.17, D? is a family of Fredholm operators with index zero. 
Moreover, D? is non-negative and, by Proposition 5.7.11, it has a discrete spectrum. 
The same is true for D~ Dt and Dt D-,, respectively. Now, take P = Dt and consider 
its determinant bundle Det(D*), which is defined by (F.7). 

First, we give a more explicit description of Det(Dt). This substantiates the 
remark after definition (F.7) for the case under consideration. Let a be a positive real 
number and let U“ C Y be the subset on which a is not an eigenvalue of D~Dt.!* 
Let H7 be the sum of eigenspaces corresponding to eigenvalues less than a. Clearly, 
the vector spaces H> are finite-dimensional and, by elliptic regularity, they consist 
of smooth fields. Since the spectrum of D~ D* is discrete, the sets U“ form an open 


'2Quillen considered the case of Cauchy-Riemann operators over a Riemann surface. 
'30Qur presentation is along the lines of Freed [211]. 
'4For simplicity of notation, we omit the index y. 


784 Appendix F: Determinant Line Bundles 


cover of Y. Moreover, it can be shown, see e.g. Sect. 9.2 in [72], that the spaces H> 
fit together to smooth finite-dimensional vector bundles of locally constant rank over 
U“. Thus, we can define a line bundle 2“ — U* by 

L" := Det(H})* @ Det(H;). 


By the isomorphism (F.5), its fibres may be viewed as 


Ly = Det ker(D})* @ Det ker(D,). 


Clearly, for b > a, we have a decomposition H, = H7 ® H(, ») over the open set 
Uz Uy. This implies £? = £4 @ LG“), where 


LO = Det(Hi»)) @ Det(H en) - 


=o 
Aan) 


The isomorphism dD, b= (D*); : ah p) > Hp) induces an isomorphism 


det(Dz, 4) : Det(HG,»)) > Det(H@,.»)) 


and, thus, a nonzero section of 4%), Using this isomorphism, we can define a 
family of canonical smooth isomorphisms 


L1 > LB = £6 @ L%), sis s@det(Dt. ») (F8) 


over U“NU®. These can be used to patch the bundles ““ together to forma line bundle 
ZL — Y. This is the determinant line bundle for the case under consideration, ZY = 
Det(D* ). Correspondingly, the Quillen determinant det(D*) is obtained as follows. 
Over connected components where the index of D* vanishes, one has dim (H7;) = 
dim (H, - Ne There, every “ has a canonical section 


det(D?) : Det(H) > Det(H,) , 


where D* denotes the restriction of D* to H+. By the multiplicativity property of 
determinants, det(D7) is identified with det(D;)) via the isomorphism (F.8). Putting 
det(D*) = 0 over components where the index is different from zero, we obtain a 
global section det(D*) of Det(D*) which is called the Quillen determinant. 

Next, we construct the Quillen metric on %. For any a > 0, the L?-metric on 
H~ induces fibre metrics on the subbundles H--. Thus, by linear algebra, we obtain 
a fibre metric g* on “". By (F.8), for b > a, we have 


g=o |Dealrao || a 


a<hj;<b 
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Now, by the properties of D~D*, we can apply the ¢-function regularization to its 
determinant, see Appendix D. By (D.2) and (D.3), 


det; ((D7D*) psa) = det; ((D-D*) pase) I] Xi < 


a<i;<b 


Thus, if we put 
g° :=g'- det, ((D-Dt) ps2) , (F.9) 


then 9“ and g? coincide on U“N U”. Thus, the fibre metrics §” patch together to yield 
a fibre metric § which is referred to as the Quillen metric. 

Finally, we outline the construction of the connection, see [72, 79] or [211] for 
details. The connection V on & introduced at the beginning clearly induces con- 
nections on the smooth bundles H — U*% which are unitary with respect to the 
restricted fibre metrics. Again, by linear algebra, we have induced connections V“ 
on 2“ which are unitary with respect to g*. For b > a, via the isomorphism (F.8), 
we have 


b a 
Vio = Vo @ det(Dj,) +0 @ V (det(Di,,,)) 
for any section o over U“N U?. By a standard calculation [211], 


V (det(Df,)) = tt ((O*)"VD*) 4 -,) det(Dé,.») 


This implies 
b a =I 
Vay +1 (((D*) VD*) ie) 


Now, one proceeds as in the case of the metric, defining 


V1 = Vo 4 tr ((*)"'vp*) 7) (F.10) 
where tr; ((D*)"!vD") ana) is the ¢-function regularization of the trace [211]. 


By an obvious additivity property of the regularized traces, V@ and V? agree on 
U“ 1 U”. Thus, these connections patch together to a unitary connection V~ on Z. 


Appendix G 
Eilenberg—MacLane Spaces 


Let A be an Abelian group and let be a positive integer. A pathwise connected CW- 
complex X is called an Eilenberg—MacLane space of type K (A, n) iff 2,(X) = A and 
mi(X) = 0 fori € n. Eilenberg—MacLane spaces exist for any choice of A and n and 
are unique up to homotopy equivalence.'> The simplest example of an Eilenberg— 
MacLane space is the 1-sphere S!, which is of type K(Z, 1). Note that Eilenberg— 
MacLane spaces are, apart from very special examples, infinite dimensional. 

Assume A to be commutative also in the case n = |. Due to the Universal Coeffi- 
cient Theorem, Hom (H,,(K (A, )), A) is isomorphic to a subgroup of H/}(K(A, n)). 
Due to the Hurewicz Theorem, H,,(K(A,n)) = m,(K(A,n)) = A. It follows that 
Hi (K (A, n)) contains elements which correspond to isomorphisms 


H,(K(A,n)) > A. 


Such elements are called characteristic. If y € H'(K(A, n)) is characteristic, then 
for any CW-complex X, the mapping 


[X, K(A,n)] > HX), frefy, (G.1) 


is a bijection [104, Sect. VII.12]. In this sense, Eilenberg—MacLane spaces provide 
a link between homotopy and cohomology. 

Let us construct models for the Eilenberg—MacLane spaces K (Z, 2) and K (Zg, 1) 
and derive the integer-valued cohomology of these spaces. Consider the natural free 
action of U(1) on the sphere S* which is induced from the natural action of U(1) on 
S*"-! C C". The orbit space of this action is the infinite complex projective space 
CP. Moreover, by viewing Z, as a subgroup of U(1), this action gives rise to a 
natural free action of Z, on S©. The orbit space of the latter is the infinite lens space 
L-°. Thus, one has the principal bundles 


'5In case n = 1, an Eilenberg—MacLane space exists for any group. 
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Z, 
SoS ir, SL, (G2) 


Due to 7;(S*) = 0, for every i, the corresponding exact homotopy sequences yield 


iO ee _ |Z i=2, 
m(CP )=m.c00)= |) i 2, 
as Ze i=1, 
m(Le) = m-1(Zg) -{ i>l 


As a consequence, CP™ is a model of K(Z, 2) and LS is a model of K(Zg, 1). In 
particular, 


; Z ieven, 
Hi(K(Z, 2)) = Hi(CP®) = 4 (G.3) 
0 todd, 
see [104, Chap. VI, Proposition 10.2], and 
Z i=0, 
H7(K (Ze, 1) = Hz?) = 4 Z, i #0, even (G.4) 
0 i0, odd, 


see [665, Sect. II.7.7]. We notice that the vanishing of all homotopy groups of S° also 
implies that the principal bundles (G.2) are universal for U(1) and Z,, respectively. 
Hence, CP™ and Le are models of BU(1) and BZ,, respectively. This is used in the 
proofs of Theorems 4.8.1 and 4.8.3. 
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Leptons, 605 
Leray—Hirsch Theorem, 261 
Levi-Civita connection, 123 
L-genus, 340 
Lichnerowicz Formula, 412 
Lift 
of a curve, 60 
of a group action, 76 
of a mapping, 200 
Lifting problem, 200 
Lifting property, 201 
Linear connection, 94 
Link (lattice), 727 
Local 
field algebra, 742 
gauge potential, 462 
gauge transformation, 462 


representative of a connection, 29 


section, 3 
trivialization 
of a general fibre bundle, 2 
of an associated bundle, 15 
of a principal bundle, 2 
Local Index Theorem, 451 
Localization at a stratum, 746, 751 


Locally reducible Riemannian manifold, 


137 


Locally symmetric 
connection, 129 
manifold, 130 

Local Slice Theorem, 646 

Loop space, 194 


M 

Magnetic 
charge, 554, 571, 577 
charge density, 571 
current, 577 
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monopole, 554, 566, 571, 591, 617, 706 


Majorana spinor, 391 
Manifold 
(almost) complex, 112 
(almost) Hermitean, 118 
(almost) symplectic, 121 
Einstein, 134 
Kahler, 121 


Riemannian or pseudo-Riemannian, | 17 


locally symmetric, 130 


self-dual or anti-self-dual, 188 


smoothable, 529 

spin, 395 

Spin®, 400 
Mapping 


characteristic, of a CW-structure, 196 


classifying, see classifying mapping 


Clifford, 402 

curvature, 99 

exponential, 103 

quantization, 359 

Riemann curvature, 131 

symbol, 359 

torsion, 99 
Mapping cylinder, 349 
Mass term, 566, 611 
Mathieu equation, 756 
Matrix 

Cartan, 774 

Kobayashi-Maskawa, 615 
Matter field, 547 
Matter field generator, 729 
Maurer-Cartan form, 29 
McKean-Singer Formula, 438 
Merging operation, 688 
Metric 

fibre, 9 

Quillen, 787 


Riemannian or pseudo-Riemannian, | 17 


on the gauge orbit strata, 658 
on the space of connections, 644 
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Metric connection, 121 
Milnor construction, 230 
Minkowski space 
Clifford algebra, 364 
Hermitean form on the bispinor space, 
393 
Seiberg-Witten equations, 591 
spin group, 369 
spinor module, 386 
MoObius transformation, 770 
Model 
Bogomolnyi-Prasad-Sommerfield, 581 
Georgi-Glashow, 567, 629 
Seiberg-Witten, 588 
standard, 605, 616 
Weinberg-Salam, 612, 632 
Module 
Clifford, 377 
dual spinor, 385 
spinor, 378 
Moduli space 
of instantons, 508, 514, 518, 524 
of monopole solutions, 585 
of the Seiberg-Witten equations, 593 
Momentum mapping (lattice gauge theory), 
743, 744 
Monad, 505 
Monopole, 554, 566, 571, 591, 617, 706 
BPS, 584 
hyperbolic, 585 
multi, 584 
*t Hooft-Polyakov, 580 
Monopole equations, 591 
Monopole moduli space, 585, 593 
Morphism of principal bundles, 3 
Multi instanton, 496 
Multilinearization, 313 
Multi monopole, 584 


N 

Nakanishi-Lautrup field, 701 

n-classifying space, 217 

n-equivalence, 347 

Newlander—Nirenberg Theorem, 114 

Nijenhuis tensor, 114 

Noether current, 709 

Non-compact type (symmetric Lie algebra), 
144 

Non-minimal Yang-Mills connections, 538 

Non-singular gauge, 578 

Normal coordinates, 107, 664 

Nullity of a Yang-Mills connection, 531 


Index 


Number 
Euler, 512, 537 
instanton, 486 
Numerable fibre bundle, 230 
n-universal 
connection, 244 
principal bundle, 217 
vector bundle, 240 


O 
Observable algebra, 738 
Odd unimodular symmetric bilinear form, 
526 
O’Neill Formula, 661 
Operator 
Bochner—Laplace, 171 
BRST, 724 
differential, 416 
Dirac, 406 
graded, 437 
twisted, 409 
Dirac-Laplace, 406 
Dolbeault, 161, 749 
elliptic, 417 
Faddeev—Popov, 655 
Fredholm, 420 
Green’s, 426, 655 
heat, 437 
Hodge-Laplace, 166 
generalized, 463 
Hodge star, 164 
smoothing, 437 
Weitzenboeck curvature, 172, 410 
Wilson loop, 742 
Opposite algebra, 356 
Orbit closure equivalence, 750 
Orbit type, 639, 684 
direct successors and predecessors, 687, 
688 
partial ordering, 686 
Orientable vector bundle, 55 
Orthogonal symmetric Lie algebra, 143 
Orthonormal frame bundle, 9 
Overlap of coherent states, 755 


P 

Pair 
pointed, 191 
Riemannian symmetric, 152 
topological, 191 

Pair homotopy, 191 

Pair mapping, 191 


Index 


Parallel transport 
on a principal bundle, 61 
on an associated vector bundle, 68 
Parallel with respect to a connection, 39 
Parity automorphism of a Clifford algebra, 
356 
Path-loop fibration, 208 
Path space, 207 
Penrose twistor transformation, 498 
Perturbed Seiberg-Witten equations, 598 
Pfaffian, 328 
Physical representation of gauge potentials, 
462 
Pin group, 368 
Pin representation, 381 
Plaquette (lattice), 727 
Poincaré-Hopf index, 577 
Pointed 
CW-complex, 196 
gauge group, 704, 743 
homotopy, 191 
pair, 191 
topological space, 191 
Pointwise concatenation, 194 
Polar decomposition, 747 
Polarization homomorphism, 312 
Polarization of a quadratic space, 384 
Polynomial function, 312 
Pontryagin classes, 280 
of a manifold, 308 
of an almost quaternionic manifold, 308 
of quaternionic projective space, 309 
symplectic, 275 
torsion, 305 
Whitney Sum Formula, 306 
Pontryagin genus, 338 
Pontryagin index, 282, 330 
of the quaternionic Hopf bundle, 311 
symplectic, 276 
Pontryagin roots, 289, 291 
Postnikov tower, 347, 670 
Prasad-Sommerfield limit, 582 
Principal 
bundle, 1 
classification, 229, 238 
connection, 25 
orbit type, 651 
stratum, 569, 651 
symbol, 416 
Principle 
holonomy, 70 
of local gauge invariance, 604 
of minimal coupling, 547 
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splitting 
for principal bundles, 291 
for vector bundles, 292 
Problem 
extension, 758 
fermion doubling, 741 
Gribov, 703, 706 
homotopy lifting, 201 
lifting, 200 
Product 
cohomology cross, 284 
fibre 
of bundles, 5 
of connections, 33 
of symmetric multilinear forms, 312 
Projection of a bundle morphism, 4 
Projective 
spinor bundle, 403 
twistor bundle, 498 
Proton decay, 617 
Pseudo-orthogonal Clifford algebra, 359 
Pseudo-Riemannian 
manifold, 117 
vector bundle, 9 
Pullback 
of a bundle, 4 
of a connection, 33 
of a fibration, 209 
Push forward of a connection, 31 


Q 
Quadratic space, 354 
Quantization condition, 562, 572, 573, 579 
Quantization mapping, 359 
Quantum 

chromodynamics, 615 

lattice gauge theory, 729 

matter field algebra, 729 
Quark confinement, 616 
Quark field, 613, 741 
Quarks, 605 
Quaternionic ADHM data, 497 
Quaternionic Hopf bundle, 12 
Quaternionic line, 498 
Quaternionic type (representation), 389 
Quaternionification, 764 
Quillen determinant, 713, 783-786 
Quillen metric, 787 


R 
Radial gauge, 559 
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Realification of a complex or a quaternionic vector bundle, 9 
vector bundle, 268 Riemann-Roch Theorem, 460 
Real line, 500 Right-handed Wey] spinor, 382 
Real structure on a complex vector space, Rohlin Theorem, 459 
498 Roll up (elliptic complex), 428 
Real type (representation), 389 Root diagram, 775 
Reduced Root system, 773 
gauge potential, 566 Rotationally invariant connection, 89 
phase space, 743, 745 Rough Laplacian, 171 
space of Riemann curvatures, 134 
Reducible 
connection, 58 S 
Riemannian manifold, 137 st 
solution of the Seiberg-Witten equations, conformal group, 767 
597 Howe subbundles, 680 
Reduction instanton moduli space, 517 
dimensional, 617 orbit types, 691 
of a connection, 58 spin structure, 396 
of a principal bundle, 4 Safe model, 722 
Reflection in a quadratic space, 366 Scalar curvature, 133 
Regular Secondary characteristic class, 720 
Lie subalgebra, 774 Section, 3 
stratification, 652 along a mapping, 51 
Regularization, 777 Sectional curvature, 139, 663 
Relative Section jet bundle, 248 
Chern character, 447 Segal-Bargmann transformation, 747 
homotopy group, 191 Seiberg-Witten 
Rellich Lemma, 419 complex, 595 
Representation equations, 591 
generalized Schrédinger, 730 perturbed, 598 
of a Clifford algebra, 377 functional, 589 
pin and spin, 381 invariants, 602 
self-dual, 389 model, 588 
spinor, 378 moduli space, 593 
twisted adjoint, 365 Self-dual 
Representative function, 225, 747 connection, 473 
Representative of a connection, 29 differential form, 186 
Residual gauge group, 554 representation, 389 
Resolvable point, 529 Riemannian manifold, 188 
Restricted holonomy group, 62 two-fold, 537 
Ricci tensor, 133 Sequence 
Riemann Gysin, 263 
curvature, 131, 661 homotopy 
curvature mapping, 131 of a fibration, 205 
Riemannian of a pair, 204 
Clifford module bundle, 405 Serre fibration, 201 
globally symmetric space, 149 Signature complex, 429 
manifold, 117 twisted, 459 
local reducibility, 137 Signature of a manifold, 430 
metric, 117 Simple 
on the gauge orbit strata, 658 CW-complex, 348 
on the space of connections, 644 action, 76 


symmetric pair, 152 roots, 773 


Index 


Sine elliptic, 757 
Singer-Thorpe Theorem, 187 
Singular gauge, 579 
Site (lattice), 727 
Skeleton (CW-structure), 196 
Slice, 646 
Smoothable, 529 
Smoothing operator, 437 
Sobolev Lemma, 419 
Sobolev space, 418 
Soldering form, 95 
Source projection, 248 
Space 
bispinor, 382 
classifying, 217 
costratified Hilbert, 746 
Eilenberg-MacLane, 789 
gauge orbit, 638 
lens, 223 
infinite, 228, 789 
loop, 194 
n-classifying, 217 
of complex spinors, 378 
of constant curvature, 140 
of curvature mappings, 128 
of gauge orbits, 467 
of Lagrangian subspaces, 156 
of Riemann curvature mappings, 132 
of special Lagrangian subspaces, 156 
path, 207 
pointed topological, 191 
quadratic, 354 
reduced phase, 743, 745 
Riemannian globally symmetric, 149 
Sobolev, 418 
Spacetime connection, 547 
Spacetime principal bundle, 546 
Spacetime type, 547 
Special Clifford group, 367 
Spin 
complex, 431 
connection, 398 
field, 368 
group, 368 
complex, 372 
of Minkowski space, 369 
manifold, 395 
representation, 381 
structure, 394 
on a projective space, 396 
on S*, 396 
Spin°-group, 372 
Spin°-manifold, 400 


Spin®-structure, 398 
Spinor, 378 
harmonic, 415 
Majorana, 391 
Spinor bundle, 402 
Spinor module, 378 
of Minkowski space, 386 
Spinor representation, 378 
Splitting operation, 688 
Splitting Principle 
for principal bundles, 291 
for vector bundles, 292 
Stabilizer, 466 
Stabilizer Theorem, 466 
Stable equivalence, 288, 780 
Stable Yang-Mills connection, 531 
Standard model, 605, 616 
Lagrangian, 614 
Static field, 552 
Stiefel bundle, 12 
canonical connection, 34 
characteristic classes, 279 
homotopy groups, 221 
infinite, 227 
Stiefel-Whitney classes, 277, 278 
integral, 281 
of a manifold, 308 
of real projective space, 309 
Stiefel-Whitney roots, 289, 291 
Strata, 569, 643, 648-651, 684, 743 
localization, 746, 751 
tunneling, 754 
Stratification Theorem, 652 
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Strong topology on a mapping space, 235 


Structure 


(almost) complex, i.e., GL(n, C), 112 


(almost) Hermitean, i.e., U(n), 118 


(almost) symplectic, i.e., Sp(, R), 121 


conformal, i.e., CO(n), 117 
CW, 196 
H, 109 


(pseudo-)Riemannian, i.e., O(k, 1), 117 


real, on a complex vector space, 498 


spin, 394 
Spin‘, 398 


symplectic, on a complex vector space, 


498 
Structure Equation 
for a linear connection, 96 
for a principal connection, 41 


Structure mapping of a representation, 389 


Subbundle, 4 
embedded, 4 
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holonomy-induced, 641, 682 

Howe, 641, 679, 682 
Subcomplex, 196 
Super-commutator, 435 
Supertrace, 434, 435 
Symbol 

Christoffel, 104 

mapping, 359 

principal, 416 
Symmetric 

Berger algebra, 130 

Berger group, 130 

Lie algebra, 143 
Symmetry 

BRST, 702 

weak hypercharge, 606 
Symmetry breaking, 563, 568 
Symplectic 

frame bundle, 9 

Pontryagin classes, 275 

Pontryagin index, 276, 330 

structure, 121 

on a complex vector space, 498 

Symplectomorphism, 121 
Synchronous frame, 69 


T 
Target projection, 248 
Tautological connection, 252 
Temporal gauge, 553 
Tensor 
curvature, 99 
Nijenhuis, 114 
Ricci, 133 
torsion, 99 
Tensor product connection, 49 
Theorem 
Ambrose-Singer, 66 
Approximation, 647 
Atiyah-Bott, 561 
Atiyah—Singer Index, 447 
Berger, 137 
Bourguignon-Lawson, 535 
Covering Homotopy, 216 
de Rham Splitting, 135 
Global, 137 
Donaldson, 524, 528 
Family Index, 451 
Gaufi—Bonnet, 458 
Hirzebruch Signature, 459 
Hodge Decomposition, 167, 425 
Holomorphic Peter-Weyl, 749 


Index 


Leray—Hirsch, 261 
Local Index, 451 
Local Slice, 646 
Newlander—Nirenberg, 114 
of Huebsch and Hurewicz, 203 
of Wu, Hirzebruch and Hopf, 400 
Riemann-Roch, 460 
Rohlin, 459 
Singer-Thorpe, 187 
Stabilizer, 466 
Stratification, 652 
Thom Isomorphism, 262 
Tubular Neighbourhood, 645 
Wang, 87 
Thermodynamical limit, 697, 742 
Thom class, 263 
Thom Isomorphism Theorem, 262 


*t Hooft electromagnetic field strength, 575 


’t Hooft multi instanton solution, 496 
*t Hooft-Polyakov monopole, 580 
Todd genus, 339 
Topological 
charge, 555, 562, 691, 728 
index, 451 
pair, 191 
principal bundle, 190 
sector, 554 
Topology 
compact-open, 192 
final, 196 
strong, on a mapping space, 235 
Torsion form, 96 
Torsion-free 
H-structure, 111 
connection, 110 
Torsion, intrinsic, 111 
Torsion mapping, 99 
Torsion Pontryagin classes, 305 
Torsion tensor, 99 
Total Chern class, 271, 273 
of an almost complex manifold, 308 
Total Pontryagin class, 280 
of a manifold, 308 
Total Stiefel-Whitney class, 277, 278 
of a manifold, 308 
Total symplectic Pontryagin class, 275 


of an almost quaternionic manifold, 308 


Transformation 
chiral, 709 
fractional linear, 770 
infinitesimal gauge, 468 
local gauge, 462 
Mobius, 770 


Index 


Penrose twistor, 498 

Segal-Bargmann, 747 
Transgression, 716 
Transition mapping, 5 
Translationally invariant connection, 91 
Transport 

of a connection, 31 

parallel 

on an associated vector bundle, 68 
on a principal bundle, 61 

Transvection, 150 
Tree gauge, 744 
Triality, 741 
Trivialization 

of a general fibre bundle, 2 

of a principal bundle, 2 

of an associated bundle, 15 
Trivial principal bundle, 2 
Tubular Neighbourhood Theorem, 645 
Tunneling between strata, 754 
Twisted 

adjoint representation, 365 

Clifford module bundle, 409 

de Rham complex, 458 

Dirac operator, 409 

signature complex, 459 
Twisting curvature, 412 
Twistor, 498 
Two-fold self-dual, 537 
Type 

compact or non-compact, 144 

CW-homotopy, 212 

gauge, 547 

of a Howe subbundle, 682 

of an orbit, 639 

of a representation, 389 

of a symmetric space, 152 

of aunimodular symmetric bilinear form, 

526 

spacetime, 547 

Typical fibre, 2 


U 
Ultraviolet limit, 697 
Unique Continuation Theorem, 597 
Unitary 
Clifford module, 387 
connection, 125 
frame bundle, 9, 119 
Universal 
characteristic class, 259 
Chern classes, 271, 273 


829 


Pontryagin classes, 280 

principal bundle, 217 

property of Clifford algebra, 354 

Stiefel-Whitney classes, 277, 278 
integral, 281 

symplectic Pontryagin classes, 275 

vector bundle, 240 


Vv 
Vector boson, 565, 611 
Vector bundle 
classification, 239 
Hermitean, 9 
holomorphic, 159 
Riemannian or pseudo-Riemannian, 9 
Vector coupling, 713 
Vector field 
horizontal or vertical, 25 
Killing, 24 
of gradient type, 532 
Vertical 
bundle morphism, 4 
component of a tangent vector, 25 
distribution, 25, 468 
subspace, 25 


Ww 
Wang Theorem, 87 
Weak hypercharge symmetry, 606 
Weakly stable Yang-Mills connection, 531 
Weil homomorphism, 316, 331 
Weinberg angle, 610, 613, 632 
Weinberg-Salam model, 612, 632 
Weitzenboeck curvature operator, 172, 410 
Weitzenboeck Formula, 173 
for the Dirac operator, 410 
generalized, 180 
Wess-Zumino consistency condition, 724 
Weyl group, 319 
Weyl spinor, 382 
Whitney Sum Formula, 287 
for the Pontryagin classes, 306 
Wilson loop operator, 742 


Y 

Yang-Mills action, 471, 696 
Hessian, 531 

Yang-Mills complex, 509 
index, 512 

Yang-Mills connection, 473 
index and nullity, 531 
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non-minimal, 538 
stable or weakly stable, 531 
Yang-Mills equation, 473 
Yang-Mills-Higgs 
action, 549 
reduced, 566 
current, 551 


energy functional, 552 
equation, 551 
Yukawa coupling, 609, 615 


Z 
¢-function, 777 
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